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CLASS r IN THE o-NORM UNDER THE LIGHT OF
MEASURE THEORY
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ABSTRACT. In this paper we present many interesting results such as com-
pleteness and composition theorems in the a norm. Moreover, under some
conditions, we establish the existence and uniqueness of C™ — (u, v) pseudo-
almost automorphic solutions of class r in the a-norm for some partial func-
tional differential equations in Banach space when the delay is distributed.
An example is given to illustrate our results.
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1. Introduction

The aim of this work, is to study the existence and uniqueness of C"- weighted
pseudo almost automorphic functions in the a -norm for the following partial
functional differential equation

u'(t) = —Au(t) + L(ug) + f(t) for t € R, (1)

where —A : D(A) — X is the infinitesimal generator of a compact analytic
semigroup of uniformly bounded linear operators on Banach space X,

Cq = ([-7,0], D(A%)), 0 < a < 1, denotes the pace of continuous functions from
[—7,0] to D(A%), A is fractional a-power of A. This operator will be describe
later and

lellc. = 1A%¢pllc([=r, 0], X).
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For t > 0, u € C([-r,a], D(A%), r > 0 and u; denotes history function of C,
defined by
ue(0) = u(t + ) for 6 <0,
L is a bounded linear operator from C,, into X and f: R — X is a continuous
function.
Some recent contributions concerning pseudo almost periodic solutions for
abstract differential equations similar to equation (1) have been made.

In [10], the authors investigated to the existence of C™-almost periodic solutions
and C"-almost automorphic solutions for partial neutral functional differential
equations solutions (n > 1). They established that the existence of a bounded
integral solution on R implies the existence of C™-almost periodic solutions and
C™-almost automorphic solutions. They also proved the uniqueness of strict so-
lutions of C™-almost automorphic when the exponential dichotomy holds for the
homogeneous linear equation.

Recently in [5], the authors presented a new approach to study weighted pseudo-
almost periodic functions using measure theory. They introduce a new concept
of weighted periodic functions which is more general than the classical one. They
established many interesting results on the functional space of such functions,
such as completeness and composition theorems. The theory of their work gen-
eralizes the classical results on weighted pseudo-almost automorphic functions.
More recently, in [12], Miailou Napo et al. established the existence and unique-
ness of the solution of class r for some neutral partial functional differential
equations in Banach spaces when the delay is distributed.

The aim of this work is to prove the existence and uniqueness of C™-(u, V)
pseudo-almost atomorphic solutions of the equation of class r for the equation
(1) in the a-norm when the delay is distributed. Our present approach is based
on the variation constants formula and the spectral decomposition of the phase
space developed by Adimy and co-authors [2] and a new approach developed in
[4].

This work is organized as follows, in Section 2 we recall some preliminary
results about analytic semigroups and fractional power associated to its genera-
tor will be used throughout this work. In Section 3, we recall some preliminary
results on spectral decomposition. In Section 4, we recall some preliminary re-
sults on C™-(u, v)-pseudo-almost automorphic functions and partial functional
differential equations which will be used in this work. In Section 5, we give
some properties of C"-(u, v)-pseudo-almost automorphic functions of class r. In
Section 6, we discuss the main result of this paper. Using the strict contraction
principle, we show the existence and uniqueness of C"-(u, v)-pseudo-almost au-
tomorphic solutions of class r in the a-norm of the equation (1).The last section
is devoted to an application for some model arising in the population dynamics.
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2. Analytic Semigroup

Let (X, ].]]) be a Banach space, let a be a constant such that 0 < a < 1 and
let —A be the infinitesimal generator of a bounded analytic semigroup of linear
operator (T'(t));>0 on X. We assume without loss of generality that 0 € p(A).
Note that if the assumption 0 € p(A) is not satisfied, one can substitute the
operator A by the operator (A—oT) with o large enough such that 0 € p(A—ol).
This allows us to define the fractional power A% for 0 < o < 1, as a closed linear
invertible operator with domain D(A®) dense in X. The closeness of A® implies
that D(A®), endowed with the graph norm of A%, |z| = |z| + [|[A%z||, is a
Banach space. Since A% is invertible, its graph norm |.| is equivalent to the
norm |z|, = ||A%z||. Thus, D(A%) equipped with the norm |.|,, is a Banach
space, which we denote by X,. For 0 < 8 < o < 1, the imbedding X, — Xp is
compact if the resolvent operator of A is compact. Also, the following properties
are well known.

Proposition 2.1. [14] Let 0 < o < 1. Assume that the operator —A is the
infinitesimal generator of an analytic semigroup (T(t));>0 on the Banach space
X satisfying 0 € p(A). Then we have:
i) T(t) : X — D(A%) for every t > 0,
it) T(t)A% = AT (t)x for every x € D(A®) and t > 0,
iii) for every t >0, A*T'(t) is bounded on X and there exist My, >0 and w > 0
such that

AT (#)|| < Mae @'t~ fort > 0,
i) if 0 < a < B < 1, then D(AP) — D(A%),
v) there exists No > 0 such that

[(T'(t) — I)A™?|| < Nat® fort > 0.

Recall that A™¢ is given by the following formula

1 oo
A*”‘:—/ t* 1T (t)dt,
F(a) 0 ®)

where the integral converges in the uniform operator topology for every a > 0.
Consequently, if T'(¢) is compact for each ¢ > 0, then A~¢ is compact.

3. Spectral decomposition

To equation (1), we associate the following initial value problem

iu(t) = —Au(t) + L(ug) + f(¢) for t > 0,

UOZSOGC(I?
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where f : Rt — X is a continuous function.
For each t > 0, we define the linear operator U(t) on C, by

U(t) = 'Ut(., 90)7
where v(., ) is the solution of the following homogeneous equation

%v(t) = —Av(t) + L(vy) for t > 0,

UQZQDECQ.

Proposition 3.1. [1] Let Ay defined on C,, by
{ D(Au) = {p € Ca, ¢’ € Ca,(0) € (D(A), 9(0)’ € D(A) and (0)" = —Ap(0) + L(p)}

Aup = ¢' € D(Au).

