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POSITIVE SOLUTIONS TO DISCRETE HARMONIC
FUNCTIONS IN UNBOUNDED CYLINDERS

FENGWEN HAN AND LIDAN WANG

ABSTRACT. In this paper, we study the positive solutions to a discrete
harmonic function for a random walk satisfying finite range and ellipticity
conditions, killed at the boundary of an unbounded cylinder in Z¢. We
first prove the existence and uniqueness of positive solutions, and then
establish that all the positive solutions are generated by two special so-
lutions, which are exponential growth at one end and exponential decay
at the other. Our method is based on maximum principle and a Harnack
type inequality.

1. Introduction

The positive harmonic functions on Euclidean spaces have been studied ex-
tensively, see for examples [3,9,10,12,18,22]. Tt is worth noting that Benedicks
[3] proved that the cone of positiveharmonic functions vanishing on the bound-
ary of certain domains in R? is generated by twolinearly independent minimal
positive harmonic functions, which means that the cone is two-dimensional.
Gardiner [9] considered the positive harmonic functions with zero boundary
condition in unbounded cylinders and obtained similar result. As is well known,
for the equation Au = 0 on R x (0, 7) with the zero Dirichlet boundary con-
dition, any positive solution is a linear combination of e*siny and e~ *siny.
Later, Gardiner’ result was extended to second order elliptic operators, one can
see [1,18,24-28|.

The positive harmonic functions on graphs have also been studied by many
authors, e.g., [11,16,17,23]. Recently, random walks conditioned to live in
domains D C Z% are of growing interest because of the range of their appli-
cations in enumerative combinatorics, in probability theory and in harmonic
analysis, see for examples [2,5,7,8,19,20]. The authors in [4] proved the ex-
istence and uniqueness of positive harmonic functions for random walks killed
at the boundary of an orthant in Z?. Mustapha and Sifi [21] generalized the
results of [4] to a globally Lipschitz unbounded domain in Z¢. For more related
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works, we refer readers to [6,13-15,29]. Since it is crucial to identify the set
of all positive harmonic functions associated with a killed random walk, in this
paper, we study the positive harmonic functions for random walks killed at the
boundary of an unbounded cylinder in Z¢. We will generalize Gardiner’s result
to graph setting.

We recall the setting on graphs. Let I' be a finite subset of Z% containing all
unit vectors e = (0,...,0,1,0,...,0) € Z%, where the 1 is the k-th component;
and let 7 : Z4 x T' — [0, 1] such that

Z’]T(CU,C) =1, zez

ecl’
Then we let {X,,}nen be the Markov chain on Z? defined by
PXps1=x+e| X, =2]=n(z,e), ecT,zcZ n=0,1,....

{Xn}nen is a (spatially) homogeneous random walk with bounded increments
if m(x,e) = w(e); Otherwise, we call {X,, }nen spatially inhomogeneous. Let

P.[X, =y, n=12,...,2,y€Z%

be the transition probability corresponding to the chain {X,, },en, where P, is
the law of the chain with Xy = z.
Let A be a set of Z?. We define the boundary of A as

OA={zcA°|z=2+e 2€ A ecT},

where A¢ = Z?\ A. We say a function u: A = AUJA — R is harmonic in A if
Lu =0 in A, where L is the difference operator defined as

Lu(z) = Z m(z,e)(u(z + e) — u(x)).

ecl’

We assume that the probability 7(z, €) satisfies the following uniform ellipticity
condition:

m(z,e) >\, xze€Zl eel,

for some A > 0. Under the assumption above, such an L is a discrete analogue of
a uniformly elliptic, purely second order differential operator with measurable
coefficients.

To state our results, we first give some notations. Let x = (z',y) € Z¢ x Z.
We denote by C = D x Z an unbounded cylinder in Z¢ x Z, where D C Z¢ is a
bounded domain (i.e., a finite connected set of vertices of Z?). Moreover, for
ECZletCo=DxE={(2',y) €Z¢xZ |2 €D, yc E}, 0,Cp = 0D E =
{(z',y) € Z* x Z | ' € 9D, y € E} and 0,Cg = ICp\O,Cr. Without loss of
generality, we assume that 0’ € D and the constants ¢, C' may change from line
to line.

