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LOW REGULARITY SOLUTIONS TO HIGHER-ORDER
HARTREE-FOCK EQUATIONS WITH UNIFORM
BOUNDS

CHANGHUN YANG

ABSTRACT. In this paper, we consider the higher-order Hartree-
Fock equations. The higher-order linear Schrédinger equation was
introduced in [5] as the formal finite Taylor expansion of the pseudo-
relativistic linear Schrédinger equation. In [13], the authors estab-
lished global-in-time Strichartz estimates for the linear higher-order
equations which hold uniformly in the speed of light ¢ > 1 and
as their applications they proved the convergence of higher-order
Hartree-Fock equations to the corresponding pseudo-relativistic equa-
tion on arbitrary time interval as c goes to infinity when the Taylor
expansion order is odd. To achieve this, they not only showed the
existence of solutions in L? space but also proved that the solutions
stay bounded uniformly in c.

We address the remaining question on the convergence of higher-
order Hartree-Fock equations when the Taylor expansion order is
even. The distinguished feature from the odd case is that the group
velocity of phase function would be vanishing when the size of fre-
quency is comparable to ¢. Owing to this property, the kinetic
energy of solutions is not coercive and only weaker Strichartz esti-
mates compared to the odd case were obtained in [I3]. Thus, we
only manage to establish the existence of local solutions in H® space
for s > % on a finite time interval [—T, T, however, the time inter-
val does not depend on ¢ and the solutions are bounded uniformly
in c¢. In addition, we provide the convergence result of higher-order
Hartree-Fock equations to the pseudo-relativistic equation with the
same convergence rate as the odd case, which holds on [T, T7.
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1. Introduction

We consider the higher-order Hartree-Fock equations of N (&€ N) par-
ticles

iho? =198\ + H(e\D) - Fu(4\), k=1,2,..,N,
020(0,2) = o

where gb,(:) = d);:) (t,z) : RxR3 — C, m > 0 represents the particle mass,
h is the reduced Plank constant, and ¢ > 1 denotes the speed of light.
The linear differential operator is given by

J A\ 27 :
© _ a()r L (25 -2) ,
H —_ZWAJ, a(])—W (j=1),

(hHF)

=1

and the Hartree-Fock nonlinear terms are given by

N
He) =S (“ i |¢5f>|2) o,

=\l

N

RO = S (S ele) off
=104k

A real constant k determines the strength of self-interaction among

quantum particles; it is repulsive if x > 0, and attractive if k < O.

The mass and energy of solutions are conserved as time evolves which

are defined as

M=

M) =" 1168712 s
(1.1) o 1 1
£() = Y- {570 o) + 31 (0f) ~ B0, o) }

=

=1
where (, ) denotes the complex inner product in L%(R3).
The higher-order linear Schrédinger equation was introduced in [5]:

(hLS) ihdy' = ')

as the formal approximation of the pseudo-relativistic (or semi-relativistic)
linear Schrodinger equations

(pLS) ihdpp'? = H ),
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where ¢(9 = ¥ (t,z) : R x R® — C is the wave function and the
nonlocal operator

H = \/m2c — 2R2A — mc?

is the Fourier multiplier of symbol \/m2ct + ¢2h2|¢[2 — mc?. Indeed, in
the non-relativistic regime |{| < %, the Taylor series expansion yields

\/h202|§\2 +m2c* — mc® = mc? <\/ 1+ ’ZIQSC'; — 1)

R Y T
2m 8m3c? ~ 2m

Note that higher-order models include the non-relativistic Schrodinger
equation 1h0y) = —%Aw and the fourth-order equation iAd,y) = (—%A—
8n’2§62 A?%)1. In [], the authors showed that the higher-order linear flow
provides a more accurate approximation as ¢ — oo as long as the regu-
larity of data is sufficiently given [4, Theorem A.1], precisely,

a(e) 2(0) 2T a(J + 1)
(13) Helt% ’(po - €ZtHJ ¢OHL2(Rd) S ?WHQbOHH&H’Q(Rd}

The question on approximation via higher-order equation as ¢ —
oo can be extended to nonlinear problem. We consider the pseudo-
relativistic Hartree-Fock equation

(pHF)  ihop(? = HOp'D + H@) - F'?), k=1,2,..,N,

where ¢,(:) = @Z)]Ef) (t,z) : R x R? — C, which describes the mean-field
dynamics of relativistic fermion particles. For the rigorous derivation of
the pseudo-relativistic models we refer to [16] 17, 3] and for the dynamics
of the system we refer to [11L [7, 12, [I4]. The higher-order Hartree-Fock
equations was introduced in [4] as the formal approximation of
(pHEF)). Proving the approximation of pseudo-relativistic models by the
non-relativistic models not only justifies consistency of the relativistic
modification but also verifies that non-relativistic models are good ap-
proximations to the pseudo-relativistic models, which are computation-
ally extremely expensive due to the presence of the non-local operator
HE.

