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APPLICATION OF NEW CONTRACTIVE CONDITION
IN INTEGRAL EQUATION

AMRISH HANDA ®* AND DINESH VERMA P

ABSTRACT. In this paper, first we establish a unique common fixed point theorem
satisfying new contractive condition on partially ordered non-Archimedean fuzzy
metric spaces and give an example to support our result. By using the result estab-
lished in the first section of the manuscript, we formulate a unique common coupled
fixed point theorem and also give an example to validate our result. In the end, we
study the existence of solution of integral equation to verify our hypothesis. These
results generalize, improve and fuzzify several well-known results in the existing
literature.

1. INTRODUCTION

George and Veeramani [6] modified the concept of fuzzy metric spaces introduced
by Kramosil and Michalek [13] with the help of continuous t-norm and defined the
Hausdorff topology of fuzzy metric spaces. In [11], Istratescu introduced the concept
of non-Archimedean fuzzy metric space.

In [7], Guo and Lakshmikantham introduced the notion of coupled fixed point for
single-valued mappings. Using this notion, Gnana-Bhaskar and Lakshmikantham [3]
established some coupled fixed point theorems by defining mixed monotone prop-
erty. After that, Lakshmikantham and Ciric [14] extended the notion of mixed
monotone property to mixed S—monotone property and established coupled coin-
cidence point results using a pair of commutative mappings, which generalized the
results of Gnana-Bhaskar and Lakshmikantham [3]. For more details one can consult
1,2, 5,8,09,12, 15, 16].
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This manuscript splits into three sections. In first section, we establish a unique
common fixed point theorem satisfying new contractive condition on partially or-
dered non-Archimedean fuzzy metric spaces and give an example to support our
result. In the second section, some multidimensional common fixed point results are
derived from our main results and also give an example to validate our result. In the
last section of this manuscript, we give an application to integral equation to show
the fruitfulness of the obtained results. We generalize, extend, improve and fuzzify
the results of Gnana-Bhaskar and Lakshmikantham [3], Lakshmikantham and Ciric

[14] and several well-known results of the existing literature.

2. PRELIMINARIES

Definition 2.1 ([17]). A binary operation * : [0, 1] x [0, 1] — [0, 1] is a continuous

t-norm if it satisfies the following conditions:
(1) % is commutative and associative,
(2) * is continuous,
(3) ax1=a for all a € [0, 1],
(4) axb < c¢xd whenever a < cand b < d with a, b, ¢, d € [0, 1].
A few examples of continuous ¢-norm are

a*b=ab, a*b=min{a, b} and a * b = max{a+b— 1, 0}.

Definition 2.2 ([6]). The 3-tuple (X, M, x) is called fuzzy metric space if X is an
arbitrary non-empty set, * is a continuous t-norm and M is a fuzzy set on X? x [0,

oo) satisfying the following conditions: for each e, §, 7 € X and ¢, s > 0,
(FMy) M(e, 6, t) >
(FMy) (55t)—11ff5—5
(FMs) M(e, 0, t) = M(6, €, 1),

( 4)M(57 t+8)>M(5,5,t>*M(5,T,S),

(FMs) M(e, 0, -) : [0, co) — [0, 1] is continuous.

Remark 2.1. If in the above definition (F'My) is replaced by
(NAFMy) M(e, 7, max{t, s}) > M(e, 0, t)* M(6, 7, s),
or equivalently,
(NAFMy) M(e, 1, t) > M(e, 6, t)* M(6, 7, t).

Then (X, M, «) is called a non-Archimedean fuzzy metric space [11]. It is easy to
check that (NAFM,) implies (F'My), that is, every non-Archimedean fuzzy metric

space is itself a fuzzy metric space.
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Example 2.1 ([6]). Let X = [0, 1] equipped with the usual metric d : X x X — |0,
+00). Define t-norm by a * b = ab and

M(e, 0, t) = foralle, 6 € X and t > 0.

t
t+d(e, 9)

Then (X, M, %) is a fuzzy metric space but not a non-Archimedean fuzzy metric

space.

Remark 2.2 ([6]). In fuzzy metric space (X, M, %), M (e, 6, -) is non-decreasing for
all €, 0 € X.

