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σ-JORDAN AMENABILITY OF BANACH ALGEBRAS

Jun Li, Lin Chen∗, and Mohammad Javad Mehdipour

Abstract. In this paper, we introduce the notion of σ-Jordan amenabil-

ity of Banach algebras and some hereditary are investigated. Similar to

Johnson’s classic result, we give the notions of σ-Jordan approximate and
σ-Jordan virtual diagonals, and find some relations between the existence

of them and σ-Jordan amenability.

1. Introduction and preliminaries

Let A be a Banach algebra and X be a Banach A-bimodule. A linear
mapping D : A→ X is called a derivation if

D(ab) = D(a) · b+ a ·D(b)

holds for all a, b ∈ A. Also, D is called a Jordan derivation if

D(a2) = D(a) · a+ a ·D(a).

A derivation D is called an inner derivation if there exists x ∈ X such that

D(a) = δx(a) = x · a− a · x
for all a ∈ A. If X is a Banach A-bimodule, then X∗ becomes a Banach
A-bimodule via the following module actions

⟨x, f · a⟩ = ⟨a · x, f⟩ and ⟨x, a · f⟩ = ⟨x · a, f⟩
for all a ∈ A, x ∈ X and f ∈ X∗. Johnson [14] first introduced the concept
of amenability of Banach algebras; a Banach algebra A is amenable if every
bounded derivation from A into dual Banach A-bimodule X∗ is inner. He
gave characterizations of amenability in terms of nets in the projective tensor
product A⊗̂A (bounded approximate diagonal) and through the existence of
a special type of elements in the second dual (A⊗̂A)∗∗ (virtual diagonal). Let
us recall that a bounded approximate diagonal for a Banach algebra A is a
bounded net {mα}α in A⊗̂A satisfying

a ·mα −mα · a→ 0 and aπ(mα) = a
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for all a ∈ A. A virtual diagonal for A is an element M ∈ (A⊗̂A)∗∗ with the
properties

a ·M = M · a and a · π∗∗(M) = a

for all a ∈ A, where π : A⊗̂A→ A is defined by π(a⊗ b) = ab and

c · (a⊗ b) = ca⊗ b and (a⊗ b) · c = a⊗ bc

for all a, b, c ∈ A. Consider the opposite algebra A◦ that is the Banach space
A with the product a ◦ b = ba. Let us remark that a bounded approximate
diagonal for Banach algebra A◦ is a bounded net {mα}α in A⊗̂A with

a ◦mα −mα ◦ a→ 0 and a ◦ π◦(mα) = a,

where π◦ : A⊗̂A→ A is defined by π◦(a⊗ b) = ba and

c ◦ (a⊗ b) = a⊗ cb and (a⊗ b) ◦ c = ac⊗ b

for all a, b, c ∈ A. For a comprehensive account of the amenability of Banach
algebras the reader is referred to the books [8, 9, 26]. An element t ∈ A⊗̂A
is called symmetric if t◦ = t, where “◦” is defined by (a ⊗ b)◦ = b ⊗ a. A
Banach algebra A is called symmetric amenable if A has a symmetric bounded
approximate diagonal.

Let σ be a continuous homomorphism on a Banach algebra A. Naturally, we
can define the notions of σ-derivations, σ-Jordan derivations and σ-inner deriva-
tions. Purely algebraic results in the framework of ring or semi-prime ring about
σ-derivations, σ-Jordan derivations can be found in [4, 3, 19, 17, 5], and other
results in the framework of operator algebras can be found in [13, 23, 24, 7, 25]
and reference therein. Moslehian and Motlagh in [20] first introduced and
studied the (σ, τ)-amenability of Banach algebras. In [7] the authors intro-
duced the (φ,ψ)-weak amenability of Banach algebras and investigated the
relations between weak amenability and (φ,ψ)-weak amenability. About sym-
metric amenability, Alaminos, Mathieu and Villena [2] proved that every Lie
derivation on symmetric amenable semisimple Banach algebras can be uniquely
decomposed into the sum of a derivation and a centre-valued trace. Recently,
Valaei, Zivari-Kazempour and Bodaghi [27] introduced and studied the Jordan
amenability of Banach algebras. The authors in [6] studied amenability and
weak amenability of triangular Banach algebras TσA,σB

, where σA and σB are
continuous homomorphisms on A and B, respectively. These considerations
motivate us to study σ-Jordan amenability of Banach algebras.

