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REAL HYPERSURFACES IN THE COMPLEX HYPERBOLIC
QUADRIC WITH CYCLIC PARALLEL STRUCTURE JACOBI
OPERATOR

JIN HonG KiMm, HYUNJIN LEE, AND YOUNG JIN SUH

ABSTRACT. Let M be a real hypersurface in the complex hyperbolic
quadric @™*, m > 3. The Riemannian curvature tensor field R of M
allows us to define a symmetric Jacobi operator with respect to the
Reeb vector field £, which is called the structure Jacobi operator R =
R(-,€)¢ € End(T'M). On the other hand, in [20], Semmelmann showed
that the cyclic parallelism is equivalent to the Killing property regarding
any symmetric tensor. Motivated by his result above, in this paper we
consider the cyclic parallelism of the structure Jacobi operator R¢ for a
real hypersurface M in the complex hyperbolic quadric Q™*. Further-
more, we give a complete classification of Hopf real hypersurfaces in Q™*
with such a property.

Introduction

As a typical example of the Hermitian symmetric spaces of rank 2, we can
give the complex quadric @™ = SO,,42/50,,502, which is a complex hyper-
surface in the complex projective space CP™*!. It can be also regarded as a
kind of a real Grassmannian manifold of compact type with rank 2 (see [2], [6],
[8], and [19]). The characterization problems of real hypersurfaces of such a
real Grassmannian manifold have been studied from various geometrical per-
spectives (see [1], [9], [10], [12], [16], [17], [21], [22], [25], and so on).

In this paper we investigate a classification problem of real hypersurfaces
in the Hermitian symmetric space of non-compact type, so-called the com-
plex hyperbolic quadric Q™" = SOSym/SOQSOm. It is a dual space of the
complex quadric Q™. By virtue of the study due to Klein and Suh given
in [7], the complex hyperbolic quadric @™* admits both a complex structure .J
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and an S'-subbundle 2 of the endomorphism bundle End(TQ™"), consist-
ing of real structures on the tangent spaces of Q™*. That is, 2 is given by
A = {AA| ) € S}, where A stands for a real structure of Q™*. Such two
geometric structures of Q™™ satisfy the anti-commuting property AJ = —JA.
The complex hyperbolic quadric Q" is isometric to the real hyperbolic space
RH? = SOY ,/SO,, and Q?" is isometric to the Hermitian product CH' x CH!
of complex hyperbolic spaces. For this reason, in this paper we will assume
m > 3. Then for m > 3 the triple (Q™", J, g) is a Hermitian symmetric space
of non-compact type with rank 2 whose minimal sectional curvature is equal
to —4 (see [2] and [7]).

It is well known that J and %A are parallel with respect to the Levi-Civita
connection V of Q™*, which means that J and A € 2 satisfy (VyJ)V = 0
and (Vy A)V = q(U)JAV, respectively, where ¢ denotes a certain real-valued
1-form on TQ™* and U, V are any tangent vector fields of Q™" (see [7]).
Since A € 2 is a self-adjoint involution, it holds A2U = U for any U € TQ™".
From this, the tangent vector space T, Q™" at any point p € Q™" splits into two
orthogonal, maximal totally real subspaces of T,Q™". We denote by T,Q™" =
V(A) ® JV(A), where V(A) and JV(A) are the (+1)-eigenspace and (—1)-
eigenspace of A, respectively. So, a unit tangent vector W € T,Q™" can
be expressed as W = cos(t)Z; + sin(t)JZ for orthonormal unit vectors Zi,
Zy € V(A). Here, t € [0, F] is uniquely determined by W (see [19]). We say
that the vector W is singular if and only if either ¢ = 0 or ¢ = 7 holds. In
particular, the vectors with ¢ = 0 are called 2A-principal, whereas the vectors
with ¢t = 7 are called %-isotropic.

Let M be a real hypersurface with unit normal vector field N in a Kéahler
manifold Q™*. Let (¢,&,1n,9) be the almost contact metric structure on M
induced by the complex structure of Q™*. We define the Reeb vector field £ =
—JN and the structure tensor field ¢ = Jippr — N ® 0, where n is a 1-form
defined by n(X) = g(X, &) for any tangent vector field X of M in Q™*. We
denote by S the shape operator of M given as Vx N = —SX. The real hy-
persurface M is said to be Hopf if the Reeb vector field £ is principal, that is,
SE = a&, a = g(S¢,¢).

When the shape operator S of M in Q™* commutes with the structure
tensor ¢, that is, S¢ = ¢S, we say that the Reeb flow on M is isometric
(or M has isometric Reeb flow). With respect to this concept, a remarkable
classification for real hypersurfaces in complex hyperbolic quadric Q™" was
introduced in [23], as follows.

Theorem A. Let M be a real hypersurface in the complex hyperbolic quadric
Q™*, m > 3. The Reeb flow on M is isometric if and only if M is locally
congruent to an open part of the following real hypersurfaces in the complex
hyperbolic quadric Q™":
(TX) A tube with radius r € Ry around the complex totally geodesic embed-
ding of the complex hyperbolic space CH* into Q%*, m = 2k.
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(H*%) A horosphere whose center at infinity is singular and of type A-isotropic.

Indeed, [23], it is known that the normal vector field N of a real hypersurface
in Theorem A is always 2(-isotropic.

On the other hand, as a typical characterization for real hypersurfaces with
the A-principal normal vector field in Q™*, we introduce the following result
due to Klein and Suh given in [7]. We say that M is a contact hypersurface of a
Kahler manifold if there exists an everywhere nonzero smooth function p such
that dn(X,Y) = 2pg(¢X,Y) holds on M. It can be easily verified that a real
hypersurface M is contact if and only if there exists an everywhere nonzero
constant function p on M such that S¢ + ¢S = 2p¢.

Theorem B. Let M be a real hypersurface with constant mean curvature in
the complex hyperbolic quadric Q™*, m > 3. Then M is a contact hypersurface
if and only if M is congruent to an open part of one of the following real
hypersurfaces in Q™*:
(Tg,) A tube with radius v € Ry around the complex totally geodesic embed-
ding of the complex hyperbolic quadric Q™" into Q™*.
(Tg,) A tube with radius v € Ry around the totally real totally geodesic em-
bedding of the real hyperbolic quadric RH™ into Q™.
(H3) A horosphere in Q™" with A-principal center at infinity.

In addition to the above-mentioned theorems, a number of results have been
given from the classification or characterization studies on a real hypersurface
of @™ regarding various symmetric operators (see [5], [18], [24], [26], [29],
and [31] etc.). Motivated by these results, in this paper we want to give a
classification result of real hypersurfaces in Q™™ with the symmetric operator
named the structure Jacobi operator. To do so, we first introduce the structure
Jacobi operator R¢ of M which is defined as the Jacobi operator with respect
to the Reeb vector field £, as we explain below.

In general, the Jacobi operator on a Riemannian manifold with respect to X
is defined by Rx = R(-,X)X, where R denotes the Riemannian curvature
tenor of M in Q™. Specially, we will call the Jacobi operator on a real hyper-
surface M in Q™" with respect to the Reeb vector field £ the structure Jacobi
operator of M. Then it satisfies g(R:X,Y) = g(X, R¢Y) for any X, Y € T M,
which means that the linear operator R¢ € End(T'M) is symmetric. As a char-
acterization of M in Q™" under the condition of Ry, it is well known that there
are no Hopf real hypersurfaces with parallel structure Jacobi operator VR = 0
in Q™" (see [28]). Moreover, as a weaker condition of parallel structure Jacobi
operator, the notion of Reeb parallelism and Codazzi type regarding R¢ were
studied in [10] and [27], respectively.

Motivated by the results mentioned above, it is natural to investigate real
hypersurfaces in Q™" by using another condition (on the derivative of Ry),
so-called cyclic parallel structure Jacobi operator. Here, the structure Jacobi
operator R of a real hypersurface M in Q™" is said to be cyclic parallel if it
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satisfies
(t) 9(VxRe)Y, Z) + g((VyRe)Z, X) + g((VzRe)X,Y) =0

for any X, Y, Z € TM. By using the linearization, the equation (}) of cyclic
parallel structure Jacobi operator is equivalent to g((V xRe)X, X ) = 0 for any
X € TM. According to the definition of the Killing tensor introduced in [3]
and [20], it means that the structure Jacobi operator being cyclic parallel should
be Killing. From such viewpoints, we can give its geometric meaning, as follows:
Let v be any geodesic curve on M such that v(0) = p and ¥(0) = X as the
initial conditions. Then the structure Jacobi curvature Re(¥,5) = g(Re?, ) is
constant along the geodesic y of the vector field X. Here we denote by R, the
structure Jacobi tensor of type (0,2) defined by R¢(X,Y) = g(R:X,Y) for any
tangent vectors X, Y € T,M at any point p of M (see Lemma 2.8 in [20]). On
real hypersurfaces in complex Grassmannian manifolds with rank 1 or 2, the
classification problems in terms of cyclic parallel structure Jacobi operator have
been studied in [4], [13] and [14], respectively. Recently, in [11], Lee and Suh
classified Hopf real hypersurfaces with cyclic parallel structure Jacobi operator
in the complex quadric Q™, as follows.

