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FRACTIONAL HYBRID DIFFERENTIAL EQUATIONS

WITH P-LAPLACIAN OPERATOR
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MOUFFAK BENCHOHRA

Abstract. In this paper, we study the existence of solutions for hybrid

fractional differential equations with p-Laplacian operator involving frac-

tional Caputo derivative of arbitrary order. This work can be seen as an
extension of earlier research conducted on hybrid differential equations.

Notably, the extension encompasses both the fractional aspect and the in-

clusion of the p-Laplacian operator. We build our analysis on a hybrid fixed
point theorem originally established by Dhage. In addition, an example is

provided to demonstrate the effectiveness of the main results.
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1. Introduction

Fractional differential equations have garnered a lot of significance and inter-
est seeing as they have been shown to be effective tools in the modeling of a
wide range of phenomena in engineering and sciences [1, 2, 3, 17, 22, 23, 29, 32,
25, 26, 27, 28, 19, 7, 8, 4, 5, 6].

Numerous authors have investigated fractional-order boundary value prob-
lems with the p-Laplacian operator recently. We direct the reader to [16, 15, 20,
30] and the sources within.

The importance of hybrid differential equations arises from the fact that they
incorporate various dynamic systems as particular cases. The perturbations of
original differential equations in various ways are included in this class of hybrid
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fractional differential equations. For some recent advancements in the hybrid
equations, see [21, 14, 31, 24, 13] and the references therein.

Motivated by the preceding publications, in this study, we investigate the
existence of solutions to the following problem:

cDα2

0+

(
ϕp

[
cDα1

0+

(
y(t)−

∑n
ι=1 I℘ι

0+
hι(t,y(t))

φ(t,y(t))

)])
= f(t, y(t)), t ∈ J = [0, 1],

(
ϕp

[
cDα1

0+

(
y(t)−

∑n
ι=1 I℘ι

0+
hι(t,y(t))

φ(t,y(t))

)])(i) ∣∣∣
t=0

= 0, i = 0, 2, 3 . . . ,m− 1,

(
ϕp

[
cDα1

0+

(
y(t)−

∑n
ι=1 I℘ι

0+
hι(t,y(t))

φ(t,y(t))

)]) ∣∣∣
t=1

= 0,

(
y(t)−

∑n
ι=1 I℘ι

0+
hι(t,y(t))

φ(t,y(t))

)(ȷ) ∣∣∣
t=0

= 0, for ȷ = 2, 3 . . . ,m− 1,

cDξ
0+

[
y(t)−

∑n
ι=1 I℘ι

0+
hι(t,y(t))

φ(t,y(t))

]
t=1

= 0, y(0) = 0,

(1)

where cDς
0+ is the Caputo fractional derivative of order ς ∈ {α1, α2, ξ} such

that m − 1 < α1, α2 ≤ m, 0 < ξ ≤ 1, Ir0+ is the Riemann–Liouville fractional
integral of order r > 0, r ∈ {℘1, ℘2, . . . , ℘n}, ϕp(q) is a p-Laplacian operator, i.e.,
ϕp(q) = |q|p−2q for p > 1, ϕ−1

p = ϕℓ where 1
p + 1

ℓ = 1 and φ ∈ C
(
J × R,R \

{0}
)
, f ∈ C

(
J × R,R

)
, hι ∈ C

(
J × R,R

)
, 0 < ℘ι, ι = 1, 2, . . . , n.

The following is the structure of the paper. Section 2 introduce some nota-
tions, definitions and lemmas that will be used later. Then, in Section 3, we
present our main existence results. Finally, an example is given to show the
effectiveness of the main results.

2. Preliminaries

We start by giving some necessary concepts and findings that will be needed
for forthcoming advancements in this study.

Definition 2.1 ([17]). The Riemann–Liouville fractional integral of order α1 > 0
for an integrable function h defined by

Iα1

0+h(t) =
1

Γ(α1)

∫ t

0

(t− ϱ)α1−1h(ϱ) dϱ, α1 > 0,

exists almost everywhere on [0, b].

Definition 2.2 ([17]). Let α1 > 0,m = [α1] + 1. If h ∈ ACm([0, b]), then the
Caputo fractional derivative of order α1 defined by
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cDα1

0+h(t) =
1

Γ(m− α1)

∫ t

0

(t− ϱ)m−α1−1h(m)(ϱ)dϱ,

exists almost everywhere on [0, b].

