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TWO SUBRAHMANYAM TYPE OF COMMON FIXED POINT
THEOREMS IN COMPLETE METRIC SPACES

SEUNG HYuN KiM? AND MEE KwANG KANG P *

ABSTRACT. In this paper, we introduce new types of weakly Picard operators being
available to a much wider class of maps, and prove common fixed point theorems of
Subrahmanyam type for two these weakly Picard operators in the collection of single-
valued and multi-valued mappings in complete metric spaces. Our results extend
and generalize the corresponding fixed point theorems in the literature [3, 6].

1. INTRODUCTION

Suzuki [8] categorized fixed point theorems on metric spaces (X, d) into the fol-

lowing four types;

(1) Leader type [4] : T has a unique fixed point and {T™z} converges to the
fixed point for all z € X.

(2) Unnamed type : T has a unique fixed point and {7"z} does not necessarily
converge to the fixed point for all z € X.

(3) Subrahmanyam type [7] : T' may have more than one fixed point and {T"z}
converges to a fixed point for all z € X.

(4) Caristi type [1, 2] : T" may have more than one fixed point and {T"x} does

not necessarily converge to a fixed point for all z € X.

Khojasteh et. al. [3] introduced two types of fixed point theorems in the collection
of multi-valued and single valued mappings and proved them, which belongs to (3).
One year later, Rhoades [6] extended the results of Khojasteh et. al. [3] to two maps

and to a much wider class of maps.
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Motivated by the previous works, in this paper, we establish two Subrahmanyam
types of common fixed point theorems in the collection of single-valued and multi-
valued mappings in metric spaces, which generalize the corresponding results of
Rhoades [6].

2. CoMMON FIXED POINT THEOREM FOR SINGLE-VALUED MAPPINGS

First of all, we prove the following lemma to obtain a common fixed point theorem.

Lemma 2.1. Let (X, d) be a complete metric space and let S and T be self-mappings
on X satisfying, for all z,y € X,

(2.1) p(d(Sz,Ty)) < N(x,y) - p(m(z,y)) — Y(m(z,y)),
where
(2.2) N(z,y) = max{d(z, y), d(z, Sx) + d(y, Ty), d(=,Ty) + d(y, Sz)}

d(z,Sz)+d(y, Ty) + 1 ’

d(z,Ty) + d(y, Sm)}
2 )

¢ :[0,00) — [0,00) a non-decreasing continuous function and 1) : [0,00) — [0,00) a
continuous function with ¥ (t) = 0 if and only if t = 0. Then each fized point of S

s a fixed point of T', and vice versa.

(2.3)  m(x,y) = max{d(x,y),d(x,Sz),d(y, Ty),

Proof. Let p is a fixed point of S and suppose that p is not a fixed point of T'. From
(2.2), we have

_ max{d(p,p),d(p, Sp) +d(p,Tp),d(p,Tp) +d(p,Sp)}  d(p,Tp)
Np.p) = d(p, Sp) + d(p, Tp) + 1 ~ d(p,Tp) +1 <!

and, from (2.3),

m(p,p) = max{d(p, p), d(p, Sp), d(p, Tp), d(p. Tp) —; 4P, Sp)} = d(p, Tp).

Substituting the above inequality and equality into (2.1), we get

©(d(p,Tp)) = ¢(d(Sp, Tp)) < N(p,p)-e(m(p,p)) —(m(p,p))
< ¢(d(p,Tp)) — ¢(d(p,Tp)),

which implies that ¢ (d(p, Tp)) < 0. This contradicts the fact that the range of 1 is
[0,00). Therefore, p is a fixed point of T'.

Similarly, it can be shown that, if ¢ is a fixed point of T" then it is also a fixed
point of S. n
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Theorem 2.2. Assume that S and T satisfy the hypotheses of Lemma 2.1. Then
(a) S and T have at least one common fized point p € X.

(b) For even natural number n, {(ST)2x} and {T(ST)zx} converge to a common
fized point for x € X.

(c) If p and q are distinct common fixed ponits of S and T, then d(p,q) > %

Proof. (a) Let z¢ be an arbitrary element of X and define {z,} by
(2.4) Ton41 = STon, Ton+2 = LT Tony1 for ne NU {O}

Suppose that there exists n € NU {0} such that zo,+1 = x2,42. Then, from (2.4),
Ton41 = Tont2 = T'Topt1, thus xon41 is a fixed point of T. By Lemma 2.1, 22,41 is
a fixed point of S and so it is a common fixed point of S and T

Similarly, if there exists n € NU{0} such that za,, = x2,+1, then xg, is a common
fixed point of S and 7.