When J is odd, the authors in [I3] established that the nonlinear
solutions to indeed converge to solutions to (pHF| on any time
interval as ¢ — oo with a more accurate convergence rate as J grows.
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THEOREM 1.1 (Theorem 1.7 in [13]). Let J € 2N—1 and ¢ > 1. Sup-
pose that Wy = {¢ o}, € H%(RS' CN). If k < 0, we further assume
that ||\I'0HH2 ®OCV) is sufficiently small. Let ¥(©)(t) = {1/; ( VHY, €

C(R; H? (R3;CN)) be the global solution to (pHF|) with initial data ¥,
and let ®(©)(t) = {¢ ( Y, € C(R;H%(R?’;CN)) be the global solu-
tion to (hHF|) with the same initial data. Then, there exist A, B > 0,

depending on || Wl 1 but independent of ¢ > 1 and J, such that

H3 (R3,CN)
(1.4) 19 () — T (1) poa,eny < Ac 770 B,

The methodology to prove the approximation as ¢ — oo is quite
standard. As the first step, it is necessary to find the solutions which
have uniform bounds with respect to ¢ > 1. And then, we write the
solutions in Duhamel formulae and measure the difference in L?(IR3).
The convergence rate comes from the Taylor expansion of symbol and
the regularity gap from H %(R?’) where the initial data is given. In the
proof, it is crucial to employ the inequalities with bounds independent of
¢ > 1. In [13], to prove the Theorem the authors indeed established
the global-in-time Strichartz estimates which hold uniformly in ¢ > 1.
As their applications, they proved the local existence of solutions to
in L?(R?) which have uniform bounds in ¢ > 1 and extended the
local solutions to global ones with the help of the conservation of mass
and energy .

In this paper, we consider when the Taylor expansion order
J is even. The distinguished feature from the odd order case is that
the dispersion effect is unsatisfactory. Contrary to the odd case when
the phase function is essentially comparable to the Laplacian in [£| <
2mc the group velocity of phase function for even J vanishes when the
frequency is close to ¢. More precisely, the phase function is radial and
given by

1Y o(6) = Wi (1€)a(E),

where

%, forr >0,

e (r) = ZJ: (—1)7+1 (25 — 2)1%—1

(G — DljiEm)E-1a-2"
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where one readily verifies that %w&c) (r+) = 0 for some T'c < ry < QTTC.
Due the this property, only the uniform-in-c weaker Strichartz estimates
were established in [13] (see Lemma below). Additionally, it should
be emphasized that the coerciveness of kinetic energy breaks down.

We establish the local well-posendess of in H*(R3) for s > %
by employing the uniform-in-c¢ weaker Strichartz estimates. The time
interval where the solutions exist does not depend on ¢ > 1 and the local
solutions are bounded on the interval uniformly in ¢ > 1. Due to the
lack of coerciveness of kinetic energy, unfortunately, the local solutions
cannot be extended globally. Let us recall the definition of Sobolev
spaces: WP = (1 — A)"2LP for p > 1 and s > 0.

THEOREM 1.2 (Local H*® solutions with uniform-in-¢ bounds). Let
¢ > 1 and J € 2N. Suppose that ®y = {¢ro}_, € H*(R3*C") for
s> % Then, there exists a time T' > 0, independent of ¢ > 1, such that

(hHF)) has a unique solution ®()(t) = {qﬁl(:) ()}, in the class
¢ e C([-T,T]; H*(R* C)) n L{([-T, T); W' (R* CV)),

12 3
1—-2¢’ 1+4€

3s—1 1
where 0 < € < min(=%=, 5) and (¢,7) = (
pair. Moreover, the solution satisfies

(1.5)

12 | s 3,y + 19 Lo erpwzer @seny) S I1Poll g (rs,en)

) is an even-admissible

where the implicit constant is independent of ¢ > 1.