Lemma 2.3 ([17]). Let α1, η > 0, m = [α1]+1, then the following relation holds

cDα1

0+t
η =


Γ(η+1)

Γ(η−α1+1) t
η−α1 , (η > m− 1),

0, η ∈ {0, . . . ,m− 1}.

Lemma 2.4 ([17]). Let α1 > α2 > 0, and h ∈ L1([0, b]). Then

• Iα1

0+I
α2

0+h(t) = Iα1+α2

0+ h(t),
• cDα1

0+I
α1

0+h(t) = h(t),

• cDα2

0+I
α1

0+h(t) = Iα1−α2

0+ h(t).

Lemma 2.5 ([17]). Let α1 > 0 and h ∈ ACn([0, b]), then the equation(
cDα1

0+h
)
(t) = 0

has solution

h(t) =

n−1∑
ȷ=0

εjt
ȷ, εj ∈ R, ȷ = 0 . . . n− 1,

where n− 1 < α1 < n.

Lemma 2.6 ([17]). Let α1 > 0 and h ∈ ACn([0, b]); then

Iα1

0+

(
cDα1

0+h(t)
)
= h(t) +

n−1∑
ȷ=0

εjt
ȷ,

for some εj ∈ R, ȷ = 0, 1, 2, . . . , n− 1, where n = [α1] + 1.

Lemma 2.7 ([17]). For all α1 > 0 and r > −1, we have

1

Γ(α1)

∫ t

0

(t− ϱ)α1−1ϱrdϱ =
Γ(r + 1)

Γ(α1 + r + 1)
tα1+r t ≥ 0.

The next lemma has an important role in this paper.

Lemma 2.8 ([9, 18]). Let β1, β2 ∈ R, θ > 0

(i) If 0 < θ ≤ 1, then

(|β1|+ |β2|)θ ≤ |β1|θ + |β2|θ.
(ii) If θ > 1, then

(|β1|+ |β2|)θ ≤ 2θ−1(|β1|θ + |β2|θ).

By Lemma 2.8, we observe that if θ > 0 and β1, β2 ∈ R then

(|β1|+ |β2|)θ ≤ max{1, 2θ−1}(|β1|θ + |β2|θ).
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3. Main Results

Let E = C(J,R) be the Banach space of all continuous functions from J to
R with the norm

∥y∥ = sup
t∈J

|y(t)|,

and and the multiplication in E by

(yw)(t) = y(t)w(t).

Lemma 3.1 ([10]). Let Ω be a closed convex, bounded and nonempty subset of a
Banach algebra E, and let S1, S3 : E −→ E and S2 : Ω −→ E be three operators
such that

(i) S1 and S3 are Lipschitzian with Lipschitz constants ξ1 and ξ2 , respectively;
(ii) S2 is compact and continuous;
(iii) y = S1yS2w + S3y ⇒ y ∈ Ω for all w ∈ Ω;
(iv) ξ1γ + ξ2 < 1 where γ =

∥∥S2(Ω)
∥∥.

Then the equation S1yS2y + S3y = y has a solution in Ω.

For the sake of brevity, we pose:

ϖ1 =
(Γ(α2))

1−ℓ

Γ(α1)
,

ϖ2 =
Γ(2− ξ)(Γ(α2))

1−ℓ

Γ(α1 − ξ)
,

Mf = (Γ(α2 + 1))1−ℓ max{1, 2ℓ−2}∥pf∥κ(r)
[

Γ(α2(ℓ− 1) + 1)

Γ(α1 + α2(ℓ− 1) + 1)
+

Γ(ℓ)

Γ(α1 + ℓ)

+
Γ(2− ξ)Γ(α2(ℓ− 1) + 1)

Γ(α1 − ξ + α2(ℓ− 1) + 1)
+

Γ(2− ξ)Γ(ℓ)

Γ(α1 − ξ + ℓ)

]
. (2)

Lemma 3.2. The solution of

cDα2

0+

(
ϕp

[
cDα1

0+

(
y(t)−

∑n
ι=1 I

℘ι

0+hι(t, y(t))

φ(t, y(t))

)])
= f(t), t ∈ J := [0, 1], (3)

with boundary conditions

(
ϕp

[
cDα1

0+

(
y(t)−hι(t,y(t))