Therefore, we assume that
(2.5) Ty # Tpy1 for n € NU{0}.

From (2.1) and (2.4), we have

W(d($2n+1,fﬁ2n+2)) = @(d(Szan, Trony1))
(2.6) < N(z2n, T2n+1) - o(M(T20, T2n+1)) — Y(M( 220, T2n+1))-

Defining d,, := d(zy, Tp+1), from (2.2), (2.4) and the metric triangle property,

N(zop, Ton+1) = max{d(zon, Ton+t1), d(2n, Swan) + d(x2n+1, TTon+1), d(T2n, TTon+1)
+d(xon+1, Swan) }/(d(x2n, STapn) + d(xant1, TTon+1) + 1)
= max{d(z2n, Tan+1), d(T2n, Tan+1) + A(T2n+1, Tant2), d(T2n, Tan+2)

+d(T2n+1, T2an+1) }/ (d(T2n, T2nt1) + d(T2nt1, T2nt2) + 1)
max{day, don + dony1,don + dopy1}
dop + dopy1 + 1
dop, + don+1

27 — - 79y
(2.7) dop + dopy1 + 1 =0

m(Ton, Tont1) = max{d(xon,Tont+1), d(T2n, ST2n), d(T2n+1, TTon+1),

d TL?T mn d mn 7S n
(2.8) (xon, T +1);‘ (T2n+1, Swo )}
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== max{d(l?nv $2n+1), d(xQTM x2n+1)7 d(x2n+17 x2n+2)7
d(T2n, T2ny2) + d(T2n41, T2nt1) )
2
= max{dgn, d2n+1}.

Substituting (2.7) and (2.8) into (2.6), since da, # 0, we obtain the following in-
equality

o(dont1) < Pon - p(max{day,,dont1}) — (max{day,, dont1})
Bon - p(max{dan, don+1})
(2.9) = [Bon - ©(d2n).

A

If max{don,don+1} = dony1 in the last formula, then the above inequality means
(1 — Boapn)p(dans1) < 0. Since 0 < P2, < 1, ¢(dapt1) < 0, which contradicts the
range of .

Applying the same method to ¢(da,) instead of ¢(d2,+1) in (2.6), we have
(2.10) ¢(dan) < Ban—1 - ¢(dan—1).
Therefore, from (2.9) and (2.10), we have
P(dn) < Br-1 - @(dn-1) < @(dn-1).
Since ¢ is non-decreasing,
(2.11) d,, < dp—1 for each n € N.

On the other hand, for n € N, 6, < 3,—1. In fact, the function f : R — R defined
by f(x) = -% is increasing and d,, + dy,+1 < dp—1 +d,, so that we have, from (2.11),

r+1
dn + dn+1 dnfl + dn
dn+dn+1+1 dn—l_’_dn'f‘l7
and thus
(2.12) Bn < Bn_1 for n € N.

From (2.11) and (2.12), we have

(2.13) dp, < p1-dp—1 < 07 - do.
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For any positive integers m, n with m > n, it follows from (2.13) that

m—1 m—1
A(wn, 2m) < D di< Y Bi-do
- mfn_fl ) ﬁn
= ﬂ?do Z ,3{<1 L Clo.
< ~ 51

Therefore {z,} is a Cauchy sequence. Since X is complete, there exists p € X such
that lim z,, = p. Using (2.1)-(2.3), we have
n—oo
N(z2n,p) < max{d(z2n,p), d(@2n, T2nt1) + d(p, T'p), d(22n, Tp)
+d(p7 $2n+1)}/(d($2n7 l'2n+1) + d(p7 Tp) + 1)a

d(zopn, Tp) + d(p, xop
m(CUQn,p) Smax{d(xgn,p),d(l’gn,xgn_,_l),d(p,Tp), ( 2 p) 92 (p 2 +1)}

and

o(d(w2n41,Tp)) = (d(Sz2n,Tp))
< N(zn,p) - o(m(xon,p)) — ¥(m(z2m,p)).

