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REFINEMENT OF HERMITE HADAMARD TYPE
INEQUALITIES FOR CONVEX FUNCTIONS
WITH APPLICATIONS

MUHAMMAD BILAL®* AND AsSIF R. KHANP

ABSTRACT. In this study, we would like to state two refined results related to Her-
mite Hadamard type inequality for convex functions with two distinct techniques.
Hence our obtained results would be better than the results already established for
the class of convex functions. Applications to trapezoidal rule and special means
are also discussed.

“Mathematics has been called the science of tautology; that is to say,
mathematicians have been accused of spending their time proving
that things are equal to themselves. This statement (appropriately
by a philosopher) is rather inaccurate on two counts. In the first
place, mathematics, although the language of science, is not a science.
Rather, it is a creative art. Secondly, the fundamental results of

mathematics are often inequalities rather than equalities.”

— Beckenbach and Bellman

1. INTRODUCTION AND PRELIMINARIES

In Mathematics, the branch of inequality is becoming more popular day by day
due to its applications in almost every field of life. This branch includes many impor-
tant fields of mathematics especially the theory of convex functions which is given
valuable attention in literature from the last few decades. Convexity has its many
applications in daily life like architecture, arts, business, economics, management

science and many more. Among many applications related to the aforementioned
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field, Hermite Hadamard type inequalities are one of the most important due to
a number of applications especially in the field probability theory, approximation
theory, numerical integration and many more. For further study related to the topic
see [2] — [6], [11] — [13] and the cited therein.

Before we proceed further it is to be noted that, here we list down some notation

which we would use in this article:

(1) X denotes the real interval [coy, o],

(2) X° denotes the interior of X
1

(3) and (w1, w2) = / w1 —u)®2  du, wy,wy > 0 is the famous Euler
Beta function.

We shall begin with some important definitions and useful results:
Definition 1.1 ([1]). A function £ : X — R is called convez, if

§(uC + (1 —u)Ca) < ub(Cr) + (1 —u)é(Ca),
V (1,(2 € X and u € [0,1].

Theorem 1.2 ([8]). If¢: X — R is a convex function, then & must holds

(257t feo st

The above stated result is well known as Hermite Hadamard dual inequality for

convex function in literature.

Remark 1.3. It is to be noted that for concave function &, both inequalities would
be in reverse order. Also, Hadamard’s inequality may be regarded as a special case

of refinement of Jensen’s inequality.

In [9], Iscan obtained an integral inequality named as Holder-Iscan integral in-
equality which gives better results than the classical Holder’s integral inequality [12]

is defined as:

Theorem 1.4. Let p > 1 with %4—% =1. If & and & are real functions defined on

[co1, 2] and if |£1|P and |£2|? are integrable on [wy, 3], then

/ €1 () (w)|du
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1

q

< /wz—u &1 (u) [Pdu /w2—u\§2 u)|?du
wg—wl

(1.2) (w/uwl |€1 (w)|Pdu (@/uwl |€2(w)|9du

Remark 1.5. Note that if we put p = g = 2, the above inequality gives us improved

Cauchy—Schwarz integral inequality.

1
q

Q=

A different representation of Hélder-igcan integral inequality is stated as:

Theorem 1.6. Let &1, & are real valued functions defined on [wy,ws] and if |&]
and [&1]|&2|? are integrable on [wy,ws], then for ¢ > 1 we have:

w2

/Kﬂ@&@ﬁm

Q=

1—1
q

o= /w—u\& o /wz—u\& il
1-1 1

(w/uwl €1 (w)du (T/uwl )62 ()] €2 ()| 9

The above inequality is known as Improved power mean integral inequality (see
[10]), which is the refinement of Power mean integral inequality [14].
Now we are stating the following identity extracted from [3] which will be used

Q

to derive our main results of this article.