φ(t,y(t))

)])(i) ∣∣∣
t=0

= 0, i = 0, 2, 3 . . . ,m− 1,

(
ϕp

[
cDα1

0+

(
y(t)−hι(t,y(t))

φ(t,y(t))

)]) ∣∣∣
t=1

= 0,

(
y(t)−

∑n
ι=1 I℘ι

0+
hι(t,y(t))

φ(t,y(t))

)(ȷ) ∣∣∣
t=0

= 0, for ȷ = 2, 3 . . . ,m− 1,

cDξ
0+

[
y(t)−

∑n
ι=1 I℘ι

0+
hι(t,y(t))

φ(t,y(t))

]
t=1

= 0, y(0) = 0,

(4)
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is given by

y(t) =

{
ϖ1

∫ t

0

(t− ϱ)α1−1ϕℓ

(∫ ϱ

0

(ϱ− τ)α2−1f(τ)dτ − ϱ

∫ 1

0

(1− τ)α2−1f(τ)dτ

)
dϱ

−ϖ2

∫ 1

0

(1− ϱ)α1−ξ−1ϕℓ

(∫ ϱ

0

(ϱ− τ)α2−1f(τ)dτ − ϱ

∫ 1

0

(1− τ)α2−1f(τ)dτ

)
dϱ

}
× φ(t, y(t))

+

n∑
ι=1

1

Γ(℘ι)

∫ t

0

(t− ϱ)℘ι−1hι(ϱ, y(ϱ))dϱ,

Proof. Step 1. The problem

cDα1

0+

[
y(t)−

∑n
ι=1 I℘ι

0+
hι(t,y(t))

φ(t,y(t))

]
= f(t),(

y(t)−
∑n

ι=1 I℘ι
0+

hι(t,y(t))

φ(t,y(t))

)(ȷ) ∣∣∣
t=0

= 0, for ȷ = 2, 3 . . . ,m− 1,

cDξ
0+

[
y(t)−

∑n
ι=1 I℘ι

0+
hι(t,y(t))

φ(t,y(t))

]
t=1

= 0, y(0) = 0,

(5)

has a unique solution satisfying

y(t) =

[
1

Γ(α1)

∫ t

0

(t− ϱ)α1−1f(ϱ)dϱ− Γ(2− ξ)t

Γ(α1 − ξ)

∫ 1

0

(1− ϱ)α1−ξ−1f(ϱ)dϱ

]
× φ(t, y(t)) +

n∑
ι=1

1

Γ(℘ι)

∫ t

0

(t− ϱ)℘ι−1hι(ϱ, y(ϱ))dϱ. (6)

In fact, applying Iα1

0+ (·) to both sides of (5) and using Lemma 2.6, we obtain

y(t)−
∑n

ι=1 I
℘ι

0+hι(t, y(t))

φ(t, y(t))
= Iα1

0+f(t) +

m∑
ι=1

dιt
ι−1. (7)

By the use of
(

y(t)−
∑n

ι=1 I℘ι
0+

hι(t,y(t))

φ(t,y(t))

)(ȷ) ∣∣∣
t=0

= 0, for ȷ = 2, 3 . . . ,m− 1 we get

d3 = d4 = · · · = dm = 0 and hence (7) takes the form

y(t)−
∑n

ι=1 I
℘ι

0+hι(t, y(t))

φ(t, y(t))
= Iα1

0+f(t) + d1 + d2t. (8)

Since y(0) = 0 then d1 = 0. Applying the operator cDξ
0+(·) to (8), we get

cDξ
0+

[
y(t)−

∑n
ι=1 I

℘ι

0+hι(t, y(t))

φ(t, y(t))

]
= Iα1−ξ

0+ f(t) + d2
t1−ξ

Γ(2− ξ)
.

The boundary condition cDξ
0+

[
y(t)−

∑n
ι=1 I℘ι

0+
hι(t,y(t))

φ(t,y(t))

]
t=1

= 0, implies

d2 = −Γ(2− ξ)Iα1−ξ
0+ f(1).
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Thus, (8) becomes

y(t)−
∑n

ι=1 I
℘ι

0+hι(t, y(t))

φ(t, y(t))
= Iα1

0+f(t)− Γ(2− ξ)tIα1−ξ
0+ f(1),

which implies that

y(t) =

[
1

Γ(α1)

∫ t

0

(t− ϱ)α1−1f(ϱ)dϱ− Γ(2− ξ)t

Γ(α1 − ξ)

∫ 1

0

(1− ϱ)α1−ξ−1f(ϱ)dϱ

]
× φ(t, y(t)) +

n∑
ι=1

1

Γ(℘ι)

∫ t

0

(t− ϱ)℘ι−1hι(ϱ, y(ϱ))dϱ.