REMARK 1.3. In Theorem for example, when s = %, any 0 < € <
% will be working.

REMARK 1.4. We expect that the regularity assumption s > % might
be lowered once we can improve the weaker Strichartz estimates in (2.2]).

REMARK 1.5. Employing the local-in-time Strichartz estimates [4]
Lemma 4.3], the authors proved the existence of global solutions to
higher-order Hartree-Fock equations in L2(R3) for all J € N
[4, Theorem 4.9]. However, the employed Strichartz estimates are not
uniform in the speed of light ¢ > 1, thus the boundedness of solutions
as ¢ goes to infinity is not guaranteed even in an arbitrarily small time
interval.
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Next, we establish the convergence of (hHF) to (pHF)) when J is even
which corresponds to Theorem [I.1] for odd J.

THEOREM 1.6. Let J € 2N and ¢ > 1. Suppose that ¥ = {¢y o}, €
H*(R3;CN) for s > 3. Then there exists a time T > 0 depend-
ing on ||[Wo| s (ms,cny, but independent of ¢ > 1, such that TO(t) =
{w,(cc) ()}, € C(R; H*([-T,T); CYN)) is the local solution to with
initial data Wy, and let ®(©)(t) = {gb,(:) )Y, € C([-T,T); H*(R3;C))
be the local solution to with the same initial data. Then, there
exist A > 0, depending on ||Vol| s rs,cny but independent of ¢ > 1, such
that
(1.6) sup (|8 (£) = WO (1) p2gmoony < AcTH.

te[-T,T)

Nevertheless we obtain uniformly bounded solutions to in
H*(R3) for s > %, the regularity assumption s > % in Theorem
is required to obtain uniformly bounded solutions to (pHEF[). This as-
sumption is same as given in Theorem See Proposition and the
comment in Remark We also obtain the same converge rate as in
Theorem when s = %, but the convergence is valid only for the finite
time interval [T, T.

REMARK 1.7. The argument in our paper can be directly applied
to the following Hartree equation to provide the similar approximation
results

ihoioy”) = 1Yol + H(o)),

(1.7) . . .
ihd? = 1O + H(p?),

k=1,2,..,N.

The limit behavior of stationary states to the higher-order Hartree
equations was studied in [9]. We also refer to [I5} [10} 8] for non-
relativistic limit (corresponding J = 1) of pseudo-relativistic Hartree
equations. Also, similar non-relativistic convergence can be formulated
for other types of relativistic models, and there have been numerous
results on this direction. We refer to [18, [I9] for the non-relativistic
limit from the Klein-Gordon and the Dirac equation to the nonlinear
Schrodinger equation. Also, we refer to [IL 2] for the convergence from
the Dirac-Maxwell (resp., Klein-Gordon-Maxwell) system to the Vlasov-
Poisson (resp., Schrodinger-Poisson) system. Finally, we refer to |20} 211
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22] for the non-relativistic limits of the Dirac-Maxwell, Klein-Gordon-
Maxwell and Klein-Gordon-Zakharov systems.

2. Preliminaries

Let us recall from [I3, Theorem 1.4] the uniform-in-c¢ Strichartz esti-
mates for higher-oder linear equations (hLS|) when J is even.

THEOREM 2.1 (Strichartz estimates for (hLS|) : even case). Let J €
2N. Then, there exists A > 0, independent of ¢ > 1, such that for an
even-admissible pair (q,r),

2 1 1
(2.1) 22¢<00, 2<r<oo, —+-=3
q
we have
1
7‘t7‘[(c) myyq
(2.2 ‘kl’wﬂwmmwngAEQ WM%@W

m\ =

)
—i(t—s)H <A <P
HAe ’ Gwﬂwwumm— <h>”’%mﬂ%w»

Next, we introduce key inequalities to handle the Hartree-Fock non-
linear term.