Then Ay, is the infinitesimal generator of the semigroup (U(t)); > 0 on C,, .
Let <X0> be the space defined by

<Xo>:{Xoc cE X},
where the function Xgc is defined by
0if 8 € [-r,0[
(Xoc)(0) =
cif 6 =0.

Consider the extension Ay, defined on C,, & (Xo) by

D(Ay) = { € C'([=7,0], Xa) : ¢(0) € D(4) and p(0)’ € D(A) }

Ay = Xo(Ap(0) + L(g) — 0(0)").

We make the following assertion:
(Hp) The operator —A is the infinitesimal generator of an analytic semigroup
(T'(t))+>0 on the Banach space X and satisfies 0 € p(A).

Lemma 3.2. [3] Assume that (Hp) holds. Then, Ay satisfies the Hile-Yosida
condition on Co & (Xo) there exist M >0, @ € R such that Jw, +00[C p(Ay)
and

| — Ay)™"| < — forn € Nand A > w.

M
(A—w)
Now, we can state the variation of constants formula associated to equation

(2).

Theorem 3.3. [1] Assume that (Hp) holds. Then for all p € C,, the solution
u of equation (2) is given by the following variation of constants formula
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t

ur =U(t)p + ,\EToo ; U(t — $)Bx(Xof(s))ds for t >0,
where By = A(A] — ;l\z;)_l for XA > w.
Definition 3.4. We say a semigroup, (U(t));>o is hyperbolic if
o(Ay) NiR = @.
For the sequel, we make the following assumption:

(Hy) (T'(¢t)) is compact on D(A) for t > 0.
We get the following result on the spectral decomposition of the phase space C.

Proposition 3.5. Assume that (Hy) and (Hy) hold. If the semigroup U(t);>0
s hyperbolic,then the space Cy, is decomposed as a direct sum

Co=5a0U

of two U(t) invariant closed subspaces S and U such that the restriction of

U@))i>0 on U is a group and there exist positive constants M and w such
that

Ut)plc, < Me “to|lc, fort >0 and ¢ € S,
Ut)ele, < Me ™ gle, for t <0and ¢ €U,

where S and U are called respectively the stable and unstable space, I1° and IT*
denote respectively the projection operator on S and U.

4. (u,v)-Pseudo almost automorphic functions and (u,v)-ergodic
functions

In this section, we recall some properties about pseudo almost automorphic
functions. Let BC(R, X) be the space of all bounded and continuous functions
from R to X equipped with the uniform topology norm.

Definition 4.1. A bounded continuous function ¢ : R — X is called almost
automorphic if for each real sequence (s,,), there exists a subsequence (s,) such
that

g(t) = lim 6(t+sn)

n—-+4oo

is well defined for each ¢t € R and

n——+00

for each t € R.
We denote by AA(R, X), the space of all such functions.

Proposition 4.2. [13] AA(R, X) equipped with the sup norm is a Banach space.
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Definition 4.3. Let X; and X5 be two Banach spaces. A bounded continuous
function ¢ : R x X; — X3 is called almost automorphic in ¢ € R uniformly for
each z in X7 if for every real sequence (s,,), there exists a subsequence (s,,) such
that

g(t,xz) = ngl}rloo Ot + sp,x) in Xo,

is well defined for each ¢ € R and each x € X; and
lim g(t — sp,z) = o(t,x) in Xo

n—-+oo

for each t € R and for every € X;. Denote by AA(R x X7; X5) the space of
all such functions.

Let C™(R, X,) be a space of all continuous function h : R — X which have a
continuous n-th derivative on R and let CJ'(R, X,,) be the subspace of C™(R, X,)
which consists of all function h : R — X, satisfying

su RO (#)a < 00,
e

where h( denotes the i-th derivative of h. Then Cf*(R, X) is a Banach space
provided with the norm

hlpn.o = su R (¢ a-
|Aln, teﬂg;\ )]

Now, we state a new concept of the C"™-almost automorphy, which generalizes
the one of the C"- almost periodicity.

Definition 4.4. A continuous function A : R — X, is said to be C™-almost
automorphic for n > 1, if for i = 1,2,..., n the i-th derivative h(¥) of h is almost
automorphic. We denote by AA™) (R, X,,) the space of C™-almost automorphic
functions.

Definition 4.5. A continuous function A : R — X is said to be C™-compact
almost automorphic for n > 1 if for i = 1,2,...,n the i-th derivative h() of
h is Compact almost automorphic. We denote by AA&") (R, X,) the space of
C™-almost automorphic functions.

By [8], since AA(R, X,) and AA.(R, X,) are Banach space, we get also the
following result.

Proposition 4.6. ([10] The spaces AA™ (R, X,) and AAM (R, X.) equipped
the norm |.|,, o« are Banach spaces.

In the sequel, we use some preliminary results concerning the (u,v)-pseudo
almost automorphic functions. The symbol &(R; X, u, v) stands for the space
of functions. We have

E(R; Xa,pv) = {u € BO®; Xo) :_lim _r /jT Ju(t) adpa(t) = 0}

7400 v[—T, 7]
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To study distributed delay differential equations for which the history belongs
to C([-r,0]; X, ), we need to introduce the space

1 +7
ER; X, pyv,7) = {u € BO(R; Xo): lim 7/ ( sup \u(t)la)du(t) = o}.
(=7, 7] /-~ oc(t—r,t]

T—4o00 U

In addition to above-mentioned spaces, we consider the following spaces

1

v[—T, 7]

“+T
ER X Xo, pyv) = {u € BOR x XaiXa): lim / [u(t, )| adp(t) = o},

1 T
£(R><Xa,u,u,r):{ueBC(RXXQ;XQ): lim 7/ ( sup \u(t,w)\a)du(t):O},
Totoo v[—T, 7] J—r Nog[t—r,t]

where in both cases the limit(as 7 — 400)is uniform in compact subset of X,.
In view of previous definitions, it is clear that the space &(R; X, u, v, ) is con-
tinuously embedded in &(R; X4, i, 7). On the other hand, one can observe that
a p-weighted pseudo almost automorphic functions is p-pseudo almost automor-
phic, where the measure p is absolutely continuous with respect to the Lebesgue
measure and its Radon-Nikodym derivative is p:

du(t) = p(t)dt
and v is the usual Lebesgue measure on R, i.e v[—7,7] = 27 for all 7 > 0.