Step 2. Let w = cDα1

0+

(
y(t)−

∑n
ι=1 I℘ι

0+
hι(t,y(t))

φ(t,y(t))

)
and ℵ = ϕp(w). Clearly, w =

ϕℓ(ℵ). Then, the solution of the following boundary value problem
cDα2

0+ℵ(t) = f(t), t ∈ J,

ℵ(0) = ℵ′′(0) = ℵ(3)(0) = · · · = ℵ(m−1), ℵ(1) = 0,

(9)

can be written as

ℵ(t) = Iα2

0+f(t)− tIα2

0+f(1), (10)

In fact, applying the Riemann-Liouville fractional integral operator of order α2

to both sides of (9) and using Lemma 2.6, we have

ℵ(t) = Iα2

0+f(t) +

m∑
ι=1

ειt
ι−1. (11)

Using ℵ(i)(0) = 0, for i = 0, 2, 3 . . . ,m− 1 we get ε1 = ε3 = · · · = εm = 0 and
hence (11) becomes

ℵ(t) = Iα2

0+f(t) + ε2t, (12)

and ℵ(1) = 0, gives

ε2 = −Iα2

0+f(1).

Therefore, we have

ℵ(t) = Iα2

0+f(t)− tIα2

0+f(1). (13)

Consequently, the solution of (1) verifies

cDα1

0+

[
y(t)−

∑n
ι=1 I℘ι

0+
hι(t,y(t))

φ(t,y(t))

]
= ϕ−1

p

(
Iα2

0+f(t)− tIα2

0+f(1)
)
, t ∈ J,(

y(t)−
∑n

ι=1 I℘ι
0+

hι(t,y(t))

φ(t,y(t))

)(ȷ) ∣∣∣
t=0

= 0, for ȷ = 2, 3 . . . ,m− 1,

cDξ
0+

[
y(t)−

∑n
ι=1 I℘ι

0+
hι(t,y(t))

φ(t,y(t))

]
t=1

= 0, y(0) = 0,

(14)
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As in Step 1, the solution of (14) can be written as:

y(t) =

{
ϖ1

∫ t

0

(t− ϱ)α1−1ϕℓ

(∫ ϱ

0

(ϱ− τ)α2−1f(τ)dτ − ϱ

∫ 1

0

(1− τ)α2−1f(τ)dτ

)
dϱ

−ϖ2

∫ 1

0

(1− ϱ)α1−ξ−1ϕℓ

(∫ ϱ

0

(ϱ− τ)α2−1f(τ)dτ − ϱ

∫ 1

0

(1− τ)α2−1f(τ)dτ

)
dϱ

}
× φ(t, y(t))

+

n∑
ι=1

1

Γ(℘ι)

∫ t

0

(t− ϱ)℘ι−1hι(ϱ, y(ϱ))dϱ.

□

Now we list some hypotheses as follows:

(Cd1) The functions φ : J × R −→ R \ {0}, f , and hι : J × R −→ R, ι =
1, 2, 3 . . . , n, are continuous.

(Cd2) There exist positive functions ξφ(t) and λι(t), ι = 1, 2, 3 . . . , n, with
bound ∥ξφ∥ and ∥λι∥, ι = 1, 2, 3 . . . , n, respectively, where∣∣hι(t, y)− hι(t, w)

∣∣ ≤ λι(t)|y − w|, ι = 1, 2, 3 . . . , n, (15)

and∣∣φ(t, y)− φ(t, w)
∣∣ ≤ ξφ(t)|y − w|, for each (t, y, w) ∈ J × R× R. (16)

(Cd3) There exist a function pf ∈ L∞(J,R+) and a continuous nondecreasing
function κ : R+ −→ R+ − {0} such that∣∣f(t, y)∣∣ ≤ ϕp(pf (t)κ(|y|)), for each t ∈ J and all y ∈ R. (17)

Theorem 3.3. Assume that conditions (Cd1)-(Cd3) hold. If

∥ξφ∥Mf +

n∑
ι=1

∥λι∥
Γ(℘ι + 1)

< 1, (18)

then the problem (1) has at least one solution on J .