Theorem C. Let M be a Hopf real hypersurface in the complex quadric Q™,
m > 3. Then, the structure Jacobi operator Re on M is cyclic parallel if and
only if M is locally congruent to an open part of the following hypersurfaces in
the complex quadric Q™:

(i) A tube of radius r = T around a totally geodesic CP* in Q%*¢, m = 2k.

(i) A tube of radius 0 < r < "= around the m-dimensional sphere S™

2v2
satisfying tan?(v/2r) = 2.

Based on what has been mentioned above, in this paper we want to give
a classification of Hopf real hypersurfaces with cyclic parallel structure Jacobi
operator in the complex hyperbolic quadric Q™. In order to do this, we first
prove that the unit normal vector field N of M in Q™" is singular, where M
is a Hopf real hypersurface with constant mean curvature ¢ = 2771171”[‘1?5 , as
follows:

Theorem 1. Let M be a Hopf real hypersurface with constant mean curvature
in the complex hyperbolic quadric Q™*, m > 3. If the structure Jacobi oper-
ator Re of M s cyclic parallel, then the unit normal vector field N of M in
Q™™ is singular.

As a consequence of Theorem 1 together with Propositions 3.3 and 4.6, we
can prove the following:

Theorem 2. There does not exist a Hopf real hypersurface in the complex hy-
perbolic quadric Q™ , m > 3, with constant mean curvature and cyclic parallel
structure Jacobi operator.
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Each section of this paper covers the following topics: In Section 1, we re-
call the Riemannian geometry of a real hypersurface in the complex hyperbolic
quadric @™* and introduce some fundamental equations which play an impor-
tant role in proving our theorems. The formula for the structure Jacobi oper-
ator R and its covariant derivative V.R¢ will be shown explicitly in Section 1.
In Sections 2, we will give some general information about Hopf real hypersur-
faces in Q™™ with cyclic parallel structure Jacobi operator (see Lemma 2.3).
Moreover, in the same section by using this fact we will give a complete proof
of Theorem 1. According to two kinds of singular normal vector fields of M,
so-called 2A-isotropic and 2-principal, in Sections 3 and 4 we will consider a
classification problem of Hopf real hypersurfaces in Q™" with cyclic parallel
structure Jacobi operator. Consequently, combining Sections 2, 3, and 4, we
give a complete proof of Theorem 2.

1. Preliminaries

Throughout this paper, all manifolds, vector fields, and so on are considered
of class C'*°. Let M be a connected real hypersurface in the complex hyperbolic
quadric Q™*, m > 3, and denote by (¢,&,7,g) the induced almost contact
metric structure. As mentioned before, the ambient space Q™" is equipped
with a Kéahler structure J and a parallel rank two vector bundle 2. By the
Kahler structure J, we shall write

(1.1) JX = ¢X +n(X)N and JN = —¢,

where N is a (local) unit normal vector field of M and 7 the corresponding
1-form defined by n(X) = g(¢, X) for any tangent vector field X on M. The
tangent bundle TM of M splits orthogonally into TM = C @ C*, where C =
Ker(n) is the maximal holomorphic subbundle of TM. Let us denote by V
and S the Levi-Civita connection and the shape operator of M, respectively.
Then, by using VxY = VxY 4+ ¢g(SX,Y)N and VxN = —SX, the properties
J? = —I and V.J = 0 gives us

(1.2) PY ==Y +n(Y)§, (Vx9)Y =n(Y)SX —g(SX,Y)¢
and
(1.3) Vx€= 95X,

where V is the Levi-Civita connection of Q™* and I stands for the identity
mapping of TQ™*.

For any real structure A € 2 of the complex hyperbolic quadric Q™", we
can decompose AX for any X € T M into the tangential and the normal parts
as follows:

(1.4) AX = BX + g(AX, N)N,

where BX is the tangential component of AX. Since A is symmetric, that is,
g(AX,)Y) = g(X, AY), we see that B is also symmetric.
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At each point p € Q™" the real structure A € 2, induces a splitting
T,Q™* =V(A) & JV(A) into two orthogonal, maximal totally real subspaces
of the tangent space T,Q™". Here V(A) (resp. JV(A)) is the (+1)-eigenspace
(resp. the (—1)-eigenspace) of A (see [7]). It then follows that we can choose a
real structure A € 2, such that

(1.5) N = cos(t)Zy + sin(t)JJ Z,
for some orthonormal vectors Z1, Zo € V(A) and 0 < t < 7. By using
JN = —¢ and JA = —AJ, it implies

JN = cos(t)JJZy —sin(t)Zy (i.e., & = sin(t)Z2 — cos(t)JJ Z1),
(1.6) AN = cos(t)Z; — sin(t)J Zs,

A& = cos(t)J Zy + sin(t) Za,
and therefore g(A¢, N) = g(AN, &) = 0 and g(AE, &) = —g(AN, N) = — cos(2t)
on M. So, we see that the unit vector A¢ is always tangent to M. Furthermore,

the anti-commuting property JA = —AJ regarding the real structure A and
the Kéhler structure J provides

(17) AN = AJE = —JAE = —A¢ — g(ALON,
and
(1.8) ¢pBX + g(X,9pA&)E = JAX = —AJX = —BopX +n(X)pAE

for any tangent vector field X of M. In addition, from the property of A% =1,
we get
(1.9) B2X = X — g(pAE, X)pAE, BoAL = g(AE, €)PAE,

together (1.4) and (1.7). In [7], the Riemannian curvature tensor R of Q™" is
introduced, as follows.

RU VYW = —g(V,W)U + g(U,W)V — g(JV,W)JU
+ g(JU, W)V + 29(JU,V)JW — g(AV, W) AU

(1.10) + g(AU,W)AV — g(JAV,W)JAU + g(JAU,W)JAV

for arbitrary A € and U, V, W € TQ™". By using the Gauss and Weingarten
formulas, it is easy to see that the left side of (1.10) becomes

R(X,Y)Z =VxVyZ~VyVxZ —Vixy|Z
= R(X,Y)Z — g(SY, Z)SX + g(SX, Z)SY
(VX S)Y, Z)N — g((TyS)X, Z)N

for any X, Y, Z € TM. Using this fact and JAX = ¢BX + g(pAE, X)E +
g(A&, X )N, together with (1.1), (1.4) and (1.7), we can obtain the following

two equations as the tangential and normal parts of (1.10), which are called
the equations of Gauss and Codazzi, respectively, for a real hypersurface M

in Qm.
R(X,Y)Z = —g(Y, 2)X + g(X, 2)Y — g(¢Y, Z)0X + g(¢X, Z)¢Y
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+29(¢X,Y)¢Z — g(BY, Z)BX + g(BX, Z)BY
—9(¢BY, Z)pBX — g(¢BY, Z)g(X, pAE)E
¢BX,Z)pBY + g(¢BX, Z)g(Y, pAE)E

+ 9(
— g(Y, AN (2)pBX + g(X, pAEn(Z)pBY
+ 9(

(1.11) SY,Z)SX — g(SX, Z)SY

and

(VxS)Y = (VyS)X = —n(X)oY +1(Y)pX +29(6X, Y)¢

QAL X)BY — g(¢AS,Y)BX
AL, X)pBY — g(9AE, Y )g(AS, X)¢
(1.12) + 9(AE, Y)9BX + g(pAE, X)g(AE Y)E,

where R and S denote the Riemannian curvature tensor and the shape operator
of M, respectively. In this paper, the right-hand side of (1.12) is denoted by
E(X,Y) for the sake of convenience. By means of this notation, (1.12) is written
as Z(X,Y) = (VxS)Y — (VyS)X, which will be used in Section 4.

Now let us focus our attention on a Hopf real hypersurface in the complex
hyperbolic quadric @™*. The Reeb vector field £ of a real hypersurface M
in Q™" is said to be Hopf if it is invariant under the shape operator S of M.
The 1-dimensional foliation of M by the integral manifolds of the Reeb vector
field £ is said to be the Hopf foliation of M. We say that M is Hopf real
hypersurface in Q™™ if and only if the Hopf foliation of M is totally geodesic.
By using the fact of ¢¢ = 0, together with (1.2) and (1.3), it can be easily seen
that a real hypersurface M in Q™" is Hopf if and only if the Reeb vector field &
is Hopf. From this point of view, the fact of M being Hopf means that the
Reeb vector field ¢ satisfies S§ = o, where o = ¢g(S¢,&). Hereafter, we call
the smooth function o = g(5¢, ) the Reeb curvature function of M. Then, by
differentiating S¢ = af and using the equation of Codazzi (1.12), we get the
following:

+9(
—g(

Lemma 1.1 ([23]). Let M be a Hopf real hypersurface in Q™*, m > 3. Then
we obtain

(1.13) Ya= (a)n(Y) +29(AE, €)g(9ALY)
and
25¢SY = a(S¢ + ¢S)Y — 20Y + 29(AL, §)g(¢AL, Y )E
(1.14) —2n(Y)g(AE, §)PAE — 29(PAEL, Y ) AL + 29(AE, Y) DAL
for any tangent vector field Y on M.