A

Taking the limit of both sides of the above inequalty as n — oo
e(d(p,Tp)) < cm ~(d(p, Tp)),
which implies that p = T'p. From Lemma 2.1, p is a fixed point of S.
(b) For x € X, let x1 = Tz. Define x3, = Szo,—1 and xo, 1 = Tx9, for n € N.
Then {(ST)2z} and {T(ST)zz} converge to common fixed point of S and 7.
(c) Suppose that p and ¢ are distinct common fixed points of S and T. From
(2.2) and (2.3), we obtain

max{d(p, q),d(p, Sp) + d(q,Tq),d(p, Tq) + d(q, Sp)}
d(p, Sp) +d(q,Tq) + 1

N(p,q) = = 2d(p,q)

and

m(p, q) = max{d(p,q),d(p, Sp),d(q, Tq),
Thus, (2.1) becomes
e(d(p,q)) = »(d(Sp,Tq))
N(p,q) - p(m(p,q)) — b(m(p,q)) < 2d(p,q)e(d(p,q)),

which implies that (1 — 2d(p, q))¢(d(p, q)) < 0. Hence, d(p,q) > 3. O

d(p, Tq) -2F d(g, Sp)} = d(p,q).

IN
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If we put ¢(t) =t and 9(t) = 0, then Theorem 2.2 can be modified as follows,

which is the common fixed point theorem in [6].
Theorem 2.3. Let (X,d) be a complete metric space, S, T selfmaps of X satisfying
d(Sz, Ty) < N(z,y)m(w,y) for all 2,y € X,

where
Nz.y) = max{d(z,vy), d(z, Sz) + d(y, Ty),d(x, Ty) + d(y, Sx)}
o d(z, Sx) +d(y, Ty) + 1
and
d xz, T + d 5 Tx
m(x7 y) - max{d(x7 y)’ d(x7 SJE‘), d(y7 Ty)’ ( y) 2 (y ) }
Then

(a) S and T have at least one common fized point p € X.
(b) For even natural number n, {(ST)2x} and {T(ST)zx} converge to a common
fized point for x € X.
. , 1
(c) If p and q are distinct common fized ponits of S and T', then d(p,q) > 5.

Theorem 2.4. [3] Let (X, d) be a complete metric space, T selfmaps of X satisfying

(2.14)  d(Tz,Ty) < d(z,Ty) + d(y, Tx)

X.
~d(x,Tx) +d(y, Ty) + 1d(l‘,y) for all x,y €

Then

(a) T has at least one fized point p € X.

(b) {T™z} converges to a fized point for x € X.

(c) If p and q are distinct fixed ponits of T, then d(p,q) > %

Proof. If we put ¢ = I, ¢(t) = 0 and S = T in (2.1), then the inequality (2.14)
satisfies the hypotheses of Theorem 2.2 and so we obtain Theorem 2.4. O

3. CoMMON Fi1xED POINT THEOREM FOR MULTI-VALUED MAPPINGS

We shall need the following notations for a common fixed point theorem on multi-

valued mappings;
CB(X) = {A|A is a nonempty closed and bounded subset of X},
D(a, B) = inf{d(a,b)|b € B} for a € X,
d(a, B) = sup{d(a,b)|b € B} for a € X,

H(A, B) = max{sup D(z, B), sup D(y, A)}.
z€A yeB
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Lemma 3.1 ([5]). Let A,B € CB(X), and let x € A. Then, for each o > 0, there
exists y € B such that
d(z,y) < H(A,B) + a.

Lemma 3.2. Let (X,d) be a complete metric space and let S and T be multi-valued
mappings from X into CB(X) satisfying, for all z,y € X,

(3.1) o(H(Sz, Ty)) < N(z,9) - o(m(z,y)) — v(m(z,v)),
where
(3.2) N(z,y) = 22x{d(z.y). Dz, ) + D(y, Ty), D(x, Ty) + D(y, Sz)}

d(z,Sz)+ 6y, Ty) + 1 ’

(3.3) m(z,y) = max{d(z,y), D(z, Sz), D(y, Ty), D(z,Ty) —2|—D(y, Sx) ,

@ : [0,00) — [0,00) a non-decreasing continuous function with ¢(ct) = cp(t) and
Y 1 [0,00) — [0,00) a continuous function with 1p(t) = 0 if and only if t = 0. Then
each fixed point of S is a fixed point of T', and vice versa.