Proof. Let us consider the subset Ω of E given by

Ω =
{
y ∈ E : ∥y∥E ≤ r

}
,

where

r ≥
Φ0Mf +

∑n
ι=1

Ψι

Γ(℘ι+1)

1− ∥ξφ∥Mf −
∑n

ι=1
∥λι∥

Γ(℘ι+1)

, (19)

and

Φ0 = sup
t∈J

|φ(t, 0)|,Ψι = sup
t∈J

|hι(t, 0)|, ι = 1, 2, 3 . . . , n. (20)

Clearly Ω is closed, convex and bounded subset of the Banach space E. By
Lemma 3.2, problem (1) is equivalent to the equation

y(t) = φ(t, y(t))

{
ϖ1

∫ t

0

(t− ϱ)α1−1ϕℓ

(∫ ϱ

0

(ϱ− τ)α2−1f(τ)dτ
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−ϱ

∫ 1

0

(1− τ)α2−1f(τ)dτ

)
dϱ

−ϖ2

∫ 1

0

(1− ϱ)α1−ξ−1ϕℓ

(∫ ϱ

0

(ϱ− τ)α2−1f(τ)dτ

−ϱ

∫ 1

0

(1− τ)α2−1f(τ)dτ

)
dϱ

}
+

n∑
ι=1

1

Γ(℘ι)

∫ t

0

(t− ϱ)℘ι−1hι(ϱ, y(ϱ))dϱ. (21)

Consider the operators S1, S3 : E −→ E and S2 : Ω −→ E given by

S1y(t) = φ(t, y(t)), t ∈ J.

S2y(t) = ϖ1

∫ t

0

(t− ϱ)α1−1ϕℓ

(∫ ϱ

0

(ϱ− τ)α2−1f(τ, y(τ))dτ

−ϱ

∫ 1

0

(1− τ)α2−1f(τ, y(τ))dτ

)
dϱ

−ϖ2t

∫ 1

0

(1− ϱ)α1−ξ−1ϕℓ

(∫ ϱ

0

(ϱ− τ)α2−1f(τ, y(τ))dτ

−ϱ

∫ 1

0

(1− τ)α2−1f(τ, y(τ))dτ

)
dϱ, t ∈ J,

and

S3y(t) =

n∑
ι=1

1

Γ(℘ι)

∫ t

0

(t− ϱ)℘ι−1hι(ϱ, y(ϱ))dϱ, t ∈ J.

Then, (21) can be written as

y(t) = S1y(t)S2y(t) + S3y(t), t ∈ J.

We will demonstrate that S1, S2 and S3 verify all the requirements of Lemma
3.1.
Step 1: We prove that S1 and S3 are Lipschitzian on E. Let y, w ∈ E , then
by (Cd2), for t ∈ J , we get

|S1y(t)− S1w(t)| =
∣∣φ(t, y(t))− φ(t, w(t))

∣∣ ≤ ξφ(t)|y(t)− w(t)|,

for all t ∈ J . Thus

∥S1y − S1w∥ ≤ ∥ξφ∥∥y − w∥,
for all y, w ∈ E. Therefore, S1 is a Lipschitzian on E with Lipschitz constant
∥ξφ∥.
Now for S3 : E −→ E, y, w ∈ E , we have

|S3y(t)− S3w(t)| =

∣∣∣∣∣
n∑

ι=1

1

Γ(℘ι)

∫ t

0

(t− ϱ)℘ι−1hι(ϱ, y(ϱ))dϱ
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−
n∑

ι=1

1

Γ(℘ι)

∫ t

0

(t− ϱ)℘ι−1hι(ϱ, w(ϱ))dϱ

∣∣∣∣∣
≤

n∑
ι=1

1

Γ(℘ι)

∫ t

0

(t− ϱ)℘ι−1|hι(ϱ, y(ϱ))− hι(ϱ, w(ϱ))|dϱ

≤
n∑

ι=1

1

Γ(℘ι)

∫ t

0

(t− ϱ)℘ι−1λι(ϱ)|y(ϱ)− w(ϱ)|dϱ

≤ ∥y − w∥
n∑

ι=1

∥λι∥
Γ(℘ι + 1)

,

for all t ∈ J . Then we have

∥S3y − S3w∥ ≤
n∑

ι=1

∥λι∥
Γ(℘ι + 1)

∥y − w∥,

Hence, S3 : E −→ E is a Lipschitzian on E with Lipschitz constant
∑n

ι=1
∥λι∥

Γ(℘ι+1) .