Example 4.7. [5] Let p be a nonnegative B-measurable function. Denote by
the positive measure defined by

1(A) = / p(t)dt for A€ B, 3)
A

where dt denotes the Lebesgue measure on R. The function p which occurs in
equation (3) is called the Radon-Nikodym derivative of p with respect to the
Lebesgue measure on R.

Definition 4.8. A function h € CJ'(R, X,,) is said to be C"-(u,v)-ergodic if
h® € &(R; Xo, p,v) for i = 1,2,...,n. We denote by &™) (R; X4, i, v,7) the
space of C"-(p, v)-ergodic functions.

Definition 4.9. A function h € CP'(R, X,) is said to be C™-(u,v)-ergodic of
class r if B9 € &(R; Xy, p,v,7) for i =1,2,...,n.
We denote by & (R; X,, 1, v,7) the space of C"-(y, v)-ergodic functions.

From p, v € M, we formulate the following hypotheses.

(H3) Let p,v € M be such that
p(=7,7])

lim sup ) =0 < 0.

rtoo V([—T,T]

We have the following result.
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Lemma 4.10. Assume (Hy) holds and let f € CJ'(R; X,).

Then f € &™) (R; Xy, i, v) if and only if for any € > 0 and fori = 1,2,...

the following equation holds
P(Mye(f0))

lim ————= =0,
To400  V[—T,T]

where

Myo(fO) = {t e [-r, 7] [FD(B)]a 2 e}

Proof. Suppose f € & (R; X, i1, ). Then, we have

1 +7 ) B ; .
u([*r,r])/,f [F D) adu(t) = v([=7,7]) MT)E(f(’i))‘f ()| adpe(t)
e ()
+V([_T7 T]) \/[77',7]\/\/17‘5(f(i)) ‘f (t)ladu(t)
L ()
Z =nAD Mw(f(,i))\f ()] adp(t)
1>
> v([—, 7)) MT)S(fm)d”(t)
> M
B
Consequently
M, .(f®
TEALCLLEELEALD) B

To+oo v([=7,7])
Suppose f € CJ'(R; X, ) such that for any € > 0,

(@)
T—+00 V[—T, T])
We can assume |f(t)|o < N for all t € R. Using (Hs), we have

1

ﬁ /j’ 1F O @) |adu(t) D () wdia(t)

v([=77]) S Mo (r )

1
]
v([—7,7]) [—r T \Mr e (£(D))

N

FARIOI:ME)

= v([=7,7]) MT,E(f“UdM(t)
€

(=) /[—T,r]\MT,Eu(“) v
NN(MT‘E)(f(i)) EH([_Tv T]

- v([=7,7]) v([=77])’

Which implies that
1 T
Tll:lr}oo m [T |f(l)(t)|ad,u(t) < de for any € > 0,
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Therefore f) € &™) (R; X, p,v) for i = 1,2,...,n and
hence f € & (R; Xo, p1, V). O

Lemma 4.11. Assume that (Hs) holds. The space & (R; Xy, p,v,1) endowed
with the uniform topology norm is a Banach space.

Definition 4.12. A bounded continuous function ¢ € CJ'(R,X,) is called
C"-(p, v)-pseudo-almost automorphic( respectively C™-(u,v)-pseudo compact
almost automorphic) if ¢ = ¢1 + ¢, where ¢y € AAM(R; X,) and ¢y €
EM(R; X, 1, v) (respectively ¢1 € AAgn)(R;Xa) and ¢y € & (R; Xy, 1, v)).
We denote by PAA™) (R; X,,, i1, v) (respectively PAAM™ (R; Xo, i1, v)) the space
of all such functions.

Definition 4.13. A bounded continuous function ¢ € C*(R, X, ) is called C™-
(1, v)-pseudo-almost automorphic of class r ( respectively C"- (u,v)-pseudo
compact almost automorphic of class r) if ¢ = ¢1 +¢o, where ¢ € AAM™(R; X,,)
and ¢y € &M (R; Xy, p, v, 1) (respectively ¢ € AAgn)(]R; Xa)

and ¢y € &M (R; X4, p,v,7)). We denote by PAAM™ (R; X, pu,v,7) (respec-
tively PAAEn)(R; Xa, p,v, 1)) the space of all such functions.

Definition 4.14. Let pu,v € M. A bounded continuous function ¢ € C*(R x
Xa, Xa) is called uniformly C™-(u, v)-pseudo almost automorphic( respectively
uniformly C™- (u,v)-pseudo compact almost automorphic) if ¢ = @1 + ¢,
where ¢; € AAM (R x Xo; X,) and ¢ € & (R; Xy, 1, v) (vespectively ¢; €
AAD (Rx X3 X,) and ¢g € & (Rx Xo; Xo, 1, 7). We denote by PAA™ (Rx
Xa; Xa, i, v) (respectively PAAE")(R X Xao; Xa, 14, v)) the space of all such func-
tions.

Definition 4.15. Let pu,v € M. A bounded continuous function ¢ € C*(R x
Xa, Xq) is called uniformly C™-(u,v)-pseudo almost automorphic of class 7 (
respectively uniformly C™-(u, v)-pseudo compact almost automorphic of class r)
if ¢ = ¢1 + ¢o, where ¢y € AAM(R x Xo; X,) and ¢p € &M (R; Xy, 1, v, 1)
(respectively ¢1 € AAQL)(R X Xo: Xo) and ¢y € (R x Xy Xo, i1, v,7)). We
denote by PAA™ (Rx X o; Xo, i1, v, 1) (respectively PAA&n) (Rx Xo; Xay pt,v,7))
the space of all such functions.

