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TWO EXAMPLES OF LEFSCHETZ FIXED POINT
FORMULA WITH RESPECT TO SOME BOUNDARY
CONDITIONS

YOONWEON LEE*

ABSTRACT. The boundary conditions Po and Py were introduced
in [5] by using the Hodge decomposition on the de Rham com-
plex. In [6] the Atiyah-Bott-Lefschetz type fixed point formulas
were proved on a compact Riemannian manifold with boundary for
some special type of smooth functions by using these two boundary
conditions. In this paper we slightly extend the result of [6] and
give two examples showing these fixed point theorems.

1. Introduction

In this paper we are going to discuss the Atiyah-Bott-Lefschetz type
fixed point formula on a compact Riemannian manifold with boundary
with respective to some boundary conditions Py and P;. In [5] R.-T.
Huang and the author introduced new boundary conditions 750 and 751
for the odd signature operator acting on the space of smooth differential
forms on a compact Riemannian manifold with boundary and in [6] they
proved the Atiyah-Bott-Lefschetz type fixed point formulas for a special
type of smooth functions with respect to the boundary conditions 750
and P;. In this paper we slightly extend the result of [6] and give two
examples showing the results obtained in [6]. Hence, this paper is a
continuation of [6]. For a self-contained presentation, some material in
[6] will be repeated for a background explanation.

We begin with the Atiyah-Bott-Lefschetz fixed point formula on a
compact closed Riemannian manifold given in [1] and its generalization
to a compact Riemann manifold with boundary given in [3]. Let (M, g™)
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be an m-dimensional compact closed Riemannian manifold and f : M —
M be a smooth map. A point g € M is called a simple fixed point of

fif
(1.1) f(zo) = zo, det (Id —df (z0)) # 0.

If xg is a simple fixed point, then the graph of f is transverse to M x M
at (zg, zo), which shows that simple fixed points are discrete. We define
the Lefschetz number L(f) by

(1.2) L(f):Z(—l)qTr (f*:HY(M)— HY(M)),

q=0

where H?(M) is computed with the coefficient R. All through this
paper the cohomology groups including H?(M), H4(Y) and HY(M,Y)
are computed with respect to R so that we ignore the torsion parts. It
is shown in [1] (see also [8]) that if f has only simple fixed points, then

(1.3) L(f)= > signdet (Id —df(x)).
fl@)=a

Let (M,Y,gM) be a compact Riemannian manifold with boundary Y
and f : M — M be a smooth map with f(Y) C Y. We assume that
all fixed points of f are simple. On the boundary Y, we need one
more ingredient. Let f(z9) = xo with 9 € Y. Considering two maps
df (zo) : TpoM — TpoM and d(fly)(xo) : Tiy Y — Ty, Y, there is a map

(1.4) Az = df (zo)(mod 1Y) : Tpyo M /T0,Y — TpoM/T,,Y.

Since Ty, M/T,,Y is isomorphic to R, if follows that a,, is a 1 x 1
matrix, which is a real number. Considering the map f: M — M with
fY) CY, ag, is a linear map from [0,00) to [0,00) and hence ag, is
identified with a non-negative real number. Since x( is a simple fixed
point, it follows that a,, # 1. A simple boundary fixed point zg is called
attracting and repelling if 0 < a,, < 1 and ay, > 1, respectively. We
denote by Fo(f), Fy (f) and Fy (f) the set of all interior fixed points,
attracting and repelling boundary fixed points of f, respectively. We
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denote Fy (f) = F+ (f) UFy (f). It is shown in [3] that

(1.5)

NE

(=1)Tx (f*: HY(M) — HY(M))

i
o

= Z sign det det (Id —df (z)),
TEFQUFY (f)

NE

(=1)Tr (f*: HY(M,Y) — HI(M,Y))

Ji
o

= ) signdetdet (Id —df(x)).

2€FoUFy (f)

As a reference, the Lefschetz fixed formula on a compact manifold with
conical singularities was discussed in [2], which is irrelevant to this note.

On the other hand, new boundary conditions 730 and Py were in-
troduced in [5] and similar fixed point formulas were proved in [6] for a
special type of smooth functions with respect to the boundary conditions
Po and Pi. In the next section, we are going to review the boundary
conditions Py, P; and results obtained in [6]. In Section 3, we are going
to give two examples showing these results.