Definition 2.3 ([6]). Let (X, M, %) be a fuzzy metric space. A sequence {e,}, in
X is called Cauchy if for each n € (0, 1) and each t > 0 there is ng € N such that

M (epn, €m, t) > 1 —n whenever n > m > ny.

We say that (X, M, x) is complete if every Cauchy sequence is convergent, that is,
if there exists 6 € X such that lim M(e,, 6, t) =1, for all ¢ > 0.
n—oo

Definition 2.4 ([3]). Let o : X2 — X be a given mapping. An element (¢, §) € X2
is called a coupled fized point of « if a(e, §) = ¢ and a(4, €) = 4.

Definition 2.5 ([3]). Let (X, <) be a partially ordered set and o : X? — X be a
given mapping. We say that « has the mized monotone property if for all €, 6 € X,

we have

€1, €9 € X, €1 R g9 = 04(51, 5) 04(62, 5),
51, 52 EX, 51 552 — OZ(E, 51) > 04(6, 62)

A

Definition 2.6 ([14]). Let o : X?> — X and 8 : X — X be given mappings. An
element (g, §) € X? is called a coupled coincidence point of the mappings a and 3 if

a(e, 0) = fe and (9, €) = 4.

Definition 2.7 ([14]). Let a : X2 — X and 8 : X — X be given mappings. An
element (g, §) € X? is called a common coupled fired point of the mappings o and
Bif e = ale, §) = fe and § = a0, ) = [30.

Definition 2.8 ([14]). The mappings a : X? — X and 3: X — X are said to be
commutative if Ba(e, §) = a(Be, 36), for all (¢, §) € X2
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Definition 2.9 ([14]). Let (X, <) be a partially ordered set. Suppose o : X? — X
and 0 : X — X are given mappings. We say that a has the mized S—monotone

property if for all €, § € X, we have

€1, 2 € X, fe1 X fea = afer, 0) 2 ales, 9I),
(51, 52 c X, 551 < [352 = oz(a, 51) >~ a(s, 52)

If G is the identity mapping on X, then « satisfies the mixed monotone property.

Definition 2.10([3, 5]). A partially ordered metric space (X, d, <) is a metric
space (X, d) provided with a partial order < . A partially ordered metric space (X,
d, <) is said to be non-decreasing-regular (respectively, non-increasing-regular) if for
every sequence {e,} C € such that {e,,} — ¢ and €, < e,41 (respectively, £, = €p11)
for all n > 0, we have ¢, < ¢ (respectively, &, = ¢) for all n > 0. (X, d, <) is said
to be regular if it is both non-decreasing-regular and non-increasing-regular. Let «,
B : X — X be two mappings. We say that « is (3, =)—non-decreasing if ae < ad
for all €, § € X such that fe < 84. If § is the identity mapping on X, we say that
a is 2 —non-decreasing. If a is (8, <)—non-decreasing and fe = 34, then ae = ad.

Moreover, €, § € X are comparable, that is, € < d or § < ¢, then we will write € < 4.

Definition 2.11 ([4]). Let (X, M, %) be an partially ordered fuzzy metric space.
Two mappings «, 5 : X — X are said to be compatible if lim M (Bag,, afe,, t) =1,
n—oo

provided that {e,} is a sequence in X such that lim ag, = lim fe, = ¢ € X.
n—oo n—oo

Definition 2.12([10]). Let o : X? — X and 3: X — X be two mappings. We say
that the pair {«, 8} is compatible if

lim M(Oz(,@é‘n, ﬁén)v ﬂ(a(én, 5n)7 a((;m En))7 t) = 1’

n—oo

nh_)ngoM(a(Bdm Ben), 6(04(57% €n), Oé(&n, 5n))7 t) = 1

whenever (eg,) and (6,,) are sequences in X such that

lim fe, = lim a(ey,, d,) =c € X,
n—oo n—oo
lim 36, = lim a(d,, e,) =0 € X.
n—oo n—oo

Definition 2.13([10]). Let X be a non-empty set. Mappings o : X? — X and
8 : X — X are called weakly compatible if

a(e, §) = Be and «(6, €) = (34,
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implies that

Bla(e, 9), a(d, €)) = a(fe, B6) and B(a(d, ), a(e, J)) = a(B6, Pe),
for all ,0 € X.

3. Fixep PoINT RESULTS

Throughout the paper, X denotes a non-empty set, 5 represents a self-mapping
on X and ((¢) is abbreviated by e where ¢ € X.