This paper is organized as follows. In Section 2, we first introduce the
concept of σ-Jordan amenability of Banach algebras and investigate the hered-
itary of it. In Section 3, we investigate some relations between the existence of
σ-Jordan approximate, σ-Jordan virtual diagonals and σ-Jordan amenability.
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2. Some properties of σ-Jordan amenable Banach algebras

Let A be a Banach algebra and X be a Banach A-bimodule. Let us recall
that X is called pseudo-unital, if X = {a · x · b : a, b ∈ A, x ∈ X}. In the case
where,

X = lin{a · x · b : a, b ∈ A, x ∈ X},
then X is called essential. Clearly, if X is pseudo-unital, then X is essential.
By Cohen’s factorization theorem [12], if A has a bounded approximate identity
and X is essential, then X is pseudo-unital. Let us remark that by Johnson’s
classic results [26, Proposition 1.1.5], if A is a Banach algebra with a bounded
approximate identity, then A is amenable if and only if for any pseudo-unital
Banach A-bimodule X, every bounded derivation from A into X∗ is inner; or
equivalently, for any essential Banach A-bimodule X, every bounded derivation
from A into X∗ is inner. Hence, it is natural to give the following definition.

Definition 2.1. Let A be a Banach algebra, σ be a continuous homomor-
phism on A and X be a Banach A-bimodule. A linear mapping D : A→ X is
called a σ-Jordan derivation if for every a ∈ A,

D(a2) = D(a) · σ(a) + σ(a) ·D(a).

Also, D is called σ-inner if there exists x ∈ X such that

D(a) = δx(σ(a))

for all a ∈ A. Banach algebra A is called σ-Jordan amenable if for any essential
Banach A-bimodule X, every bounded σ-Jordan derivation from A into X∗ is
σ-inner.

It is obvious that if σ is the identity map, then every σ-Jordan amenable
Banach algebra is Jordan amenable [27].

Example 2.2. (i) Let A be an essential Banach algebra, i.e., A2 = A. Let
σ0 be the zero map on A. It is easy to see that the zero map is the only
σ0-Jordan derivation from A into any essential Banach A-bimodule X. Thus
A is σ0-Jordan amenable. Note that every Banach algebra with a bounded
approximate identity is essential [12] and so it is σ0-Jordan amenable. This
shows that every amenable Banach algebra is σ0-Jordan amenable. Note that
weakly amenable Banach algebras are essential [9]. Hence weakly amenable
Banach algebras are σ0-Jordan amenable.

(ii) Let G be a locally compact group. Let L∞
0 (G)∗ and M∗(G)

∗ be as
defined in [16] and [18, 20], respectively; see also [1, 11, 21, 22]. Then L∞

0 (G)∗

is a Banach algebra with a right identity and M∗(G)
∗ is a Banach algebra with

identity. Thus L∞
0 (G)∗ and M∗(G)

∗ are essential. Therefore, L∞
0 (G)∗ and

M∗(G)
∗ are σ0-Jordan amenable.

Theorem 2.3. Let σ be an epimorphism on Banach algebra A. Then A is
σ-Jordan amenable if and only if A is Jordan amenable.
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Proof. Let A be σ-Jordan amenable. Let X be an essential Banach A-
module and D : A→ X∗ be a Jordan derivation. Then

d ◦ σ : A→ X∗

is a σ-Jordan derivation. Thus there exists f ∈ X∗ such that for every a ∈ A,

D ◦ σ(a) = σ(a) · f − f · σ(a).

Since σ is onto, it follows that D(a) = a · f − f · a for all a ∈ A. Thus A is
Jordan amenable. Conversely, define the module actions ⋆ on essential Banach
A-module X by

a ⋆ x = σ(a) · x and x ⋆ a = x · σ(a)

for all a ∈ A and x ∈ X. From the surjectivity of σ we see that

lin{a ⋆ x ⋆ b, a, b ∈ A, x ∈ X} = lin{σ(a) · x · σ(b), a, b ∈ A, x ∈ X}
= lin{a · x · b, a, b ∈ A, x ∈ X}.