5. Properties of C"-(u,v)-Pseudo almost automorphic functions of
class r

Lemma 5.1. Let pu,v € M. The space PAA"™ (R; X, i, v,7) endowed with the
norm |.|n.a-

Proof. Let (x,,) be a sequence in PAA™ (R; X, i, v,7) such that the limit
x = lim x,, belongs to BC"(RX,). For each m, let z,, = ym + 2z, where

m—>00

Ym € AAM(RX,) and 2, € & (R; X4, pu,v,7). Since y,, € AAM(RX,),
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we have by Definition 4.4, yfqi) € AA(RX,). Consequently, y € AA™(RX,)
by Definition 4.4. Since z,, € &™) (R; Xq, i, v,7), Definition 4.8 implies that
29 e EM(R; Xy, p,v,7) and (2M),, converge to some z € BC(R; X,). We
have also

ﬁ /_+T (eeiu_g’t] |Z(i)(t)|a)du(t)

I Y sup 2@ (#) — 2@ i
= V([—TJ])/,T (96[)53’15” m (1) (t)la) u(t)
U G A YR
v([=7.7]) / (j 17 Ol et
T . .
< e ) (el =00k )
1 o su NO) d
oy (e 1201t
< 29 = 29| 0 x u(l=m,7])

v([-7,7])

1 +7 )
N — ,,,ZL t)|a )du(t).
u([—m])/_T (ee??_li,tﬂz (O )du(t)
Where _ , ' '
128 = 2@ loo,a = sup |20 () — 2 ()|«
teR

Then we get 29 € &R, X, p,v,7) for i = 1,2,...,n, 50 2z € ER, Xq, 1, v,7).
It follows that © € PAAM™ (R, X, p, v, 7). O
Next result is a characterization of C™-(u, v)-ergodic functions of class r.

Theorem 5.2. Let u,v € Msuch that (Hz) holds and let pn,v € M and I be a
bounded interval (eventually I = @). Then for every f € CI*(R; X,), the follow-
ing assertions are equivalent

i) f€EMR; X, p,v,7),

ZZ) TL-&-OO 1/([—7, 7_] \I) /[;ﬁﬂ\] (ees[zl—pr,t] |f (9>|a)d/j/(t) - OfOTZ - 17 2a - 1
. o p({te [=n N\ [fOO)la > e}) i
1) Jjor any ¢ ) T~l>r4¥loo V([—T, T] \I) =

fori=1,2,...,n.

Proof. i) < ii). Denote By A = u(I), B = / ( sup |f@ (0)|a)du(t).
I Noeft—rt)
We have A, B € R.
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Since the interval I is bounded and the function f(*) is bounded continuous. For
7> 0, such that I C [—7,7] and v([—-7,7] \ I) > 0, we have

; (g
v([=7, 7D\ /[77-,7-]\1 (Ge[stu—pr,t] AN la)

N ﬁ [/[77 . (eeillg,t] \f(i>(6)|a)du(t) - B]

el L, G 100 a0 - ]

From above equalities and the fact v(R) = 400, we deduce i) is equivalent to

1 .
lim /[ ]< sup \fm(e)\a)du(t):o,z‘:1,2,...,n,

T=+oo v([—7, 7]) oc[t—r,t]

that ). 4i7) = ii) Denote by AS and B: the following sets

A = {t el-nr\I: sup [fDO). > g}
oct—r,t]

and 4

B: = {t el-n7\I: sup |fPB)|a < 5}.
oelt—r,t]

Assume that 47) holds, that is

lim 1(A7)

e N D) W

From the equality

-/[—T,T]\I (ee;u_pnt] If(i)w)‘”‘)d“(t) = /Ai

“Ju

( s ]|f<“<e>\a)du<t>

oet—mr,t

(swp 17D O)a)dul),

S Moet—n,t]

we deduce that for 7 sufficient large

1 I0) n(A3)
u([—T,TD/[_T,T]\I(eefiipr,t]'f Ol )du(t) <l X S5
(B2
En N

for 7 sufficiently large, where || f||co.a = sSup;eg |f@ (t)a-

Since pu(R) = v(R) = oo and by using (Hs), we have

; . @ (g d 5
v([-7,7]\ ) /[T,T]\z <eeb[tuf)r,t] EA )|a> u(t) < de,
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then for any ¢ > 0 and i = 1,2,...,n. Consequently i) holds.
i) = 1it)

/ (sup 1£DO)a)du(t) = / (swp 1£D)a)dpt)
(-7 7\ “O€[t—ryt] Az NOe[t—rt]

1 su (0) o M4
AN D) /[_T,TN (,up 10O )au(t) 2 e 2

1 t/‘ (%) N(Ai)
_— sup |f*Y(0)|a )du(t) > ———T5—,
ST T gy (2 OO )ditt) = ey
we obtain equation (4), that is 7). O

In what follows, we prove some preliminary results concerning the composition
of C™-(u,v)-pseudo almost automorphic functions of class r.

Theorem 5.3. Let u, v € Mand ¢ € PAA™ (R x Xy, p,v,7) and
h € PAAM(R; X, i, v, 7). Assume that there exists a function Ly : R — [0, oo
such that

lp(t, z1) — P(t, 22) |0 < Lyl — 2|0, fort € R and for x1,22 € X,. ()

If

1 T
limsupi/ sup Ly (0) )du(t) < oo and for each & € &R, R, p,v
ey sy ), (2 o)) (o p0)

we have

i~ [ (s L,0)eaut) -0, (6)

motoo V([=7,7]) J_r \oeft—rt

then the function t — ¢(t, h(t)) belongs to PAAM™ (R; X, p, v, 7).

Proof. Assume that ¢ = ¢1 + ¢, h = hy + hy, where ¢ € AA (R x X, Xo);
p2 € EM(R x Xo;p,v,7) and hy € AAT(R; X,), hy € E&™(R, Xy, i, v, 7).
Then ¢\” € AAR x Xo, Xa); 65 € E(R x Xoip,v,7) and b\ € AAR; X,),
héz) € &R, Xy, p,v,r) for i = 1,2,... n. Consider the following decomposition
6@, () = 67 (1,5 (1)) + |60 (8, B (1)) = D (2, 1V (1)) | + 68 (£, {7 (1)),

From [4], we know the ¢§i)(., h§“(.)) € AAR, X,) fori=1,2,...,n. Its remains
to prove that both ¢@ (., A0 (#)) — ¢ (., A{Y())) and ¢ (., h{)(t)) belong to
&R, X,). By using equation (5.3), we have

p({tel=rm: sw 1600,h00) - 600, O)]0 ><})

oelt—r,t]
v([-7,7])




C"- Pseudo Almost Automorphic Solutions of class r in the a-norm. .. 83

n({tel=nrl: swp (Lo(O)hS(O)]a) >¢})

oclt—r,t]
<
= (=)
n({tel-nm:( swp Lo(@)( sup B (0)la) > e })
< oc[t—r,t] oc[t—r,t]

v([=7 7))

Since hg) is (u, v)-ergodic of class r, Theorem 5.2 and equation (5.3)
yield that for above-mentioned &, we have

p({relorli( swp Lo@)( sup 1nP(O)a) > <})

oc[t—r,t] oc(t—r,t

li =0,
oo v([=r.7)

and then, we obtain

n({tel=rr: sup 160,07 0) - 9(0,n (®)]a > e})
lim oett=r.1 —o0. %)
oo v([=r, 7))

By Theorem 5.2 and equation (7) it follows that for i =1,2,... n,

t s ¢ (¢, h® (1)) — oD (¢, BV (8)) is (u, v)-ergodic of class 7.

