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0c-JORDAN AMENABILITY OF BANACH ALGEBRAS

Jun Li, LiNn CHEN*, AND MOHAMMAD JAVAD MEHDIPOUR

Abstract. In this paper, we introduce the notion of o-Jordan amenabil-
ity of Banach algebras and some hereditary are investigated. Similar to
Johnson’s classic result, we give the notions of o-Jordan approximate and
o-Jordan virtual diagonals, and find some relations between the existence
of them and o-Jordan amenability.

1. Introduction and preliminaries

Let A be a Banach algebra and X be a Banach A-bimodule. A linear
mapping D : A — X is called a derivation if

D(ab) = D(a) -b+a-D(b)

holds for all a,b € A. Also, D is called a Jordan derivation if
D(a*) = D(a) -a+a- D(a).

A derivation D is called an inner derivation if there exists x € X such that
D(a)=b,(a)=z-a—a-x

for all @ € A. If X is a Banach A-bimodule, then X* becomes a Banach
A-bimodule via the following module actions

<x,f~a> = (a-x,f) and <$7a'f> = <£lI'CL,f>

foralla € A, x € X and f € X*. Johnson [14] first introduced the concept
of amenability of Banach algebras; a Banach algebra A is amenable if every
bounded derivation from A into dual Banach A-bimodule X* is inner. He
gave characterizations of amenability in terms of nets in the projective tensor
product A®A (bounded approximate diagonal) and through the existence of
a special type of elements in the second dual (A®A)** (virtual diagonal). Let
us recall that a bounded approximate diagonal for a Banach algebra A is a
bounded net {m,}, in ARA satisfying

a-my,—mg-a—0 and ar(my,) =a
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for all a € A. A virtual diagonal for A is an element M € (A®A)** with the
properties

a-M=M-a and a-7"(M)=a
for all a € A, where 7 : A®A — A is defined by 7(a ® b) = ab and
c-(a®b)=ca®b and (a®b)-c=a®bc

for all a,b,c € A. Consider the opposite algebra A° that is the Banach space
A with the product a o b = ba. Let us remark that a bounded approximate
diagonal for Banach algebra A° is a bounded net {m,}, in A®A with

aom, —mygoa—0 and aom.(m,)=aq,
where 7, : AQA — A is defined by m(a ® b) = ba and
co(a®@b)=a®cb and (a®b)oc=ac®b

for all a,b,c € A. For a comprehensive account of the amenability of Banach
algebras the reader is referred to the books [8, 9, 26]. An element t € A®A
is called symmetric if t° = t, where “o” is defined by (a ® b)° = b®a. A
Banach algebra A is called symmetric amenable if A has a symmetric bounded
approximate diagonal.

Let o be a continuous homomorphism on a Banach algebra A. Naturally, we
can define the notions of o-derivations, o-Jordan derivations and o-inner deriva-
tions. Purely algebraic results in the framework of ring or semi-prime ring about
o-derivations, o-Jordan derivations can be found in [4, 3, 19, 17, 5], and other
results in the framework of operator algebras can be found in [13, 23, 24, 7, 25]
and reference therein. Moslehian and Motlagh in [20] first introduced and
studied the (o, 7)-amenability of Banach algebras. In [7] the authors intro-
duced the (¢, 1)-weak amenability of Banach algebras and investigated the
relations between weak amenability and (i, 1))-weak amenability. About sym-
metric amenability, Alaminos, Mathieu and Villena [2] proved that every Lie
derivation on symmetric amenable semisimple Banach algebras can be uniquely
decomposed into the sum of a derivation and a centre-valued trace. Recently,
Valaei, Zivari-Kazempour and Bodaghi [27] introduced and studied the Jordan
amenability of Banach algebras. The authors in [6] studied amenability and
weak amenability of triangular Banach algebras Ty, ,, where o4 and op are
continuous homomorphisms on A and B, respectively. These considerations
motivate us to study o-Jordan amenability of Banach algebras.