2. The boundary conditions 750, P, and de Rham complex
(Qﬁo/ﬁl (M), d)

The material in this section is not new and most parts are found in
Section 2 of [6]. However, for a self-contained presentation, we are going
to review some material of Section 2 in [6]. Furthermore, we are going
to complete the proofs of some results which were skipped in Section 2
of [6], and extend the results slightly, which justifies this section.

Let (M,Y,g™) be an m-dimensional compact oriented Riemannian
manifold with boundary Y. We choose a collar neighborhood U of Y
which is diffeomorphic to [0,¢) x Y. We denote by (u,y) the coordinate
of [0,€) x Y and by du, % the one form and vector field which is normal
to Y on U. We assume that the metric g™ on U is the product one so
that

(2.1) 9" = du® + g7,
where g¥ is a Riemannian metric on {0} x Y. We denote by d;f :
QI(Y) — QITH(Y) the exterior derivative acting on smooth g-forms on
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Y and *xy be the Hodge star operator on Y which is induced from the
Hodge star operator xjp; on M by dvol(M) = du A dvol(Y). Then,
the formal adjoint (d})” : QI*1(Y) — QI(Y) is defined by (dY)" =
(=1)matatlay dY sy and the Laplacian AY : Q1(Y) — Q4(Y) is defined
by A} = (dqy)* dé/ + dzl/_l (dzj_l)*. It follows from the Hodge decompo-
sition theorem that

(2.2) QUY) =Imd}_; ® HU(Y)®Im (d))",

where

(2.3) HUY) = ket AL = {wy € QUY) | dYwy = (d}_1) wy = 0}.
Suppose that a g-form ¢ € QI(M) satisfies dy¢ = d; ¢ = 0, where
dg : QI(M) — QITH(M) is the exterior derivative on M and d} ; =
(—1)ma+m L s dpy—gxar is the formal adjoint of d,—1. Simple compu-
tation shows that ¢ restricted to {0} x Y is expressed by

(2.4) Ply = (d;/_l@l +¢2) + dun ((alqyfk Y1 + ¢2) ,
01,1 € Q°(Y), 2,02 € H*(Y).

In other words, @2 and *y 19 are the harmonic parts of t*¢ and ¢* (* M qb),
where ¢ : Y — M is the natural inclusion. We define

(25)  KT={p2 € HUY) | dgo = (dg-1)"¢ = 0}, K = @75k

Replacing ¢ with xp;¢ yields xypo € K™~4, which leads to the following
result.

(26) WK™ = (s € HIY) | dgd = (dy1)"6 = 0},
*y K = @?:Bl *y K4,

In the next two lemmas, we are going to show that IC is exactly the half
of H*(Y) and K @ xy K = H*(Y) (cf. Corollary 8.4 in [7]).

LEMMA 2.1.

dimK = %dimH'(Y).

Proof. We note the following long exact sequence.

27)  — HIM,Y) % HO(M) % HI(Y) 2% B (L Y) —

Since K is a harmonic part of t*¢ for ¢ € Q*(M), it follows that dim K =
E;n:_ol dimIm ). We denote
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(2.8) HL(M,Y):=HI(M,Y)o HL(M,Y), H'(M,Y):=Im§,,
so that HY(M,Y) = H{(M,Y) @& H2(M,Y). It follows that
(2.9) dim HY(M) = dim H{ (M,Y’) + dim Im ¢},

dim HY(Y) = dim H*™ (M, Y) + dimIm .,

which leads to
m—1

(2.10) Z dim HY(Y (dlm HY(M,Y) + dim Im )
q=0

3
L

_ (dim HTY(M,Y) — dim H (M, Y) + dim Im L;)

i
Ll

(dim HH (M, Y) — dim H (M) 4+ Im ¢}, + dimIm ¢})

<
Il
=]

3
S

m
= dim HY(M,Y) — ZdimH"(M
=1

2

m—1
+Zd1mImL + ZdnnImL
q=1 q=0

Since H'(M,Y) = 0 and H°(M) = R, it follows from the Lefschetz-
Poincaré duality that

(2.11) Zdlqu (M,Y) Zdlqu = 1.
q=1

Since 1 : H'(M) — H°(Y) is an isomorphism, it follows that dim Im ¢§; =
1, which leads to

m—1 m—1
(2.12) dim HY(Y —1—|—Zd1mImL —i—ZdlmImL
q=0 q=1 q=0
m—1
=2 dimIm ¢} Ly
q=0
This completes the proof of the lemma. O

LEMMA 2.2. K is orthogonal to xyKC, and hence K®xy K = H*(Y).
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Proof. For any ¢ € Q4(M) and w € QI (M) satisfying d,¢ =
d;_lqb =0 and dg 1w = d(’;w =0, it follows that

(2.13) dly = (d}_1o1 + p2) + du A ((d};)* P+ 1/}2) ,
e1,91 € Q(Y), 2,92 € H*(Y),

wly = (d;/_lwl + wa) + du A ((dqy)*nl + 772) ,
wi,m € Q*(Y), wo,ne € H*(Y).