Thus X with the module actions ⋆ is an essential Banach A-module. Assume
now that D : A→ A∗ is a σ-Jordan derivation. Then

D(a2) = D(a) · σ(a) + σ(a) ·D(a) = D(a) ⋆ a− a ⋆ D(a)

for all a ∈ A. Hence, D : A → (X∗, ⋆) is a Jordan derivation. So there exists
f ∈ X∗ such that

D(a) = a ⋆ f − f ⋆ a = σ(a) · f − f · σ(a)

for all a ∈ A. Thus D is σ-inner. Therefore A is σ-Jordan amenable.

The next example shows that the assumption of surjectivity of σ in Theorem
2.3 is necessary.

Example 2.4. Let R be the additive group of real numbers endowed with
the usual topology. Let M(R) be the measure algebra of R. Then M(R) is a
unital commutative Banach algebra [12]. Since R is non-discrete, M(R) is not
amenable [10]. So M(R) is not Jordan amenable by Corollary 3.1.2 of [27]. In
view of Example 2.2, M(R) is σ0-Jordan amenable, where σ0 is the zero map
on M(R).

Let A be a Banach algebra and I be a closed two sided ideal of A. Let σ
be a continuous homomorphism on A with σ(I) ⊆ I. Then σ̂ : A/I → A/I
defined by σ̂(a + I) = σ(a) + I is a continuous homomorphism on A/I. Now,
let A♯ be the unitization of A. Then one can define σ♯ : A♯ → A♯ by

σ♯((a, λ)) = (σ(a), λ)

for all a ∈ A and λ ∈ C. Clearly, σ♯ is a homomorphism on A♯. The follow-
ing theorem summarizes the main hereditary properties of σ-Jordan amenable
Banach algebras.



σ-Jordan amenability of Banach algebras 5

Theorem 2.5. Let σ be a continuous homomorphism on a Banach algebra
A and τ be a continuous homomorphism on a Banach algebra B. If I is a
closed two-sided ideal of A, then the following statements hold.

(i) If A is σ-Jordan amenable and u : A → B is a continuous homomor-
phism with dense range satisfying τu = uσ, then B is τ -Jordan amenable. In
particular, if A is σ-Jordan amenable, then A/I is σ̂-Jordan amenable for all
closed ideals I with σ(I) ⊆ I.

(ii) Let σ be one to one and I be a closed two-sided ideal of A with σ(I) ⊆ I.
If I is σ-Jordan amenable, A/I is σ̂-Jordan amenable and has an identity in
σ̂(A/I) for any Banach A-module, then A is σ-Jordan amenable.

(iii) A♯ is σ♯-Jordan amenable if and only if A is σ-Jordan amenable.

Proof. (i) Assume that X is a Banach B-module. It suffices to show that
every τ -Jordan derivation from B into X∗ is τ -inner. Note that X can be
considered as a Banach A-module with the following module action

a • x = u(a) · x and x • a = x · u(a) (a ∈ A, x ∈ X).

Let d : B → X∗ be a τ -Jordan derivation. It is routine to check that d ◦ u is a
σ-Jordan derivation on A. In fact, for a, b ∈ A,

d ◦ u(ab+ ba) = d(u(a)u(b) + u(b)u(a))

= d(u(a)) · τ(u(b)) + τ(u(a)) · d(u(b))
+ d(u(b)) · τ(u(a)) + τ(u(b)) · d(u(a))
= d(u(a)) · u(σ(b)) + u(σ(a)) · d(u(b))
+ d(u(b)) · u(σ(a)) + u(σ(b)) · d(u(a))
= d ◦ u(a) • σ(b) + σ(a) • d ◦ u(b)
+ d ◦ u(b) • σ(a) + σ(a) • d ◦ u(a).

Since A is σ-Jordan amenable, it follows that there exists f ∈ X∗ such that for
every a ∈ A,

d ◦ u(a) = δf (a) = σ(a) • f − f • σ(a)
= u(σ(a)) · f − f · u(σ(a)) = τ(u(a)) · f − f · τ(u(a)).