Let @ denote the set of all functions ¢ : [0, 4+00) — [0, +00) satisfying
(ip) ¢ is non-decreasing,
(i) p(t) <t for all t > 0,
(iti,) limy 4 (r) < t for all ¢ > 0.
Let ¥ denote the set of all functions 1 : [0, +00) — [0, +00) which satisfies
(iy) ® is continuous and non-decreasing,
(iy) ¥(t) <t for all t > 0.
Note that, by (iy) and (i) we have that ¢(t) = 0 if and only if t = 0.

Theorem 3.1. Let (X, =) be a partially ordered set and there be a non-Archimedean
fuzzy metric M such that (X, M, x) be a complete non-Archimedean fuzzy metric
space. Suppose o and [ are two self mappings on X satisfying

(1) a is (B, X)-non-decreasing and o(X) C B(X),

(13) there exists g € X such that Bey = aey,

(731) there exists p € ® and i € ¥ such that
(3.1)

(M‘Q

1 1 .
§¢<W_1>+¢<w—l>,foralla, d € X with fe < 396,

where

_ M(ae, Pe, t), M(ad, (o, t),
(3.2) P(e, 9) —max{ M(as, Be, t), M(as, B35, t) }

Also assume that one of the following conditions holds.
(a) (X, M) is complete, o and 3 are continuous and the pair («, 3) is compatible,
(b) (B(X), M) is complete and (X, M, <) is non-decreasing-regular,
(¢) (X, M) is complete, B is continuous and monotone non-decreasing, the pair
(a, B) is compatible and (X, M, <) is non-decreasing-regular.

Then a and B have a coincidence point. Furthermore, if
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(d) for every e, 6 € X, there exists § € X such that af < ae and af < o, and
also the pair (o, ) is weakly compatible.

Then o and B have a unique common fized point.

Proof. Let g9 € X be arbitrary. By (i), a(X) C [(X), there exists 1 € X such
that fe1 = aeg. Now by (ii), feg = aeg = Pe1. Since « is (f, <) non-decreasing,
agg X agr. Again ag; € a(X) C [(X), there exists €2 € X such that fSes = ae;.
Then fBe; = agy = ae; = feg. Since «a is (B, =<)—non-decreasing, ae; =< ags.
Proceeding in the similar manner, we get a sequence {e,},>0 such that {fe,} is

=<-non-decreasing, e, 11 = e, X agpr1 = Peppo and

(3.3) Bent+1 = agy, for all n > 0.

Let
1

C" - (M(ﬁgna BenJrla

Since fey, < fent1, therefore by using contractive condition (3.1), we have

—1>, for all n > 0.
t)

1
(M(ﬁan’ Benta, t) 1>

1
- 1
(M(aan, aEp+1, t) )
1

1
< EER Ry pu————.
=7 <M(ﬁ€7ﬂ ﬁgn-l-l’ t) > w (P(E’Vh En—i-l) >
Thus, by the fact that 1(0) = 0, we get

1 1
3.4 -1 < -1,
( ) <M(ﬁ€n+1, ﬁ5n+2) t) > =¥ <M(55n7 55n+17 t) >
which, by (ii,), implies

1 1
—1<
M (Bent1, Bente, t) M(Ben, Beny1s t)

This shows that the sequence {(,},>0 is a decreasing sequence of positive numbers.
Then there exists ¢ > 0 such that

. . 1

Suppose that ¢ > 0. Letting n — oo in (3.4), by using (3.5) and (74, ), we get

— 1, that is, (41 < Cn-

¢ < nh_{Tolo ©(Cn) = m+ ©(Cn) < ¢,

li
Cn—C
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which is a contradiction. Hence

1
Tim ¢, = i —1) =o,
lm ‘ nugo <M(/85m /85n+17 t) >

or
(3.6) lim M (Bey, PBent1, t) = 1.

We now claim that {8ey,}n>0 is a Cauchy sequence in X. Suppose, to the contrary,

that it is not a Cauchy sequence. Then there exists an 1 > 0 for which we can find
subsequences {0,k }, {Bemk)} of {Ben}n>0 such that

(37) M(ﬁgn(k)a ﬁgm(k)a t) <l-n k=1, 2,
We can choose n(k) to be the smallest positive integer satisfying (3.7), then
(38) M(Bsn(k)—lv ﬁgm(k)v t) >1—=n.