In this paper, we study the positive functions u which are discrete harmonic
for the random walk { X, },,en killed at the boundary of an unbounded cylinder
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C, that is,
Lu(z) =0, x€C,
(1.1) u(z) =0, z€adC,
u(z) >0, zeC.

We are interested in the existence and uniqueness (up to a multiplicative con-
stant) of a solution to the problem (1.1). In addition, we would like to extend
Gardiner’s result [9] to the discrete positive harmonic functions for random
walks killed at the boundary 9C.

For any u € C, let 4u(y) = max ut(2',y) and m(u) = ingﬁ(y), where ut =
z'e ye

max{u,0}. We denote by S the positive solution set of the problem (1.1).
Denote

+ = li ') =
ST={uesS| lim u(z'y) =0}
ST ={ueS| lim u(@, y) =0},
y——00
SY ={u € S| there exists z* € C such that u(z*) = m(u) > 0}.
Our results are as follows.

Theorem 1.1. Let {X,, }nen be a random walk satisfying the above finite sup-
port and ellipticity conditions. Assume that C is an unbounded cylinder in 7.
Then, up to a multiplicative constant, there exists a unique positive function,
harmonic for the random walk killed at the boundary OC.

Theorem 1.2. Let {X,, }nen be a random walk satisfying the above finite sup-
port and ellipticity conditions. Assume that C is an unbounded cylinder in 7.
Then the solution set ST and S~ are well defined. Moreover, S is a linear
combination of ST and S~ that is, for anyu € ST and v € S~

S=8"+8S" ={au+bv|a,b>0,a+b>0}.

Theorem 1.3. Let {X,, }nen be a random walk satisfying the above finite sup-
port and ellipticity conditions. Assume that C is an unbounded cylinder in Z.2.
Then there exist constants ¢, C > 0 depending only on d,\,T', D such that, for
anyuc ST,ve S, wesY,

o
cy < ln(ﬁggi) <Cy, yelk,
* UA) *
cly =y Sln(w(gi))) <Cly-y*l, yei,

where w(z*) = m(w).
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Remark 1.4. (i) Since the spatially inhomogeneous random walks are consid-
ered as the discrete analogues of diffusions generated by second order differen-
tial operators in non-divergence form, for the proof of the theorems, we follow
the arguments in Bao et al. [1].

(ii) The basic tools used in [1] are maximum principle, boundary Holder es-
timate, Harnack inequality, Carleson estimate and boundary Harnack inequal-
ity. While in our paper, maximum principle and a Harnack type inequality are
enough;

(iii) Our contribution is that we give a natural probabilistic proof for a decay
lemma (Lemma 2.1 below) and a Harnack inequality (Lemma 3.1 below), which
are the keystones for our theory of this paper.

The paper is organized as follows: in Section 2, we first prove a decay lemma
and use it to obtain a maximum principle in unbounded cylinders of Z%. This
yields a decomposition of the positive solution set S. In Section 3, we first
prove a Harnack inequality and use it to get the relations among the positive
solution sets ST, S~ and SV. In Section 4, we give the proofs of Theorem
1.1-Theorem 1.3.

2. Maximum principle

In this section, we prove a maximum principle in unbounded cylinders. For
a finite set A C Z?, we denote by 74 the exit time from A4, i.e., 74 = inf{n >
0:X, ¢ A}. The harmonic measure in A at the point z is defined by

wh(E) =P,[X,, € E], ECOJA.

It is well known that, for each ¢ : 9A — R, the solution u : A — R of the
boundary value problem

Lu(z) =0, r €A,
u(z) = ¢(x), =€ IA,

can be represented by means of w%, z € A as follows:
(2.1) u(@) = > ¢(2)Pu[ Xy, = 2.
z€0A

First, we give a discrete version of maximum principle, see [4, Theorem 2.1].

Theorem 2.1 (Maximum principle). Let A C Z% be a bounded domain in 72
and v : A — R a harmonic function on A. Assume that uw > 0 on OA. Then
u>01in A.