Proof. Suppose that p is a fixed point of S. From (3.1) and the definition of H,

©(D(p,Tp)) = p(H(p, Tp)) = (H(Sp,Tp)) < N(p,p)-(m(p,p)) —v(m(p,p)).
From (3.2) and (3.3), we have
max{d(p,p), D(p, Sp) + D(p, Tp), D(p, Tp) + D(p, Sp)} D(p, Tp)

N 5 = —
(#.) 5(p.5p) + 6(p. Tp) + 1 S Tp) +1
D(p, Tp)

WY . 3<

D(p,Tp) +1 B
and

D(p, Tp) + D(p, S

m(p,p) = max{d(p,p), D(p, Sp), D(p, Tp), v p)2 (v p)}zD(nTp).
Therefore

o(D(p,Tp)) < B-o(D(p,Tp)) —v(D(p,Tp))
< @(D(p,Tp)) — ¥ (D(p, Tp)),

which implies that ¥ (D(p,Tp)) < 0. This contradicts the fact that the range of 1
is [0,00). Therefore, p is a fixed point of T'.

N

Similarly, it can be shown that, if ¢ is a fixed point of T" then it is a fixed point
of S. ]
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Theorem 3.3. Assume that S and T satisfy the hypotheses of Lemma 3.2. Then
(a) S and T have at least one common fized point p € X.

(b) For even natural number n, {(ST)2x} and {T(ST)zx} converge to a common
fized point for x € X.

(c) If p and q are distinct common fixed ponits of S and T, then d(p,q) >

[l

Proof. (a) Let g € X and x; € Sxg. Define h,, by

dnfl +dn
4 hp =+ 0Bp=4| —mF——.
(3.4) b dp—1+dp+1

From Lemma 3.1, for 0 < hy < 1, i.e. h% — 1> 0, we can take xo € Tz such that

1 1
d(x1,22) < H(Sxo,Tx1) + (h—1 — 1)H(Szo,Tz1) = h—lH(SxO,Txl).

In a similar manner, for 0 < ho < 1, we can take xg € Sxo such that

1 1
d(x9,x3) = d(xs,x9) < H(Sxwo,Tx1) + (h—2 —1)H(Sz9,Tx1) = h—ZH(ng,Txl).

Continuing this process, for 0 < hg, < 1, we can take xo,4+1 € Sza, such that

1
(3.5) d(%zn, x2n+1) S KH(SI‘QR, T.%anl)

and for 0 < hop11 < 1, we can take xo,19 € TTo,41 such that

(3.6) d(x2n41, Tant2) <

N H(S:Egn, T$2n+1).

If there exists n € N such that H(Sza,,Tx2,—1) = 0, then Sxzo, = Txa,_1,
which implies that zs, € Sxg,, since xo, € Txo,_1, and xg, is a fixed point of S.
By Lemma 3.2, z9, is a fixed point of T'. Similarly, if there exists n € N such that
H(Szop, Txont+1) = 0, then zg,41 is a common fixed point of S and T'. Therefore,
we assume that H(Szop,, Tron—1) # 0 and H(Szoy, Txon41) # 0.

On the other hand, if there exists n € N such that xo, = x9,+1, then, since
Ton+1 € STop, Top is a fixed point of S. By Lemma 3.2, x4, is a fixed point of T
Similarly, if there exists n € N such that xo,4+1 = xop42, then xo,41 is a common

fixed point of S and T'. Therefore, we also assume that x, # z,41 for n € N.
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From (3.2), (3.3) and (3.4), we get
N(zon, xon—1) = max{d(zon,Zon—-1), D(Ton, ST2,) + D(x2n—1, TT2n—1),
D(xon, Txon—1) + D(x2n—1, Sx2n)}/(0(z2n, ST2n)
+6(xon—1,Txon—1)+ 1)

< max{don—1,d(x2n, Tont+1) + d(T2n—1, T2n), d(T2n, Ton)
+d(xon—1, Ton+1)}/ (d(z2n, Tont1) + d(x2n—1, T2n) + 1)
max{don—1,don + don—1,don + dop—1}
3.7 < — By,
(3.7 - dop + dap—1 + 1 &
and
m(zan, Tan—1) = max{d(xon,,Tom—1), D(T2n, Sxan), D(x2n—1,TT2r-1),
D(zopn, Txon—1) + D(xon_1, S$2n)}
2
= max{don—1,d(Ton, Ton+1), A(T2n—1, T2n),
d(zan, xan) + d(T2n—1, T2n+1)
2 }
(38) = max{dgn_l, dgn}.
Substituting (3.7), (3.8) into (3.5), we have
1 1
o(dan) = (d(xon, Ton+1)) < ‘P(gH(Sx2n7T=T2nfl)) = ESO(H(SCC%,TCU%A))

1
< EﬂQn p(max{dan—1,dan}) < \/Bon - p(d2n—1)-
n
A similar computation verifies that

o(dan+1) < v/ Pont1 - o(dan).