By (3.7), (3.8) and (NAF M), we have

1—n>wp = M(Benwy, Bemm), t)
> M(Benk), Benky—1, t)* M(Ben)—1: Bem(r), 1),
> M(Benr), ﬁ&?n(k)—la t)* (1 —n).
Letting k — oo in the above inequality and using (3.6), we get

(3.9) lim wy = hm M(ﬁsn(k Bemkys t) =1—n.

k—o0

By (NAFMy), we have
wr = M(Benkys Bem), t)
> M(Benmys Beny+1s 1) * M(Beniy+1, Bemmy+1s 1) * M(Bemmy+1, Bemy, t)-
Letting k — oo in the above inequalities, using (3.6) and (3.9), we have
(3.10) lim M(ﬂen(k)ﬂ, Bemky+1> ) =1—1

Since n(k) (k), Benk) = BEm(k), by using contractive condition (3.1),

>m
(3 )
ﬂen k)+1> /86m (k)+1> t)

-1
M(agn(k)> QEm(k)» t) >

1 1
/Bgm ) - 1) Y (P(En(k)a €m(k)) - 1) .

IN

1
s

< (ﬁgn(k
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Letting k — oo in the above inequality, by using (3.9), (3.10), (¢ii,,) and by the fact
that ¢(0) = 0, we get

€ 1 1 €
< I — -1 0< 1 ——1
1—E_ki>r{olo(p(wk >+ _Tkgré}_‘_@(w’g ><1—<€7

which is a contradiction. This proves that {fey }n>0 is a Cauchy sequence in X.

Suppose that (a) holds, that is, (X, M) is complete, @ and [ are continuous
and (a, () is compatible. Since (X, M) is complete, there exists ¢ € X such that
{Ben} — e. It follows from (3.3) that {ae,} — . Since « and (3 are continuous,

{Bae,} — Pe and {aae,} — ac. Since the pair («, () is compatible,
M(ae, Be, t) = lim M(aaeny1, Bacy, t) = lim M(afe,, Baec,, t) =1,
n—oo n—oo

that is, € is a coincidence point of a and (.

Suppose now (b) holds, that is, (3(X), M) is complete and (X, M, <) is non-
decreasing-regular. Since {fe,} is a Cauchy sequence in the complete space (5(X),
M), there exists § € §(X) such that {fe,} — d. Let ¢ € X be any point such that
0 = fe, then {fe,} — fe. Since (X, M, <) is non-decreasing-regular and {fe,} is
=<-non-decreasing which converges to e, we obtain that (e, = (e, for all n > 0.

Applying the contractive condition (3.1), we have

(M(@?n:h ae, t) 1)
- <M(0457j ag, t) 1>
<o (s ) (pea 1)

Letting n — oo in the above inequality and by using the continuity of ¢, {e,,} — (e
and (4ii,), we get
M—l §tl_igl+cp(t)+020+0:o.
It follows that M (fe, ae, t) = 1, that is, € is a coincidence point of a and S.
Suppose now that (¢) holds, that is, (X, M) is complete, 3 is continuous and
monotone-non-decreasing, the pair (o, () is compatible and (X, M, <) is non-
decreasing-regular. Since (X, M) is complete, there exists ¢ € X such that {fe, } —
e, which, by (3.3), implies {ae,} — €. Since [ is continuous, {(5e,} — [e and the
pair («, () is compatible,

lim M(BBent1, afen, t) = lim M(Bae,, afey,, t) =1,
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implies that {afe,} — fe.

Also, since (X, d, =) is non-decreasing-regular and {fe, } is = —non-decreasing
which converges to e, we find that Se,, < €, which, by the monotonicity of 3, implies
BBen = Pe. Using the contractive condition (3.1), we get

el ) ()
M (afey, ae, t) M(BBen, Pe, t) P(Ben, )
Taking limit as n — oo, using the continuity of ¢, {88e,} — e, {afe,} — Pe and

(tiiy,), we get

1
1< lim () +0=0+0=0.
M(Be, ae, t) _ti%%r(p( )+ *

It follows that M(fe, ae, t) = 1, that is, € is a coincidence point of o and (.