Then we have the following decay lemma, which plays a key role in proving
a maximum principle in unbounded cylinders of Z¢.
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Lemma 2.2. Assume that u(z) satisfies

Lu(r) 20, 2 € Cr—1,k+1);
u(r) <0, x€ 0Cr—1k+1),

u(z) <1, 2 € 0rCr_1 kt1)-

Then for any k € Z, there exists a constant 0 < § < 1 depending on d, A\, T, D
such that

u(r) <1-9, x¢€Cy.
Proof. Let w(x) be the solution of the Dirichlet boundary problem
Lw(z) =0, =€ Ch1k41),
w(z) =0, =€ QCh—1,k+1)s
w(x)=1, xz€ OrClr—1,k+1)-
Then maximum principle implies that
u(x) <w(z), =€ Cr_i k)
Let 7 be the exit time from C,_; x41). We claim that
P, [ X7 € 0iICk—1,k4+1)] >0 >0,

where 0 < § < 1 is a constant depending only on d, A, I, D.
Indeed, we have that

P, [ X7 € 0Cli—1,k+1)]
> P [X; = 2 € 0C(k—1,k41))

= Z ]P)a:[Xl:xlw-an—l:xn—le'r:Z]
1,0 —1€C(K—1,k+1)
= > PXy=a1 | Xo=2a] - PX; =2 | Xn_1 = 2p_1]

Tl Tn—1€CR_1,k41)
>PXy =a1 | Xo=a]- - PX; = 2| X1 = 2n]
> )\diam(C(k_l,k,+1))
= 4.

Clearly, the constant § € (0, 1) is dependent of d, A, I', D.
By (2.1), we have that

w(x) = Z w(z) Py [ X, = 2]

2€0(Cp—1,k+1))

= Z P.[X, = 2]

2€0(Ck—1,k+1))\C(k—1,k+1)

=1- > PX. =

2€01C(k—1,k+1)



382 F. HAN AND L. WANG

<1-6.
Consequently, we obtain that
u(z) <1-19, IEC{k}. O
Lemma 2.3. Assume that u is a subharmonic function in C, and u is bounded
from above. Then

supu(z) < sup u'(z).
zeC xz€dC

Proof. Without loss of generality, we assume that sup u*(2) = 0. Otherwise
z€dC

one can consider v = u — sup u™*(x). Hence we only need to prove that
x€dC

(2.2) u(z) <0, zeC.
Since u is bounded from above, we let u < M, where M is a positive constant.

In order to apply Lemma 2.2, for any € > 0 and k € Z, we consider the function

() = u(z)
max{a(k —1),a(k+1)} +¢’

Obviously, @(x) satisfies

Li(r) >0, x € Cr—1k+1);
<0, € 0Ch-1k+1)
(x) <1, 2 € 0rCr_1kt1)-

zeC.

a(x

~

By Lemma 2.2, we derive, for 0 < § < 1, that
w(z', k) <1-4, 2/ eD.
More precisely, we have that
w(x' k) < (1 —6)(max{a(k —1),a(k + 1)} +¢),
and hence
ut (2, k) < (1 —6)(max{a(k — 1), a(k + 1)} +&).
Then we get that
(k) < (1 =) max{a(k —1),a(k+1)}.
The previous inequality implies that
a(k—1) < (1 —9)max{u(k —2),a(k)}

=(1-46) max u*

Clr—2,k]

and

IN

a(k +1) < (1 — &) max{a(k), a(k +2)}

=(1-9) max u'.
Cli,k+2]
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Then it follows from the above inequalities that
max u” <(1-4§) max u'.
Clk—1,k+1] Clk—2,k+2]

For any k € Z, by iteration, we obtain that
(k) < (1 —¢6)max{a(k —1),a(k+1)}

=(1-46) max wut
Clr—1,k+1]

<(1-96)> max u’
Clr—2,k+2]

<(1-6€™ max ut

C[k‘—rn,lc#»m]
<(1-6€"M
— 0, m — 4o0.
Then the result (2.2) holds. We complete the proof. O

Corollary 2.4. Assume that u is a subharmonic function in C( to), and u is
bounded from above. Then

sup  wu(zr) < sup  ut(x).

2€C(0, 1 00) 2€AC (). 4 o0)
Lemma 2.5. Assume that u satisfies
{Lu(x) >0, 7€Co,400),
u(z) =0, 2 € AC 400
and u 1s bounded from above. Then
u(z) < 67%11(0), T € C(0,400)5
where 8 > 0 is a constant depending on d, A\, ', D.
Proof. Corollary 2.4 implies that
a(y) <a(0), y e (0,+00).

