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PAIR MEAN CORDIAL LABELING OF SOME UNION
OF GRAPHS

R. PONRAJ* AND S. PRABHU

p is even

p={ % p is odd,

and M = {£1,42,--- &+ p} called the set of labels. Consider a mapping
AV — M by assigning different labels in M to the different elements
of V when p is even and different labels in M to p — 1 elements of V'
and repeating a label for the remaining one vertex when p is odd. The
labeling as defined above is said to be a pair mean cordial labeling if for
each edge uv of G, there exists a labeling M if A(u) 4+ A(v) is even
and w if A(u) + A(v) is odd such that Sy, — §>€| < 1 where Sy,
and S/\f respectively denote the number of edges labeled with 1 and the
number of edges not labeled with 1. A graph G with a pair mean cordial
labeling is called a pair mean cordial graph. In this paper, we investigate
the pair mean cordial labeling behavior of some union of graphs.

ABSTRACT. Let a graph G = (V, E) be a (p, q) graph. Define
P
2
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1. Introduction

In this paper, a finite, simple, connected and undirected graph is known as
a graph G. We use the terminologies, fundamental concepts and notations in
graph theory as in [7] and referring to the study on graph labeling in [6]. In
[3], the concept of cordial labeling was first established and also studied some
cordial related graphs in [1,2,4,5,8-13,19-24]. We have introduced the notion of
pair mean cordial labeling in [14] and examined the pair mean cordial labeling
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behavior of several graphs in [14-18]. In this paper, we investigate the pair mean
cordial labeling behavior of some union of graphs such as P,, U P,, P, U C),,
PnUSh, PhbUW,, CpyUC,,Chy, U Sy, Wy, UW,,, W, UC,,, Sy U Sy, Sm UW,.

2. Preliminaries

Definition 2.1. A graph labeling is an assignment of integers to the vertices or
edges, or both, subject to certain conditions.

Definition 2.2. The union of two graphs G; and G5 is the graph G; U G2 with
V(Gl U GQ) = V(Gl) U V(Gg) and E(Gl U GQ) = E(Gl) U E(Gg)

Definition 2.3. The Shell S, is the graph obtained by taking n — 3 concurrent
chord in cycle C,,. The vertex at which all the chords are concurrent is called
the apex vertex.

Definition 2.4. A Wheel W, is a graph with n+1 vertices, formed by connecting
a single vertex to all the vertices of the cycle C,,. It is denoted by W,, = C,, + K.

3. Pair Mean Cordial Labeling
Definition 3.1. Let a graph G = (V, E) be a (p, q) graph. Define

B £ piseven
p= { p—;l p is odd,
and M = {£1,42,--- £ p} called the set of labels. Consider a mapping A :
V' — M by assigning different labels in M to the different elements of V' when
p is even and different labels in M to p — 1 elements of V' and repeating a label
for the remaining one vertex when p is odd. The labeling as defined above is
said to be a pair mean cordial labeling if for each edge uv of G, there exists a
labeling w if A(u) + A(v) is even and w if AM(u) + A(v) is odd
such that [Sy, — S,\§| < 1 where Sy, and SAg respectively denote the number of
edges labeled with 1 and the number of edges not labeled with 1. A graph G
with a pair mean cordial labeling is called a pair mean cordial graph.

Theorem 3.2. The graph P,, U P, is pair mean cordial for all m,n > 1.

Proof. Let P,, be the path ujus...u,, and P, be the path vivs...v,. Then
P,, U P, has m + n vertices and m + n — 2 edges. We have the following two
cases arise:

Case (i): m is odd

Let us assign the labels 1,2, ..., mTH respectively to the vertices wy, us, ..., Um

and —1,—-2,..., = 2“ to the vertices us, uy, ..., Um—1 respectively. Then there

are two subcases that arise:
Subcase (i): n is odd

Let us now assign the labels _“;_1, _”5_37 ..., —== respectively to the ver-
tices vy, vs, ..., v, and 23 MED MR ¢ the vertices va, U4, ..., Up_1 Te-

spectively.
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Subcase (ii): n is even

Furthermore we give the labels _”;_1, —5= 3., =mo ”+1 respectively to the
vertices v1,v3, ..., Un_1 and mT"'?’, mT%, ceey m+” L to the vertices vg, U4, . .., Un_2

respectively. Thus we assign the label %”H to the vertex v,.