Now to complete the proof is enough to prove that ¢ — (béi) (t, b (1)) is

(u, v)-ergodic class of r.

Since d)éi) is uniformly continuous on the compact set K; = {hgl) (t),t € R} with
the respect of second variable x, we deduce that for given ¢ > 0, there exists
0 > 0 such that for all t € R, §§i) and fzi) € K;, one has

6 — 2 < 5= 61, 67) - 6D ()] <.

m(e)

Therefore there exists m(e) and {z,(ci) pe1 C K such that

m(e)
Kic | Bs(z,9)

k=1

and then
(2) (2) = (@)
95" (t,hy” (t))]a < €+ Z 95" (t, 2i) -
i=1

Since

vhe{1..m@}. lm L/( sup 1087(0. =)o ) () = 0.

r=too ([T, 7]) J_; 0€[t—rt]

we deduce that

1 T , .
Ve > 0, limsup 7/ (0 sup |¢§l)(t, hgz) (t))|a)d,u(t) < &0,
€

T—+00 V([_Tv T]) -7 [t—r,t]
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that implies
i o [ (w6000 )autt) o
T=too ([T, 7]) J_; 0€[t—rt]
Consequently for i = 1,2,...,n, the function ¢t — ¢(2i) (t, hgi)(t)) is (u, v)-ergodic
class of r. By use of Definition 4.4 and Definition 4.8, it follows that the function
t s ¢(t, h(t)) belongs to PAAM™ (R, X, p, v, 7). O

For p € M and § € R, we denote ps5 the positive measure on (R, %) defined

by
ps(A) = p(la+0:a e A]). (8)

(Hs) For all a, b and ¢ € R such that 0 < a < b < ¢, there exist dp and ag > 0

such that
161 > 6o = pla+6,b+6) > aou(s,c +9).
For all 7 € R there exist 8 > 0 and a bounded interval Isuch that
,u({a +7:a€ A}) < Bu(A) when A € Z and satisfies ANT = .
We have the following result due to [5].
Lemma 5.4. [5] Hypothesis (Hy) implies (Hs).
Proposition 5.5 (6,9). u,v € M satisfy (Hs) and f € PAA(R, X; u,v) be such
that
f=g9+h
where g € AAR; X) and h € &R, X;u,v). Then
{g(t),t € R} C {f(t),t € R}(the closure of the range of f).

Corollary 5.6. [6] Assume that (H3) holds. Then the decomposition of a (u,v)-
pseudo almost automorphic function in the form f = g+¢ where g € AA(R; X,)
and ¢ € E(R; Xy, p,v), is unique.

The following corollary is a consequence of Theorem 5.2.

Proposition 5.7. Let p,v € M. Assume that (Hs) holds. Then the decompo-
sition of a (u, v)-pseudo-almost automorphic function in the form ¢ = ¢1 + ¢o,
where ¢, € AA™ (R; X,) and ¢ € & (R; Xq, p1, ), is unique.

Proof. Let ¢ = ¢1 + ¢o, where ¢ € AAM™(R; X,) and ¢y € & (R; Xq, p1, V).
Then ¢g¢) € AAR; X,) and gzb(zi) € &(R; Xo,p,v) for i =1,2,...,n. As conse-
quence Corollary 5.6, the decomposition of a a — (u, v)-pseudo-almost automor-
phic function ¢p(*) = ¢§“+¢§“, where qbli) € AAR; X,) and q’)g) € &(R; X, i1y V)
is unique. Since PAA(R; X, 1, v) C PAA(R; X, p,v) and PAA(R; Xq, i, v,77) C
PAA(R; X4, p, v, 7). The decomposition of a (u, v)-pseudo-almost automorphic
function ¢() = qﬁgi) + qﬁéi) of class r, where ¢§”) € AAR; X,) and ¢>§i) €
&(R; X, i1, v) is unique. Consequently we get the desired result. O
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Definition 5.8. Let pq, uo € M. We say that pq is equivalent to uo , denoting
this as puy ~ po if there exist constants o and § > 0 and a bounded interval
I (eventually I = @) such that apu(A) < pefui(A), when A € A satisfies
ANl =0o.

From [5]~ is binary equivalent relation on M. The equivalence class of a
given measure p € R will then be denoted by
dlp)={weM:p~w}.
Theorem 5.9. Let py, o, 1,9 € M. If 1 ~ po and vivs, then
PAAR; Xoqp1,v1,7) = PAA(R; Xy, 2, V2, 7).

Proof. Since p1 ~ o and v ~ vo there exist constants aq, as, B1, B2 > 0 and
a bounded interval I (eventually I = &) such that a;(A) < py < fru(A) and
aoy (A) < vy < Bov(A) for each A € A satisfies ANT =D ie
1 < 1 < 1
Biv(A) ~ 1a(A) T axv(A)
Let f € CJ(R, X,). Since pq ~ p2 and S is the Lebesgue o-field, we obtain for
7 sufficiently Large that

o1 ({t e[-7r7]\I: , sup |f(i)(9)\a >e})

€lt—r,t]

Bapia([=7, 71\ T)
pa({te l=nrl\ s s 1700 > <)

elt—mr,t
= (= 7N D)
sun({te-nr\L: swp 1790 > )
= ao(—m I\ )

By using Theorem 5.2, we deduce that & (R; X, g1, v1,7) = &M (R; Xq, 2, V2, 7).
From the definition of a (u,v)-pseudo almost automorpic function, we deduce
that PAA"™ (R; X, p1,v1,7) = PAA™ (R; Xy, i1, v1,7). O

Lemma 5.10. [4] Let p,v € M satisfies (Hy). Then PAA(R; X, p,v) is invari-
ant by translation that is f € PAAR; Xo, 1, v, ) implies f, € PAAR; X, p,v)
for all v € R.