Lemma 1.7. Let £ : X C R — R be a twice differentiable mapping on X° with
¢" € Llwy, ws]. Then the following identity holds:

(o) +&m@) 1T
e — w/ £(x)d¢

2

1
—w)?
= M /u "(uwmy + (1 — u)wa)du.
0
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In [3], Bhatti, Igbal and Hussain et. al. established the results related to Hermite
Hadamard type inequalities for convex function by using well-known Holder and

Power mean integral inequality as follows:

Theorem 1.8. Let £ : X C [0,00) — R be a twice differentiable mapping on X°
such that £ € Llwy,ws], where wy,wy € X and wy < we. If |7 is convex

function on [ww1,ws| for ¢ > 1 then following inequality holds:

§(w1) + E(w2) 17
e w/ Q)¢
—1)? 1 "o "o é
(1.4) < (w?zl){ﬁ(zwr 1,p+1)}7 (Vf ( 1)\‘“;\5 ( 2)|q) |

201, 1
wzth;—{—g—l.

Theorem 1.9. Let £ : X C (0,00) — R be a twice differentiable mapping on X°
such that §" € Llw,ws], where wy,ws € X° and wy < wa. If |£"|7 is convex
function on [ww1,ws| for ¢ > 1 then following inequality holds:

(1.5)

£(1) + £(2) 7 (@5 — @1)? [ [€"(@)]9 + [¢"(w5)[7\ ¥
L= e < =2 ( ! )

This article is organized as: In the next section, we are going to refine the esti-

mated bounds of the Hermite Hadamard type inequalities (right bound of (1.1)) for
twice differentiable convex functions by using newly defined Holder—Igcan and Im-
proved power mean integral inequalities. These results would provide better bounds
than already obtained in Theorem 1.8 and 1.9. Third and fourth sections deal with
some applications related to Quadrature rules and Special means, respectively. Fifth
section is purely devoted to concluding statements and the last section gives us some

remarks and future ideas for interested researchers.

2. VARIOUS IMPROVEMENTS OF ESTIMATED RIGHT BOUND OF HERMITE
HADAMARD INEQUALITY FOR TWICE DIFFERENTIABLE CONVEX
FuNncTIiON

In this section, we are going to state and prove two refined results related to

Hermite Hadamard type inequalities for twice differentiable convex function using
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Definition 1.1, Theorem 1.4, Theorem 1.6 and Lemma 1.7. Also, we show that our

obtained results would be better than the results obtained in Theorem 1.8 and 1.9.

Theorem 2.1. Let £ : X C [0,00) — R be a twice differentiable mapping on X°
such that §" € Llwi,ws], where wi,wy € X and wy < wa. If |£"|7 is convex

function on [ww1,ws| for ¢ > 1 then following below stated inequality holds:

w2 — )2 1
s i) /f(é)dc < 2T 3 4 1p 4 20} x
wo — W1

)

(2.1) [('5”@1”" : 2lf”<w2>|Q)é . (2|£"<w1>|q6+ |§"<wz>|q>é

g1 1
with >t o= 1.
Proof. Using Lemma 1.7 and the definition of absolute value, we attain

(@) +e=) 1T
: o [eu

1

/ (1 — 0)|[€" (umr + (1 — u)s)|du.

0

(w2 — @1)°

(2.2) <o

1

Applying (1.2) to [ |u(l — u)||¢"(uw1 + (1 — u)ws)|du implies
0

1

[t = )" + (- Wl

0

Q|

p

1 1
< 0/(1 —w)|u(l —u)Pdu 0/(1 — )| (uwwy + (1 — u)w2)|du

1 i
+ /u|u(1 _ ) Pdu /u|£"(uw1 + (1 = w)e)|*du

0 0

3=

1

As we have |¢”]7 is a convex function, so we can take

€7 (uéy + (1 = u)¢2) |7 < ul€”(C)17 + (1 — w)g" (G2)]".
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Utilizing the above two results (2.2) becomes,

§(w1) + E(m2) 1 7 (tog — w1)?
o [eae| < T

1 3 1 1 1
/upu )P du |£"(w1)|q/u(1 —w)du + |€" ()7 /(1 _ u)2du
0 0 0

1 % 1 1 %

+ w1 — u)Pdu 1€ (w)|? [ uldu+ |€" (wa)]? [ u(l — u)du
/ / /

After using the following below stated facts, the result of Theorem 2.1 is accom-
plished.

1 1
/“p“(l—uy’dt:/“p(l—u)p“duzﬁ(p+ Lp+2),
0 0

1
1
1—u)du=
/u( u)du 5
0

1 1
1
/uzdu = /(1 —u)?du = 3
0 0

and

0

Remark 2.2. Here we claim that inequality (2.1) of Theorem 2.1 is better than the
inequality (1.4).