Case (ii): m is even

In this case, we give the labels —1,—2,..., =" respectively to the vertices
UL, U3y« ooy Um—1 and 2,3,..., WTH to the vertices us,uy, ..., u, respectively.
There are two subcases that arise:

Subcase (i): n is odd

Now, we assign the labels _"5_27 _";_4 =m 2""‘1 respectively to the ver-
tices v1,vs,...,Vp_o and 22 mT%,...,L”l to the vertices va, V4, ..., Un_3
respectively. Finally, we a551gn the labels 1, M to the vertices v,_1,v,
respectively.

Subcase (ii): n is even

Next we give the labels ’";’2, ’"5’4,..., === respectively to the vertices
V1,03, ...,Un_1 and m+4, m;'ﬁ, cee m+" to the vertices wvo, vy, ..., V,_o Tespec-

tively. More over assign the label 1 to the vertex v,.
The following table shows that this vertex labeling A is a pair mean cordial of
P,, U P, for all m,n > 1. O

Nature of m and n Sx, Sxe
m is odd and n is odd | BER=2 | min—2
m is odd and n is even
m is even and n is odd
m is even and n is even

Table 1

m+2n73 m+%171
2 2
m+4n—3 m4n—1

m+2n72 m+%172
2 2

Theorem 3.3. The graph P,, UC), is pair mean cordial for allm > 1 andn > 3.

Proof. Let P,, be the path ujus...u,, and C,, be the cycle vivs...v,v1. Then
the graph P, UC,, has m+n vertices and m+n—1 edges. We have the following
two cases arise:

Case (i): m is odd

There are two subcases that arise:

Subcase (i): n is odd

In this case, assign the labels to the vertices u;,v;, 1 <i<mand 1 < j <n as
in subcase (i) of case (i) of theorem 3.1.

Subcase (ii): n is even

Furthermore, assign the labels to the vertices u;,v;, 1 <i<mand1<j<n-1
as in subcase (ii) of case (i) of theorem 3.1. Finally assign the label 42 to the
vertex vy,.

Case (ii): m is even

There are two subcases that arise:
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Subcase (i): n is odd
In this case, assign the labels to the vertices u;,v;,1 <i<mand1<j<n—-2
as in subcase () of case (i¢) of theorem 3.1. Finally, we assign the labels 1,1 to
the vertices v,,_1, v, respectively.
Subcase (ii): n is even
Furthermore, assign the labels to the vertices u;,v;, 1 <i<mand1<j<n
as in subcase (i%) of case (i¢) of theorem 3.1.
The following table shows that this vertex labeling A is a pair mean cordial of
P,UC, for all m > 1 and n > 3.

O

Nature of m and n Sx, Shye
m is odd and n is odd | mEE=2 [ min
m is odd and n is even | min=1l | min=1

2 2
m+n—1 m+n—1

m is even and n is odd = 5
m is even and n is even %”72 min
Table 2

Theorem 3.4. The graph P,,US,, is pair mean cordial for allm > 1 andn > 4.

Proof. Let V(P US,) ={u;,v;: 1 <i<mand1<j<n}and E(P,US,) =
{uitiz1,vvj41,0001 : 1 <t <m—land1 <j<n—1}U{vivjyo:1<j<n-3}L
Hence it has m + n vertices and m + 2n — 4 edges. We have the following two
cases arise:

Case (i): m is odd

Let us assign the labels 1,2, ..., mTH respectively to the vertices uy, us, ..., Um

and —1,-2,..., *”;H to the vertices us, uq, .. ., Um—1 respectively. Then there

are two subcases that arise:

Subcase (i): n is odd

First we assign the labels m+3, m;r57 ey m;” V3,
,Up—g and ==L =m= 3, ..., =msE2 4o the vertices vg, 4, . . ., Up—1 TESpEC-

tlvely. Furthermore, assign the label == to the vertex v,,.

Subcase (ii): n is even

Now we assign the labels m’T"'?’, m;‘ mis 7L"1 respectively to the vertices

V1,03,...,Up_g and ==L =m=3 o om 2”“ to the vertices va,v4, ..., Uy TE-

spectively. More over, assign the label %"1 to the vertex v, _1.