Then, @92, wo € K and 19, o € xy K. In fact, o € K? and 1o €
*xyK™~1=4, Tt is enough to show that

(2.14) (02, m)y = /902 Axymz = 0.
Y

Since dp,—g—1(*mw) = 0, it follows by Stokes’ theorem that

(2.15) 0:/qugb/\*Mw:/Mdm_l(¢/\*Mw) :/YL*Qﬁ/\L*(*Mw)

= / (dzf_l@l + @2) N\ xy ((d};)*nl + 772> = / ©2 /\*y’r]Q,
Y Y

which completes the proof of the lemma. O

Near the boundary Y, a ¢-form w € Q(M) can be expressed by

w = w1 + du N\ wo, where t o w1 =t o wy = 0. We denote w by
ou ou

(2.16) w=wi +duAwy = (w1, wa).

We denote £y = (K, K) and £; = (xyK, xyK) and define the
orthogonal projections

(2.17) P_ro:Prr QLX) Q(Y) — Q°(Y)eQ%(Y),

ImP_ ., = (Imd” @ K, Imd” & K),
ImPy o, = (Im(d")* ® xy K, Im(d¥)* @ xyK) .
It is straightforward that
(2.18) Q*(YV)eQ*(Y)=ImP_ c,@ImPy 2, x5y ImP_ o, =Im P, 1|,

which shows that Q°*(Y) @ Q°*(Y) is a symplectic vector space with La-
grangian subspaces ImP_ »; and Im Py z,. We define an involution
I:Q4(M)— QI(M) by

q(g+1)
2

(2.19) Tw =i 1(=1) *M W
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Then, T satisfies I'> = Id. We define the odd signature operator by
(2.20) Da : Q (M) — Q% (M), Dy =dl' + I'd.
It is straightforward that

(2.21) Dy = Al = didg+dg1d] .

It is shown in Lemma 2.15 of [5] that P_ », and P, o, are well posed
boundary conditions for the odd signature operator Djs;. Then, Dy
with the boundary condition P_ g, or Py, has a discrete spectrum.
In particular, A?M with the boundary condition P_ g, or P, c, has a
discrete spectrum. We define

(2.22) Q>, (M) = {qs € QUM) | P_z, (Dyd)ly) =0,£=0,1,2, }

s, (M) = {qb € QI(M) | Pyc, (Diyd)ly) = 0,6=0,1,2, - }

For example, an eigenform w of AY, satisfying P_ ¢, (w) = P— £, (Pyw) =
0 (Pyr,(w) = Py, (Dyw) = 0) belongs to Q%fﬁo (M) (Q%> (M)).

Pty
Simple computation shows that for each ¢ the exterior derivative d maps

Q%’fﬁo (M) and Q%ffﬁl (M) into Q%fﬁl (M) Q%TLO (M), respectively, i.e.

4 QE, (M) = QK (M), d:QF, (M) = 9%, (M).

Py,cy Piocy
Keeping these facts in mind, we define two de Rham comlexes as follows.

(2:23)  (QEX(M),d): 0 — Q% (M) —L, k= (M)

(0] P+,£1

d 2, d
—>QPTLO(M) — o — 0.

®,00 0,00 d 1,00
(Q751 (M),d): 0 — 97’+,£1 (M) — QP—,LO(M)

d 2, d
—>QPfLI(M) — o — 0.
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We define two Hodge Laplacians A?M ~ and A? - with respect to P,

_ ,Po M, Py
and P; by

(224) AL o= didy + dgad

q—1

(M) for q even
D AL ) =QL>(M) = o
ot ( 7’0) Po ( ) {Qq,oo (M) for ¢ odd.

A1 5 = diydy + dyd

q—1

OL> (M) for q even
Dom (A% ) :Q%M(M) ::{ Pt,cq (M) q ev

05> ) for ¢ odd.

e

The following lemma is straightforward (see Lemma 2.4 in [6]).