Proof. Since the function h : [0,00) — R, h(¢) = (™, n € (0,1] is concave, we can

write:

w1 + wy” h(wl) +h(w2) <1 <W1 +WQ> _ (w1 +w2)n

2. =
(23) 2 2 2 2

V wi,wy > 0. For the above inequality if we choose

€ (ww1)|9 + 2[¢" (w2)]7 oy = 2|¢" ()| 4 |€" (w2) |
6 ' N 6
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and n = %. Applying the inequality (2.3) to the inequality (2.1), we have
(1) + §(2) i (w2 = =1)?
w1) + (@2 1 W — W1 1
- (| < ——— 1 2
: [0 < =T B+ Lp+ 2} x
w1

[<m%wnwtfw%wﬂw>é+(me%wnw;mwwgw>;

< (@2 — @) {Bp+1,p+2)}7 x
[1(E%w””+2k%wﬂw+2§%wnw+m%wg“>r

2 6
- (= ;1w1)2 {B(p+1,p+2)}7 [|§”(w1)‘q ; !f”(wzﬂq] E
By using
B¢, +1) = & B¢, C2)
) Cl + €2 b
we get our required result i.e. inequality (1.4). O

Theorem 2.3. Let £ : X C (0,00) — R be a twice differentiable mapping on X°
such that §" € Llwy,ws], where wy,ws € X° and wy < wa. If |£"|7 is convex

function on [wy,ws] for ¢ > 1 then following inequality holds:

{(w1) + &(m2) 17 (2 — w1)?
o - [eae| < P
(2.4) [(2\5"(W1)!q J5r 3!5”(@2)\q>3 N <3\§”(w1)!q J5r 215"(@)@) é] |
Proof. Using Lemma 1.7 and the definition of absolute value, we attain
) té@) 1T
- —— [
) 1
(@2 — 1)

< 5 / lu(1 — u)||€" (uwor + (1 — u)w2)|du.

0
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Applying (1.3) to }\u(l —u)|[¢"(uw1 + (1 — u)w2)|du implies
0
1
/ lu(1 —u)||¢" (uwmy + (1 — u)ws)|du

0

1 -2/
= (/(1 —u)lu(l - U)d“) (/(1 —u)|u(l —w)||g" (uwy + (1 — U)wz)qdu)
0 0
1 -4 /1 3
+ (/uu(l - u)du) (/uu(l — )€ (e + (1 — u)wQ)qdu)

0 0

q

As we have |£”|? is a convex function, so we can take

€7 (uy + (1 = u)G2) 1 < ul€”(C)|* + (1 — u)[§7(C2) 17

Utilizing the above two results (2.5) becomes,

b)) +E(m) 1 [ (@2 — 1)’
2 _WQ—zmw/g(OdC Sf
1 1-4 1 1 3
(/ u(l - u)2du) (5/'(w1)q/u2(1 —u)?du + |£”(w2)q/u(1 - u)gdu)
0 0 0
1 1-3 1 1 7
2(1 —w)du ") [ (1 —u)du "wo)|? [ w?(1 —u)’du
+(O/u<1 >d> <£<1>0/ (1 - wyd +|5<2>|0/ a >d)

After using the following below stated facts, the result of Theorem 2.3 is accom-
plished.

1 1
1
/u2(1 —u)du = /u(l —u)?du = 12’
0 0

1
1
2 2
1—u)’du= —
/“( wdu =35
0
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and

1 1
1
CBdu = 31— _1
/u(l u)’du /u (1 —wu)du 50"
0 0
U

Remark 2.4. Also we claim that inequality (2.4) of Theorem 2.3 is better than the
inequality (1.5).