Case (ii): m is even

Let us assign the labels 1,2,..., % respectively to the vertices u1,us, ..., um—1

and —1,-2,..., %‘*‘2 to the vertices us, uq, . . ., Uy _o respectively. Hence there

are two subcases that arise:

Subcase (i): n is odd

In this case, we assign the labels mTH, mTH, ey %’H respectively to the ver-

—m—2 —m—n+3

tices v1,v3, ..., U2 and 57, =5—=, ..., 5 to the vertices vo, vy, ..., Up_1
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respectively. Also assign the label %”’1 to the vertex v,,.
Subcase (ii): n is even

Now we assign the labels %, ’”;4, ceey %‘*‘” respectively to the vertices vy, vs,
ey Up—1 and =, 7";’2 ey *mE"H to the vertices va, vy, . .., v, respectively.

The following table shows that this vertex labeling A is a pair mean cordial of
P, US, for all m > 1 and n > 4.
O

Nature of m and n Sa, Sxe
m is odd and n is odd | BE2e=2 | mt2n—6
m is odd and n is even
m is even and n is odd
m is even and n is even

Table 3

m+%nf2 m+3n76

m+%n74 m+3n74

m+§n74 m+3n74
2 2

Example 3.5. A pair mean cordial labeling of Pg U Sg is shown in Figure 1.

FIGURE 1

Theorem 3.6. The graph P,, UW,, is pair mean cordial for allm > 2 andn > 3
except for m = 3 and n is even.

Proof. Let V(P,, UW,) = {u;,v,v; : 1 < i < mand 1 < j < n} and
E(PnUW,) ={vv; : 1 <j <n}U{utit1,0vj41,0,01 : 1 <i<m—1land 1<
j <n-—1}. Hence P, UW, has m +n + 1 vertices and m + 2n — 1 edges. We
have the following three cases arise:

Case (i): m =3

There are two subcases that arise:

Subcase (i): n is odd

Let us consider A(u) = 1, A(uz) = 1 and A(us) = =%=3. Next we give the labels

2,3,..., ”T*?’ respectively to the vertices vy, vs,...,v, and —1,—2,... = 2“ to
the vertices vo, vy4, ..., v,_1 respectively. Then assign the label %‘1 to the ver-
tex v.

Subcase (ii): n is even
Suppose P3 U W,, is pair mean cordial. Now if the edge uv get the label 1, the
possibilities are A(u) + A(v) = 1 or A(u) + A(v) = 2. Then the maximum number
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of edges label with 1 is n. That is Sy, < n. Thus Sye > n + 2. Therefore
g)@ — §>\1 >n+2—n=2>1, acontradiction.

Case (ii): m is odd

There are two subcases that arise:

Subcase (i): n is odd

In this case, we give the labels 1,2,..., mT_l respectively to the vertices ui, us,

Sy Um—o and —1,—-2,..., 77,5+3 to the vertices us,uq, - .., Umn—3 respectively.
Assign the labels _”;'3, —7—" to the vertices um_1, U, respectively. Next we
give the labels m;rl m+3, ey m;" respectively to the vertices vy, vs, ..., v, and
—mtl —mel o =m 2”+4 to the vertices va,v4,...,vn_1 respectively. Hence

assign the label _m%”“ to the vertex v.

Subcase (ii): n is even

Let us consider A(uy) = 2, AMuz) = —1, A(uz) = 3 and A(uq) = —2. Then we
give the labels —3,—4,..., _”3"’1 respectively to the vertices us,u7, ..., Upm—2
and 4,5, . m—“ to the vertices ug, us, . .., U,—1 respectively. More over assign
the label 1 to the vertex u,,. Next we give the labels bl mAs | mtndl
spectively to the vertices vq,vs,...,v,-1 and =75~ L _”; 3, ceey _m_Q"'H to the
vertices vg, vy, . . . , U, respectively. Hence assign the label ’m%”*l to the vertex
.