By Lemma 2.2, there exists a constant ¢ € (0, 1) such that 4(1) < (1 — §)@(0).
Do the operation repeatedly, we get that

ay) < (1 - 8)%a(0) = e™1=9)5(0).
Hence the proof ends with 5= —In(1 —§) > 0. O
Now we can prove the following proposition.
Proposition 2.6. Let v € S. Then m(u) = ;renzﬁ(y) > 0.
(1) If m(u) = ;relgﬁ(y) =0, then either of the following alternatives holds:
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(i) there exists a sequence {x; = (%,y;)} C C such that lim y; = +oo,
j—o0
lim wu(z},y;) =0, and (y) is a strictly decreasing function in Z;
j—o0
(ii) there exists a sequence {x; = (2},y;)} C C such that lim y; = —oo,
j—oo
lim u(z},y;) =0, and u(y) is a strictly increasing function in Z.
j—oo
(2) If m(u) = in%d(y) > 0, then there exists ©* = (z"*,y*) € C such that
ye
u(z*) = m(u), and 4(y) is strictly increasing in [y*, +00) and strictly decreasing
Proof. Let {x; = (2}, y;)} C C be a minimizing sequence that satisfies u(z’;, y;)
j— / ) — 1) . 3 ) — 3 7 ) —
= maxu(x’,y;) = 4(y;) and Hm u(z;) = lim 4(y;) = m(u).
(1) If m(u) =0, then lim u(z;) = m(u) = 0.
j—o0o
We claim that there exists a subsequence of {x; = (7, y;)} C C (still denote
itself) such that lim y; = 400 or lim y; = —oc.
J—00 J]—00

In fact, if {y;} is bounded in Z, i.e., |y;| < M for some M > 0, then Cj_ s as
is a bounded domain (a finite vertex set). Hence there exist a subsequence
{z;} = {(2,y;)} C Cl_ar,n) and a point xg € Cj_pz,a7) such that lim u(z;) =

j—o0

u(zg) > 0. We get a contradiction.
(i) If lim y; = 400, then 4(y) is a strictly decreasing function in Z.
j—o0

Arguing indirectly, if there exist y1,y2 € Z with y; < yo such that 4(ys) >
4(y1) > 0. Since lim y; = 400 and lim 4(y;) = 0, by taking j sufficiently
j*}OO j*}OO

large, one has that
y1<ya<y; and a(y;) <a(y)

Then we get a local maximum point z3 = (23,92) € C(y, 4,), Which contradicts
the maximum principle.
(ii) If lim y; = —oo, by similar arguments as in (i), we get that 4(y) is a
j—oo

strictly increasing function in Z.
(2) If m(u) > 0, then lim 4(y;) = lim u(z;) = m(u) > 0. We first prove
Jj—o0 Jj—o0

that there exist a subsequence of {z; = (2,y;)} C C (still denote itself) and a
point z* € C such that

lim z; =2 and  lim wu(z;) = u(z™).
j—o0 j—o0

In fact, |y;| < M for some M > 0. Otherwise lim y; = +oo or lim y; =
]A)OO ]A)OO
—o00. Without loss of generality, we assume that lim y; = +oo. Similar to the
J‘)OO

proof of (i), we can get that u(y) is a strictly decreasing function in Z. Hence
u(x) is bounded in C(y 4o0). By Lemma 2.5, one gets that lim u(y;) = 0, which
]4)00

is a contradiction. Hence there exist a subsequence {z; = (2, y;)} C C_as,m]
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and a point #* € C_ps a7 such that lim z; = 2* and lim u(z;) = u(z*). As
j—oo j—o0

a consequence, u(z*) = m(u).

Next, we show that @(y) is strictly increasing in [y*, +00). Suppose it is not
true, then there exist y1,y2 € Z with y* < y; < y2 such that a(y;) > a(y2) >
a(y*) = m(u) > 0, we get a local maximum point z; = (z7,y1) € Cry= y.),
which contradicts the maximum principle. Similarly, we can prove that 4(y) is
strictly decreasing in (—oo, y*]. O

Remark 2.7. By Proposition 2.6, one gets that the positive solution set S =
STUS USYand STNS =5 NSY=5tNnsSY=0.

3. Local Harnack inequality

In this section, in order to study the asymptotic behavior of the positive
harmonic functions for the random walk {X,},en killed at the boundary, we
first prove a discrete version of Harnack type inequality. We would like to say
that this is a local Harnack inequality, which depends on the domain. Hence
this Harnack inequality differs from the one that in [21, Theorem 2.1].