Proof. We can prove this claim in a similar manner as we done in Remark 2.2. So,
we replace
_ 2@ 3" (@) 3[€" (@[ + 2[€"(w2)|
5 o 5
1

and n = 2 in the inequality (2.3) and apply it to the inequality (2.4), we have

w1

E(1) + £() 17 (w3 — 1)
; —m_wl/s(c)dc < Z2o 2

[(2I§”(W1)|q 45r 3|€”(w2)lq) i N (3\5”(W1)|q J5r 2|€”(w2)\q> é]

< (o2 [1 (Bl + U+ ol + 2l
- 12 2 )

_ (m—m)? [m"(wl)w - If"(wz)!q];

12 2

which is our required result i.e., inequality (1.5). O

In the next two sections we are going to give some applications of our obtained

results to trapezoidal rule and special means.

3. APPLICATION TO TRAPEZOIDAL RULE

Let J be a division of the interval [y, ws], i.e., J: w1 =y < Y1 < ... < Yp—1 <

Yn = w9 and consider the quadrature formula

I= / E(C)dC = T(E,J) + R(E,.J)
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where

n—1

T(E,J) = Z §(yk) +2§(yk+1) (

Yk+1 — Z/k)
k=0

is the trapezoidal formula and R(§,J) denotes the associated approximation error

of the integral I.

Theorem 3.1. Let & : X C [0,00) — R be a twice differentiable mapping on X° such
that £" € L{w, ws], where wi,ws € X and wy < we. If |£"|? is convex function on

[co1, @] for every partition J of [w1,we| with ¢ > 1 then following inequality holds:

—_

*Z Y1 — un)* B+ 1,p+2)}7 x
k=0

[\

[ <r§"<yk>rq +62§"<yk+1>\q> N (2\5”<yk>\q - \f”(yk+l>\q> ]

n—1 ” " 1
B <2 e - w) B+ Lo+ D Ps it + I <yk+1>|] |
k=0

wzth;—l—g—l.

Proof. Applying inequality (2.1) on [yx, yx+1] and summing over k from 0 to n — 1
and then by using triangular inequality we get (3.1). O

Theorem 3.2. Let £ : X C (0,00) — R be a twice differentiable mapping on X°
such that §" € Llwi,ws], where wy,ws € X° and wy < wa. If |7 is convex
function on [wy,ws| for every division J of [wi,ws] with ¢ > 1 then following

inequality holds:

[y

RED < o 3 — )P

=0

(3‘8/(”’“)"1 +2lé"<yk+1>lq>;]

ol

5 +

n—1

i(ykﬂ — )’ [Kﬂ(yk)’q i ’gﬂ(ykﬂ)’q] "

2
k=0

[<2|f"<yk>rq +3§"<yk+1>|q>3
5

1
12

(3.2) <

Proof. The proof of the above result is followed with a similar technique applying

on inequality (2.4) instead of inequality (2.1) as we done in Theorem 3.1. O
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4. APPLICATION TO SPECIAL MEANS

We start with the definition of following special means extracted from [7]:
(1) The Arithmetic mean:

A= Alwy,m3) = @; w1, ws € [0, 00).
(2) The Harmonic mean:
2@1@2
H=H = ——:7 0 .
(w17w2) ’ZD'1+W2’ wl)WQE( 700)

(3) The Geometric mean:
G = G(w1,w2) = owz; @i, w2 € [0,00).

(4) The Logarithmic mean:

w2 — W1

L= L(wl,WQ) = ; W1 7& wy w1, wW € (0,00).

Inwse — Inw
(5) The p-Logarithmic mean:
prJrl _ wlerl

(p+1)(w2 — @1)

P
L, = Ly(w,ws) = [ } ; w1 # wa, wi, w2 € (0,00),

where p € R — {—1,0}.
(6) The Identric mean:

1 [wy™
I =1(w,ws) = - [w2

w2 —wW]
. } ; w1 Fwa wr,ws € (0,00).

w1 %1
Now we are going to give some relations among different means by using results

obtained in previous section.

1
Example 4.1. Let the function £ be defined by £(¢) = ¢ and 0 < w) < wy then

we have:

T 7
M/«S(C)dC = L Y@, @) =LY,

w1

§(@1) + &(w2)
2

= Hﬁl(wl,wﬂ = Hil,

6 el 6
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1
<|§// wl |q+2|£//(w2)| )1 B ) (2wl3q+wQSQ)q
GS ’

G6 6

1
(35" @1 |q+2|§"<w2>\ ) 2 <2w13q+3wg3q>q
5

and

1
2|§// wl |q+3|£ll( )| )}1 B ) <3wl3q+2W23(J)q
= — f .