Case (iii): m is even

Now give the labels 1,2, ..., % respectively to the vertices ui, us, ..., uy,—1 and
-1,-2,..., 77’?2 to the vertices usg, uy, ..., Um,m_o respectively. There are three
subcases that arise:

Subcase (i): n is odd

Next assign the label =2="=L to the vertex u,,. Then we assign the labels

re-

2
mi2 mid | mAntl pegpectively to the vertices vi,vs, ..., v, and =%, =2=2
. —mfm to the vertices vs, V4, . . ., Un_1 respectively. Hence assign the label
’mf”“ to the vertex v.
Subcase (ii): n is even
Now assign the label === to the vertex u,,. Next we assign the labels 7”;2 , ’”TH,
. m;” respectively to the vertices v1,vs, ..., v,—1 and ", 7"5*2, ceey 7’”;"*2
to the vertices va, vy, ..., v, respectively. Hence assign the label % to the ver-
tex v.

The following table shows that this vertex labeling A is a pair mean cordial of
P,, UW, for all m > 2 and n > 3 except for m = 3 and n is even.
O

Remark 3.1. The graph P, U W, is pair mean cordial for all n > 5 and n is
odd.

Proof. The graph P; U W, has 2n + 2 vertices and 2n edges. We have the
following two cases arise:

Case (i): n =3 and n is even

Suppose P; U W, is pair mean cordial. Now if the edge uv get the label 1, the
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Nature of m and n S, Sxe
m is odd and n is odd | BE2R=L [ mE2n_I
m is odd and n is even mtFn—1 m*%”*l
m is even and n is odd m+Fn—2 2
m is even and n is even mtfn-2 | mfon

2 2
Table 4

possibilities are A(u) + A(v) = 1 or A(u) + A(v) = 2. Then the maximum number
of edges label with 1 is n — 1. That is S)\l <n-—1. Thus S)\‘f > n — 1. Therefore
Sxe =Sy, 2n+1—(n—1)=2> 1, a contradiction.

Case (ii): n is odd

First assign the label 1 to the vertex u. Now, we give the labels 2,3, ...,
respectively to the vertices vy, v3,...,vp_2 and —1,—=2,..., = 2“ to the vertices
Vg, V4, - - - , Un_1 Tespectively. Next assign the label _”2_1 to the vertex v,. Finally

assign the label "7“ to the vertex v. Hence Sy, = S,\g =n.

n+1l
2

O
Theorem 3.7. The graph C,, U S, is pair mean cordial for all m,n > 4.

Proof. Let us define V(Cy, US,) = {u;,v; : 1 < ¢ < mand 1 <j < n}
and E(Cy, U S,) = {wttis1, U, 0,041,001 1 1 <i<m—-1land 1 <j<
n—1}U{vivijse : 1 <j <n-—3}. Hence the graph C,, US,, has m + n vertices
and m + 2n — 3 edges. We have the following two cases arise:

Case (i): m is odd

There are two subcases that arise:

Subcase (i): n is odd

Take A(ui) = 2, AMug) = —1, Auz) = 3 and A(uy) = —2. Next, we give
the labels —3,—4,..., 7”;“ respectively to the vertices us,uz,...,Un—o and
4,5,..., mTH to the vertices ug, us, ..., um,_1 respectively. Then we assign the
label 1 to the vertex u,,. More over, we assign the labels 72 5 mAn pe
spectively to the vertices vy, vs, ..., v,_2 and _"5_1, _"3_3, R _m5"+2 to the
vertices vz, vy, ...,v,—1 respectively. Finally we assign the label =%~ to the
vertex vy,.

Subcase (ii): n is even
In this case, we assign the labels to the vertices u;, 1 < ¢ < m as in subcase

(iii) of case (1). Next, we assign the labels 243 ™45 " min=l regpectively
to the vertices vy, vs,...,v,_3 and *"5*1, 7"5*3, ceey 7m72n+1 to the vertices
Vo, V4, - - ., U Tespectively. Furthermore, assign the label % to the vertex

Un—1-

Case (ii): m is even

There are two subcases that arise:

Subcase (i): n is odd

Let us take A(u1) = 2, Muz) = —1, AMus) = 3 and Aug) = —2. Next,
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we give the labels —3, —4,..., =" respectively to the vertices us,uz, ..., Un_1
and 4,5,..., mT“‘Q to the vertices ug,us,...,u, respectively. We assign the
labels mTH, mT%, ceey %’H respectively to the vertices vy,vs,...,v,—4 and
_”5_27 _"5_4, e, = E"'H to the vertices vy, v4,...,v,_1 respectively. Also as-

sign the label %’H, 1 to the vertices v,,_2, v, respectively.
Subcase (ii): n is even
In this case, we assign the labels to the vertices u;, 1 < ¢ < m as in subcase (i) of

case (i1). Next, we assign the labels mTH, %%7 cee mT"’” respectively to the ver-

tices v1,v3,...,V,_3 and 7"5*2, *”;*4, ..., == to the vertices vz, v4,...,vp
respectively. Now, we assign the label 1 to the vertex v, _1.
The following table shows that this vertex labeling A is a pair mean cordial of

Cn UsS, for all m,n > 4.

O

Nature of m and n Sa, Sxe
m is odd and n is odd m“';"_?’ ’”‘*‘%"‘3
m is odd and n is even | mt2n=3 | m+2n=3

m is even and n is odd m+§"—4 m-én—?
m is even and n is even | Bt 2"—4 m+2n—2

Table 5

Remark 3.2. The graph C53 U S, is pair mean cordial iff n is even.

Proof. If n is odd, suppose that C3U S, is pair mean cordial. Now if the edge uv
get the label 1, the possibilities are A(u) + A(v) = 1 or A(u) + A(v) = 2. Hence
the maximum number of edges label with 1 is n — 1. That is SAI <n-—1. Then
Sxe > ¢—(n—1) =n+1. Therefore Sxe =Sy, >n+1-(n—-1)=2>1,a
contradiction.

Further if n is even, let us consider A(u1) = 1, A(uz) = 1 and A(uz) = =252
Then we give the labels 2,3, . . ., %"_1 respectively to the vertices v1,v3, ..., Vn_1
and —1,-2,..., ’m%"“ to the vertices vy, vy, ..., v, respectively. Sy, = SA; =
n.

O

Theorem 3.8. The graph C,, UC,, is pair mean cordial for allm > 3 and n > 4.

Proof. Let C,, be the cycle ujus...unyu; and C, be the cycle vivs...v,01.
Then the graph C), U C, has m + n vertices and m + n edges. We have the
following three cases arise:

Case (i): m =3

Let us consider A(u1) = 2, AMuz) = —1 and A(ug) = 3. There are two subcases
that arise:

Subcase (i): n is odd

Let A(v1) = =2, A(v2) = 4 and A(vs) = —3. Then we give the labels —4, -5, ...,
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—7=" respectively to the vertices vy, ve,...,v,—1 and 5,6,..., mTJr” to the ver-
tices vs, v7,...,v,_o respectively. Finally assign the label 1 to the vertex v,,.

Subcase (ii): n is even

If n = 4, define A(vy) = =2, AM(v2) = =3, A(vz) = 1 and A(vy) = 1. Therefore
S,\l =3 and §)\§ =4.

If n > 4, Then we give the labels —4, —5, ..., _m%’”ﬂ respectively to the vertices
Vg, Vg, ..., Un_o and 5,6,..., %"*1 to the vertices vs, v7, ..., v,_3 respectively.
Also assign the labels 1, _m%’”l to the vertices v, _1, v, respectively.

Case (ii): m is odd

Let us take A(u1) = 2, Muz) = —1, A(uz) = 3 and A(uyg) = —2. Then we give
the labels —3,—4,...,= 2“ respectively to the vertices us,uz,...,Un—o and
4,5,..., ’”T'H to the vertices ug, us, . . . , um—1 respectively. Next assign the label
1 to the vertex u,,. Then there are two subcases that arise:

Subcase (i): n is odd

In this case, we give the labels *”;*1, *";3, ..., == respectively to the ver-
tices v, vs,...,v, and 23 AR mAR 46 the vertices v, 4, ..., Up_1 Te-
spectively.