Corollary 5.11. [16] Let u,v € M satisfies (Hy). Then PAA(R; Xq, p, v, 1) is
invariant by translation that is f € PAA(R; Xa, p, v, 1) implies
fy € PAAR; Xy, p,v, 1) for all v € R.

Corollary 5.12. Let p,v € M satisfies (Hy). Then PAA™ (R; X, p,v,7) is
invariant by translation that is f € PAA™) (R; Xo, pty v, 1) implies
fy € PAA™ (R; X, p, v,7) for all v € R.
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Lemma 5.13. [4] Let u € M satisfy (Hy). Then the measures o and us are
equivalent for all 5 € R.

Lemma 5.14. [5] (Hy) implies

or all 0 > 0, limsu ([ ! ]) < 00.
f ) p
T—+00 V([ 777])

We have the following result

Theorem 5.15. Assume that (Hy) holds. Let p,v € M
and ¢ € PAAE") (R; X, py v, 1), then the function t — ¢y belongs
to PAAg")(C’([—r, 0], Xa); ity v, 1).

Proof. Assume that ¢ = g+h, where g € AA™(R; X,) and h € &™) (R; X, pv, 7).
We can see that uti) = gii) + hgi). we want to show that g € AA(R; X,)
and hy € &(R; Xo, p,v,r) for i = 1,2,...,n, and by [9] the function gt(i) be-
longs to AA.(C([—r,0]; X,) which implies that g, € AA™ (C([-r,0]); Xa). Let
i=1,2,...,n 0 € R, us and v5 be the positive measures defined by equation
(8). Let us denote

“+T
M) = [ (s (KO0 )dus).

vs([-7,7]) J_- oelt—rt]
By using Lemma 5.13, it follows that ps and p are equivalent and vy and v are
also equivalent. By using Theorem 5.9, we have
EM(R; X, ps, vs,r) = EM(R; Xy, p1, v, 1), therefore RO € &(R; Xq, pis, Vs, )
that is

lim Ms(r) =0, foralldeR.

T—+00

On the other hand for 7 > 0, we have

s [T e (s O 40l )au)

v([-7,7]) J-+ o€(t—r,t] ~0€[—r,0]

= ﬁ /j: (ee[j'jgm |h(i)(0)\a)du(t)

< ﬁ /j: (ee[tfé’?t,r] [h(0)]a + bR |h(9)|a>du(t)

< s L G, O+ S [ e 0t

- ﬁ /j::: (GE[Stu—pr,t] lh(i)(e)‘a)d”(t) * m /_J:T Pt 1] |h<“(0)|a)du(t)
= ﬁ ff (, 50, KO ©@la)dutt + 1)

1 +7

YT su (g N
T s aetp OOl )du)
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M([_T -7+ T]) 1 +r+ (4)
su h Nla)d T
< o G L G OO n)
1 +r .
T E— up R (0)]a ) du(t).
+V([_7'77']) -7 Ge[st—pr,t]‘ @)l ) m(®)
Consequently

L[ s swp b0+ ) dul)
]

V([—Tﬂ']) —7 0€[t—rt] 0€[—r,0]

pll=r =7+ 1)
()

o [ s OO aue)

V([_T7TD —7 O€ft—n,t]

X Ms(T+7)

which shows usind Lemma 5.13 and Lemma 5.14 that ¢§i) belongs
to PAA.(C([-r,0]; Xa), i, v, 7). Thus we obtain the desired result. O

6. C"-(u,v)-Pseudo almost automorphic class of r

Proposition 6.1. [1] Assume that (Hy) and (Hy) hold and the semigroup
(U(%))t>0 is hyperbolic. If f is bounded on R, then there exists a unique bounded
solution u of equation (1) on R, given by

t

w= lm [ U (BXof(s))ds+ Tim / U (t— )T (By Xo £(5))ds,

A——+oo o

where By = AA — Ay)~t ford > @, IT® and TI* are projections of C,, onto the
stable and unstable subspace respectively.

Proposition 6.2. [7] If f € BC(R, X,) there exists a unique bounded solution
u of equation (1) on R, given by uy = T f(¢).

Proposition 6.3. [16] If h € AA (R, X) then the function t — Th(t)(0) belongs
to AA.(R, X,).

Corollary 6.4. If h € AAgn)(R,X) then the function t — T'h(t)(0) belongs to
AAM (R, X,).

Proof. In fact h € AA&n)(RX), we have h(V € AA (R, X) fori = 1,2,...,n.
Thus the function t — T'f()(¢)(0) belongs to AA.(RX,) fori=1,2,...,n. O

Theorem 6.5. Let pi,v € M, (H3) holds and g € & (R, Xo, 1, v, 1), then the
function t — Th(t)(0) belongs to &™ (R, Xy, j1,v,7).
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Proof. In fact, for g € &™) (R, X, i, v,7), we have g9 € &R, X,, i, v,7) for
1=1,2,...,n. For 7 > 0 we get

[ (s T @) duto)

Oet—r,t]

IN

T [ - .
/ ( sup [nm / U (6 — $)IT° (BrXog™ ()] ads
—r Nogft—rt] LATFo S

“+oo

Fdim [t - S (BaXog ™ () ads| (0) ) dp(t)

IA

/7:( sup ][ lim / | AZUS (0 — $)TT° (BxXog' (s)||ds

o€[t—r,t] LA+

+oo . .
+ lim U™ (0 = )T (Br Xog™) (s) |ds] (0) ) dp(t)

A—+oco 9

IN

it [T (e [ s ance)

o€(t—r,t] )

efw(efs

+MM/,T e /+oo(3_79):|Hu|\9(i)(3)|ds)du(t)

oclt—r,t] Jo

K/ sup / e ) )| ds) da()
—7r NOg[t—r,t] (0 —s)> g a

+o0 7w(07s)
(@)
+ su — s)|ds )du(t)|,
/77 (Ge[t—pr,t]/e (s —0) 97 ()] ) # )}

where K = max(M M |TI*|, MM |1I%)).