LEMMA 2.2. Let s > % and 0 < € < 1. Then, we have
(2.3) H|95’71 * (f1f2)HLoo(R3) S Hf1||HS(R3)HfQHHS(R3)7

and

[~ % (Frf) | oo moy

S VLN T P ot PN T

L7 (RS) L7%% (R3) L7 (R3)

(2.4)

For the proof, we refer to [10, Lemma 3.2] and [6, Lemma 2.3], re-
spectively. From and the fractional Leibniz rule, one immediately
has that

(27" (F12)) Fol e oy
(2.5) 1
S filles sy 1 f2ll s rey | fsll s 3y, for s > 3

Using the Hardy-Littlewood-Sobolev inequality, one verifies that
(2.6)  [[(Iz17" * (fuf2)) fall oy S Il oo lf2ll parsy I f3 s sy -
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3. Proof of Main theorem

3.1. Proof of Theorem[1.2t Local H*® solutions with uniform-
in-c bounds

By time reverse property, let I = [0, 7] be a sufficiently small interval
to be chosen later. Duhamel’s principle ensures that the solution to
(hHEF]) is equivalent to the following integral formula:

240 Y o © c c
D@ = g i [ (o) - Bol)) (o) ds.

0
Then, the standard argument shows the map I is contractive in the ball
12
Xia= {@@ € Cy(I; H* (R CN)) 0 LI (I Wi+ (R%; CN)) +
121, < 24010 g+ asicn) }

19 11x, = 12|, (13170 23 ey + 124

LT (e e .oy

Here, A > 0 denotes the uniform-in-c constant in Theorem [2.1] Indeed,
by unitarity and Strichartz estimates , since € < 38 L we have

IT( @)l gy 13122 g3,cvy) + IT(@ C))H

Ll 25(IW25 1+5(R3 (CN))

< Al|@ol| s (r3,cm)

oA Y {H(m—l* 917 7) )
k=1

+ H <‘x’_l (6 26)))@6) L%(I;Hs>(R3>}'

We only estimate the latter term in the last line, then the same argument
applies to the former term. Applying the fractional Leibniz rule and

, we estimate
H (|gc|*1 . (qsgc)@(cc)))gﬁgc)

Li(I;Hs(R3))

<
Hs(R3) ™

(3.1) | RSO o e
(3:2) [l = (@70 6471

6 _3 .
we TR @) LT (RS)
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Using ([2.4)) and the Sobolev embedding, we bound (3.1 by
16212, o WO I
LT—¢(R3) T+e LT—¢ (R3) L

Slleg?l ||¢k H

Applying the Hardy-Littlewood-Sobolev inequality and Sobolev embed-
ding, we bound ({3.2]) by

(10671, 2, gy 104 2oy + 110

(e)
& dp " s (3

(c)
2, ¢ (R3) w2 %‘H(Rg')”qsg HHS(R?’)‘

165 ey ) 19471 o

LTHe (R3) LT E(Ra)
< H%C)IIQ 16 e
(
+||¢;>|| e sy 197 et g 1607 e,
where we used that
11, e sy S N ot sy For o200

Then, by using the Holder inequality in time, we obtain

H (i @%)qﬁf e

5+26 C
3
1+e

x (Hqﬁﬂllwm 116 o).
Collecting all, we conclude that

HF((I)(C))”XI < A||(I)0||L2(R3;(CN)

+AANOT S ﬁ: {(

k=1

o,

N—

3 12 3
25,1+€ 2 W2571+€

12 3
2e W2€7 T+e

(Ilsﬁﬁllmm + gl y\LgoHs)}

12 3
2e W257 T+

T—2¢ 26W

< All®o| L2 (rs,cnvy + AN CT"

HX]’

for some C independent of ¢ > 1. Analogously, we obtain such an a-

priori bound for difference of two solutions @gc), @gc) € X1,4 that
Ir(@}?) T (@) x,

(33) 5+ € c c c c
< AANCT =S (|21|x, + |85 1x,)? @17 — @57 x,.
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By taking an appropriate small 7' depending on ||®o | s (r3,c~), the map
I' is a contraction map in X7 4, thus we can find the solution d©) sat-
isfying

(3.4) 19| x, < 4A]| o]l rs(zzcv)-

3.2. Proof of Theorem Higher-order approximation when
J is even

3.2.1. Results on psuedo-relativistic equations. The well-posedness re-
sults for on the Sobolev space H*(R3) have been established in
[7, 11, 14l 12]. In particular, the proof of the local well-posedness in
H*(R3) for s > % follows from the standard contraction mapping prin-
ciple only with the help of Sobolev embedding, which implies that the
solutions are bounded in uniformly in ¢. The statement of the result
(without proof) is as follows:

PROPOSITION 3.1. Let ¢ > 1. Suppose that Uy = {¢po}i | €
H*(R3;CN) for s > 3. Then, there exists a time T > 0, independent

of ¢ > 1, such that there exists a local solutions W(¢) = {w,(:) )Y, €
C([-T,T); H*(R3;CN)) to (hHF) such that
(3.5) sup [ O (#) || o msiovy S 1ol s ms.cony,s

te[-T,T)

where the implicit constant is independent of ¢ > 1.