This paper is organized as follows. In Section 2, we first introduce the
concept of o-Jordan amenability of Banach algebras and investigate the hered-
itary of it. In Section 3, we investigate some relations between the existence of
o-Jordan approximate, o-Jordan virtual diagonals and o-Jordan amenability.
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2. Some properties of o-Jordan amenable Banach algebras

Let A be a Banach algebra and X be a Banach A-bimodule. Let us recall
that X is called pseudo-unital, if X ={a-z-b:a,b € A,z € X}. In the case
where,

X=lin{fa-z-b:a,be A,z € X},

then X is called essential. Clearly, if X is pseudo-unital, then X is essential.
By Cohen’s factorization theorem [12], if A has a bounded approximate identity
and X is essential, then X is pseudo-unital. Let us remark that by Johnson’s
classic results [26, Proposition 1.1.5], if A is a Banach algebra with a bounded
approximate identity, then A is amenable if and only if for any pseudo-unital
Banach A-bimodule X, every bounded derivation from A into X* is inner; or
equivalently, for any essential Banach A-bimodule X, every bounded derivation
from A into X* is inner. Hence, it is natural to give the following definition.

Definition 2.1. Let A be a Banach algebra, o be a continuous homomor-
phism on A and X be a Banach A-bimodule. A linear mapping D : A — X is
called a o-Jordan derivation if for every a € A,

D(a?) = D(a) - o(a) + o(a) - D(a).
Also, D is called o-inner if there exists © € X such that
D(a) = d2(0(a))

for all a € A. Banach algebra A is called o-Jordan amenable if for any essential
Banach A-bimodule X, every bounded o-Jordan derivation from A into X* is
o-inner.

It is obvious that if ¢ is the identity map, then every o-Jordan amenable
Banach algebra is Jordan amenable [27].

Example 2.2. (i) Let A be an essential Banach algebra, i.e., A2 = A. Let
o9 be the zero map on A. It is easy to see that the zero map is the only
oo-Jordan derivation from A into any essential Banach A-bimodule X. Thus
A is og-Jordan amenable. Note that every Banach algebra with a bounded
approximate identity is essential [12] and so it is og-Jordan amenable. This
shows that every amenable Banach algebra is og-Jordan amenable. Note that
weakly amenable Banach algebras are essential [9]. Hence weakly amenable
Banach algebras are og-Jordan amenable.

(ii) Let G be a locally compact group. Let L&°(G)* and M.(G)* be as
defined in [16] and [18, 20], respectively; see also [1, 11, 21, 22]. Then L3 (G)*
is a Banach algebra with a right identity and M,(G)* is a Banach algebra with
identity. Thus L{(G)* and M,(G)* are essential. Therefore, L§°(G)* and
M,(G)* are og-Jordan amenable.

Theorem 2.3. Let o be an epimorphism on Banach algebra A. Then A is
o-Jordan amenable if and only if A is Jordan amenable.
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Proof. Let A be o-Jordan amenable. Let X be an essential Banach A-
module and D : A — X™* be a Jordan derivation. Then

doo:A— X~

is a o-Jordan derivation. Thus there exists f € X* such that for every a € A,

Doo(a) = a(a)- f ~ f - ola).
Since o is onto, it follows that D(a) = a- f — f-a for all a € A. Thus A is
Jordan amenable. Conversely, define the module actions x on essential Banach
A-module X by

axx=oc(a) -z and xxa=uz-0(a)
for all a € A and & € X. From the surjectivity of o we see that
lin{axz*b,a,b € A,z € X} =lin{o(a) -z -o(b),a,b € A,z € X}
=lin{a-z-ba,b€ Az € X}.
Thus X with the module actions % is an essential Banach A-module. Assume
now that D : A — A* is a o-Jordan derivation. Then
D(a?) = D(a) - o(a) + o(a) - D(a) = D(a) xa — a* D(a)

for all @ € A. Hence, D : A — (X*,x) is a Jordan derivation. So there exists
f € X* such that

Dia)=axf—f+a=o(a)-f—f-ola)

for all @ € A. Thus D is o-inner. Therefore A is o-Jordan amenable. O

The next example shows that the assumption of surjectivity of ¢ in Theorem
2.3 is necessary.