On the one hand using Fubini’s Theorem, we have

/J (ee g /w ((;w_(:)j lg <i>(s)|ds)du(t) (/; (ee[stuipm /:06 ¢ PIRIC= s)\ds)du(t)

-
< [T ( s / 1990 — s)lds ) du(t).
0 s oc[t—r,t]

By the Lebesgue dominated convergence Theorem and by using Corollary 5.12,
it follows that

oo gmws 1 T
lim _ sup / g“) 6 — s)|ds)du(t) =
L A = 1 L ULV

On the other hand by Fubini’s theorem, we also have

T 0 —w(6—s)
¢ (@)
su -— ds)d
/;T <06[t7pr,t],/7°o (s —6) 197 (5)] ) u(t)

T 400 _—ws i
< [ (s [0 0)lds)dutt
—7r Noe[t—nt] Jo S

IN

IN
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“+oo 6—ws T (0
< —( s [ 19 (s +0)lds ) du().
0 S oelt—r,t]J -7

Resoning like above, it follows that

“+o0 e—ws 1 T )
lim 7( sup / gD (s+6 ds)dut =0.
A fy T ) b L 19 Ol
Consequently

1 T ;

lim 7/ sup  [Lg@(0)]n)du(t) =0,
T—+00 V([_Tv T]) -7 (Oe[t—r,t]| ( )l ) ( )

which implies that for i = 1,2,..., n the function T'f(*)(¢)(0) belongs

to &(R, Xa, i, v, 7). Thus, we obtain the desired result. O

We assume the following hypothesis in order to ensure the existence of the
C"-(p, v)-pseudo almost automorphic solution of the class of r.
(Hs) f: R — X is compact ¢l — (u, v)-pseudo almost automorphic of class r.

Proposition 6.6. Assume that (Hy), (Hy), (Hs) and (Hy) hold. Then (1) has
a unique compact C™-cl(p, v)-pseudo almost automorphic solution of class r.

Proof. Since f is a C™-(u, v)-pseudo almost automorphic function, f has a de-
composition f = f1+ fo where f1 € AA?L) (R, X) and f, € &™) (R; X, v). Using
Proposition 6.2, Corollary 6.4 and Theorem 6.5, we get the desired result. O

Next, we want to prove that the following problem has C"-(u, v)-pseudo al-
most automorphic solution of class r.

w'(t) = —Au(t) + L(ug) + f(t,us) for t € R, (9)

where f: R x C, — X is continuous.

(Hg) The unstable space U = {0}.

(H;) Let p,v € M and f: R x Cy — X cl(p,v)-pseudo almost automorphic
class of r such that there exists a positive constant L such that

|f(t, 1) = f(tp2)| < Lgllor — p2|lc, for allt € R
©1,p2 € Cy and Ly satisfies (5.3).
Theorem 6.7. Assume (Hy), (Hy), (Hz), (Hs), (Hg) and (Hy) holds. If

MM|T*|LT(1 — )

wlfoz

<1

)

then equation (9) has a unique C™- cl(u, v)-pseudo compact almost automorphic
solution of class r.
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Proof. Let = be a function in PAA™ (R; Xq, pt,v,7), from Theorem 5.15, the

function ¢ — x4 belongs to PAA((:n)(Ca; w, v, ). Hence Theorem 5.3 implies that
the function g(.) := f(.,z) is in PAA"™ (R; X, u, v, 7). Since the unstable space
U = {0}, then IT* = 0. Consider the mapping

H: PAA™ (R; X, pt,v,7) — PAAT (R; X0, iy v, 1)
defined for t € R by

(Hx)(t):[ lim / t us(t—s)HS(E,\XOf(s,xS))ds}(O).

T—-+00 oo

From the Proposition 6.1, Proposition 6.2 and taking into account Theorem 6.5,
it suffices now to show that the the operator H has fixed point

in PAA(R; X, 1, v, 7).

Let 1,29 € PAA&") (R; Xqo, py v, 1), then xgl),mg) € PAA&") (R; X4, py v, 1) for
1=1,2,...,n, we have

3 3 ! 5 S/ D i i
(Hai?)() = () (D)o < TETOO/ U (t = )T (BXo(f(s,21)) = f(s,23))))ds|
t ~ . .
< lim [ JAGU(E = STE(BXo(f(s, 7)) — f(s,25))))lds
—— i ; t e—w(t—s)
< MM|I° Lyl —xg’\a/ e ds
_ +oo ) )
< MM|HS|Lf</ e_wssad5)|x§1) —z5|a
0
MMI|IT®*|L;T(1—a), o ;
< II°| L T°( )|x§)_x<2)|m

wl—a

which implies that

n

STIH) () — (M) ()]a

=0

- MM|II°|L;T(1 — a)

wlfa |$1 7x2|a,n-

This means that H is a strict contraction. Thus by Banach’s fixed-point theo-

rem, H has a unique fixed point u in PAA&") (R; X4, ity v, 7). We conclude that
equation (9), has one and only one C"-cl(u, v)-pseudo compact almost automor-
phic solution of class r. O

7. Application

For illustration, we propose to study the existence of solutions for the follow-
ing model
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2 0
%z(t7 x) = f%z(t, ) + /_T G(0)z(t + 0,x)d0 + z exp (sin(at) sin(bt)) + cos(t)

+ h(t, gz(t +0, x)) fort € R, and z € [0, 7], (10)
z

2(t,0) = z(t,m) =0 fort € R, and z € [0, 7],

where a,b € R, the function G : [-r,0] — R is continuous function

and h : R x R — is lipschitz continuous with the respect of the second argu-
ment. To rewrite (10) in abstract form, we introduce the space X = L?([0, 7]; R)
vanishing at 0 and 7, equipped with the L? norm that is to say for all z € X,

|l = (/Oﬂ \x(s)\zds)%.

Let A: X — X be defined by

{ D(A) = H?(0,7) N H(0, )
Ay =1y".