On the other hand, as mentioned above, from (1.6) we obtain g(A¢, N) = 0.
It means that the vector field A is tangent to M in Q™, that is, A € T,M,
p € M. Taking the covariant derivatives of this formula with respect to the
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Levi-Civita connection V and using the formula (Vx A)Y = ¢(X)JAY for any
tangent vector fields X and Y on M, we get

Vx(AE) = Vx(AE) — g(SX, AG)N
= (VxA)E+ A(VxE) — g(SX, AN
= q(X)JAE + A(VxE) + 9(SX, AN — g(SX, AN
= q(X){pAE + g(AL, )N} + BpSX + g(ApSX,N)N
— 9(SX, ) {PAE + g(AL, )N} — g(SX, AE)N.

Then, by comparing the tangential and the normal components of the above
equation, we get

(1.15) Vx(A§) = q(X)pAL + BoSX — g(SX, §)pAL
and
q(X)g(AE, &) = —g(¢pSX, AN) + g(SX, §)g(AE, €) + g(SX, AS)
= 9(pSX, pAL) + g(SX, §)g(AE, €) + g(5X, AS)
= g(5X, Af) — g(AE, §)g(SX, §)
+ 9(SX,§)g(AE, €) + g(SX, A¢)
(1.16) = 29(SX, Af).
In particular, if M is Hopf, then (1.15) and (1.16), respectively, become
(117)  Vx(4¢) = (¢(X) — an(X))pAE + BoSX = r(X)pAE + BoSX
and
(1.18) q(§)g(A¢E, €) = 2ag(A¢, €),

where k(X) = ¢(X) — an(X) for any X € TM.
Let us consider the Hessian tensor of the Reeb curvature function o =
g(S¢,€) which is defined by

Hess(a)(X,Y) = g(Vxgrada, Y)
for any X and Y tangent to M. Then, it satisfies
Hess(a)(X,Y) = Hess(a)(Y, X),

that is, g(Vxgrada,Y) = g(Vygrada, X). Related to this property, in [30]
Woo-Lee-Suh gave:

Lemma 1.2 (see Lemma 3.5 in [30]). Let M be a Hopf real hypersurface in
the complex hyperbolic quadric Q™*, m > 3. Then we obtain

Y8 = Vy(g(AE,€)) = —29(SpAE,Y)
and

(1.19) Y(§a) = 2B9(SALY) +£(€a)n(Y) — 2a89(AL,Y),
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where a = g(SE, &) and f = g(AE,€). Moreover, by using these formulas, the
Hessian property which is given by g(Vxgrada,Y) = g(Vygrada, X) can be
rearranged as

2Bg(SAE X)n(Y) — 2aB9(AE, X)n(Y) + (a)g(6SX,Y)
—4g(S¢AE, X)g(PAEL,Y) — 49(SAE, X)g(AL,Y) +289(BSX,Y)
= 2B9(SAE Y )n(X) — 2aB9(AS, Y)n(X) + (a)g(6SY, X)
—49(SPAE, Y)g(9AL, X) — 49(SAE Y)g(AE, X) + 2B9(BSY, X),
where BX = (AX)T denotes the tangential part of AX.

Now, let us define the structure Jacobi operator R of a real hypersurface M
in @™*. Indeed, the structure Jacobi operator R is a Jacobi operator with
respect to the structure vector field £ given by RY = R(Y,§){ forany Y € TM.
Bearing in mind (1.11), it follows

ReY = =Y +n(Y)§ — g(AE, &) BY + g(AL,Y) AL
(1.20) + 9(PAEL, Y )pAL + aSY — g(SE,Y)SE,

where we have used A = B € TM and « = ¢(S¢,¢). In particular, if M is
Hopf, then (1.20) becomes

ReY = =Y +n(Y)§ — g(AE, §)BY + g(Ag,Y )AL
(1.21) + g(PAE, Y)PAE + aSY — a?n(Y)E

for any tangent vector field Y of M. Moreover, by taking the covariant deriv-
ative of (1.21) along the direction of Z € T'M, we can obtain

(VZzRe)Y =V z(ReY) — Re(VzY)
=(1—a)g(Y,¢52)¢ + (1 — a®)n(Y)pSZ

+29(SQAE, Z)BY — B(VzB)Y + g(BpSZ,Y )AL
+9(AS,Y)BOSZ + Bg(SY, Z)p AL — (Y )g(SAE, Z)p AL
+ Br(Z)n(Y)PAS — g(BHSZ, ¢Y )pAE
+ Bg(pAL Y )SZ — g(¢ AL, Y)g(SAE, Z)E
+ Br(Z2)g(pAE, Y)E + g(pAL, Y )pBpSZ

(1.22) + (Za)SY + a(VzS)Y — 2a(Za)n(Y)E,

where we have used (1.2), (1.3) and (1.17). B
On the other hand, by using (1.1), (1.4) and (1.7), together with (VzA)Y =
q(Z)JAY and JAY = ¢BY + g(¢pAL, Y )E + g(AE,Y)N, we get

(V4B)Y = V,(BY) — B(V,Y)
— V4(BY) — ¢(SZ, BY)N — B(V;Y)
= V2(AY — g(AY, N)N) — g(SZ, BY)N — B(VY)
= (VZA)Y + A(VzY) - g((VZA)Y + A(VzY),N)N
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—g(AY,VzN)N — g(AY,N)VzN — g(SZ,BY)N — B(VzY)
= q(Z2)JAY + A(V2Y) + g(SZ,Y)AN — q(Z)g(JAY, N)N
— g(V4Y, AN)N — ¢(SZ,Y)g(N, AN)N + g(AY, SZ)N
+ g(AY,N)SZ — ¢(SZ, BY)N — B(VzY)
(123) = q(Z)6BY +q(2)g(0AE, Y)E - (SZ,Y )AL — g(Y, 6AE)SZ,
where we have used VxY = VxY + g(SX,Y)N and VxN = —SX for any
tangent vector fields X and Y of M (we call them the Gauss and Weingarten
formulas, respectively). In addition, the equation of Codazzi (1.12) gives
(VzS8)Y = (VyS)Z —n(Z)¢Y +n(Y)oZ +29(62,Y)§
+9(9AE, Z)BY — g(9AL,Y)BZ
— 9(AE, Z2)¢BY — g(9 AL, Y)g(AL, Z)¢
(1.24) +9(AS,Y)PBZ + g(9AE, Z)g(AL, Y)S.
Substituting (1.23) and (1.24) into (1.22) and using «(Z) = ¢(Z) — an(Z2),
together with (1.13) and (1.16), it can be rearranged as
(VzRe)Y
= (1= a®)g(Y,¢S2)¢ + (1 — ®)n(Y)pSZ + 29(SPAE, Z) BY
— 29(SAE, 2)0BY + Bg(SZ,Y )AL + 2B(Y, 6AE)SZ
+ g(BpSZ,Y)AE + g(AE,Y)BHSZ + Bg(SY, Z)p A&
+0(Y)g(SAE, Z)6AE — aB(Z)n(Y )SAE — g(BOSZ, 6Y )SAE
— 9(PAE, Y)g(SAE, 2)E — aBn(Z)g(9AE, Y )E + g( A, Y)$BHSZ
T (E0)(2)SY + 289(HAE, Z)SY + a(Vy §)Z — an(Z)6Y
+an(Y)pZ + 209(¢Z,Y)E + ag(9pAE, Z)BY — ag(pAE,Y)BZ
— ag(A€, Z)6BY — ag(d A, Y)g(AS, 2) + ag(AL, Y)oBZ
(125)  +ag(dAL, Z)g(AE, Y)E — 2a(ga)n(Z)n(Y )€ — daBg(GAE, Z)(Y)E
for any tangent vector fields Y and Z of M.

With the help of these facts and formulas, in the remaining part of this
paper we will give a complete proof of our results given in the Introduction.

2. Proof of Theorem 1
- The singularity of unit normal vector field -

Let M be a Hopf real hypersurface in the complex hyperbolic quadric Q™*,
m > 3. In this section, we will prove that if M has a constant mean curvature
and its structure Jacobi operator R is cyclic parallel, then the unit normal
vector field N of M is singular. In order to do this, let us denote a := g(S¢, &)
and 8 := g(A&,£). The following facts are known for such smooth functions «
and . Hereafter, let V be any open set of M.
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Remark 2.1. By (1.6), the fact that § = g(AE, &) identically vanishes on an
open set V gives the unit normal vector field N is -isotropic on V. In fact,
bearing in mind (1.6), our assumption of 8 = 0 follows

0= g(A&, &) = g(cot(t)JZy + sin(t) Z, sin(t) Zo — cos(t)J Z,) = — cos(2t),

where 0 < ¢t < 7. That is, it implies ¢ = 7. So, by (1.5), the unit normal
vector field N becomes

N = cos ()21 +sin (7 )J2: = %(Z1 +J25)

for some orthonormal vectors Z; and Z, € V(A) = {Z € TQ™" | AZ = Z},
which means that N is 2(-isotropic.