(1) Then (2.1) becomes,

(4.1)

1 1
<mo=) E;ewl)Q {(Bp+1,p+2)}r legq + 2w23q) "y <2w13q ha w23q) q] .

(2) Then (2.4) becomes,

1 1
|H -7 < (wg — @1)? [<2W13q +3W23q> Ty <3w13‘1 +2m3q) q] .

12GS 5 )

Example 4.2. Let the function £ be defined by £(¢) = ¢™ with 0 < w; < wy and
n € R\ {—1,0} then we have:

1
[0 = i@ m) - I

§(w@1) + §(w2)

2 - A(wln7w2n) )

q(n—2) q(n—2) \ 4
=n(n—-1) (2w1 g_w2 > ,

(GEAREEEN ) _n(n-1) <w1q<n—2> + 2w2q<n—2>> 5

Q=
Q=

<2I£”(W1 |7+ 1€" (=2)]

Q

6

Q=

1
(3‘5”(731)’(1 4 2’6// wQ <3w1q(”2) + 2w2q(n2)> q
=n(n—1)

5
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and
1

1
<2|§"<w1>rq : 315"<w2>|q> ' (zwlqw : 3w2q<n—z>> :

(1) Then (2.1) becomes,

(@2 — @)

- A" m) < Z P a1+ 9

1 1
q(n—2) q(n—=2)\ ¢ q(n—2) 2 q(n—2) \ ¢
43)  n(n—1) {(2@71 ng ) + (wl *6 2 ) ] .

(2) Then (2.4) becomes,

(@2 — =)
24

1 1
q(n—2) q(n—2)\ ¢ 95, 4(n—2) an=2)\ 4
(4.4) {(3@ ;2@ ) +< “1 g3w2 ) ] .

Example 4.3. Let the function £ be defined by £(¢) = —In¢ and 0 < w; < wy

then we have:

|Ly — A(w ", w2")| < [n(n —1)]x

w;wl/i(é)dc = —InI(wy,w9) = —Inl,

§(@1) + &(2)

9 :—lnG(wl,wQ):—lnG,

1

1 (@129 + 2924\ 4
ez 6 ’

1

<QW12‘1 + o )q

1
1 <2w12q+3w2 q)g
4

Q=

Q=

[§" ()| +2|§” (w2)|?

(2|€” w1)|? + [§" (2)]

Qe

and

1
ez 5

) -
)'-
(3 € (w1 +2I€” (w2) )
) -

1
<2|§// wl |q+3|£// w2 (3wl2q+QW2 Q)q
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(1) Then (2.1) becomes,

_ 2 1
gg?l){ﬁ(p +1,p+2)}rx

1 1
2q 9 29\ ¢ 2 2q 29\ ¢
(4.5) [(wl +6 w3 )q n < @1 gr?m )q] :

(2) Then (2.4) becomes,
1 1
200124 4 320\ @ 3129 4 20920\ ¢
5 + 5 .

5. CONCLUSION

I (w2
In—| <
nG‘_

wy — w1)?
24G4

(4.6)

Il _(
In=| <
nG’_

Hermite Hadamard dual inequality is one of the most recognized inequalities. We
can find its various refinements and variants in literature. We have given its refine-
ment for ordinary convex functions. In Section 2, we have stated two distinct results
related to refinement of estimated right bound of Hermite Hadamard dual inequality
in the absolute sense for the aforementioned class of twice differentiable functions.
Here we used two distinct techniques including Hélder—kcan and Improved power
mean integral inequalities. These results are better than the results obtained in the
article [3]. In Section 3 and 4, we have obtained some relations between our de-
rived results with well known trapezoidal rule and special means, respectively. Last
section is devoted to some remarks and future ideas for readers.

Now, we are going to give some remarks and future ideas related to our stated

results.

6. REMARKS AND FUTURE IDEAS

(1) All the inequalities given in this article can be stated in reverse direction
for concave function using simple relation £ is concave if and only if —¢ is
convex.