Then the spectrum o(A4) of A equals to the point spectrum o,(A) and is given
by

o(A) =0,(A) = {-n*: n>1}

and the associated eigenfunctions (e,),>1 are given by

en(s) = \/Zsin(ns), s € [0,7].

Then the operator is computed by

“+oo
Ay = an(yaen)eru Yy e D(A)

n=1

+o0o
For each y € D(Az) = {lye X: Z n(y, en)en € X}, the operator Az is given

n=1

by
1 =
A%y = "n(y,en)en, y € D(A).

n=1

Lemma 7.1. [15] Ify € D(A%), then y is absolutely continuous, y' € X and

1
lyll =1yl = 1Az y]|.
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It is well known that —A is the generator of a compact analytic semigroup
semigroup (T'(t))¢>0 on X which is given by

+oo

T(t)x = Z e_"Qt(ac7 en)en, T € X.

n=1

1
Then (Hy) and (H;) are satisfies. here we choose o = —.
We define f : R x C% — X and L: C% — X as follows:

f(t,¢)(x) = wexp (sin(at) sin(bt))+cos(t)+h(t, (,%z(t—l—@, m)), fort e R, x € [0, 7]
0

and L(p)(z) = G(0)p(8,x)dl, for —r <6 <0.

Let us pose v(t) ;Tz(t7 x). Then equation (10) takes the following abstract form
V'(t) = —Av(t) + L(ve) + f(t,v4) for t € R. (11)

Consider the measure p and v where its Randon-Nikodym derivates are respec-

tively p; and po
() = 1 fort>0
Pt = et fort <0

and
p2(t) = [t| fort € R
i.e du(t) = p1(t)dt and du(t) = pa2(t)dt, where dt denotes the Lebesgue measure

on R and
u(A) = / p1(t)dt for v(A) = pa(t)dt for A € AB.
A
From [5] u,v € M satisfies Hypothesis (Hy).

0 T
/ etdt—i—/ dt B
—_r 0 1+€T+7_

——— = limsu = limsu
T=+o0 v([—7,7]) T—>+o£ 2/T vdt T—>+o<1>) T2
0

which implies that (Hy) is satisfied.

/
Since A2 (m exp(sin(at) sin(bt))) = (JL‘ exp(sin(at) sin(bt))) = exp(sin(at) sin(bt)).
By Mophou et al.[11], ¢ — exp(sin(at) sin(bt)) belongs AAQL)(R;X), if @ and b

are incommensurate real numbers (i.e a and b are relatively prime), it follows
that ¢ — z exp(sin(at) sin(bt)) belongs AAL (R; X1).
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On other hand, for all t € R and i = 0,1,...,n, we have |costtD(t)| < 1,
which implies

1 / sup | cos'(0)]1dt ¥/ sup |A% cos'V () |dt

R 1
Z (e WA : AT S o=

1 /T (i+1)
= — sup |cos (0)|dt
v([-7,7]) J_; oc[t—r,t]

1 /0 (i+1) t
< su cos 0)|e"dt
- V([_Tv 7']) ( —r He[t—pr,t] | ( )|

+/ sup \cos(i+1)(9)|dt)
0 6elt—nt]

1 0 . T
< -
< ([ e [ @)

_l4eTT 47

5 — 0as T — oo.
-

It follows that ¢ — cos(®) ¢ belongs to &™) (R, Xy p,v, ),

f belongs PAA™) (R,7X%7M,V7 7). Moreover, L is a bounded linear operator
from C 1 to X.

Let k& be the lipschiz constant of &, then for every 1, p2 € C’% and t > 0, we
have

It.60@) ~ fton@l = ([ 100, Lo 0.2) = 6. Seao.0)as)*
) 6 B
< I [ Igper0a) = Seal0.2) )
) d 2, \2
< s ([ gme®.m) - g en.0)rds)
< Lufler = e2lloy -

Consequently, we conclude that f is Lipschitz continuous and cl(u, v)-pseudo
almost automorphic of class r.

0
Lemma 7.2. [10] If |G(9)|df < 1, then the seimigroup (U(t))i>o is hyper-

bolic and the unstable U = {0}.

2 _
For example, let us pose G(6) = (90;‘*‘11)2’ we can see that
0 O 621 0 r
— _ = = 1 i 1
[T\G(0)|d0 [ Gt = gl = g < L <
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0 0 921 -1 92—1 r
coya = [ 2L ap— = - e
/,,.l @)l /, @ +1)2 /, +/ ICEE 1)2 2y SN2

By Theorem 6.7 we deduce the following result.

Theorem 7.3. Under the above assumptions, if the Lipschitz constant Lip(f)
of [ satisfies the inequality

,wlfoz

< == ;
MM|I*|T(1 — o)

then equation (11) has a unique compact C™ - cl(u,v)-pseudo almost automor-
phic solution v of class r.

Proof. Let us pose k = Lip(f). Then we have

|(Ha{?)() = (Has)(B)le < | lim / U (t = )T (BXo(f(s,23)) = f(s,23))))ds|

T—+00 o

t

< lim [ JAGU(E - STE(BXo(f(s, 7)) — f(s,25))))lds
e @) () @
< MM / gl = afas
o . . t —w(t—s)
< MM|H5k|x<;)—m§>\a/ S
—o0 (tis)a
. +oo _ _
< MM|Hs|k</ eiwssads)h:y) -z
0
MM|II*|kT(1 — o), @ ;
S | | ( )|$§> ) |O<a

wl—«a

which implies that

MM|II°|kD(1 — o)

ol—a | — T2|a,n-

212 (@) = (Hay?)(B)]a <

wlfa

Consequently, if k& < , then H is a strict contraction. O
MM\HS|I‘(1 — a)

8. Discussion

In this work, under some appropriate conditions, we establish the existence
and uniqueness of C™-(u, v)-pseudo almost automorphic solutions of class r in the
a-norm for some functional partial differential equations in a Banach spaces. It
is well known that the study under the a-norm is more general than the classical
one (see for example [10]).

However, to obtain our results we use the hypothesis that the operator T'(¢) is
compact. The next challenge is to establish the existence and uniqueness of the
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solution of class r in the o norm without using the compactness of the analytic
semigroup (7'(t)):>o0.
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