Remark 2.2. On Hopf real hypersurface M in Q™", the fact that the geodesic
Reeb flow a = g(S¢,€) is either constant or vanishing on V implies that N is
singular on V. In fact, by means of (1.13), we get 8¢ A& = 0 for these two cases
regarding «. If 8 = 0, by virtue of Remark 2.1, then N is -isotropic. On the
other hand, if 8 # 0, then we obtain A& = 0. Applying the structure tensor
field ¢ to this formula and using (1.2), it follows that

(2.1) A€ = pe.
As mentioned in the Introduction, it is known that the real structure A € 2 is
an anti-linear involution on T'Q™*, that is, A2X = X for any X € TQ™*. So,
using this fact and (2.1) again, we get
¢ = A% = BAE = p%,
that is, 82 = 1. Now, by our assumption 8 # 0, the smooth function 3 satisfies
B = g(Ag,§) = —cos(2t), 0 <t < §. Thus, we consequently have ¢ = 0 for the
case of B # 0. From this, the unit normal vector field N is rewritten as
N = co0s(0)Z; + sin(0)JZy = Z; € V(A),
which means that N is 20-principal. Combining the discussions mentioned in

above two cases, it gives a complete proof of Remark 2.2.

Now, we want to derive some basic equations regarding the cyclic parallelism
of the structure Jacobi operator R¢ of M. As it is well known, our assumption
that the structure Jacobi operator Re of M in Q™" is cyclic parallel means
that R¢ satisfies

(t) 0=9((VxRe)Y, Z) + g((VyRe)Z, X) + g((Vz R )X, Y)

for any tangent vector fields X, Y and Z of M. Taking X =Y = Z in the
above (t) becomes g((VzR¢)Z,Z) = 0. From this, we get

I(VxivRe)(X +Y), (X +Y)) =0,
which gives

0=g((VyRe)X, X) + g((Vx R)Y, X) + g((Vy Re)Y, X)
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+9(VxRe)X,Y) + g(Vy Re) X, Y) + g((Vx Re)Y, Y)
=9((VyRe) X, X) + 29((Vx Re) X, Y) + 29((Vy Re )Y, X)
(2.2) +9((VxRe)Y,Y).

Actually, the structure Jacobi operator B¢ of M is symmetric. From this, we
get g(VxRe)Y,Z) = g(Y,(VxR¢)Z). By virtue of this property, we get

9(VxRe)X,Y) = g(Vx Re)Y, X)
and
9(VyRe)X,Y) = g((Vy R)Y, X).
So, the second equality in (2.2) holds. Using this formula, we prove:

Lemma 2.3. Let M be a Hopf real hypersurface with cyclic parallel structure
Jacobi operator in the complex hyperbolic quadric Q™*, m > 3. Then, we get

(a)(h—a) =0,
where h is the trace of the shape operator S of M, that is, h := TrS.

Proof. By our assumption that the structure Jacobi operator R¢ of M is cyclic
parallel, (2.2) gives

9((VeRe) X, X) +29((Vx Re) X, §)
(2.3) +29((VeRe)E, X) + g((Vx Re)E, ) =0
for Y =¢ and X € TM. Using (1.24), we get
(VeRe)X = =3af¢BX + 2a8n(X)pAL + (§a) SX — a(§a)n(X)E
+ aBg(pAE, X )& + a?pSX — aSPSX — apX
(2.4) — ag(pAE, X)AE + ag(Ag, X)pAL

(VxRe)E = (1 - a®)pSX + g(SPAE, X)AE — 29(SAE, X)pAE
+afn(X)pAL + BBYSX + g(SAE, X)PAS + a(§a)n(X)E
— afg(PAE, X)§ + a(Ve9) X + apX + ag(pAS, X)Ag
— ag(Ag, X)PAS + afpBX — 2a(Sa)n(X)E.
From these two formulas and (1.12), we obtain the following four equations.
9((VeRe)X, X) = —3aBg(¢BX, X) + 2a8n(X)g(Ag, X)
+ (§a)g(SX, X) — a§a)n(X)n(X)
+afBg(pAE, X)n(X) + a?g(pSX, X)
—ag(SeSX,X) — ag(¢X, X)
(2.5) — ag(pAE, X)g(AL, X) + ag(Ag, X)g(9AE, X),
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29((Vx Re) X, &) = 29((Vx Re)§, X)
=2(1 - a®)g(¢SX, X) + 29(SHAE, X)g(AE, X)
—29(SAE, X)g(PAE, X) + 2a8n(X)g(PAE, X)
+2B9(BpSX, X) + 20 g(¢SX, X)
—2ag9(SPSX, X) — g(pAE, X)g(AE, X)
—2aB9(¢BX, X) + 2ag(AE, X)g(oAE, X)
+2ag(pAE, X)g(AE, X) — 2ag9(AE, X)g(PAE, X)

(2.6) + 2afg(pBX, X),
(2.7) 29((VeRe)€, X) = g((VeRe) X, €) =0,
and

9(VxRe)§, §) = ag((VeS) X, €) — a(éa)n(X)

(2.8) = ag((VeS)E, X) — a(éa)n(X) = 0.
By means of (2.7) and (2.8), the equation (2.3) is rewritten as
(2.9) 9((VeRe) X, X) 4 29((Vx Re) X, §) = 0.

Let {e1, €2, ..., eam—1 := £} be a basis of the tangent vector space T, M of M
at p € M. From (2.5) and (2.6), contracting X on M, (2.9) gives ((a)(h—a) =
0, where we have used that h := Tr(S) and Tr(C) = 212;”1_1 g9(Ce;,e;) = 0 for
any skew-symmetric operator C' of M. Here we say that a tensor C is skew-
symmetric if C satisfies g(CX,Y) = —(CY, X) for any tangent vector fields X

and Y of M. It completes a proof of our lemma. O

By virtue of Remarks 2.1 and 2.2, we know that when the smooth function «
(or B, respectively) identically vanishes on M, the unit normal vector field N
of M in Q™" is singular. So, in the following lemmas, let us consider for a Hopf
real hypersurface satisfying o # 0 and 8 # 0. With this understood, we first
prove:

Lemma 2.4. Let M be a Hopf real hypersurface with cyclic parallel structure
Jacobi operator in the complex hyperbolic quadric Q™, m > 3. If the smooth
functions 8 = g(A&, &) and o = g(SE, &) satisfying Ea = 0 are non-vanishing
on V, then the unit normal vector field N of V in Q™" is singular.

Proof. By our assumptions that (o) =0 and 8 # 0, (1.19) gives
(2.10) SAE = aA€.
Putting Y = A¢ in (1.14) and using (2.10), we get aSPAE = (a? — 232)pAE.
Because the Reeb function « satisfies a # 0 on V, it follows that
2 _ 2 2
(2.11) Sode = = L ae — voac.

(0%
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On the other hand, putting § instead of ¥ in (1.21) gives R¢§ = 0. From
this and (1.3), we get
(VxRe)§ = Vx(Rel) — Re(VxE) = —RepSX
for any tangent vector field X of M. Using this formula and the symmetric
property of Re, the cyclic parallelism of R¢ for Y = £ becomes
0=9((VxRe)S, 2) + 9((VeRe)Z, X) + g((Vz Re) X, §)
= 9((Vx Re)S, Z2) + 9((VeRe) Z, X) + g(Vz Re)S, X)
= —9(RedSX, Z) + 9(VeRe) 2, X) — g(RepSZ, X))
= 9(=RedSX + (VeRe) X + SoRe X, Z),

—~~

which yields
(2.12) —RepSX + (VeRe) X + SoR: X = 0.
By using (2.4), the previous equation (2.12) becomes
SoReX — RepSX — 2af¢pBX + 2a6n(X)pAL + (a)SX
— a(ba)n(X)E + aBg(pAE, X)E + a*pSX — aSpSX
(2.13) —apX — ag(dpAL, X)AL — afdBX + ag(Ag, X)pAE = 0.
Moreover, by using (1.21) and ¢2A¢ = — A€ + BE, we get
SoR: X = —S¢pX — BSoBX + g(A§, X)SPAE
— g(PAE, X)SAE + aBg(HAE, X)E + aSHSX
and
RepSX = —¢pSX — BBOSX + g(AL, pSX)AE
+ g(AE, SX)pAE — afn(X)PAE + aSpSX.
So, (2.13) can be rearranged as
— S6X — BSOBX + g(AL, X)SHAE — g($AE, X)S A€
+ aBg(pAE, X)§ + ¢SX + BBYSX — g(AL, pSX)AE
— 9(AE, SX)PAL + afn(X)pAL — 2089 BX
+2a8n(X)PAL + (§) SX — a(a)n(X)E + aBg(PAS, X)E
+02pSX — aSPSX — apX — ag(pAE, X)AE
(2.14) —af¢pBX + ag(AE, X)pAL = 0.
Bearing in mind (2.10) and (2.11), putting X = A¢ in (2.14) gives
(4af? + o® — a?0)p At = 0,
where we have used BAE = &, g(AE, AS) = 1, g(pAE, AE) =0, BPAE = BPAE,
and £o = 0. From our assumptions o # 0 and 8 # 0 on V, together with

ao = a? — 2% given in (2.11), it follows ¢pA¢ = 0. By using the proof given in
Remark 2.2, we see that the unit normal vector field N is 2A-principal. (|
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In fact, combining the above discussions and remarks mentioned in this
section, we are ready to give a complete proof of our Theorem 1 as follows.