Example 2.4. Let R be the additive group of real numbers endowed with
the usual topology. Let M (R) be the measure algebra of R. Then M(R) is a
unital commutative Banach algebra [12]. Since R is non-discrete, M (R) is not
amenable [10]. So M (R) is not Jordan amenable by Corollary 3.1.2 of [27]. In
view of Example 2.2, M (R) is og-Jordan amenable, where o is the zero map
on M(R).

Let A be a Banach algebra and I be a closed two sided ideal of A. Let o
be a continuous homomorphism on A with o(f) € I. Then 6 : A/I — A/I
defined by 6(a + I) = o(a) + I is a continuous homomorphism on A/I. Now,
let A* be the unitization of A. Then one can define of : A* — Af by

o*((a,\) = (o(a), )

for all @ € A and A € C. Clearly, o is a homomorphism on A*. The follow-
ing theorem summarizes the main hereditary properties of o-Jordan amenable
Banach algebras.
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Theorem 2.5. Let o be a continuous homomorphism on a Banach algebra
A and T be a continuous homomorphism on a Banach algebra B. If I is a
closed two-sided ideal of A, then the following statements hold.

(i) If A is o-Jordan amenable and v : A — B is a continuous homomor-
phism with dense range satisfying Tu = uo, then B is T-Jordan amenable. In
particular, if A is o-Jordan amenable, then A/I is 6-Jordan amenable for all
closed ideals I with o(I) C I.

(ii) Let o be one to one and I be a closed two-sided ideal of A with o(I) C I.
If I is o-Jordan amenable, A/I is 6-Jordan amenable and has an identity in
6(A/I) for any Banach A-module, then A is o-Jordan amenable.

(iii) A* is o#-Jordan amenable if and only if A is o-Jordan amenable.

Proof. (i) Assume that X is a Banach B-module. It suffices to show that
every T-Jordan derivation from B into X* is 7-inner. Note that X can be
considered as a Banach A-module with the following module action

aexr=u(a)-z and zea==z-ula) (a€ A xeX).

Let d: B — X™* be a 7-Jordan derivation. It is routine to check that dow is a
o-Jordan derivation on A. In fact, for a,b € A,

dou(ab+ba) = d(u(a)u(d)+u(b)u(a))
= d(u(a)) - 7(u(b)) + 7(u(a)) - d(u(b))
+  d(u(b)) - T(u(a)) + 7(u(d)) - d(u(a))
= d(u(a)) - u(o(b)) +u(o(a)) - d(u(b))
+  d(u(d)) - u(o(a)) +u(o(b)) - d(u(a))
= dou(a)ea(b)+o(a)edou(b)
+ dou(b)eo(a)+o(a)edoula

)
Since A is o-Jordan amenable, it follows that there exists f € X* such that for
every a € A,
dou(a) = d;(a) = o(a) « f — f ® o(a)
=u(o(a)) - f— f-ulo(a)) =7(ula)) - f = f-7(u(a)).

Since u(A) = B, for every b € B, there exists a sequence {a,} in A such that
u(a,) — b. Using the continuity of 7 and module actions, we have

d(b) = d(lirrln u(a)) = lirrlnd ou(ay,) = li7rln dr(an)
=lim (7(u(an)) - f = f - 7(u(an))) = 7(0) - f = f - 7(b).

This shows that d is 7-inner. Hence B is 7-Jordan amenable.