(2) From [15, p. 140] for convex function { we have that

1 7 w1 + w2
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w2
wi) + &(w 1
6.1) < ) teem) [e©ic
wo — W1
w1
In all our results stated in Section 2, we have found refined bounds only for
w2
w1) + &(w 1
w9 — W1
w1

by using relation given in (6.1) we automatically get refined bounds for

(T3 - oo [

(3) One may also work on Fejer Hermite Hadamard type inequality by intro-

ducing symmetric weights to our obtained results.
(4) One may also work on Weighted Hermite Hadamard type inequality by
introducing non symmetric weights to our obtained results.
(5) One may do similar work by using various distinct classes of convex func-
tions.
(6) One may try to state all results stated in this article in discrete case.
(7) One may also state all results stated in this article in Multi-dimensions.
(8)
(9)

9

One can extend this work to time scale domain or Quantum Calculus.

One can try to attain this work for Fuzzy set theory.

REFERENCES

. A. Arshad & A. R. Khan: Hermite Hadamard-Fejer type inequalities for s-p-convex
functions of several senses. TJMM 11 (2019), 25-40.

. M.I. Bhatti, S.S. Dragomir, M. Igbal & M. Muddassar: Some new Hermite Hadamard
type fractional integral inequalities. J. Comp. Anal. Appl. 18 (2015), no. 4, 655-661.

. M.I. Bhatti, M. Igbal & M. Hussain: Hadamard-type inequalities for s-convex functions
I. Punjab. Univ. J. Math. 41 (2009), 51-60.

. M. Bilal & A.R. Khan: New Generalized Hermite Hadamard Inequalities for p-convex
functions in the mixed kind. EJPAM 14 (2021), no. 3, 863-880. https://doi.org/
10.29020/nybg . ejpam.v14i3.4015

. M. Bilal & A.R. Khan: On Some New Hermite Hadamard Dual Inequalities. JMCMS
16 (2021), no. 7, 93-98. https://doi.org/10.26782/jmcms.2021.07.00008

. M. Bilal & A.R. Khan: New Hermite Hadamard Dual Inequality for s-p-convex func-
tions in mixed kind. (Accepted).



48

10.

11.

12.

13.

14.

15.

MUHAMMAD BiLAL & Asir R. KHAN

. M. Bilal, N. Irshad & A.R. Khan: New version of generalized Ostrowski-Griiss type

inequality. Stud. Univ. Babeg-Bolyai Math. 66 (2021), no. 3, 441-455. http://dx.doi.
org/10.24193/subbmath.2021.3.03

Ch. Hermite: Sur deux limites d’une int’egrale d’efinie. Mathesis 3 (1883), 82.

I. Iscan: New refinements for integral and sum forms of H’older inequality. J. Ineq. &
Appl. 2019 (2019), Article 304. https://doi. org/10.1186/s13660-019-2258-5

M. Kadakal, 1. Iscan, H. Kadakal & K. Bekar: On improvements of some integral
inequalities. Researchgate. https://doi.org/10.5831/HMJ.2021.43.3.441

A.R. Khan, I.U. Khan & S. Muhammad: Hermite Hadamard type fractional inequali-
ties for s-convex functions of mixed kind. TMCS 1 (2021), 25-37.

D.S. Mitrinovi¢, J. E. Peéari¢ & A.M. Fink: Classical and new inequalities in analysis.
Kluwer Academic Publishers, Dordrecht (1993).

M.E. Ozdemir, M. Avci & H. Kavurmaci: Hermite Hadamard-type inequalities via
(o, m) convexity. Comp. Math. App. 61 (2011), 2614-2620. https://doi.org/10.
1016/j.camwa.2011.02.053

S. Ozcan & L Iscan: Some new Hermite Hadamard type inequalities for s-convex func-
tions and their applications. J. Ineq. App. (2019), Article 201. https://doi.org/10.
1186/s13660-019-2151-2

J. Pecari¢, F. Proschan & Y.L. Tong: Convex functions, Partial Orderings and Statis-
tical Applications. Academic Press, New York, 1992.

“PROFESSOR: DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KARACHI, UNIVERSITY ROAD,
KARACHI-75270, PAKISTAN
Email address: mbilalfawad@gmail.com

PPROFESSOR: DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KARACHI, UNIVERSITY ROAD,
KARACHI-75270, PAKISTAN
Email address: asifrk@uok.edu.pk