Since u(A) = B, for every b ∈ B, there exists a sequence {an} in A such that
u(an) → b. Using the continuity of τ and module actions, we have

d(b) = d(lim
n
u(a)) = lim

n
d ◦ u(an) = lim

n
δf (an)

= lim
n

(
τ(u(an)) · f − f · τ(u(an))

)
= τ(b) · f − f · τ(b).

This shows that d is τ -inner. Hence B is τ -Jordan amenable.
(ii) Let X be a Banach A-module and D′ : A → X∗ be a σ-Jordan deriva-

tion. Then D′|I is a σ-Jordan derivation. Note σ(I) ⊆ I. Hence σ is a contin-
uous homomorphism on I. By σ-Jordan amenability of I, there exists f ∈ X∗

such that D′|I = δ′f , where δ
′
f is the inner σ-Jordan derivation from I into X∗.
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If we denote δf to be the natural extension of δ′f on A, then D := D′−δf is also
a σ-Jordan derivation which vanishes on I. Suppose that Y is the subspace of
X generated by

σ̂(I) ·X ∪X · σ̂(I).
Then X/Y is a Banach A/I-bimodule via

(a+ I) · (x+ Y ) = σ(a) · x+ Y and (x+ Y ) · (a+ I) = x · σ(a) + Y

for all a ∈ A and x ∈ X. Since D(I) = 0, we can define σ̂-Jordan derivation

D̃ : A/I → X∗ by

D̃(a+ I) = D(a).

Take e ∈ A such that σ̂(ē) is an identity for all Banach A-module X, where
ē = e+ I. Hence, for all a ∈ A, we have

(1) D̃(a) · σ̂(ē) = σ̂(ē) · D̃(a) = D̃(a).

Note that A/I is also a Banach A-module. Hence σ̂(ē) is an identity for A/I.
Thus

σ̂(t̄) = σ̂(t̄)σ̂(ē) = σ̂(t̄ē)

for all t ∈ A. Since σ̂ is one-to-one, it follows that t̄ = t̄ē. This implies that ē
is an identity for A/I. So

D̃(ē) = D̃(ēē) = σ̂(ē) · D̃(ē) + D̃(ē) · σ̂(ē) = 2D̃(ē).

This shows that

(2) D̃(ē) = 0.

From (1) and (2) we conclude that

2σ̂(b̄) · D̃(ā) = σ̂(b) · D̃(ā) · σ̂(ē) + σ̂(b̄) · σ̂(ē) · D̃(ā)

= σ̂(b) · D̃(ā) · σ̂(ē) + σ̂(b̄) · σ̂(ē) · D̃(ā)

+ σ̂(b̄) · σ̂(ā) · D̃(ē) + σ̂(b̄) · D̃(ē) · σ̂(ā)

= σ̂(b̄) · D̃(ēā+ āē) = 0.

for all a ∈ A and b ∈ I. Therefore, σ̂(b̄) · D̃(ā) = 0. Similarly D̃(ā) · σ̂(b̄) = 0.
By the definition of Y , for every x ∈ X, a ∈ A and b ∈ I, we have

⟨D̃(ā), x · σ̂(b̄)⟩ = ⟨σ̂(b̄) · D̃(ā), x⟩ = 0

and

⟨D̃(ā), σ̂(b̄) · x⟩ = ⟨D̃(ā) · σ̂(b̄), x⟩ = 0.

Hence D̃(A/I) ⊆ Y ⊥ ∼= (X/Y )∗. Consequently, the σ̂-Jordan amenability of

A/I implies that D̃ = δg, for some g ∈ X∗. Thus, D = δf + δg = δf+g. This
shows that D′ is σ-inner.

(iii) If A is σ-Jordan amenable, then since A is a closed ideal of A♯ = A⊗Ce,
and C is σ̂-Jordan amenable, it follows that A♯ is σ♯-Jordan amenable by (ii).
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Suppose that X is a Banach A-bimodule and d : A → X∗ is a σ-Jordan
derivation. Then X is A♯-bimodule by module actions

x · (a, λ) = x · a+ λx and (a, λ) · x = a · x+ λx

for all a ∈ A, x ∈ X and λ ∈ C. Define d♯ : A♯ → X∗ by d♯(a, λ) = d(a) for all
(a, λ) ∈ A♯. It is simple to verify that d♯ is σ♯-Jordan derivation. Thus, there
exists f ∈ X∗ such that

d♯(a, λ) = σ♯(a, λ) · f − f · σ♯(a, λ).