(ii) Let X be a Banach A-module and D’ : A — X* be a o-Jordan deriva-
tion. Then D’|; is a o-Jordan derivation. Note o(I) C I. Hence o is a contin-
uous homomorphism on I. By o-Jordan amenability of I, there exists f € X*
such that D'|; = §', where d% is the inner o-Jordan derivation from I into X*.
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If we denote d to be the natural extension of 6} on A, then D := D’ —§; is also
a o-Jordan derivation which vanishes on I. Suppose that Y is the subspace of
X generated by
&) - X UX-6(I).
Then X/Y is a Banach A/I-bimodule via
(a+I)-(z+Y)=o0(a) - z+Y and (z+Y) - (a+I)=2-0(a)+Y

for all a € A and z € X. Since D(I) = 0, we can define 6-Jordan derivation
D:A/I - X* by

D(a+1I) = D(a).
Take e € A such that 6(€) is an identity for all Banach A-module X, where
€ =e+ I. Hence, for all a € A, we have

(1) D(a) - 5(€) = 6(€) - D(a) = D(a).

Note that A/I is also a Banach A-module. Hence &(€) is an identity for A/1.
Thus

5(0) = 605 (e) = b(7e)
for all t € A. Since & is one-to-one, it follows that ¢ = te. This implies that e
is an identity for A/I. So

D(e) = D(ee) = 6(€) - D(¢) + D(é) - 6(&) = 2D(&).
This shows that
(2) D(e) = 0.
From (1) and (2) we conclude that

26(b) - D(a) = 6(b) - D(a) - 6(e) + 6(b) - 6(e) - D(a)
=&(b)- D(a)-6(e) +&(b) - é(e) - D(a)
+6(b)-6(a)- D(&) +a(b) - D() - 6(a)
= 4(b) - D(éa+ae) =0

for all a € A and b € I. Therefore, 5(b) - D(a) = 0. Similarly D(a) - 6(b) = 0.
By the definition of Y, for every x € X, a € A and b € I, we have

(D(a),z - 6(b)) = (6(b) - D(a),x) =0
and

(D(a),5(b) - =) = (D(a) - 5(b), ) = 0.
Hence D(A/I) C Y+ = (X/Y)*. Consequently, the G-Jordan amenability of
A/I implies that D= dg4, for some g € X*. Thus, D = 6y + 64 = dy44. This
shows that D’ is o-inner.

(iii) If A is o-Jordan amenable, then since A is a closed ideal of A* = A®Ce,
and C is 6-Jordan amenable, it follows that A* is o¥-Jordan amenable by (ii).
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Suppose that X is a Banach A-bimodule and d : A — X* is a o-Jordan
derivation. Then X is A*-bimodule by module actions

z-(a,\)=z-a+A x and (a,\)-z=a -2+ Az

for alla € A,z € X and A € C. Define d* : A* — X* by d*(a,\) = d(a) for all
(a,\) € A¥. Tt is simple to verify that df is o#-Jordan derivation. Thus, there
exists f € X™* such that

d*(a,\) = o*(a, \) - f — f-o¥(a, N).
Therefore, for all a € A,z € X, we have
(d(a), ) = (d*(a, \),z) = (o*(a, A) - f = [ - o (a, N), )
= (z-(o(a),A), f) = ((o(a),A) - z, f)
=(z-o(a)+ Az, f) — (o(a) -z + Az, f)
=(z-0(a), f) —(o(a) -z, f) = (o(a) - f = [ - o(a),z).

Hence, A is o-Jordan amenable. O]

3. Characterization of o-Jordan amenable Banach algebras

In this section, we will give a characterization of o-Jordan amenable Banach
algebras in terms of asymptotic versions of a projective diagonal in a similar
fashion as [15]. We begin with the following definition.

Definition 3.1. Let A be a Banach algebra and o be a continuous homo-
morphism on A.
(i) An element M € (A®A)** is called a o-Jordan virtual diagonal for A, if

o(a) -7 (M) = o(a) - mg" (M) = o(a)

and
ola)- M=c(a)oM=M-:0(a) =Moo(a).