Lemma 3.1. Let u € S. There exists a positive constant C' depending only on
d,\,I', D such that, for anyy € Z,

Cu(z) <u(z) <C7'u(z), z,2 €Cly_oyia).
Proof. We first claim that if u is harmonic in {x,z + e} with e € ', then
(3.1) u(z +e) < u(x) < XN lu(z +e).
In fact, we have that

u(z) = Z m(z,e)u(x + e) > Au(z + €).
eel

Interchanging x and x + e gives the second inequality.
For any y € Z, since C(y_3 42y C C is connected, by iterating (3.1), we
deduce that

A€ u(z) < u(z) < A ICo20)u(z), 2 € Coyra.

We get the result by taking C' = A\4@m(Cw—2+2)), O

Remark 3.2. In fact, by similar arguments as in Lemma 3.1, we have the fol-
lowing Harnack inequality: for any given connected finite set 2 C 74, if u >0
on 2 and harmonic in €2, then

(3.2) Cu(z) <u(z) <C tu(z), =,2€Q,
where C' depends only on d, A\,I" and €.
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Corollary 3.3. Let uy,us € S. For any yo € Z, if there exists a point xog =
(x4, y0) € C such that uy(zg) = uz(xo), then

1
Cus(z) <uy(z) < auz(x), T € Cyo)s
where C' > 0 depends only on d, \,T", D.
Proof. The result follows from Lemma 3.1. (]

Remark 3.4. If the condition ui(xg) = uz(xg) in Corollary 3.3 is replaced by
u1(x9) < (>)uz(xo), then it holds that ui(z) < Suz(x) (u1(z) > Cuz(z)). In

fact, let v(z) = Z;ggim(x) Then v € S and v(zo) = u1(xo). By Corollary

3.3, there exists a positive constant C' depending only on d, \,T", D such that

1
Cup(r) <wv(z) < Jur(x), € Cryyy-

C
If uy (z9) < ua(xp), then the left inequality implies that
1
up(x) < aug(az), T € Cpyoy-

If uy (zg) > ua(xp), then the right inequality implies that
uy(v) > Cu(x), x € Cryyy-
Proposition 3.5. For the solution set ST, S~ and SV, we have that:
(i) for any u € ST and w € SV, there exists a constant a > 0 such that
au(z) <w(z), x€C;
(i) for any v € S~ and w € SV, there exists a constant b > 0 such that
buv(z) <w(z), ze€C.

Proof. For any w € SV, by Proposition 2.6, there exists a point z* = (z'*,y*) €
C such that w(y) is strictly decreasing in (—oo, y*] and increasing in [y*, +00).
Hence w has no upper bound in C.

(i) For any u € ST, u is bounded in Cy since 4(y) is strictly decreasing in
Z. By Corollary 3.3, there exists a positive constant Cy such that Cou(z) <
w(x), x € Cyoy- Then it follows from Corollary 2.4 that

(3.3) Cou(z) <w(r), =€ Clo4oo)-

Now we prove that there exists a constant a > 0 such that au(zr) < w(z), x €
C. Suppose it is not true, then there exists a sequence {x; = (%,y;)} C C such
that

1
(3.4) 5u(m]) > w(xj).
We claim that there exists a subsequence of {x; = (2}, y;)} (still denote itself)

such that lim y; = —oo.
j—o0
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In fact, one gets easily that the sequence {y;} is bounded from above in Z.
Otherwise, z; = (2},;) € C(0,400) @8 j — 00. Then it follows from (3.3) and
(3.4) that

w(zj) > Coulz;) > Cojw(z;),
which is a contradiction. If the sequence {y;} is bounded from below in Z, then

ly;| < mg for some mg > 0. By Corollary 3.3 and Lemma 2.3, there exists a
constant C,,, > 0 such that

(3.5) Cmou(r) Sw(x), € Clomg,4o00)-

Let j be large enough such that % < Cy- For 25 € Cl_img 400y, DY (3.4) and
(3.5), we get that

w(z;) < §u<zj> < Cogul) < w(zy).

This is a contradiction. We complete the claim.