Subcase (ii): n is even

Also we give the labels *"{1, *";3, ..., =mzntl pegpectively to the vertices
V1,03, ..., Un_1 and T"T"‘?’, %“'5, ceey %"_1 to the vertices va, vy4, . . ., Uy _o TESPEC-

tively. Thus assign the label *m%”ﬂ to the vertex v,.
Case (iii): m is even
Let us take A(u1) = 2, A(u2) = —1, A(uz) = 3 and A(uq) = —2. Thus we

give the labels —3,—4,..., =" respectively to the vertices us,ur, ..., Uy, 1 and
4,5,..., mT“ to the vertices ug, us, . - . , Uy, respectively. There are two subcases
that arise:

Subcase (i): n is odd

Now, we give the labels _"5_2, _";_4, ceey _’"_2”“ respectively to the a ver-
tices v1,v3,...,Vn_2 and mTH, mT%, ey %"*1 to the vertices v, V4, ..., Vn_3

respectively. Next we assign the labels 1, _m%"'*'l to the vertices v,_1,v, re-
spectively.
Subcase (ii): n is even

In this case, we give the labels *”;*2, *”;4, ..., == respectively to the ver-
tices v1,vs, ..., 1 and TE MG AR 46 the vertices vg, V4, ..., Up_2 Te-

spectively. Finally assign the label 1 to the vertex v,,.
The following table shows that this vertex labeling A is a pair mean cordial of
CnuC, for all m > 3 and n > 4.
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Nature of m and n Sx, Sxe
m is odd and n is odd mT"’” T”T"’”
m is odd and n is even | ZAp=l | mintl
m is even and n is odd | mEn=Ll | min+tl

m is even and n is even

Table 6

2
m+tn m+n
2 2

O
Example 3.9. A pair mean cordial labeling of Cg U C7 is shown in Figure 2.

5

6
-4 -7
3 -6
4 1
7
-3 -7
FIGURE 2

Remark 3.3. C5U (s is not a pair mean cordial graph.

Proof. Suppose that C3UC3 is pair mean cordial. Now if the edge uv get the label
1, the possibilities are A(u) + A(v) = 1 or A(u) + A(v) = 2. Hence the maximum
number of edges label with 1 is 2. That is Sy, <n —1. Then S)e > ¢ — (2) = 4.
Therefore SA% — SAI >4 —2=2>1, a contradiction.

O

Theorem 3.10. The graph W,, U C,, is pair mean cordial for all m > 3 and
n > 5.

Proof. Let V(Wp, UCy) = {u,u;,v; 1 1 <i <mandl < j < n} and E(W,, U
Crn) ={uu; 1 1 <i <mandl < j < n}U{wtirr, Umtn, 0041, 0,01 0 1 <0 <
m — landl < j < n —1}. Hence W, UC,, has m + n + 1 vertices and 2m +n
edges. We have the following two cases arise:

Case (i): m is odd

Now, we give the labels 2,3, ..., mT*B respectively to the vertices w1, us, ..., umn
and —1,-2,..., %H to the vertices us, Uy, . . ., Un—1 respectively. Next assign

the label ’7’;’1 to the vertex u. There are two subcases that arise:
Subcase (i): n is odd

Then we assign the labels _"ZL_?’, _"5_5,..., —5— respectively to the vertices
V1,03, ..., Un_o and mTJ“r’, mT”, ey m;" to the vertices vs, vy, ...,v,_3 respec-

tively. Finally, assign the labels 1,1 to the vertices v,,_1, v, respectively.
Subcase (ii): n is even
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m+5 —m—3 m+47 —m-—5
T2 T2 2

Then assign the labels respectively to the vertices vy,
Vg, V3, Uy. Next, we asmgn the labels _"5_77 —5= ER L 5 L respectively to
the vertices vs, vz, . ..,v,_1 and ™2 mElL m+2"+1 to the vertices vg, vs, . . .,
vp—o respectively. Finally, we assign the label 1 to the vertex v,,.

Case (ii): m is even

First, we give the labels 2, 3, ... respectively to the vertices ui, us, . .., Um_1
and —1,-2,..., =" to the Vertlces U2, Ug, - . . , Uy Tespectively. There are two
subcases that arise:

Subcase (i): n is odd

Now assign the label mTH to the vertex u. Then we assign the labels

77L+2

—m—2 m-+6

2 2
_";_4 respectively to the vertices vy, vs,v3. More over we assign the labels

—m—6 —m— S —m—n—1 m+8
T 5 respectively to the vertices vy, ve, ..., v,—1 and 5=,

’”HO ., m+”+l to the vertices vs, v7, ..., v,_o respectively. Finally, assign the

label 1 to the Vertex Up, -

Subcase (ii): n is even

In this case, assign the label mT“ to the vertex u. Then we assign the la-

bels _”5_2, _"5_4, ..., === respectively to the vertices vi,vs,...,v,—1 and

mtd mi6 . mAR to the vertices va,vs, ..., Up_2 respectively. Hence assign

the 1abe1 1 to the vertex v,,.
The following table shows that this vertex labeling A is a pair mean cordial of
m UC, for all m > 3 and n > 5.