Thus the set of coincidence points of @ and 3 is non-empty. Let € and § be two
coincidence points of o and 3, that is, ae = B¢ and ad = BJ. Now, we claim that
Be = (6. By the assumption, there exists § € X such that af is comparable with ae
and ad. Put 6y = 0 and choose 61 € ¢ so that £0y = af;. Then, one can inductively
get the sequence {(36,} where (30,11 = ab,, for all n > 0. Hence ae = (e and
af = abfy = [0 are comparable. One can easily get that 860, < Be, for all n > 0.

Let

1
§"Z<M(B€mﬁe,t)_1>’ for all n > 0.

Since (36, < fe, using the contractive condition (3.1) and (3.3), we have

1 1
(M(ﬁ@nH, Be, t) 1) - <M(a9n, ae, t) 1>
1

1
<ol 1 -1
<o (gm0 ) G 1)
Thus, by the fact that 1(0) = 0, we get

1 1
3.11 —-1]< _— — 1],
( ) <M(/89n+17 /38) t) > =¥ <M(/69n7 ﬂ87 t) >
which, by (ii,), implies
1 1
-1 — 1, that is, &1 < &n.

<
M(60n+1, 557 t) M(/Benu 657 t)
This shows that the sequence {, }n>0 is a decreasing sequence of positive numbers,
then there exists £ > 0 such that

. . 1
(3.12) nlin;oén = HILIEO (]\MQn,ﬂa,t) — 1) =¢.
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Now, suppose that £ > 0. On taking limit n — oo in (3.11), using (3.12) and (#4i,),

we get
< lim n) = lim n) <&,
£ < " ©(&n) e o(n) <&

which is a contradiction. Hence

1
(3.13) & = lim (M(ﬁen, Be, 1) ) 0
that is,
(3.14) lim M(80,, Ge, t) = 1.

Similarly, one can obtain that

(3.15) lim M (B6,, 56, t) = 1.

n—oo

Hence, by (3.14) and (3.15), we get

(3.16) Be = 3.

Since ae = fe, by weak compatibility of a and 3, affe = fae = BFe. Let 6 = e,
then o = (0, that is, € is a coincidence point of @ and . Then from (3.16) with
6 = 0, it follows that Be = (0, that is, 8 = af = (6. Hence 0 is a common fixed
point of a and (. To prove the uniqueness, assume that 7 is another common fixed
point of @ and (3. Then by (3.16) we have 7 = B7 = 0 = 0, that is, the common

fixed point of o and (3 is unique. O
If we put ¢(t) = 0 in the Theorem 3.1, we get the following result:

Corollary 3.2. Let (X, <) be a partially ordered set and there be a non-Archimedean
fuzzy metric M such that (X, M, x) be a complete non-Archimedean fuzzy metric
space. Suppose o and [ are two self mappings on X satisfying (i) and (ii) of Theorem
3.1 and there exists p € ® such that

(W—l) §¢<M—l>, for all e, § € X with Be < (30.
Also assume that one of the conditions (a) — (¢) of Theorem 3.1 holds, then o and [
have a coincidence point. Furthermore, if condition (d) of Theorem 3.1 holds, then

a and B have a unique common fized point.

If we put ¢(t) = kt where 0 < k < 1, for all ¢ > 0 in Corollary 3.2, then we get

the following result:
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Corollary 3.3. Let (X, <) be a partially ordered set and there be a non-Archimedean
fuzzy metric M such that (X, M, x) be a complete non-Archimedean fuzzy metric
space. Suppose o and 3 are two self mappings on X satisfying (i) and (ii) of Theorem
3.1 and there exists k < 1 such that

1 1 |
(M««a,aé,t)”) Sk(]\J(ﬁaﬁ&t)_1>’ for alle, 6 € X with fe < 3.

Also assume that one of the conditions (a) — (¢) of Theorem 3.1 holds, then «
and 3 have a coincidence point. Furthermore, if condition (d) of Theorem 3.1 holds,

then a and 3 have a unique common fixed point.
Put 8 = I (the identity mapping) in Corollary 3.3, we get the following result:

Corollary 3.4. Let (X, <) be a partially ordered set and there be a non-Archimedean
fuzzy metric M such that (X, M, x) be a complete non-Archimedean fuzzy metric
space. Suppose o be a self mapping on X satisfying

(1) a is <-non-decreasing,

(77) there exists eg € X such that eg = aep,

(731) there exists some k < 1 such that

1 1
T s N < [ . oy
(M(Oéa, ad, t) 1> _k<M(5, 5, t) 1): foralle, 6 € X withe X9

Then « has a fixed point.