Without loss of generality, we assume that the sequence {y;} is strictly
decreasing, that is, for 1 < j1 < jo, y;, < y;, < 0. For any j > 1, by (3.4),
there exists a point z; € Cy,,;y such that w(z;) < %u(x]) Then it follows from
Corollary 3.3 that

1

w(z) — O—Ju(x) <0, x€Cyy-
Then by maximum principle, one has that
w(z) — Ciju(x) <w(0), z€Cy,0-
Since jlggo y; = —o0, we get that
lim [w(z) — —u(@)] = w(z) < D0), =€ Cuo).
Jj—oo Cj

This yields a contradiction since w(z) has no upper bound in C.
(ii) The proof is similar to that of (i), we omit here. O

Proposition 3.6. For the solution set ST and S™, we have that:

(i) for any u,v € ST, there exists a constant ¢ > 0 such that
u(z) < cv(z), zeC;

(i) for any u,v € S™, there exists a constant d > 0 such that
u(z) < dv(z), ze€C.

Proof. For any y € Z, by Corollary 3.3, there exists a constant ¢, > 0 such
that

(3.6) u(z) < cyv(z), € Cyypy.
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(i) Suppose it is not true, then for any j > 1, there exists a sequence {:L‘j =
(z,y;)} C C such that u(z;) > ju(x;). By Corollary 3.3, there exists a
constant C' > 0 such that

u(z) > Cju(x), =€ Cpy,)-
Let y = 0 in (3.6), by Corollary 2.4, we get that
u(r) < couv(z), = € Clo4oo)-
Since lim y; = +oo for j large enough, we have that Cj,, 1) C Cy and
Cj> cjo_> O’i’hen the above inequalities imply that
cov(r) > u(z) > Cjv(z) > cou(z), T € Cly, 400,

which is a contradiction.
(ii) The proof is similar to that of (i), we omit here. O

4. Proof of the main theorems
In this section, we are devoted to prove Theorem 1.1-Theorem 1.3.

Proof of Theorem 1.1. For any k € N, consider the equation
Lu(z) =0, T € C(_k,k)s
u(x) =0, T € 8ZC(_M) U C{_k},
u(z) = Cdist(2',0D), x € Cypy.
By maximum principle, we get a positive solution uy(z) in C(_,x). Without
loss of generality, we normalize uy, such that ug(0) = 1.
Let I € N* : k> [. For x € C(_; ;y, by the local Harnack inequality (3.2),

we get that

max ug(z) < C min ug(x) < C,
Ci-un C—p

where C depends on d,I'; \,D and [. By taking the diagonal convergent sub-
sequence, we may assume that i lirjra ug(z) = u(x) locally and uniformly in D.
— 400

Then it is clear that u(x) > 0,4(0) = 1 and u satisfies the equation (1.1). By
maximum principle, we get that v > 0 for all x € C. O

Proof of Theorem 1.2. The proof consists of two steps.
Step 1. The structure of ST and S™.
For any u,v € ST, define

E={p>0|u(z) <pv(r), z€C} and P=infFE.

By Proposition 3.6, one gets that E # (). Moreover, by the definition of P, we
have that, for any = € C, Pv(xz) — u(z) > 0. This yields that P > 0. Now we
claim that
Py(z) —u(x) =0, ze€C.
In fact, if there exists z¢ € C such that Pv(xg) — u(zg) > 0, then Puv(zg) —
u(zg) € ST. By Proposition 3.6, there exists a constant ¢ > 0 such that
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v(x0) < c(Po(zg) — u(x0)), ie., u(zg) < (P— L)v(x). Then P— 1 € E, which
contradicts the definition of P. Hence,
u(z) = Pv(z), x€C.

Therefore, we get the structure of S™: ST = {pu|p >0, ue St}.
Similarly, we can get the structure of S7: S~ ={qv |¢>0, ve S~}
Step 2. The structure of S.

By Proposition 2.6, we have that

S=StusS-usY,
where STNS™=5"NSY=8TNSY =40.
For any u € S, if u € ST, or uw € S, the result follows from Step 1. Now
we assume that u € SV. Define

F={l>0|lw<u,veSt} and L=supkF.

By Proposition 3.5, one sees that F' # (), and hence L > 0. Clearly, for any
rz €C, u— Lv >0, which means that L < +o0o. Now we claim that

(4.1) u—Lv>0, zeC.

In fact, if there exists xg € C such that u(xg) — Lv(z)=0, then by Step 1,
u(zg) = Lv(zg) € ST, which contradicts u € SV.