Therefore, for all a ∈ A, x ∈ X, we have

⟨d(a), x⟩ = ⟨d♯(a, λ), x⟩ = ⟨σ♯(a, λ) · f − f · σ♯(a, λ), x⟩
= ⟨x · (σ(a), λ), f⟩ − ⟨(σ(a), λ) · x, f⟩
= ⟨x · σ(a) + λx, f⟩ − ⟨σ(a) · x+ λx, f⟩
= ⟨x · σ(a), f⟩ − ⟨σ(a) · x, f⟩ = ⟨σ(a) · f − f · σ(a), x⟩.

Hence, A is σ-Jordan amenable.

3. Characterization of σ-Jordan amenable Banach algebras

In this section, we will give a characterization of σ-Jordan amenable Banach
algebras in terms of asymptotic versions of a projective diagonal in a similar
fashion as [15]. We begin with the following definition.

Definition 3.1. Let A be a Banach algebra and σ be a continuous homo-
morphism on A.
(i) An element M ∈ (A⊗̂A)∗∗ is called a σ-Jordan virtual diagonal for A, if

σ(a) · π∗∗(M) = σ(a) · π∗∗
◦ (M) = σ(a)

and

σ(a) ·M = σ(a) ◦M = M · σ(a) = M ◦ σ(a).

(ii) A bounded net {mα}α in A⊗̂A is called a σ-Jordan approximate diagonal
for A, if

σ(a)π(mα) → σ(a), σ(a)π◦(mα) → σ(a)

and

lim
α
σ(a) ·mα = lim

α
σ(a) ◦mα = lim

α
mα · σ(a) = lim

α
mα ◦ σ(a).

Theorem 3.2. Let σ be a continuous homomorphism on a Banach algebra
A. Then A has a σ-Jordan approximate diagonal if and only if it has a σ-Jordan
virtual diagonal.
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Proof. Let {mα}α be a σ-Jordan approximate diagonal of A. Since {mα}α
is a bounded net in A⊗̂A, by Alaoglu’s theorem there exists a w∗-accumulation
point, M ∈ (A⊗̂A)∗∗, of {m̂α}α. By passing subnet, we may assume that w∗-
lim
α

m̂α = M. Then by the weak continuity of c 7→ c◦ (a⊗b) from A into A⊗̂A,
we have

σ(a) ◦M−M ◦ σ(a) = w∗ − lim
α
(σ(a) ◦ m̂α − m̂α ◦ σ(a))

= w − lim
α
(σ(a) ◦mα −mα ◦ σ(a)) = 0

for all a ∈ A. Similarly, we can prove σ(a) · M = M · σ(a) and σ(a) · M =
M ◦ σ(a). Furthermore, by the weak∗ continuity of π∗∗

◦ , we get

σ(a) ◦ π∗∗
◦ (M) = w∗ − lim

α
(σ(a) ◦ π∗∗

◦ (m̂α))

= w − lim
α
(σ(a)π◦(mα)) = σ(a)

for all a ∈ A. Similarly, σ(a) · π∗∗(M) = σ(a).
Conversely, letM be a virtual diagonal in (A⊗̂A)∗∗. By Goldstine’s theorem

there exists a bounded net {mα}α in A⊗̂A such that M = w∗ − lim
α
(m̂α). It

is easy to see that module actions on a dual module are weak∗ continuous for
a fixed element of A. Also, for any Banach space X, the w∗-topology of X∗∗

restricted to X is the w-topology. These facts enable us to get the following
statements.

σ(a) ·mα−mα ·σ(a) → 0, σ(a)◦mα−mα◦σ(a) → 0, σ(a) ·mα−mα◦σ(a) → 0

and
σ(a) · π∗∗(m̂α) → σ(a), σ(a) ◦ π∗∗

◦ (m̂α) → σ(a)

in the w-topology of (A⊗̂A)∗∗ and A∗∗, respectively. Following the argument
given in the proof of [9, Lemma 2.9.64], we can show that there exists a net
{mβ}β in A⊗̂A such that each mβ is a convex combination of mα’s satisfying
conditions (ii) in definition 3.1.