U
Nature of m and n Sx, Sx;
m is odd and n is odd 2er2n71 2m+n+1
m is odd and n is even zm% %n%
m is even and n is odd 2m+2n4 gmgnﬂ
m is even and n is even zm% 2771%
Table 7

Remark 3.4. The graph W,,, U Cjs is pair mean cordial iff m is odd.

Proof. If m is odd, let us assign labels to the vertices as u,u;,v;,1 < i < m
and 1 < j < 3 in case (i) of subcase (i) of theorem 3.7. If m is even, assume
W, UCs is pair mean cordial. Now if the edge uv get the label 1, the possibilities
are A(u) + A(v) = 1 or A(u) + A(v) = 2. Hence the maximum number of edges
label with 1 is m. That is Sy, < m. Then SAg > q—m = m + 3. Therefore
S,\; — Sy, >m+3—m =3 > 1, a contradiction.

O

Remark 3.5. The graph W, U C} is pair mean cordial iff m is even.

Proof. If m is even, assign labels to the vertices as u,u;,v;,1 < i < m and
1 < j < 4in case (i) of subcase (i7) of theorem 3.7. If m is odd, suppose
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Wi, UCY is pair mean cordial. Now if the edge uv get the label 1, the possibilities
are A\(u) + A(v) = 1 or AM(u) + A(v) = 2. Hence the maximum number of edges
label with 1 is m + 1. That is Sy, < m+ 1. Then Sxe > ¢— (m+1) = m + 3.
Therefore Sxe —Sy, > m+3 — (m+1) =2 > 1, a contradiction. O

Theorem 3.11. The graph S,, U S, is not a pair mean cordial graph for all
m,n > 4.

Proof. Let us define V(S,, US,) = {uj,v; : 1 < i <mand 1l < j < n}
and E(S, US,) = {uit1, Umt1, 011,001 1 1 <t <m-—1land1<j<
n—1}U{wuite, vivize : 1 <i<m-—3and 1 <j <n—3}. Hence S, US, has
m + n vertices and 2m + 2n — 6 edges. Suppose S,, U S, is pair mean cordial.
Now if the edge uv get the label 1, the possibilities are A(u) + A(v) = 1 or
A(u) + A(v) = 2. Hence the maximum number of edges label with 1 is m+mn —4.
That is Sy, < m +n — 4. Then SA? >qg—(m+n—4) =m+n — 2. Therefore
Sxe =Sx, =m+n—2—(m+n—4) =2> 1, a contradiction.

O

Theorem 3.12. The graph S,, UW,, is pair mean cordial for all m > 4 and
n > 3 except for m 4+ n is odd.

Proof. Let V(S,, UW,) = {us,v,v; : 1 < i < mand 1 < j < n} and
E(Sm U Wn) = {”U’Uj 01 S ] S Tl} U {uiui+1,umu1,vjvj+1,vnv1 01 S ) S
m—landl < j < n—1}U{vvj42 : 1 < j < n—3} Hence S, UW, has
m+n+1 vertices and 2m + 2n — 3 edges. We have the following two cases arise:
Case (i): m+n is odd

Suppose that S,, UW,, is pair mean cordial. Now if the edge uv get the label 1,
the possibilities are A(u) + A(v) = 1 or A(u) + A(v) = 2. Hence the maximum
number of edges label with 1 is m 4+ n — 3. That is SM < m+n—3. Then
Sxe > m+n. Therefore Sye =Sy, > m+n—(m+n—3) =3 > 1, a contradiction.
Case (ii): m + n is even

There are two subcases that arise:

Subcase (i): m and n is even

In this case, we give the labels 2,3, .. ., m;'2 respectively to the vertices uy, us, . . .,
Up—1 and —1, =2, ..., %*2 to the vertices us, uy, . .., uy,—o respectively. More
over assign the label 1 to the vertex u,,. Next we give the labels = K —m=2

=02
=m=nt2 respectively to the vertices vy, vs,...,v,—1 and T4, M6 mdn g
the vertices v, vy4,. .., v,—2 respectively. Furthermore assign the label =% to
the vertex v,. Finally, assign the label mT'*'" to the vertex v.