Step 2: We demonstrate that S2 is a completely continuous operator from Ω
into E. The continuity of S2 follows from the continuity of f and ϕℓ(·).

Now, we will show that the S2(Ω) is a uniformly bounded in Ω. For any
y ∈ Ω, we have

|S2y(t)| ≤ ϖ1

∫ t

0

(t− ϱ)α1−1ϕℓ

(∫ ϱ

0

(ϱ− τ)α2−1|f(τ, y(τ))|dτ

+ϱ

∫ 1

0

(1− τ)α2−1|f(τ, y(τ))|dτ
)
dϱ

+ϖ2

∫ 1

0

(1− ϱ)α1−ξ−1ϕℓ

(∫ ϱ

0

(ϱ− τ)α2−1|f(τ, y(τ))|dτ

+ϱ

∫ 1

0

(1− τ)α2−1|f(τ, y(τ))|dτ
)
dϱ

≤ ϖ1

∫ t

0

(t− ϱ)α1−1ϕℓ

(∫ ϱ

0

(ϱ− τ)α2−1ϕp(pf (τ)κ(|y(τ)|))dτ

+ϱ

∫ 1

0

(1− τ)α2−1ϕp(pf (τ)κ(|y(τ)|))dτ
)
dϱ

+ϖ2

∫ 1

0

(1− ϱ)α1−ξ−1ϕℓ

(∫ ϱ

0

(ϱ− τ)α2−1ϕp(pf (τ)κ(|y(τ)|))dτ

+ϱ

∫ 1

0

(1− τ)α2−1ϕp(pf (τ)κ(|y(τ)|))dτ
)
dϱ

≤ ϖ1∥pf∥κ(∥y∥)

×
∫ t

0

(t− ϱ)α1−1ϕℓ

(∫ ϱ

0

(ϱ− τ)α2−1dτ + ϱ

∫ 1

0

(1− τ)α2−1dτ

)
dϱ
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+ϖ2∥pf∥κ(∥y∥)

×
∫ 1

0

(1− ϱ)α1−ξ−1ϕℓ

(∫ ϱ

0

(ϱ− τ)α2−1dτ + ϱ

∫ 1

0

(1− τ)α2−1dτ

)
dϱ

≤ ∥pf∥κ(∥y∥)
[
ϖ1

∫ t

0

(t− ϱ)α1−1ϕℓ

(
ϱα2

α2
+

ϱ

α2

)
dϱ

+ϖ2

∫ 1

0

(1− ϱ)α1−ξ−1ϕℓ

(
ϱα2

α2
+

ϱ

α2

)
dϱ

]
≤ ∥pf∥κ(∥y∥)

α2
ℓ−1

[
ϖ1

∫ t

0

(t− ϱ)α1−1 (ϱα2 + ϱ)
ℓ−1

dϱ

+ϖ2

∫ 1

0

(1− ϱ)α1−ξ−1 (ϱα2 + ϱ)
ℓ−1

dϱ

]
≤ max{1, 2ℓ−2}∥pf∥κ(∥y∥)

α2
ℓ−1

[
ϖ1

∫ t

0

(t− ϱ)α1−1
(
ϱα2(ℓ−1) + ϱℓ−1

)
dϱ

+ϖ2

∫ 1

0

(1− ϱ)α1−ξ−1
(
ϱα2(ℓ−1) + ϱℓ−1

)
dϱ

]
≤ (Γ(α2 + 1))1−ℓ max{1, 2ℓ−2}∥pf∥κ(r)

×
[

Γ(α2(ℓ− 1) + 1)

Γ(α1 + α2(ℓ− 1) + 1)
+

Γ(ℓ)

Γ(α1 + ℓ)

+
Γ(2− ξ)Γ(α2(ℓ− 1) + 1)

Γ(α1 − ξ + α2(ℓ− 1) + 1)
+

Γ(2− ξ)Γ(ℓ)

Γ(α1 − ξ + ℓ)

]
.