We close this section with the following theorem for commutative Banach
algebras.

Theorem 3.3. Let σ be a continuous homomorphism on a commutative
Banach algebra A. If A is σ-Jordan amenable and has a bounded approximate
identity, then A has a σ-Jordan virtual diagonal.

Proof. Let {eα}α be a bounded approximate identity for A and consider
the bounded net {eα ⊗ eα}α in (A⊗̂A)∗∗. Let E be a w∗-accumulation point
of {eα ⊗ eα}α. We may assume, by passing subnet if necessary, that

w∗ − lim
α
eα ⊗ eα = E.

Consider the σ-inner derivation dE : A→ (A⊗̂A)∗∗ by

dE(a) = σ(a) · E − E · σ(a).
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Then we have

π∗∗(dE(a)) = w∗ − lim
α
π∗∗(σ(a) · (eα ⊗ eα)− (eα ⊗ eα) · σ(a)

)
= w − lim

α
π
(
σ(a) · (eα ⊗ eα)− (eα ⊗ eα) · σ(a)

)
= w − lim

α

(
σ(a)e2α − e2ασ(a)

)
= 0,

because {e2α}α is also a bounded approximate identity forA. Therefore dE(A) ⊂
kerπ∗∗. Since kerπ is a closed submodule of A⊗̂A, we know (kerπ)∗∗ is a dual
Banach A-module. It is know that kerπ∗∗ = (kerπ)∗∗ [26]. Thus dE is a σ-
Jordan derivation from A into kerπ∗∗. The σ-Jordan amenability of A implies
that there exists an N ∈ kerπ∗∗ such that dE = dN . Put M = E −N . Then

σ(a) ·M−M · σ(a) = dM(a) = dE(a)− dN (a) = 0

and

σ(a) · π∗∗(M) = σ(a) ·
(
π∗∗(E)− π∗∗(N)

)
= σ(a) · π∗∗(E)

= w∗ − lim
α
σ(a) · π∗∗(eα ⊗ eα)

= w − lim
α
σ(a) · π(eα ⊗ eα) = w − lim

α
σ(a) · e2α) = σ(a).

Since A is commutative, we have

σ(a) ·M = σ(a) ◦M and M · σ(a) = M ◦ σ(a).

Thus M is a σ-Jordan diagonal for A.

Acknowledgments. The authors wish to thank anonymous reviewers for
their constructive and valuable suggestions which have considerably improved
the presentation of the paper. This work is supported by the National Natural
Science Foundation of China (No. 12061018).

References

[1] M. H. Ahmadi Gandomani and M. J. Mehdipour, Generalized derivations on some
convolution algebras, Aequ. Math. 92 (2018), no. 2, 223–241.

[2] J. Alaminos, M. Mathieu and A. R. Villena, Symmetry amenability and Lie derivations,

Math. Proc. Camb. Philos. Soc. 137 (2004), no. 2, 433–439.
[3] M. Ashraf and N. Rehman, On (σ, τ)-derivations in prime rings, Arch. Math. 38 (2002),

no. 4, 259–264.

[4] M. Ashraf and N. Rehman, Some commutativity theorems for ∗-prime rings with (σ, τ)-
derivation, Bull. Iran. Math. Soc. 42 (2016), 1197–1206.

[5] N. Aydin and K. Kaya, Some generalizations in prime rings with (σ, τ)-derivation, Doga

Math. 16 (1992), 169–1176.
[6] S. Behnamian and A. Mahmoodi, Amenability properties of TσA,σB , Honam Math. J.

42 (2020), no. 1, 37–48.
[7] A. Bodaghi, M. E. Gordji and A. R. Medghalchi, A generalization of the weak amenabil-

ity of Banach algebras, Banach J. Math. Anal. 3 (2009), no. 1, 131–142.

[8] F. F. Bonsall and J. Duncan, Complete Normed Algebra, Springer-Verlag, 1973.