(i) A bounded net {m,}, in ARA is called a o-Jordan approximate diagonal
for A, if
ola)T(my) — o(a), o(a)me(my) — o(a)

and

limo(a) - m, =limo(a) om, = limm, - o(a) = limm, o o(a).
(03 «@ «@ «

Theorem 3.2. Let o be a continuous homomorphism on a Banach algebra
A. Then A has a o-Jordan approximate diagonal if and only if it has a o-Jordan
virtual diagonal.
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Proof. Let {m,}, be a o-Jordan approximate diagonal of A. Since {m, },
is a bounded net in A®A, by Alaoglu’s theorem there exists a w*-accumulation
point, M € (A®A)**, of {th,},. By passing subnet, we may assume that w*-
1i(1xn 1, = M. Then by the weak continuity of ¢ — co(a®b) from A into AR A,

we have
gla)oM —Moo(a) =w* — li(IXn(U(a) o, —m,oo(a))
=w— 1ig1(o(a) om, —m,oo(a))=0

for all @ € A. Similarly, we can prove o(a) - M = M - o(a) and o(a) - M =
Mo o(a). Furthermore, by the weak® continuity of 7%*, we get

o(a) oms*(M) = w* — lign(a(a) om"(Ma))
= w — lim(0(a)m (o)) = o(a)

for all @ € A. Similarly, o(a) - 7**(M) = o(a).

Conversely, let M be a virtual diagonal in (A®A)**. By Goldstine’s theorem
there exists a bounded net {m,}, in A®A such that M = w* — 1ién(rha). It
is easy to see that module actions on a dual module are weak™ continuous for
a fixed element of A. Also, for any Banach space X, the w*-topology of X**
restricted to X is the w-topology. These facts enable us to get the following
statements.

o(a)-my,—m,-o(a) = 0,0(a)om, —myoo(a) = 0,0(a) - my—myoo(a) =0
and

o(a) -7 (M) = o(a), o(a)onwy* () — o(a)
in the w-topology of (A®A)** and A**, respectively. Following the argument
given in the proof of [9, Lemma 2.9.64], we can show that there exists a net

{mg}s in AR A such that each mg is a convex combination of m,’s satisfying
conditions (ii) in definition 3.1. O

We close this section with the following theorem for commutative Banach
algebras.

Theorem 3.3. Let o be a continuous homomorphism on a commutative
Banach algebra A. If A is o-Jordan amenable and has a bounded approximate
identity, then A has a o-Jordan virtual diagonal.

Proof. Let {eq}a be a bounded approximate identity for A and consider
the bounded net {eq ® eq}q in (ADA)**. Let E be a w*-accumulation point
of {eq ® eq}o. We may assume, by passing subnet if necessary, that

w* —lime, @ e, = E.
Consider the o-inner derivation dp : A — (A®A)** by
dg(a) =o(a)- E— E-o(a).
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Then we have
7 *(dg(a)) = w* — li;nﬂ**(cr(a) (ea @ ea) — (ea ®eq) - 0(a))
=w— liénw(a(a) (ea @ eq) — (ea ®eq) - 0(a))
=w— lién (o(a)e? —elo(a)) =0,

because {e? },, is also a bounded approximate identity for A. Therefore dg(A) C
kerm**. Since kerr is a closed submodule of A®A, we know (kerr)** is a dual
Banach A-module. It is know that kern*™* = (kerm)** [26]. Thus dg is a o-
Jordan derivation from A into kerm**. The o-Jordan amenability of A implies
that there exists an N € kern™* such that dg = dy. Put M = E — N. Then

o(a) - M—=M-o(a) =dm(a) =dg(a) —dy(a) =0
and
o(a) - (M) = o(a) - (7"(E) — m**(N)) = o(a) - 7 (E)

=w" — li(rxna(a) T (eq @ eq)
=w— liincr(a) ‘m(eq Req) =w — 1i(£na(a,) -e2) = o(a).
Since A is commutative, we have
o(a) M=c(a)oM and M- o(a) =Moo(a).
Thus M is a o-Jordan diagonal for A. O
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