Example 3.1. Suppose that X = [0, 1], equipped with the metric d : X x X — [0,
+00) defined as d(z, y) = max{z, y} and d(z, ) = 0 for all z, y € X with the
natural ordering of real numbers < and * is defined by = x y = zy, for all z, y € [0,
1]. Define

M(e, 6, t) = , foralle, § € X and t > 0.

t
t+d(e, 9)
Clearly (X, M, *) is a complete non-Archimedean fuzzy metric space. Let «, 3 :

X — X be defined as

2
asz% and fe = €2, for all e € X.

One can easily see that the contractive condition of Theorem 3.1 is satisfied with
©(t) = t/2 and (t) = t/4, for all ¢ > 0. Furthermore, all the other conditions of

Theorem 3.1 are also satisfied and 0 is a unique common fixed point of o and (.



94 AMRISH HANDA & DINESH VERMA

4. CoOUuPLED FIXED POINT RESULTS

Next, we deduce the two dimensional version of Theorem 3.1. For the partially
ordered non-Archimedean fuzzy metric space (X, M, <), let us consider the partially
ordered fuzzy metric space (X2, My, C), where My : X2 x X2 x [0, oo) — [0, 1]
defined by

MQ(Vl, Vs, t) :min{M(al, €9, t), M((Sl, 09, t)},

for all Vi = (e1, 1), Va = (&2, 82) € X2 It is easy to check that My is a non-

Archimedean fuzzy metric on X? and C was introduced in
ViEVy & e = g9 and (51 = 52, for all Vi = (61, 51), Vo = (62, (52) S XQ.

Let F: X2 — X and G : X — X be two mappings. Define Op, Og : X? — X? as

follows:
Or(V) = (F(e, 8), F(5, €)) and Og(V) = (Ge, G3), V = (¢, §) € X2
Under these conditions, the following properties hold.

Lemma 4.1. Let (X, =) be a partially ordered set and there be a non-Archimedean
fuzzy metric M such that (X, M, x) be a complete non-Archimedean fuzzy metric
space. Assume F : X? - X, G : X — X and Op, Og : X? — X? are mappings.
Then

(1) (X, M) is complete if and only if (X2, Ms) is complete.

(2) If (X, M, =) is regular, then (X2, Mo, C) is also regular.

(3) If F' is M —continuous, then ©p is Ma— continuous.

(4) F has the mized monotone property with respect to < if and only if Op is
C-non-decreasing.

(5) F has the mized G—monotone property with respect to < if and only if then
Or is (O¢g, C)-non-decreasing.

(6) If there exist two elements g, g € X with Geg =< F(eq, dp) and Gdy = F(dy,
€0), then there exists a point Vo = (g9, do) € X? such that Og(Vo) C O (V).

(7) If F(X2) C G(X), then ©p(X?) C Oc(X?).

(8) If F and G are commuting in (X, M, <), then O and Og are also commuting
in (X2, Ma, C).

(9) If F and G are compatible in (X, M, <), then O and O¢ are also compatible
in (X2, Ma, C).
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(10) If F and G are weak compatible in (X, M, <), then O and O¢ are also
weak compatible in (X2, Ms, C).

(11) A point (g, §) € X? is a coupled coincidence point of F' and G if and only if
it is a coincidence point of O and O¢.

(12) A point (g, 6) € X? is a coupled fived point of F if and only if it is a fived
point of Op.

Theorem 4.1. Let (X, =) be a partially ordered set and there be a non-Archimedean
fuzzy metric M such that (X, M, ) be a complete non-Archimedean fuzzy metric
space. Assume F : X?> — X and G : X — X are two mappings such that F has
mized G—monotone property with respect to < on X for which there exists ¢ € ®
satisfying

1

(4.1) <M(F(51, 61), F(ea, &), t) _1)

1
< —1
=7 <min{M(G51, Gea, ), M(Gdy, Goa, )} )

for all g1, 61, €2, 62 € X, where Ge1 < Geg and Gy = Gdy. Suppose that F(X?) C
G(X), G is continuous and monotone non-decreasing and the pair {F, G} is com-
patible. Also suppose that either

(a) F is continuous or

(b) (X, M, <) is regular.