From the above inequalities, we obtain

(3.9) o(dn+1) < v/ Bnt1 - e(dy) for n e N.

Therefore, {d,} is a monotone decreasing positive real sequence. Taking the limit

of both sides of (3.9) an n — oo, we have lim d,, = 0.

For any integers m,n > 0, using (3.9),

m—1 m—1 m—1
A(@n, 2m) < dp < (Bre1++-Po)do = do > _ ay,
k=n k=n k=n

k41

where a, = Op_1---0y. Since lim ar

k—o00
implies that {z,} is a Cauchy sequence, hence it converges to some point p € X,

lim B = 0, > ay, converges, which
k—o0
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since X is complete. Using (3.1)-(3.3), we have

N(zon,p) < max{d(xan,p),d(x2n, x2n+1) + D(p, Tp), D(x2n, Tp)
+d(p, xon41)}/(6(x2n, T2ny1) + 6(p, Tp) + 1),

D($2n7 Tp) + d(p, J;Zn—l—l)

m(z2n, p) < max{d(xan,p), d(T2n, 2n+1), D(p, Tp), 5 }
and
p(d(w2n41,Tp)) = @(H(S22n,Tp))
< N(xom,p) - (m(x2n, p)) — Y(m(z2n,p)).

Taking the limit of both sides of the above inequalty as n — oo
D(p,Tp)
D(p,Tp) +1
which implies that p is a fixed point of T'. From Lemma 3.2, p is a fixed point of S.
(b) For z € X, let 1 € Tz. Define x9, € Szo,—1 and x9,41 € Txo, for n € N.
Then {(ST)2z} and {T(ST)zz} converge to common fixed point of S and 7.
(c) Suppose that p and ¢ are distinct common fixed points of S and 7.

@(D(p,Tp)) < @(D(p, Tp)),

(3.10) d(p,q) < D(p, Sp) + D(Sp,Tq) + D(T'q,q) < H(Sp,Tq).

From (3.2) and (3.3), we obtain
max{d(p, q), D(p, Sp) + D(q,Tq), D(p,Tq) + D(q,Sp)}

Nip.g) = 6(p,Sp) + (¢, Tq) + 1 = 2d(p, )
and
m(p,q) = max{d(p,q), D(p, Sp), D(q,Tq), Dip.Tg) + Dig, Sp)} = d(p, q)-

2
Thus, (2.1) becomes

e(d(p,q)) = »(d(Sp,Tq))
N(p,q) - p(m(p,q)) — b(m(p,q)) < 2d(p,q)e(d(p,q)),
which implies that (1 — 2d(p, q))¢(d(p,q)) < 0. Hence, d(p,q) > % O

IN

If we put ¢(t) =t and 9(t) = 0, then Theorem 3.3 can be modified as follows,

which is the common fixed point theorem in [6].

Theorem 3.4. Let (X,d) be a complete metric space, S, T selfmaps of X satisfying

H(Sz,Ty) < N(z,y)m(z,y) for all z,y € X,
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where
N(z,y) = max{d(z,y), D(z,Sz) + D(y,Ty), D(x, Ty) + D(y, Sz)}
| d(x, Sz) +0(y, Ty) +1
and
m(z,y) = max{d(z.y), D(z, Sz), Dy, Ty), 2T POy
Then

(a) S and T have at least one common fized point p € X.
(b) For even natural number n, {(ST)2x} and {T(ST)zx} converge to a common
fixed point for x € X.
e - 1
(c) If p and q are distinct common fized ponits of S and T', then d(p,q) > 5.

In Theorem 3.3, if ¢ is the identity function, ¢ the zero function and S = T,
then the main theorem of Khojasteh et. al. [3] for multi-valued mappings can be

obtained as a corollary of Theorem 3.3.

Theorem 3.5. Let (X,d) be a complete metric space, T selfmaps of X satisfying
D(x, Ty) + D(y, T'r)
H(Tx,Ty) <
( y) = Oz, Tx)+6(y, Ty) + 1
Then T has a fized point p € X.

d(x,y) for all x,y € X.
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