Proof of Theorem 1. For the proof, we first assume that the structure Jacobi
operator R¢ of a Hopf real hypersurface M with constant mean curvature
in Q™" is cyclic parallel. And, as an open subset of M, we take

U={peMlalp) # 0}
Then, we have M = U UInt(M\U) U I(M\U). Here, Int(M\U) and I(M\U)
stand for the interior and boundary sets of M\U, respectively, where M\U
denotes the orthogonal complement of the set U/ in M.
Case 1. OnUUd C M

Let W= {p € U]|B(p) # 0}. Then, W is an open subset of U. So, we can
consider the following three cases.
e Subcase 1-1. pe W CU
At any point p € W, it holds that a(p) # 0 and B(p) # 0. It follows
from Lemma 2.3 that the cyclic parallelism of the structure Jacobi
operator ¢ gives
(2.15) a)(p) - (h—a)(p) = 0.
So, we may put an open set I' := {p € W|({a)(p) # 0}, which means
that W = T UInt(W\I') U9(W\T'). With this set-up, we now consider
the following three cases:
— Subcase 1-1-(i). pe T C W
At any point p € T, it holds that a(p) # 0, B8(p) # 0 and (o) (p) #
0. Thus, (2.15) says that the Reeb curvature function a = g(S¢, &)
satisfies @« = h on I'. By our assumption that M has constant
mean curvature h, it implies that « is constant on I'. From this
and Remark 2.2, we can see that the unit normal vector N, is
singular. Hence, the normal vector field N is singular on T
— Subcase 1-1-(ii). p € Int(W\I') C W
At p € Int(W\I'), it holds that a(p) # 0, B(p) # 0, and (€a)(p) =
0. Then, by virtue of Lemma 2.4, we see that the unit normal
vector N, is A-principal. Consequently, the unit normal vector
field N is singular on IntOV\T).
— Subcase 1-1-(iii). p € IW\I') C W
Given a point p € IW\I'), there is a sequence (s,) such that
$n — p for each point s, € (W\I'). Then, for each s, we obtain
a(sp) #£0, B(sp) # 0, and (£a)(s,) = 0. By virtue of the proof of
Lemma 2.4, we get ¢pAL(s,,) = 0 for any s,. Thus, the continuity
of vector field ¢pA¢ gives

0= lim GAL(s,) = GAL( lim s,) = GAL(p).
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Applying the proof used in Remark 2.2, it means that S(p) = —1.

So, we see that the unit normal vector N, is 2-principal, which

means that the unit normal vector field N is singular on d(W\T').
By combining Subcase 1-1-(i)—(iii) altogether, we can see that the unit
normal vector field N is singular on W = {p € U | B(p) # 0}.

Subcase 1-2. p € Int(UU\W) C U

We get S(p) = 0 for all p € Int(U\W). By using Remark 2.1, we obtain
that the unit normal vector field NV is -isotropic. So, we see that N
is singular on Int(U\W).

Subcase 1-3. p € IU\W) C U

Since p is a boundary point of U\ W, there is a sequence (p,,) such that
pn — P, where each point p,, belongs to U\W. It means that 8(p,) =0
for each p,,. From this fact and the continuity of 8 = g(A¢, &), we get

0= lim B(pn) = B(lim pn) = B(p).

By using again the proof of Remark 2.1, we see that the unit normal
vector N, at p € d(U\W) is A-isotropic. So, we can assert that the
unit normal vector field N on d(U\W) is singular.

Summing up above three cases, we conclude that the unit normal vector field N
is singular on U = {p € M | a(p) # 0}.
Case 2. On Int(M\U)

Let p be a point of Int(M\U). Then, it holds a(p) = 0 for all p. It means

that the Reeb curvature function a = ¢g(S&, €) vanishes on Int(M\U). So, by
virtue of Remark 2.2 we conclude that the unit normal vector field N is singular
on Int(M\U).

Case 3. On 9(M\U)

Given a point p € 9(M\U), there is a sequence (g,) such that g, — p for

each point ¢, € M\U. From this, we obtain «(g,) = 0 for all ¢,. So, by (1.13)
we see that (80AE)(gn) = 0 for all ¢,,. By the continuity of 5 and ¢pAE on M,
it follows that

0= lim (B6AE)(gn) = lim (B(gn)@A(n))
= B( lim_g,)pAL( lim g,)
= B(p)pAL(p)
= (BOAL)(p)-

By using the same proof of Remark 2.2, we obtain that the normal vector NV,
at p is singular, which means that the unit normal vector field N on 9(M\U)
is also singular.

Summarizing the above Cases 1, 2 and 3, we give a complete proof of our

Theorem 1 mentioned in the Introduction. O
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3. Proof of Theorem 2
- with the unit 2-isotropic normal vector field -

Let M be a Hopf real hypersurface with constant mean curvature in the
complex hyperbolic quadric Q™*, m > 3, whose the structure Jacobi opera-
tor R is cyclic parallel. By virtue of Theorem 1, we have known that the unit
normal vector field N of M is singular. That is, N becomes either 2-isotropic
or A-principal.

So, in this section, we consider the case that the normal vector field N of a
Hopf real hypersurface M with cyclic parallel structure Jacobi operator in Q™*
is A-isotropic. It means that N is expressed as N = %(Zl + JZj3) for some
orthonormal unit vector fields Z;, Zs which belong to the distribution V(4) =
{Z eTQ™* | AZ = Z}. Bearing in mind the property of real structure A € 2,

s

it gives t = T in (1.5). Applying this fact to (1.6) and using them, we get
g(AE,N) = %Q(le + Zy, Zy + JZ3) =0,
9(AE ) = 59(I 2 + 22, 72— T7) =,
g(AN, N) = %g(Zl — JZ, %y + JZ5) = 0.

By such equations, (1.4) and (1.7) assure that the vector fields A and AN are
tangent to M, that is, A{ = B and AN = —¢AE. Furthermore, taking the
covariant derivative to g(A¢, N) = 0 and g(AN,N) = 0 with respect to the

Levi-Civita connection V and using the Weingarten and Gauss formulas, we
obtain

(3.1) SAE =0 and SAN = —S¢A¢ = 0.

So, the tangent vector space T, M at any point p € M is composed of three
distributions Span{¢}, Span{A¢, ¢A¢} and Q, that is, T,M = Span{¢} @
Span{A¢, AL} @ Q. Here, Q is a (2m — 4)-dimensional distribution given
by Q={X e T,M | X_LE, AL, pAE}.

On the other hand, by (1.21), the structure Jacobi operator R, of a Hopf
real hypersurface M with -isotropic unit normal vector field N in Q™" and
its derivative are given as

(3:2) ReY = =Y +0(Y)E + g(AE,Y) AL + g(9AE, Y )P AE + aSY — a®n(Y)¢
and
(VxRe)Y = Vx(ReY) — Re(VxY)
= g(Y,0SX){ +n(Y)pSX + g(Vx (AE),Y)AL
+ 9(AL,Y)Vx (A) + g((Vxd) AL, Y )P AE
—9(Vx(AE), 9Y)pAL + g(9 AL, Y)(Vxp) AL
+ g(BAE,Y)H(V x AE) + (Xa)SY + a(VxS)Y
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(33) —20(Xa)n(Y)E — o®g(Y,pSX)E — o®n(Y)pSX

for any X and Y € T'M, respectively.

In Section 2, we obtained that regardless of the singularity of the unit nor-
mal vector field N of M the cyclic parallelism of R, gives (2.14) for ¥ = &.
Accordingly, applying our assumption that N is 2-isotropic, that is, (3.1) and
B:=g(A£,€) =0, (2.14) becomes

— SoX + ¢SX + (£)SX — a(éa)n(X)E + a?pSX
(3.4) —aSPSX — apX — ag(PAE, X)AE + ag(Ag, X)pAE = 0.
On the other hand, as N is 2l-isotropic, (1.14) gives
25¢SX = aSoX + apSX — 20X — 2g9(pAE, X)AE + 2g9( AL, X)pAE.
From this, (3.4) can be arranged as
(3.5) (@ +2)pSX +2(€a)SX — (a? +2)SX — 2a(a)n(X)E=0
for any tangent vector field X of M.