Suppose there exists two elements €gy, dg € X with

G€0 j F(€0, 50) and G(50 t F(do, 80).

Then F' and G have a coupled coincidence point. Furthermore, suppose that for
every (g, 6), (¢*,0%) € X2, there exists a point (¢', §') € X? such that (F(¢', &'),
F(4, ¢)) < (F(e, 9), F(0, €)) and (F(¢', §"), F(4, €)) < (F(e*, 6*), F(6*, %)), and
also the pair (F, G) is weakly compatible. Then F and G have a unique common

coupled fixed point.

Proof. Let Vi = (g1, §1) and Vo = (g9, §2) € X? with Og(V1) C O¢(V2). Then
Ge1 =X Geg and Gd; = G6y and so by using (4.1), we have

1 1
<M(F(517 (51),F(€2, (52), t) _1>S(p<min{M(G€1, GEQ, t), M(G(Sl, G(SQ, t)} _1>.
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Furthermore taking into account that Gé; = Gds and Ge; =< Gea, (4.1) also guar-

antees that
1 —1I< 1 —1
M(F(61, €1), F(0a, €2), ) ) =" \min{M(Ge1, Gea, t), M(Goy, Goa, 1)} )

Combining them, we get

< 1
(4.2) max M(F(e1, 01), IF

M(F(617 51)7 F(62a 62)) t)
< < ! — 1> :
- min{M(Gel, Geo, t), M(G(Sl, G, t)}
Thus, it follows from (4.2) that
1

(€2a 62)7 t) - 1) ’
1

( 265 (V1), Or(V2), ¢ >‘1>

1
( ID{M 61, 51) (82, 52), t), M(F(51, 51), F((SQ, 82), t)} _1>

( {< F(e, 51)71F(€2a 82), t) _1>’
(M(F(fba 52),1F(61, e), t) 1> }>
7 (min{M(Gsl, Ge, tl), M(Géy, Go, 1)} _1>

< ( 1
=¥\ My(06(W),

IN

—-1].
@G(‘/Z)’ t) >

O
It is only require to apply Corollary 3.2 with a = O and § = O in the partially

ordered metric space (X2, M, C) taking into account of all items of Lemma 4.1.

Corollary 4.2. Let (X, <) be a partially ordered set and there be a non-Archimedean
fuzzy metric M such that (X, M, x) be a complete non-Archimedean fuzzy metric
space. Assume F : X% — X has mized monotone property with respect to = and

there exists p € ® satisfying

1 1
1)< : 1),
(M(F(El, 51), F(EQ, 52), t) ) B w(mln{M(el, €9, t), M((;l, s, t)} )
for all e1, 01, €2, 09 € X, with 1 <X g9 and 01 = d2. Also suppose that either
(a) F is continuous or

(b) (X, M, <) is regular.
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Suppose there exists two elements €y, 6g € X with
€0 j F(é‘(), 50) and (50 t F((g(), Eo).
Then F has a coupled fized point.

In a similar way, we may state the results analogous to Corollary 3.3 for Theorem
4.1 and Corollary 4.2.

Example 4.1. Suppose that X = [0, 1], equipped with the metric d : X x X — [0,
+00) defined as d(z, y) = max{x, y} and d(z, ) = 0 for all z, y € X with the
natural ordering of real numbers < and x is defined by z x y = xy, for all z, y € [0,
1]. Define

t
M(S, (s, t):m, forall6, 56Xandt>0

Clearly (X, M, %) is a complete non-Archimedean fuzzy metric space. Let F :
X xX — X and G: X — X be defined as

2 52
Fle, §)= 1% and Ge =2, foralle, § € X,
Define ¢ : [0, +00) — [0, +00) by
t fort #1
- lor 3
p(t) =14 3 o
Z’ or v =
Now, for all €1, 61, €2, 09 € X, we have
Case (a). If €2 + 02 = €% + 63, then
£2 + 62

d(F(e1,61), F(e2,02)) = ;

1
ax{e%, 5%} + 8 max{é%, (5%}

IN
(e
=

IN
Wl |~ o

1
d(GEl, GEQ) + 8d(G(51, G(Sg)

IN

max{d(Gsl, GEQ), d(G(Sl, G(SQ)}

It follows that

1

—1
( F(e1, 51 F(eg, 02), 1) )
< —1].
=¥ <m1n{M(G61, G€2, ), M(G(Sl, G(SQ, t)} >
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Case (b). If €2 + 67 # 3 + 63 with €] + 02 < €3 + 63, then

€3 + 62
6

1
max{e?, €3} + 6 max{d%, 03}

d(F(e1,01), F(e2,02)) =

IN

< d(GEl, G€2)+ %d(Gél, G(Sg)
max{d(Gsl, GEQ), d(G(Sb G52)}

It follows that

1
-1
<M(F(€1’ 51)7 F(€27 62)7 t) )
1
-1]).