Subcase (ii): m and n is odd

First give the labels 2,3, ..., mTH respectively to the vertices ui,us, ..., Um—2
and —1,-2,..., ”’5*3 to the vertices usg,uq, ..., U, _3 respectively. More over
assign the labels =2=2 1 to the vertices u,,_1u,, respectively. Next we give the
labels *”;H, *";*1, ceey 7"“2”*2 respectively to the vertices v, vs,...,v, and
WT'H)’, %“'5, ceey %"_2 to the vertices va, vy, ..., v,_1 respectively. Furthermore
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assign the label mTJr” to the vertex v. In both cases, Sy, = m +n — 2 and
SAE =m+n-—1.
O

Example 3.13. A pair mean cordial labeling of Sg U Wy is shown in Figure 3.

FIGURE 3

Theorem 3.14. The graph W,, U W, is not a pair mean cordial graph for all
m,n > 3.

Proof. Let V(W UW,,) = {u,v,u;,v; : 1 <i<mand1<j<n}and E(W,,U
Wy) = {uus, umur, vvj,vpv1 1 1 < i <mand 1 <j < n}U{uuipr, vjvjpr : 1 <
i<m-1land 1l <j<n-—1}. Hence W,,, UW,, has m + n + 2 vertices and
2m + 2n edges. We have the following two cases arise:

Case (i): m + n is odd

Suppose W,,, U W,, is pair mean cordial. Now if the edge uv get the label 1,
the possibilities are A(u) + A(v) = 1 or A(u) + A(v) = 2. Hence the maximum
number of edges label with 1 is m+n—1. That is Sy, <m+n—1. Then S,\g >
q—(m+n—1) = m+n—1. Therefore Sye =Sy, > m+n—1—(m+n—1)=2> 1,
a contradiction.

Case (ii): m + n is even

Assume that W,,, U W,, is pair mean cordial. Now if the edge uv get the label
1, the possibilities are A(u) + A(v) = 1 or A(u) + A(v) = 2. Hence the maximum
number of edges label with 1 is m +n —2. That is Sy, < m+n—2. Then SA; >
q—(m+n—2) = m+n+2. Therefore Sxe =Sy, > m+n+2—(m+n—2) =4> 1,
a contradiction. (]

4. Discussion

Since its initial proposal in 1987 by Cahit[3], cordial labeling is now a popular
field of research in graph labeling. Many authors examined the different kinds
of cordial labeling in [1,2,4,5,8-13,19-23]. The concept of mean labeling was
introduced in [24], while the pair difference cordial labeling was first proposed
n [13]. Our introduction of the pair mean cordial labeling in [14] was motivated
by these two concepts. The current paper presents the results of the pair mean
cordial labeling behavior of union of few graphs, which include P,,UP,, P,,UC),,,
PoUS,, PpUW,, C,UC,, C,US,, Wy, UW,, W,,UC,, S,,US, and S,, UW,,.
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5. Limitation of Research

Investigating the pair mean cordial labeling behavior of the scorpion graph,
spider graph, generalized Peterson graph, generalized Heawood graph, cubic
diamond k-chain graph, swastik graph, broken wheel graph and n-cube graph
on a large number of vertices is currently challenging to study.

6. Future Research

Future research to examine the pair mean cordial labeling behavior of union
of path with other graphs like bull graph, shackle graph, jahangir graph, olive
graph, coconut graph, step ladder and shadow graph.

7. Conclusion

In this paper, we have investigated the pair mean cordial labeling behavior
of some union of graphs such as P,, UP,, P, UC,, P, US,, P,UW,, C,U
Cn,Cro USy,, W, UW,,, W, UC,,, S, US,, and S,, UW,,. Future research should
focus on examining the pair mean cordial labeling behavior of many graphs
including generalized web graph, banana tree, x-tree, coconut tree, windmill
graph, lollipop graph, broom graph and polar grid graph.
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