The claim (4.1) implies that u — Lv € S. Next, we prove that u — Lv € S~.
By contradiction, if u—Lv € ST, then there exists ¢ > 0 such that u— Lv = qv,
ie. u= (L+ q)v € ST, this contradicts u € SV; If u — Lv € SV, then there
exists [ > 0 such that lv < (u— Lv), i.e., (L+1)v <u. Hence L+1 € F, which
contradicts the definition of L. Therefore, we get that

u—LveS.

By Step 1, there exist ¢ > 0 and w € S~ such that v — Lv = Quw, i.e.,
u= Lv+ Quw, where v € ST, w € S~. Then we get the solution set

S=8"+85" ={pu+tquv|p,g>0, p+q>0} 0

Proof of Theorem 1.3. First, we claim that for any u € 5, there exists a con-
stant £ > 0 depending only on d, A\, I', D such that

(4.2) aly—1) < (1+9uly), yezZ,
and
(4.3) aly+1) < (1+9aly), yeZ

In fact, by Lemma 3.1, there exists a constant C' > 0 depending only on
d, \,I', D such that, for any y € Z,

u(z) < Cu(0',y) < Culy), € Cryayro).
Hence, we get that
iy —1) <A +89aly), aly+1) <(1+8ily), yeZ
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Step 1. The asymptotic behavior of positive solutions in ST and S—.
For any u € ST, 4(y) is strictly decreasing in Z. We prove that there exists
a constant ¢ > 0 depending only on d, \,T", D such that

(4.4) (I+Qaly+1) <afy), yez
Suppose it is not true, then for any k € Z™, there exists y € Z such that

1. N
(1+ %)U(yk +1) > a(yr)-
Apply Lemma 2.2 to u in Cyy, 4, +2), We get that
N N 1,
a(ye +1) < (1= d)alys) < (1 =0)(A+ L)alye +1).
Let k large enough such that (1 —6)(1+ 1) < 1, then
alyr +1) < (1 = 0)alyr) < alyr +1),

which is a contradiction. Hence (4.4) holds.
For y € (—00,0), by (4.2), one has that

i(y) < (1+7Va(0) = e7a(0),
and by (4.4),

a(y) = (14 ¢)~Ya(0) = e~ *¥a(0),
where 1 =In(1+¢) > 0 and oy = In(1 + ¢) > 0. Hence
ay)
a(0)
For y € (0,+00), by (4.2), one has that

iy) > (1+8)7a(0) = e ¥a(0),

(4.5) —oqy <In < By, y € (—o0,0).

and by (4.4),
a(y) < (1+¢)77a(0) = e~ *1¥a(0).
Consequently,
a(y)

4. — <1 < — )
(4.6) Py < a0y ST VE (0, +00)
Hence, by (4.5) and (4.6), we have that

—cy <In ?(y) <-Cy, yei,
(0)

where ¢, C' are positive constants depending only on d, A\, I, D.

For any v € S, since 0(y) is strictly increasing in Z. By similar arguments
as above, we can get that
0(y)
0(0)

where ¢, C' are positive constants depending only on d, \,T', D.

cy <lIn <Cy, y€eZ,
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Step 2. The asymptotic behavior of positive solutions in SV.

For any w € SV, since w(y) is strictly decreasing in (—oo, y*| and increasing
in [y*,+00), similar to the proof of (4.4), there exist constants 1,12 > 0
depending only on d, A\, T", D such that

(4.7) I+nm)wy*+y+1) <oy +y), ye (—o0,y"),
and
(4.8) A +mn)w(y* +y) <w(y* +y+1), ye(y",+oo).

For y € (—o0,y"), by (4.2),
0(y) < (1467 () = 407Dy,
and by (4.7),
w(y) > (L4+m)? iy = e iy,

where 71 = In(1 4 #;) > 0. Hence

(4.9) 7y —y) <In g((ﬁ) <A —y), yeE(-00,y").

For y € (y*, +0), by (4.3),

(y) < 1L+ w(y") =™ i(y"),
and by (4.8),

dy) > (1+m2)" Y d(y") = 20 a(y"),
where 5 = In(1 4 72) > 0. As a consequence,

(y)

W) <Bily—y"), ye Y, +o0).

Hence by (4.9) and (4.10), we get the result

s

(4.10) T2y —y") <In

S

cly—y* <Iln— (*) <Cly-y*|, yeLz,
w(y*)
where ¢, C' are positive constants depending only on d, A\, T, D. O
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