Thus ∥S2y∥ ≤ Mf with Mf given in (2) for all y ∈ Ω. Consequently, S2 is
uniformly bounded on Ω. Moreover, we have

|(S2y)
′(t)| ≤ (α1 − 1)ϖ1

∫ t

0

(t− ϱ)α1−2ϕℓ

(∫ ϱ

0

(ϱ− τ)α2−1|f(τ, y(τ))|dτ

+ϱ

∫ 1

0

(1− τ)α2−1|f(τ, y(τ))|dτ
)
dϱ

+ϖ2

∫ 1

0

(1− ϱ)α1−ξ−1ϕℓ

(∫ ϱ

0

(ϱ− τ)α2−1|f(τ, y(τ))|dτ

+ϱ

∫ 1

0

(1− τ)α2−1|f(τ, y(τ))|dτ
)
dϱ

Some computations give

|(S2y)
′(t)| ≤ (Γ(α2 + 1))1−ℓ max{1, 2ℓ−2}∥pf∥κ(r)

×
[

Γ(α2(ℓ− 1) + 1)

Γ(α1 − 1 + α2(ℓ− 1))
+

Γ(ℓ)

Γ(α1 − 1 + ℓ)

+
Γ(2− ξ)Γ(α2(ℓ− 1) + 1)

Γ(α1 − ξ + α2(ℓ− 1) + 1)
+

Γ(2− ξ)Γ(ℓ)

Γ(α1 − ξ + ℓ)

]
:= γ̄
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Now, for t1, t2 ∈ J with t1 < t2, we get

|S2y(t2)− S2y(t1)| ≤
∫ t2

t1

|(S2y)
′(ϱ)|dϱ ≤ γ̄(t2 − t1)

Therefore, S2 is equicontinuous. Thus, by Ascoli–Arzelà theorem, the operator
S2 is completely continuous.

Step 3: The condition (iii) of Lemma 3.1 is verified.
Let y ∈ E and w ∈ Ω where y = S1yS2w + S3y. Then we have

|y(t)| ≤ |S1y(t)| |S2w(t)|+ |S3y(t)|

≤ |φ(t, y(t))|
[
ϖ1

∫ t

0

(t− ϱ)α1−1ϕℓ

(∫ ϱ

0

(ϱ− τ)α2−1|f(τ, w(τ))|dτ

+ϱ

∫ 1

0

(1− τ)α2−1|f(τ, w(τ))|dτ
)
dϱ

+ϖ2

∫ 1

0

(1− ϱ)α1−ξ−1ϕℓ

(∫ ϱ

0

(ϱ− τ)α2−1|f(τ, w(τ))|dτ

+ϱ

∫ 1

0

(1− τ)α2−1|f(τ, w(τ))|dτ
)
dϱ

]
+

n∑
ι=1

1

Γ(℘ι)

∫ t

0

(t− ϱ)℘ι−1
∣∣hι

(
t, y(t)

)∣∣dϱ
≤
(
|φ(t, y(t))− φ(t, 0))|+

∣∣φ(t, 0))∣∣)Mf

+

n∑
ι=1

1

Γ(℘ι)

∫ t

0

(t− ϱ)℘ι−1
(∣∣hι

(
t, y(t)

)
− hι

(
t, 0)

)∣∣+ ∣∣h(t, 0)∣∣)dϱ,
≤
(
∥ξφ∥|y(t)|+Φ0

)
Mf +

n∑
ι=1

|y(t)|∥λι∥+Ψι

Γ(℘ι + 1)
.

Thus,

|y(t)| ≤
Φ0Mf +

∑n
ι=1

Ψι

Γ(℘ι+1)

1− ∥ξφ∥Mf −
∑n

ι=1
∥λι∥

Γ(℘ι+1)

.

Thus

∥y∥ ≤
Φ0Mf +

∑n
ι=1

Ψι

Γ(℘ι+1)

1− ∥ξφ∥Mf −
∑n

ι=1
∥λι∥

Γ(℘ι+1)

≤ r.

Step 4: Lastly, we prove that ξ1γ + ξ2 < 1, that is, (iv) of Lemma 3.1 holds.
Since

γ = ∥S2(Ω)∥ = sup
y∈Ω

{
sup
t∈J

|S2y(t)|
}
≤ Mf ,
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and so

∥ξφ∥γ +

n∑
ι=1

∥λι∥
Γ(℘ι + 1)

≤ ∥ξφ∥Mf +

n∑
ι=1

∥λι∥
Γ(℘ι + 1)

< 1,

with

ξ1 = ∥ξφ∥, ξ2 =

n∑
ι=1

∥λι∥
Γ(℘ι + 1)

.