LEMMA 2.3. The cohomologies of the complex (Q;s’o;’75 (M), d) are
0 1

given as follows.

UM,Y) ifq iseven

q ®,00 _ 7 — ( ’
HY(QZ™ (M), d)) =ker AL = { 9(M) if q is odd,
)

Po Po

if q is even

H
H
H
HY(M,Y) ifq is odd.

HI((Q (M), d)) = ker AL = {

“(
!

LIAT
By analyzing the heat traces Z;n:o(—l)q Tr (f*e ! M.Po) and

AT
Z;n:()(—l)q Tr (f*e Pam ), the following is obtained, which is the main

result of [6].

THEOREM 2.4. Let (M,Y,g™) and f : M — M be as above. On a
collar neighborhood U of Y and for 0 < ¢ € R, ¢ # 1, we assume that
flu,y) = (cu+ u?k(u), B(y)) for some smooth function « : [0,€) —
[0,€), and B(y)* : Q*(Y) — Q*(Y) maps ImP_ o, and Im P, 2, into
ImP_ ;, and Im P, ,, respectively. Then,
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(1) > Tr(f:HIM,Y) - HI(M,Y))

g=even
_ Z Tr(f*: HY(M) — HY(M))
gq=odd
- Z sign det(I — df (z))
z€Fo(f)
+ %Sign(l —¢) Z signdet(I — dfy (y)) + %km

yEFy (f)

(2) > Tr(f*: HI(M) — HI(M))

g=even
= ) Te(f: HY(M,Y) - HY(M,Y))
g=odd
= Z signdet(I — df (x))
xE]:o(f)
+ %Sign(l —c) Y signdet(I — dfy(y)) — %ko,

yEFy (f)
where kg = Tr (B* Ty K — *le) — Tr (B* K — IC).

Remark: (1) Theorem 2.4 was proved in [6] when x(u) =0, ¢ > 1 and
B(y) : Y — Y is a local isometry. However, the theorem can be easily
extended to this case.

(2) So far, we do not know how to extend Theorem 2.4 to a wider class
of smooth functions.

3. Examples of Lefschetz fixed point formula on the complex

(5 1), 0

In this section, we are going to give two examples showing Theorem
2.4. The first one is the following. Let S = {QZ(’ | 0 <60 <27} be the
round circle and h : S* — S! be defined by h(e?) = ¥ for 2 < k € N.

Then, h has k — 1 fixed points at {el%eli |0=0,1,--- k— 2}. We note
that for y, = e’%ﬁi, dh(xe) : T, St — T, S is given by dh(y.)(v) = kv.
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For 1 < n € N, we denote by T = S x --- x S! the n-th product of
S1 and give the usual flat product metric on T". For (ky,--- ,k,) € N"
with k; > 2, we define

(3.1) FrTm =T, fe, - eff) = (eFf

Then, f has (k1 —1)--- (k, —1) fixed points. At each fixed point y € T",
it follows that

eikn On ) ]

)

kt 0 0 0
0 ke O 0
0 0 0
0 0 0 ky

which shows that
(3.3) sign (Id —df () = (—1)".

We denote M = [0, 1] x T™ with the usual flat product metric. Then,
the boundary is Y = {0} x 7" U{1} x T™. We choose a smooth function
p:10,1] — [0, 1] such that p has exactly 3 fixed points at 0, ug, 1 with
0<wup<1and

0<0(0)<1, pu)>1, 0<p(1)<1.

We define
(3.5) F0,1xT" = [0,1] xT"  F(u,y) = (p(u), f(y))-

Then, F has 3(k1—1) - - - (k,—1) fixed points. There are (k1—1) - - (k,—
1) interior fixed points and 2(k;—1) - - - (k, —1) attracting boundary fixed
points. At the interior fixed points, it follows that

(3.6) > sign(Id—dF(ug,y)) =— Y sign(Id—df(y))
(uo,y)EFo(F) yEFo(f)
= (D k1) (k).
At the boundary fixed points, it follows that
(3.7)
Z sign (Id —dF'(u1,y)) Z sign (Id —df (y))

(0,y),(Ly)eFs (F) yEFo(f)
= (=1)"2(k1 — 1) (kp — 1),
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where u; = 0 or 1. Hence, it follows that
(3.8)

S sign(d—dF(uy) = (~1)"(k1 — 1)+ (ka — 1),
(u,y)€Fo(F)UF (F)

Z sign (Id —dF (u,y)) = — Z sign (Id —df (y))

(u,y)€EFo(F)UFy (F) yEFo(f)
= (=1)""ky = 1) (kn — 1).