10 Jun Li, Lin Chen, and Mohammad Javad Mehdipour

[9] H. G. Dales, Banach Algebras and Automatic Continuity, London Math. Soc. Mono-

graphs 24, Oxford Univ. Press, New York, 2000.
[10] H. G. Dales, F. Ghahramani, and A. Ya. Helemski, The amenability of measure algebras,

J. London Math. Soc. 66 (2002), no. 1, 213–226.
[11] M. Ghasemi and M. J. Mehdipour, Homological properties of Banach modules related

to locally compact groups, Proc. Rom. Acad. Ser. A Math. Phys. Tech. Sci. Inf. Sci. 21

(2020), no. 4, 295–301.
[12] E. Hewitt and K. Ross, Abstract Harmonic Analysis I, II, Springer-Verlag, New York-

Berlin, 1970.

[13] A. Hosseini, M. Hassani, A. Niknam, and S. Hejazian, Some results on σ-derivations,
Ann. Funct. Anal. 2 (2011), no. 2, 75–84.

[14] B. E. Johnson, Cohomology in Banach algebras, Mem. Amer. Math. Soc. 127, Provi-

dence, R.I.: American Mathematical Society, 1972.
[15] B. E. Johnson, Approximate diagonals and cohomology of certain annihilator Banach

algebras, Amer. J. Math. 94 (1972), 685–698.

[16] A. T. Lau and J. Pym, Concerning the second dual of the group algebra of a locally
compact group, J. London Math. Soc. 41 (1990), no. 3, 445–460.

[17] T. K. Lee, Jordan σ-derivations of prime rings, Rocky Mountain J. Math. 47 (2017),
no. 2, 511–525.

[18] D. Malekzadeh Varnosfaderani, Derivations, multipliers and topological centers of cer-

tain Banach algebras related to locally compact groups, Ph.D. thesis, University of Man-
itoba, 2017.

[19] H. Marubayashi, M. Ashraf, N. Rehman, and S. Ali,On generalized (α, β)-derivations

in prime rings, Algebra Colloq. 17 (2012), 865–874.
[20] M. J. Mehdipour and Gh. R. Moghimi, The existence of nonzero compact right multi-

pliers and Arens regularity of weighted Banach algebras, Rocky Mountain J. Math. 52

(2022), no. 6, 2101–2112.
[21] M. J. Mehdipour and R. Nasr-Isfahani, Completely continuous elements of Banach al-

gebras related to locally compact groups, Bull. Aust. Math. Soc. 76 (2007), no. 1, 49–54.

[22] M. J. Mehdipour and Z. Saeedi, Derivations on convolution algebras, Bull. Korean Math.
Soc. 52 (2015), no. 4, 1123–1132.

[23] M. Mirzavaziri and M. S. Moslehian, σ-derivations in Banach algebras, Bull. Iran. Math.
Soc. 32 (2006), no. 1, 65–78.

[24] M. Mirzavaziri and M. S. Moslehian, Automatic continuity of σ-derivations in C∗-
algebras, Proc. Amer. Math. Soc. 134 (2006), no. 11, 3319–3327.

[25] M. S. Moslehian and A. N. Motlagh, Some notes on (σ, τ)-amenability of Banach alge-

bras, Stud. Univ. Babes-Bolyai Math. 53 (2008), 57–68.

[26] V. Runde, Lectures on Amenability, Lecture Notes in Mathematics 1774, Springer, 2002.
[27] M. Valaei, A. Zivari-Kazempour, and A. Bodaghi, Jordan amenability of Banach alge-

bras, Math. Slovaca 71 (2021), no. 3, 721–730.

Jun Li
Department of Mathematics and Statistics,
Changshu Institute of Technology,
Changshu 215500, P. R. China.
E-mail: lijunlijun2005@163.com



σ-Jordan amenability of Banach algebras 11

Lin Chen
Department of Mathematics and Statistics,
Changshu Institute of Technology,
Changshu 215500, P. R. China.
E-mail: linchen198112@cslg.edu.cn

Mohammad Javad Mehdipour
Department of Mathematics,
Shiraz University of Technology,
Shiraz 71555-313, Iran.
E-mail: mehdipour@sutech.ac.ir