=7 <min{M(G51, Gea, ), M(GSy, Goa, 1)} >
Similarly, we obtain the same result for €5 + 63 < % 4 0%. Thus the contractive
condition (4.1) is satisfied for all 1, 01, €2, 62 € X. In addition, all the other
conditions of Theorem 4.1 are satisfied and z = (0, 0) is a coincidence point of F’
and G.

5. APPLICATIONS

In this section, we give an application to integral equation of our results. Consider

the integral equation
T

(5.1) c(t) = /K(t, s, 2(s))ds + h(t), t € [0, T,
0

where T' > 0. We introduce the following space:
Cl0, T) ={e: [0, T] — R : € is continuous on [0, T},
equipped with the metric

d(e, 0) = sup |e(t) —d(¢t)], forall e, § € C[0, T].
tel0, T
It is clear that (C[0, T, M, %) is a complete non-Archimedean fuzzy metric space

with respect to the fuzzy metric

t
M(E, 5, t) = m, fOI' all g, (S c C[O, T] and ¢ > O,
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with * is defined by axb = ab, for all a, b € I. Furthermore, C[0, T] can be equipped
with the partial order < as follows: for ¢, § € C[0, T,

e <0 <= ¢(t) <4(t), for each t € [0, T).
Now, we state the main result of this section.

Theorem 5.1. We assume that the following hypotheses hold:
(1) K:[0,T] x [0, T] x R = R and h: R — R are continuous,
(ii) for all s, t, e, 6 € C[0, T] with § < e, we have

K(t, s, 6(s)) < K(t, s, €(s)),

(7it) there exists a continuous function G : [0, T| x [0, T] — [0, +0o0) :

e =4

|K(t, s, ) — K(t, s, §)] <G(t, s)- 5

forall s, t € C[0, T] and e, 6 € R with £ = 0,
T

1
(iv) sup [G(t, s)%ds < —.
te[0, T1 0 T
Then the integral (5.1) has a solution ¢y € C|0, T1.

Proof. Define o : C[0, T| — C10, T'] by
T
/Kt s, €(s))ds + h(t), for all t € [0, T] and € € C[0, T1.
0

First we shall prove that « is non-decreasing. Suppose that 0 < e. From (i), for all
s, t € [0, T|, we have K(t, s, 6(s)) < K(t, s, £(s)). Thus, we get,

/ K(t, s, 6(s))ds+ h(t) / K(t, s, e(s))ds+ h(t) = as(t).

Now, for all g, § € C[0, T] with § < ¢, due to (iii) and by using Cauchy-Schwarz

inequality, we get

d(ae, ad) = sup |ae(t) —ad(t)]
telo, T

< /OTK(t, s, e(s) — K(t, s, 8(s))| ds
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r le(s) — ()]
S/O G(t, s)-fds

[

< ([ oras) ([ (0500 )
Thus
(5.2)  laclt) — ad(t)| < (/(]Tg(t, S)stf (/OT <|€(5>;5<3)\>2d3> é.

Using (iv), we estimate the first and second integral in (5.2) as follows:

(5.3) < /0 Tg(t, 3)2d5> 2
o ([ (Eep ey

Equations (5.2), (5.3) and (5.4) together conclude that

< 1
=7
<VT. d(eé J)

1
d(aeg, ad) < §d(5, 0).

It follows that

1 1 1
M(ae, aé, t) L= 2 (M(a, 5, t) 1) ’
for all e, 6 € C[0, T] with § < e. Thus the contractive condition of Corollary 3.4
satisfied with k£ = 1/2 € (0, 1). Hence, all hypotheses of Corollary 3.4 are satisfied.
Thus, « has a fixed point €9 € C[0, T which is a solution of (5.1). O
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