We are now going to compute H?(M) by using the de Rham complex.
We consider the de Rham complex

dq_,>1

(3.9) QI () QM) " Qi)

A g-form w € QI(M) can be expressed by w = w; + du A we, where

La@wl = 19wy = 0 with % the unit vector field normal to Y. Let

LY — Maige the natural inclusion. If wo|y = t*we = 0, then w is said
to satisfy the absolute boundary condition. If wi|ly = t*w = 0, then
w is said to satisfy the relative boundary condition. Let Qo (M) and
Qf (M) be the space of all smooth g-forms satisfying the absolute and
relative boundary conditions, respectively. Then, it is well known (for
example, Theorem 2.7.3 in [4]) that

(3.10) HIM) =2 HIM) ={weQl (M) |dw=dw=0},

nor

HUM,Y) 2 HIM,Y) = {we QL (M) | dw = d*w = 0}.

tan

We denote
(3.11) dd; = (0,0,---,d0,0,---,0) € Q' (M).

Then, {dJ;, A---Ndij, |1 < ji <--- < jg <n} is an orthogonal basis
of HI(M) and {du Ad¥j N---Nd¥j,_, |1 <j1 <--<js1<n}isan
orthogonal basis of H9(M,Y), which leads to the following facts.

LEMMA 3.1.

g = RG)  raear, go(M,y) = RGN & Rate
F*: HY(M) — HY(M),

FX(ddj, A--- NdO;) = kjy - kj ddj, A--- Addy,,

F*: HY(M,Y) — HY(M,Y),
F*(dunddj N---NdYj,_)=kj -k

Jg—1 jq—l

du A ddj, A Add

jq—l’
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Lemma 3.1 leads to the following result.

(3.12)
ni:(—l)QTr (F* - HUM) — HIU(M)) = i}(_an 3 Ny kjy ok,
B — k) (1= k) = (1Pt = (ks 1)+~ 1),
ni—:l(—l)q Tr (F* : HI(M,Y) — HI(M,Y))
" nt1
- q;)(fm 1gj1<...z<qugnkj1 kg,

=0T Y ek, =~ = k) = ) (L )
q=0

1<ji1<<jq<n

= (=1)" k= 1) (k2 = 1) - (kn — 1).

Eq.(3.12) together with (3.8) shows (1.5).
On the other hand, since ¢ = p/(0) or p/(1), it follows that 0 < ¢ < 1.
Hence,

(3.13)
Z signdet(I — dF(ug,y)) + % Z signdet(I — df (y))
(u0,y)€Fo(F) yEFo(f)
= (=)™ (k1 = 1) (b — 1)
+%.2.(_1)n(1€1_1)...(kn—1) = 0.

We note that
(3.14)
> T (F*HYM,Y) = HI(MY)) = Y > kj, -k,
g=even g=even 1<ji <--<jg—1<n
=) S kjeecky, = > Tr(F*:HY(M) - HY(M)),

g=odd 1<j1<---<jq<n g=odd

S T (P HIM,Y) = HU(M,Y)) = Y 3 [T T

g=odd g=o0dd 1<j1 <---<jq—1<n

= > > Rk, = Y Te(FTHUM) - HUM)),

g=even 1<j; <---<jg,<n g=even



Two examples of Lefschetz fixed point formula 13

which shows that
(3.15) > Tr(F*:HY(M,Y)— HY(M,Y))

g=even
— Y T (F*: HY(M) — HY(M)) =0,
g=odd

> Tr(F*: HY(M) — HY(M))

g=even

= Y Tr(F*: HY(M,Y) — HY(M,Y)) =0.
g=odd

We finally consider K7 and xyK9. We note that M = [0,1] x T™ and
Y = {0} x T" U {1} x T™. We denote ¢y : {0} x T" — M and ¢ :
{1} x T™ — M. Then, (t9,t1) : Y — M is the natural inclusion. The
harmonic space H®*(M) on M is given by

(3.16) HO (M) =@ o{d¥j, Ao Add;, | 1< ji << jy <n}
C Q*(M).
Then, K? is given by
(3.17) K9={(ddj, A---AdVj,,ddj A---AdY;,) | 1< g1 <-or <jg<m}
C QT @ 0 (T,
We note that an orientation of {0} x T™ is opposite to an orientation
of {1} x T™. We choose and fix an orientation dvol(7™) of {0} x T™

induced from an orientation of M. Then, the orientation of {1} x T™ is
—dvol(T™). Hence,