Now, let us take some unit tangent vector field Xy € Q such that SXy =
AXy. Here, the distribution Q is given by @ = {X € TM | XL, AL, pAEL}.
Then, for such an Xy € Q the equation (3.5) becomes

(@® +2)SpXo = Ma? + 2)¢Xo + 2M\(£a) Xo,

which is the same as

A
Moreover, putting ¥ = X in (1.14) and using SXo = AXy, we get
(37) (2A — Oé)S(ﬁXo = (C{)\ — 2)¢X0
Substituting (3.6) into (3.7) provides
A
(3.8) (2 — a){)\¢X0 + 2(§a)mXo} — (a\ — 2)6X,.
Taking the inner product of (3.8) with X yields
(2A—a)
2)\(5&) OéQ _|_ 2 - 07

which implies
(3.9) (Ea)M(2X —a) = 0.

Let us denote U = {p € M |({a)(p) # 0}, which is an open subset of M.
For this open set U, let us consider three cases as follows.

Case . OnU C M
Since (£a)(p) # 0 at every point p € U, (3.9) gives us

(3.10) al = 2)\%
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On the other hand, taking the inner product of (3.8) with ¢X, and using the
fact of g(¢pXo, $Xo) = 1, we get

M _—ar+1=0.

Substituting (3.10) into this formula becomes A\? = 1, that is, A = +1. From
this and (3.10), we obtain o = +2. It means that a := g(S¢,€) is constant
onU.

Case II. On Int(M\U)

Now, M is a Hopf real hypersurface with 2-isotropic unit normal vector
field N in @Q™*. By (1.13), we obtain

(3.11) Ya = (€a)n(¥)
for any tangent vector field Y of M.

On the other hand, it holds that ({o)(p) = 0 at any point p € Int(M\U).
By virtue of this fact, (3.11) assure that the smooth function « := ¢(5¢,€) is
constant on Int(M\U).

Case III. On O(M\U)

Let p be a point of (M\U), where O(M\U) denotes the boundary set
of M\U in M. Then, there is a sequence (p,) such that p, — p, that is,
(&a)(pn) = 0 for each point p, € M\U. So, (3.11) yields (Ya)(pn) = 0. From
this and the continuity of Yo on M, we get

0= lim (Ya)(pn) = (Ya)( lim p,) = (Ya)(p),

which means that « is constant on d(M\U).

Summing up above three cases, we assert:

Lemma 3.1. Let M be a Hopf real hypersurface with cyclic parallel structure
Jacobi operator in the complex hyperbolic quadric Q™*, m > 3. If the unit
normal vector field N of M is A-isotropic, then a smooth function a = g(SE, )
is constant on M.

By virtue of Lemma 3.1, the equation (3.5) is rearranged as
(3.12) (@®+2)(¢SX — SpX) =0
for any X € TM. From this and Theorem A, we obtain:

Lemma 3.2. Let M be a Hopf real hypersurface with cyclic parallel structure
Jacobi operator in the complex hyperbolic quadric Q™*, m > 3. If the unit
normal vector field N of M is A-isotropic, then M has an isometric Reeb flow.
Moreover, M is locally congruent to an open part of the following Hopf real
hypersurfaces in Q™*:
(Tx) (only if m = 2k is even) A tube with radius r € RY around the com-
plex totally geodesic embedding of the complex hyperbolic space CHF
imnto Q%*.
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(H%) A horosphere in Q™" whose center at infinity is singular and of type
LA-isotropic.

We call such model spaces given in Lemma 3.2 the real hypersurfaces of
Type (A) in @™, which is denoted by M 4. We introduce some characteriza-
tions of M4, as follows.

Proposition A ([23]). Let M4 be the real hypersurfaces of Type (A) in Q™"
m > 3. Then the following holds:
(i) A real hypersurface M4 is Hopf.

(ii) The unit normal vector field N of M4 is singular and 2A-isotropic.

(iii) The shape operator S of Ma commutes with the structure tensor field ¢,
that is, S = ¢S. It means that M4 has isometric Reeb flow.

(iv) M4 has constant principal curvatures, and in particular constant mean
curvature. Then the principal curvatures of M4 with respect to the unit
normal vector field N and the corresponding principal curvature spaces are
given in Table 1. Here, C and Q are the mazximal holomorphic subbundle
and the mazximal A-invariant subbundle of TM 4, respectively. In addi-
tion, TCH" and vCH* stand for the tangent and normal bundle of CHF,
respectively.

TABLE 1. Principal curvatures of model spaces of M4

Type Eigenvalues FEigenspace Multiplicity
(TX) a=2coth(2r) To=RJN me=1
B=0 Tg=CoQ=Span{A&,pAE} mg=2
A=tanh(r) T\=TCH*5(C5Q) ma=2k—2
p=coth(r) Tuzy(Cer(CyMA m,,=2k—2
(H%) a=2 To=RJN me=1
B=0 Tp=CoQ==Span{ A¢,pAE} mpg=2
o=1 T,=0Q me=2m—4

In particular, on a model space (T) it holds

(v) B(Tx) = T, and B(T,) = Th, that is, SBX = puBX for X € Ty and
SBX = ABX for X € T,,.

(vi) ¢(Th) = T\ and ¢(T,,) = T, that is, SpX = X for X € Ty and
SoX = upX for X € T),.

By using the information of M4 given in Proposition A, in the remaining
part of this section, we consider the converse statement of Lemma 3.2, that is,
whether a real hypersurface of Type (A) in Q™™ satisfies all conditions given in
Lemma 3.2 or not? In fact, by (i) and (ii) in Proposition A, we see that a real
hypersurface M4 is Hopf with 2A-isotropic unit normal vector field N in Q™",
m > 3. So, from now on, we want to show whether or not the model space M 4
has the cyclic parallel structure Jacobi operator.
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In order to do this, let us assume that the structure Jacobi operator R of
M 4 is cyclic parallel. Then, it holds that
(1) 9(VxRe)Y,Z) + g(Vy Re)Z, X) + g((VzRe) X, Y) =0
for any X, Y and Z € TM,4 = Span{{} @ Span{ A&, pAL} & Q.
Putting Y = A€ in (3.3) and using SAE = SPpAE = 0 gives
(VxRe)AE = g(Vx (AS), AS AL + Vx (AE)
= 9(Vx (AE), pAL)PAL + a(Vx 5) AL
(3.13) = B¢pSX — aSB¢pSX,
where we have used Vx(A¢) = (¢(X) — an(X))pA + BoSX, (Vxp)AE =0,
BA¢ = B%¢ = ¢, BoAE =0 and
(VxS)AE = Vx (SAL) — S(Vx AL)

(3.14) = —(q(X) — an(X))SpAE — SB6SX = —SBoSX.
And, substituting X = A¢ and Y = Z into (3.3) we get
(3.15) (VAgRg)Z = Oé(VA§S)Z,

where we have used Vag(AE) = q(AE)pAE and (Vaep)AE = 0. From (3.13)
and (3.15), the cyclic parallelism of Re for Y = A¢ and X, Z € T M4 gives

0=9((VxRe)AE, Z) + g((VaeRe) Z, X) + (X, (VzRe) AS)

=g(BpSX —aSBoSX,Z) + g(a(VaeS)Z, X) + 9g(X, B¢SZ — aSBpSZ)

= g(BpSX — aSBpSX + a(VaeS)X — S¢BX + aS¢BSX, 7),
which is the same as
(3.16) B¢pSX — aSBoSX + a(V4eS)X — S¢BX + aS¢pBSX = 0.
In addition, by using (1.12) and (3.14), together with BAE = £ and g(A¢, &) =
0, we get

(VaeS)X = (Vx S)(AE) + n(X)pAL — ¢oBX
= —SB¢pSX + n(X)pAE — ¢BX.

From this, (3.16) can be rearranged as
(3.17) BpSX —2aSBpSX + an(X)pAE — apBX — SpBX + aS¢BSX =0

for any tangent vector field X of M4.