Consequently, all requirements of Lemma 3.1 are verified and hence the equation
y = S1yS2y+S3y has a solution in Ω. Thus, problem (1) has a solution on J . □

4. An Example

In this part, we provide an illustration to demonstrate the applicability of our
study results. Consider the problem for t ∈ J :

cD
5
2

0+

(
ϕ5

[
cD

11
4

0+

(
y(t)−

∑n
ι=1 I

2k+1
2

0+
hι(t,y(t))

φ(t,y(t))

)])
= ϕ5

(
1

(t2+2)2 (1 + sin y(t))
)
,

(
ϕ5

[
cD

11
4

0+

(
y(t)−

∑n
ι=1 I

2k+1
2

0+
hι(t,y(t))

φ(t,y(t))

)])(i) ∣∣∣
t=0

= 0, i = 0, 2,

(
ϕ5

[
cD

11
4

0+

(
y(t)−

∑n
ι=1 I

2k+1
2

0+
hι(t,y(t))

φ(t,y(t))

)]) ∣∣∣
t=1

= 0,

(
y(t)−

∑n
ι=1 I

2k+1
2

0+
hι(t,y(t))

φ(t,y(t))

)(2) ∣∣∣
t=0

= 0,

cD
1
2

0+

[
y(t)−

∑n
ι=1 I

2k+1
2

0+
hι(t,y(t))

φ(t,y(t))

]
t=1

= 0, y(0) = 0.

(22)
In this case we take

m = 3, p = 5, ℓ =
5

4
, α1 =

11

4
, α2 =

5

2
, ξ =

1

2
, ℘ι =

2k + 1

2
, ι = 1, 2, . . . , 10,

hι

(
t, y(t)

)
=

1

2(t2 + ι)2

(
y(t) +

√
y2(t) + 1 + e−t

)
, ι = 1, 2, . . . , 10,

φ
(
t, y(t)

)
=

e−2πt cos(πt)

(et + 9)2
y(t)

1 + y(t)
+

t

10

f
(
t, y(t)

)
= ϕ5

(
1

(t2 + 2)2
(1 + sin y(t))

)
.
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We can show that

|hι(t, y)− hι(t, w)| ≤
1

(t2 + ι)2
|y − w|, ι = 1, 2, . . . , 10,

|φ(t, y)− φ(t, w)| ≤ 1

(et + 9)2
|y − w|

hence, we have

λι(t) =
1

(t2 + ι)2
, ξφ(t) =

1

(et + 9)2
.

Then,

∥λι∥ =
1

ι2
, ∥ξφ∥ =

1

100

Ψι = sup
t∈J

|hι(t, 0)| =
1

ι2
, Φ0 = sup

t∈J
|φ(t, 0)| = 1

10
.

On the other hand, For each y ∈ R , t ∈ J we have

|f(t, y)| =
∣∣∣∣ϕp

(
1

(t2 + 2)2
(1 + sin y)

)∣∣∣∣
≤ ϕp

(
1

(t2 + 2)2
(1 + |y|)

)
.

Thus, (Cd3) is verified with 1
(t2+2)2 , t ∈ J , and κ(y) = y + 1, y ∈ R+. By the

Matlab program, we have that (19), (18) are followed with r ∈ (0, 6.0086) ∪
(119.6157, 135.6242). As all conditions of Theorem 3.3 are met, (22) has at least
one solution on J .

5. Conclusions

In this research, our aim is to establish the existence of solutions for hybrid
fractional differential equations with p-Laplacian operator involving fractional
Caputo derivative. Our method for demonstrating the existence of solutions
relies on the application of a fixed point theorem due to Dhage. To showcase
the practical utility of our key findings and to illustrate that the conditions of
our theorems can be met, we provide an illustrative example. Our results in the
provided context are novel and add significantly to the literature on this emerging
topic of research. Due to the small amount of publications on fractional hybrid
differential equations, we believe there are several possible study paths such as
coupled systems, problems with infinite delays, and many more.

Conflicts of interest : The authors declare no conflict of interest.

Data availability : Not applicable
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