(3.18) *xy K9 = {(*pnw, —*xm w) | (w, w) € K}.
Since B(y) = f(y), it follows that
(3.19)
B*=f*":K1 — K4,
Fo(ddj, A ANdDy,, ddj A AdYy,)
=kj, -+ kj, (ddj, Ao ANdY,, ddj A AdD;)
B* = f"ixy K" — %K"Y,
f* (epnddyy, A A dY; —xpn d¥i; A AN dYy, )

in—q)
= k]l e qu (*Tnd??il A A dY; — *7n dﬁzl A A dﬁin—q) ,

in—gq>
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where {1, ,in—q} ={1,2,--- ,n} —{j1,- -+, jq}. This shows that
(3.20) ko =Tr <B* v K — *le) — Tr <B* K= IC> = 0,

which together with (3.13) and (3.15) shows Theorem 2.4.
The second example is the following. We denote D? = {z = z +
iy | 22 +y? < 1} C C and define f : D* — D? by f(z) = 2" for

27l i

n € N. Then, f(z) has n fixed points, which are z = 0 and z = en-1",
£=0,1,2,--- ,n — 2. Simple computation shows that

00 2l ; n 0
sy a0 =(g o) @e=H=(5 D),
which shows that
(3.22) signdet(Id —df(0)) = signdet(Id—df(e%eli)) = 1.

We choose a Riemann metric on D?, which is a product one on a collar
1

neighborhood U = (ep, 1] x S* of the boundary. For ¢; = ¢§, it follows
that

(3.23)  flu: (e, 1] x ST = (e0,1] x 8Y,  f(r,e?) = (", €9),

which shows that all the boundary fixed points are repelling. We define
o : (€0, 1] = [0,1 —€g) by ¢o(r) =1—r and ¢y : (e1,1] = [0,1 —€1) by
¢1(r) =1 —1r. Then, f|y can be rewritten by

flo 10,1 =€) x ST —>1[0,1—¢) x S,

ﬂ;(n 619) =1-0Q-r)", eme) = (nr+ T2/<;(u), emg)’

where k(u) = Tg{l —(1=r)" - nr}. We denote fy := f|s1 and note
that
(3.24) froSt =8N fr(ef?) =€,

27l
which shows that for 1y, = en-1"°,

(3.25) dfy (ye) : Ty, S* — Ty, 8", dfy (ye)(v) = no,

and sign det(Id —dfy (y¢)) = —1. Hence, we obtain the following.
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(3.26) Y signdet(Id —df (z)) =1,
zeFo(f)
> signdet(Id—df(z)) =1+ (n—1) =mn,
wEFo(f)UFy (f)
Z signdet(Id —dfy (y)) = —(n — 1).
yE€Fo(fy)

We note that

(3.27) K = {constant functions}, v/ = {rdf|r € R},

which shows that

(3.28)
B* = fi 1oy K — *yK, f(d0) = nd, B* = fi : K — K, f&(1) = 1.

Hence, kg defined in Theorem 2.4 is n — 1. We note that

(3.29) H°(D?) =R, H'(D?) = H*(D?) = 0,
H°(D? SY) = HY(D? S') =0, H*(D? S) =R,
f* HYD?) — HD?), f*(1) =1,
o (D2 8Y — HOD? S, £5(1) = n.

Finally, we obtain the following result.

>yt (07— 1007 )
q=0
= Z signdet(Id —df (x)) = 1,
z€Fo(f)

> (=1)7Tr (f* : HY(D?,8Y) — Hq(D2,sl))

=0

)

= Z sign det(Id —df (z)) = n,

TEFOUF; (f)
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which shows (1.5). We also note that

1)4 Tr (f : HY(D? S') — HY(D?, 51))

Y (5 o)

g=odd
1 1
= Z sign det(Id —df (x)) — 3 Z sign det(Id —df (z)) + §ko
z€Fo(f) z€Fo(fy)
= n’

2

> (1) T (f* : HI(D?) — Hq(]D)Q))

g=even

_ Z 1) Tr (f s H91(D?, ') — HY(D?, S )>

g=odd
1 1
= Z sign det(Id —df (z)) — B Z sign det(Id —df (z)) — §k0
z€Fo(f) z€Fo(fy)

which shows Theorem 2.4.

[1]
2]

[7]
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