Now, let us take Xy instead of X in (3.17), where Xy is a unit vector field
X belonging to Q@ = {X € TM4 | X L, AE, pAE}. Then, by virtue of Propo-
sition A, we can put SXy = 7X(, where

A for Xg e Th C QCT(T)),
=S p for Xg€T,CQcCT(T;),
o for Xo € Q C T(HY).
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By using (1.8), we get ¢ BXy = —B¢Xp. So, (3.17) gives
(3.18) —(a+T7)pBXo + (3ar — 1)S¢pBXy = 0.
As X € Q, together with (1.9) and BA¢ = B2¢, the tangent vector field BXg
of M 4 satisfies g(BXo, BXo) = g(B?Xy, Xo) = 1 and g(BXo, &) =g(BXo, pAf)
= g(BXy, A) = 0. It implies that BXj is a unit tangent vector field belongs
to Q. From this and Proposition A, we see that BX| also becomes a principal
vector field. Therefore, we may write SBXg = § BXy. Moreover, from this fact
and (iii) in Proposition A, we obtain

S6BX, = 6SBX, = 66BX.
Hence, (3.18) which is the cyclic parallelism of R¢ with respect to Xy € Q and
Y = A€ is rearranged as

(3.19) (—a— 74 3ard —§)¢BXy =0,
where SXg = 7Xg and SBXy = §BXj.
e On (M)

By using the information of principal curvatures of (H%), we get SX = X
and SBX = BX for any X € Q. Since Xy and BXj belong to Q, it follows
that SXo =7Xy = X and SBXy = 6BXy = BXj, that is, 7 = § = 1. Using
these facts, (3.19) provides

(3.20) 2o — 1)¢BX, = 0.

On the other hand, by (1.2) and (1.9), together with A{ = BE, we know that
$BXj is a unit tangent vector field belongs to @ C T(H%). So, (3.20) tells
us « = 1, which makes a contradiction for o« = 2. Hence, we assert that the
structure Jacobi operator Re of (%) is not cyclic parallel.

e On (71)

Since the distribution Q of (7) can be decomposed as @ = T\ @ T}, and
B(T») =T, (see (v) in Proposition A), we get 7 = X and 6 = p for Xy € T C
Q C T(T4). Bearing in mind ¢BXy # 0, the equation (3.19) gives

a=0,
where we have used a = A 4+ p and Ap = 1. It makes a contradiction for
a = 2coth(2r), » € RT. Therefore, we conclude that the structure Jacobi
operator Re of (7}) does not satisfy the property of cyclic parallel.

Summing up the discussions mentioned in Section 3, we conclude:

Proposition 3.3. There does not exist any Hopf real hypersurface M with
cyclic parallel structure Jacobi operator and 2A-isotropic unit normal vector field
m QM*, m > 3.

Remark. Theorem 1 and Proposition 3.3 assure that the unit normal vector
field N of M in Q™" is A-principal if M is a Hopf real hypersurface with
constant mean curvature in the complex hyperbolic quadric Q™*, m > 3,
whose structure Jacobi operator is cyclic parallel.
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4. Proof of Theorem 2
- with unit 2-principal normal vector field -

Let M be a Hopf real hypersurface with cyclic parallel structure Jacobi
operator in the complex hyperbolic quadric @™*, m > 3. In this section, we
consider the case that a unit normal vector field N of M in Q™" is 2-principal.
By virtue of the definition of an A-principal tangent vector field of Q™*, the
unit normal vector field N of M is expressed as N = Z; € V(A), that is, t =0
in (1.5). Moreover, by (1.6), it gives

(4.1) At =JZ =—¢ and AN = Z; = N.

From these facts, we obtain some useful equations regarding 2A-principal normal
vector field, as follows.

Lemma 4.1 (see Lemma 5.1 in [30]). Let M be a real hypersurface with -
principal unit normal vector field N in the complex hyperbolic quadric Q™™
m > 3. Then, the following facts hold on M.

(i) AX = BX where BX is a tangential part of AX,

(ii) ApX = —9pAX,

(iii) ApSX = —oSX and ¢(X)=29(5X,¢),

(iv) ASX =85X —29(SX,8)¢ and SAX = SX —2n(X)S¢
for any tangent vector field X of M.

Furthermore, it is well known that a Hopf real hypersurface with 2A-principal
unit normal vector field in Q™" becomes a contact real hypersurface with con-
stant mean curvature (see Proposition 5.3 in [30]). Therefore, by this fact and
Theorem B mentioned in Section 1, we obtain the following:

Proposition 4.2. Let M be a Hopf real hypersurface with cyclic parallel struc-
ture Jacobi operator in the complex hyperbolic quadric Q™*, m > 3. If the unit
normal vector field N of M in Q™" is A-principal, then M is locally congruent
to an open part of the following contact real hypersurfaces in Q™*:

(Tg,) A tube of radius r > 0 around the (m — 1)-dimensional complex hyper-
bolic quadric Q™ 1" which is embedded in Q™" as a totally geodesic
complex hypersurface.

(Tg,) A tube of radius r > 0 around the m-dimensional real hyperbolic space
RH™ which is embedded in Q™™ as a real space form of Q™.

(H3) A horosphere in Q™" whose center at infinity is the equivalence class
of an A-principal geodesic in QM.

We call such contact hypersurfaces the real hypersurfaces of Type (B) in Q™"
which is denoted by Mp. For the model spaces Mp, we give their geometric
structures in detail, as follows.

Proposition B ([7]). Let Mp be a tubes (T5,), (T3,) and a horosphere (H})
mn Q™*, m > 3. For Mp the following statements hold:
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(i) Every unit normal vector N of Mp is -principal.

(ii) Mp is a Hopf hypersurface, that is, S& = aé.

(iii) The shape operator S and the structure tensor field ¢ satisfy Sdp+¢S = %gb
(it means that Mp is contact).

(iv) A contact hypersurface Mg has constant principal curvatures, and in par-
ticular constant mean curvature. Then the principal curvatures of Mp
with respect to the unit normal vector field N and the corresponding prin-
cipal curvature spaces are given in Table 2.

TABLE 2. Principal curvatures of model spaces of Mp

Type Eigenvalues Eigenspace Multiplicity
(T&,) a=—+/2coth(~/2r) To=RJN ma=1
A=0 Th=JV(A)NC={XeC| AX= ma=m—1
-X}
pu=—+/2tanh(v/2r) T,=V(A)NC={XEC|AX=X} my=m—1
(T§2) azf\/itanh(\/ir) To=RJN ma=1
A=0 Th=JV(A)NC={XeC| AX= ma=m—1
-X}
pu=—+/2 coth(~/2r) T,=V(A)NC={XeC|AX=X} my=m—1
(Hp) a(=p)=—v2 To(=Tu)=(V(A)NC)@RIN Mo (=my)=m
A=0 T\=JV(A)NC ma=m—1

Remark 4.3. The fact of Mp being contact assures that the structure tensor ¢
maps T onto T}, and vice versa. That is, ¢(Th) = T, and ¢(7T},) = T». On the
other hand, the fact of (iv) in Lemma 4.1 tells us that the eigenspaces T and T},
are invariant under the real structure A, i.e., A(T\) =T\ and A(T,) =T),.

Now, by using the information of Mp given in Proposition B, in the re-
maining part of this section, let us check whether or not the structure Jacobi
operator R¢ of Mp is cyclic parallel.

In fact, by (i) in Proposition B, a contact real hypersurface Mp has an
A-principal unit normal vector field N in Q™. So, bearing in mind (1.21)
and (4.1), the structure Jacobi operator Re of Mp is

(4.2) ReY = =Y +2n(Y)¢ + BY +aSY — o?n(Y)E.

Taking the covariant derivative of (4.2) in the direction of Z and using
Lemma 4.1, together with (1.23) and Za = 0, we get

(VzRe)Y =29(Y,052)6+2n(Y)pSZ + (VzB)Y
+a(VzS)Y —a?g(Y,¢SZ)E — o*n(Y)pSZ
= (2-a?)g(¢SZ,Y)E + (2 — a®)n(Y)pSZ
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(4.3) +2an(Z)¢BY + a(VzS9)Y.

By the symmetric property of Re and (4.3), the left-side of cyclic parallelism
of structure Jacobi operator satisfies

9((VxRe)Y,Z) + g((VyRe)Z,X) + g((VzRe)X,Y)
=9((VxRe)Y, Z) + g((VyRe)X, Z) + g((VzRe)Y, X)
= 9((VxRe)Y, Z) + g((VyRe)X, Z)

— (2-a®)g(SeY, Z)n(X) — (2 — ®)n(Y)g(S9X, Z)
+ 2am(2)g(¢BY, X) — ag((VzS5)Y, X)
= g((VxRe)Y,Z) + g((VyR¢)X, Z)
— (2= a?)g(SoY, Z)n(X) — (2 — a®)n(Y)g(S4X, Z)
+2an(Z)g(¢BY, X) + ag((Vy S)X, Z)
—an(Z2)g(8Y, X) + an(Y)g(¢Z, X) + 2ag9(¢Z, Y )n(X)
(4.4) + ag(¢BY, X)n(Z) + an(Y)g(BoX, Z),
where we have used
9(Vz9)Y, X) = g((VyS)Z,X) +g(E(Z,Y), X)
=g9((VyS)X,Z) —n(Z)g(8Y, X) +n(Y)g(¢Z, X)
+29(¢Z,Y)n(X) + g(¢BY, X)n(Z) + n(Y)g(BoX, Z)

for any tangent vector fields X, Y, and Z on M. Deleting Z from (4.4) and
using (Vy S)X = (VxS)Y + Z(Y, X), we get

OxY = (VxRe)Y + (Vy Re) X
- (2= a)n(X)SeY — (2 — a®)n(Y)SPX — 2a9(BoX,Y)E
+a(Vy9X 4+ ag(¢X,Y)E — an(Y)oX — 2an(X)eY
—ag(BoX,Y)E+ an(Y)BopX
=(2—-a?)g(¢SX,Y)E+ (2 — a®)n(Y)pSX + 2an(X)pBY

+3a(VxS)Y — (2—a?)g(SoX,Y)E + (2 — a®)n(X)pSY
+2an(Y)pBX +2aZ(Y, X) — (2 — a*)n(X)SeY
—(2-a?)n(Y)SPX —209(BopX,Y)E + ag(¢pX, V)¢

(4.5) —an(Y)oX — 2an(X)oY — ag(BoX,Y)E + an(Y)BoX.