REMARK 3.2. In Proposition the assumption on regularity s > %
is necessary to obtain solutions uniformly bounded in ¢ > 1. In fact,
by allowing the dependence on ¢, the regularity assumption for local
well-posedness of can be improved by just using the dispersive
property, namely, Strichartz estimates for (pLS|). For example, in [7], the
authors proved the local well-posedness of for s > % However,
we cannot lower the regularity assumption to below % if we persist in
obtaining solutions which have uniform bounds in ¢ > 1, even though
we employ the following uniform-in-c¢ Strichartz estimates because of an

additional loss in ¢ > 1 besides the regularity loss.
LEMMA 3.3 (Lemma 2.1 in [19]). For 2 < ¢ < o0, 2 < r < 00 such
that % + % = %, we have

(3.6) e o]

1
< Aca
sz = 2V gy
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where A is independent of ¢ > 1.

Indeed, to obtain uniformly bounded solutions via the contraction

1
mapping argument, one also has to bound ce in the left-hand side of
(3.6), which requires the regularity, s > %, of solutions, not just s > %

3.2.2. Approzimation. We can easily generalize the result in [13, Lemma 5.4],
with a slight modification, to a function in any Sobolev spaces as follows:

LEMMA 3.4. Let ¢ > 1,t € R and s > 0. For any f € H*(R?), we
have

_ _ _ s
(e e it )f||L2 ®3) S ¢ TGN || s w3y
where the implicit constant is independent of ¢ > 1.

Now we are ready to prove the Theorem

Proof of Theorem [1.6. We write the difference of (hHF)) and (pHF)
with Wy = ®q as

c c —i c —q (c)
(1) = (1) = (7 — 1T Yy
t
i / (ememH = e () — (i) (s) ds(s)ds
0
t ; (e) c c
win [N, 067)(0) ds

¢
*“”"/ S Nyl 0 (s) ds
0
=T4+7IT+TIT+ 7TV,
for k=1,2,--- , N, where

N
M@ o) = 3 (e« (P~ 1607P)) o
/=1

N _
—Z(rm\ L (0 — g9 E:))) 3\




38 Changhun Yang

By Lemma |3.4] we immediately obtain

s
(3.7) IZ1| 2msy S ¢ TFE () [Yk ol s (3)-

Moreover, by using Lemma (2.5)) and Proposition we have
(3.8)

T2y < 7 -9 [ 6) ~ Fw)s)

He(R3)

_Js_ c — s
< eI (t)? clod 1657 () 370 sy S € 797 ()2 10k, 01370 )
se|0,

Furthermore, by (2.6) and the Sobolev embedding H*(R3) — L3(R?)
for s > %, we have
(3.9)

t
T2 < [ M)

L2(R3)
t
S /0 (I ()72 ) + 196 (3) 1) ) 102 = @) (5| 2
x (1047 ) lls sy + 1647 (5) Loy ) s

t
- /0 (10 )21y + 196 (3) sy ) N = 67)(5) 2o ds

and
(3.10)

t
DVl 5 [ [Mawl? o))

L2(R3)

t
< /0 12O (8) 1 gy 1 (857 — A7) (5) | 2oy s

t
+ /0 1 ()] s oy (T — @) ()| 2y [0 | 1o sy s

respectively. Thus, by collecting (3.7)—(3.10]), and by applying Proposi-
tion 3.1 we conclude that

1 (8) — &) (#)] 2 ms)

s
< ¢ T <t>2H\I’0||HS(R3) (1 + ||\I/0||§{S(R3)>

t
+ /0 (11005 312 g + 19 (5) 3 ) ) () = @) (5) | gy dis.
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By Gronwall’s inequality, in addition to (1.5)), we have
19(t) = @O W)l p2qas) S e T AP,

here the constants A, B depend on || Wol| f7s(rs), but not c. O
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