We denote this formula by © xY for any tangent vector fields X and Y of Mp.

In order to give a complete classification of cyclic parallel structure Jacobi
operator, we want to consider each step in detail, as follows. By virtue of
Proposition B, we take

% = {61,62,...,em_1,6m,...,62m_2,€2m_1 = g}

ev(A)ne eJV(A)NC
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as a basis of the tangent vector space 1T, Mp of Mp at any point p € Mp. We
put

Eif=V((A)NC={XeC|AX =X} =Span{e;|i=1,2,...,m —1}
and
E_1:=JV(AANC={X €C|AX = —X} =Span{e; | i =m,...,2m — 2},

which means T, Mp = Span{{} U E;; UE_;. By using such construction of 9B,
let us calculate © xY regarding the subspace containing X and Y.
First, taking X = ¢ in (4.5) and using (1.12), we get

0:Y = 2a¢BY +3a(VeS)Y + (2 — a?)pSY
+2aZ(Y,€) — (2 — a?)S¢Y — 2a¢Y
(4.6) = 30¢BY — 3aS¢SY — 3a¢Y +2(a® +1)pSY — (2 — a?)S¢Y,
where we have used A = —¢, E(Y, &) = ¢Y — ¢BY and
(VeS)Y = (VyS)E+E(EY)
= (Ya)f + apSY — SpSY — ¢Y + ¢BY
= apSY — S¢SY — ¢Y + ¢BY (" «: constant on Mp).
By using this equation, we get:

Lemma 4.4. Let Mp be a real hypersurface of Type (B) in Q™*, m > 3. Then
we have

0 forY =&,
OY =< (—6a—2u+a?u)gY  forY € E_q,
(2pa® + 2p)pY forY € E4q.
Proof. Putting Y = ¢ in (4.6) and using M being Hopf with 2-principal unit
normal vector field, it follows
©:£ =0.

Let us take Y € E_; = JV(A) NC. By virtue of Proposition B, we obtain
E_1 =T,. From this and Remark 4.3, the following facts hold that

n(Y)=0, AY =BY =-Y, SY =)\Y (A=0), S¢Y = uoY
for any Y € E_;. Applying these facts to (4.6) becomes
O:Y (€ E_;) = (o*p — 2u — 6a)¢Y.

Now, let us take Y € E.1 = V(A)NC. From Proposition B and Remark 4.3,
we get n(Y) =0, AY = BY =Y, SY = uY, and S¢Y = AY (A = 0). By
using these facts, (4.6) can be arranged as

OcY (€ Ey1) = (2ua” + 2u)9Y.

It completes the proof of our lemma. O

Now, let us consider the case of X € C = E_y U E;;. Then:
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Lemma 4.5. On Mg, we get

e Y = (—6a —2u+a’u)pX  forY =¢,
XEED 7 (—6a—2u+ a?n)g(oX,Y)E forY eC

and
o v (20%p+2u)¢X  forY =¢,
XEEa® = (2020 + 2u)g(¢X,Y)E  forY eC.

Proof. Let us consider the tensor field O xY for any X € E_y C TMp and
Y € TMp. By means of Proposition B, we get E_; = JV(A)NC = T).
From this and Remark 4.3, it follows that n(X) = 0, AX = BX = —-X,
SX =AX =0and S¢X = pupX. By using these facts, (4.5) can be rearranged
as
Ox(er_)Y = 3(VxS)Y — (2 — 0®)g(¢X, Y )¢ + 2an(Y)¢BX
+20E(Y, X) — p(2 = a)n(Y)oX — 3ag(BoX,Y)E
+ag(¢X,Y)§ —an(Y)oX + an(Y)BoX
=3a(VxS)Y + (—6a — 2u + a’u)g(¢X,Y )¢

(4.7) + (=6a = 2p 4 o?p)n(Y)p X,
where we have used BpX = —¢BX = ¢X and 2(Y,X) = —2n(Y)oX —
29(¢ X, Y)¢.

Similarly, for the case of X € E;1 = V(A)NC and Y € TMp, together
with Proposition B and Remark 4.3, we get £ = T,,. This fact means that
n(X) =0, AX = BX = X, SX = puX and S¢X = \¢X = 0. So, (4.5)
becomes

Ox(er)Y = m2 - a*)g(9X.Y)E + p(2 — a®)n(Y)p X
+3a(VxS)Y 4 2an(Y)pBX + 20E(Y, X)
—3ag(BoX,Y)E + ag(¢X,Y)§
—an(Y)oX + an(Y)BoX
=3a(VxS)Y + (2u — ?p)g(¢X,Y)¢
(4.8) + (2u — P u)n(Y)eX,
where we have used B¢X = —¢pBX = —¢X and Z(Y, X) = —2¢(¢X,Y)E.
On the other hand, Theorem 1.4 in [15] assures that the shape operator S

of a real hypersurface Mp in Q™*, m > 3, is n-parallel, which means that the
shape operator S of Mp satisfies

g(VxS)Y,Z)=0 for any X,Y,Z €C.

For any X,Y € C = E4; UE_1, by virtue of n-parallelism regarding the shape
operator of a Hopf real hypersurface Mg, a vector field (VxS)Y € TMp is
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expressed as
2m—2
(VxS)Y = Y g((VxS)Y,e)ei + g((Vx )Y, )¢
i=1

=9((Vx8)§,Y)E = ag(pSX,Y)E — g(59SX,Y)E

with respect to a basis B = {e1,€2,...,€m—1,€m,--,€23m_2,€am_1 = {}. Ac-

€EE cE_,
cording to X € F 1 UE_1, it yields

0 for Xe E_ 1 =T, Y eC(,
ang(pX,Y)¢ for Xe By =T,, Y eC.

By (4.9), the equations (4.7) and (4.8) become

(49)  (VxS)Y = {

(4.10) Ox(en_)Y = (—6a — 21+ a*p)g (X, Y)é
and
for any Y € C.

On the other hand, if Y = £, then we get (VxS)¢ = apSX —SpSX together
with our assumption of Mp being Hopf with constant principal curvatures.
This implies

O3 ={ o X € BT
So, (4.7) and (4.8) give
(4.12) Ox(ep HE=(—6a —2u+a’u)¢pX and Ox(cp,,)=(2u+20’u)pX.
By combining (4.10), (4.11) and (4.12), we complete a proof of Lemma 4.5. [

Since the structure Jacobi operator R¢ of Mp is cyclic parallel, it holds that
OxY =0 for all X,Y € TMp. So, we obtain a?u = 2u + 6« and 2a%u = —2u
from Lemmas 4.4 and 4.5. By the direct calculations, it gives

(4.13) 200 = —p.

That is, if the principal curvatures a and p of a contact real hypersurface Mp
satisfies (4.13), then R¢ of Mp becomes cyclic parallel.

On the other hand, the cases of (73,), (73,), and (H}) do not occur. In
fact, the principal curvatures a and u of (75, ) are a = — 2 coth(v/2r) and
p = —v/2tanh(v/2r). So, (4.13) gives tanh?(v/2r) = —2, which makes a con-
tradiction.

On (T§2), by virtue of Proposition B, the principal curvatures « and p are
= —/2tanh(v/2r) and p = —v/2coth(v/2r). So, (4.13) becomes tanh?(v/2r)
—1. It makes a contradiction. On the other hand, for (#};), bearing in mind

I e

Proposition B, we get o = u = —+/2. It arises a contradiction with (4.13).
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Summing up above discussions, we can assert that the structure Jacobi op-
erator R¢ of Mp is not cyclic parallel. From this and Proposition 4.2, we
obtain:

Proposition 4.6. There does not exist any Hopf real hypersurface M with
cyclic parallel structure Jacobi operator and A-principal unit normal vector

field in Q™" , m > 3.

Finally, combining Theorem 1 and Propositions 3.3 and 4.6 gives a complete
proof of our Theorem 2 in the introduction.
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