Bull. Korean Math. Soc. 61 (2024), No. 1, pp. 195-205
https://doi.org/10.4134/BKMS.b230071
pISSN: 1015-8634 / eISSN: 2234-3016

PERIODIC SHADOWABLE POINTS

Namitp Koo, HYUNHEE LEE, AND NYAMDAVAA TSEGMID

ABSTRACT. In this paper, we consider the set of periodic shadowable
points for homeomorphisms of a compact metric space, and we prove
that this set satisfies some properties such as invariance and being a Gy
set. Then we investigate implication relations related to sets consisting of
shadowable points, periodic shadowable points and uniformly expansive
points, respectively. Assume that the set of periodic points and the set
of periodic shadowable points of a homeomorphism on a compact metric
space are dense in X. Then we show that a homeomorphism has the
periodic shadowing property if and only if so is the restricted map to the
set of periodic shadowable points. We also give some examples related to
our results.

1. Introduction and preliminaries

The various notions of shadowing play an important role in the qualitative
theory of hyperbolic dynamical systems (see [12]). Morales introduced the no-
tion of shadowable points closely related to that of absolutely non-shadowable
points and studied the relations between several invariant sets through point-
wise dynamics (see [11]). In [6], Kawaguchi further extended this notion by
introducing the concept of quantitative shadowable points for continuous maps
and studied shadowable points with a given shadowing accuracy. Koo et al. [§]
introduced the notions of topological stable points and finitely shadowable
points for homeomorphisms on a compact metric space. They investigated
the connection between pointwise topological stability in the sense of Walters
and various shadowing properties. Some of the results concerning above works
have been extended to a flow case by Aponte [2,3].

Pilyugin and Plamenevskaya proved that the shadowing is a generic property
in the set of homeomorphisms H (M) on a compact smooth manifold M without
boundary (see [13]). Also, Koscielniak and Mazur proved that if the space M
is a closed smooth manifold, then periodic shadowing is a generic property in
H(M) (see [10]).
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Let us recall some basic notions of dynamical systems which are used in the
sequel. Let X be a compact metric space with metric d and f : X — X be a
homeomorphism.

For any x € X, the set {f"(x)}nez is called the orbit of x under f and is
denoted by Oy (z). A point z € X is said to be a periodic point if f*(x) = « for
some n € N. The period of x is the smallest natural number of {n € N: f"(z) =
x}. Periodic points of period 1 are fized points. We denote by Per(f) and Fix(f)
the set of periodic points and the set of fixed points of f, respectively. A point
x € X is said to be a nonwandering point if for any neighborhood U of = there
is n € N such that U N f*(U) # 0. The set Q(f) of all nonwandering points is
called the nonwandering set. For any § > 0, a sequence {z; };cz of points in X
is said to be a d-pseudo orbit of f if d(f(x;),z;+1) < 9 for all i € Z. If for some
positive integer N € N, we have ;1 y = x; (for all ¢ € Z), then this d-pseudo
orbit is called periodic. A sequence £ = {x;};cz is called to be e-traced (or
shadowed) by z € X if d(f(z),x;) < e for all i € Z. A point x € X is said
to be chain recurrent if for any 6 > 0 there is a periodic é-pseudo orbit which
passes through 2. The set CR(f) of all chain recurrent points is called the chain
recurrent set. A subset B of X is said to be f-invariant for a homeomorphism
fif f(B) = B. Obviously, Per(f), Q(f) and CR(f) are f-invariant subsets of
X.

We say that a finite §-pseudo orbit {z;}!_, of a homeomorphism f is a §-
chain from xy to x; with length [. A non-empty subset A of X is said to be
chain transitive whenever for any xz,y € A and any § > 0 there exists a §-chain
from x to y. A homeomorphism f: X — X is said to be chain transitive if X
is chain transitive.

We say that a homeomorphism f : X — X has the shadowing property if
for every € > 0 there is § > 0 such that any d-pseudo orbit & = {x;};cz is
e-shadowed by a point z € X.

We say that a homeomorphism f : X — X has the periodic shadowing
property if for any € > 0 there is 6 > 0 such that if £ = {x;};cz is a periodic
§-pseudo orbit, then there is 2 € Per(f) such that d(fi(z),z;) < € for all i € Z.

We recall that a point = € X is shadowable if for every € > 0 there is § > 0
such that every d-pseudo orbit & = {z;}icz with zp = x can be e-shadowed
(see [11, Definition 1.1]). We denote by Sh(f) the set of shadowable points of
f- We say that a point x € X is periodic shadowable if for every € > 0 there
is § > 0 such that every periodic §-pseudo orbit £ = {z;};cz with o = = can
be e-shadowed by some periodic point for f. We denote by Shpe,(f) the set of
periodic shadowable points of f.

For the completion of the our results, we recall that a homeomorphism f :
X — X is expansive if there is a positive constant e such that if d(f*(z), f*(y))
< e for all + € Z, then x = y. We say that a point x € X is a uniformly
expansive point if there exist a neighborhood U of  and an expansive constant
e > 0 such that if d(f%(z), fi(y)) < e for all i € Z, whenever y,z € U, then
y = z (see [4]). Denote by Exp, (f) the set of uniformly expansive points.
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Clearly, a homeomorphism f is expansive if and only if every point of X is
uniformly expansive (i.e., Exp,(f) = X).

In this paper, we consider the set of periodic shadowable points for homeo-
morphisms of a compact metric space, and we study some invariance and re-
currence properties concerning Shp,(f). Additionally, we show that Shy.(f)
is a G5 subset of X. Then we investigate the relations between the sets of
shadowable points, periodic shadowable points and uniformly expansive points,
respectively. Also, we show that under the density of Per(f) and Shy.,.(f), a
homeomorphism has the periodic shadowing property if and only if so is the
restricted map to the set of periodic shadowable points. Furthermore, we give
some examples related to our results. More precisely, we state our main results.

Theorem 1.1. Every uniformly expansive shadowable point of a homeomor-
phism on a compact metric space is a periodic shadowable point.

Theorem 1.2. Let f : X — X be a homeomorphism of a compact metric space
X. Assume that Per(f) and Shpe,(f) are dense in X. Then a homeomorphism
[ has the periodic shadowing property if and only if flsn,..(r) has the periodic
shadowing property.

2. Proof of main results

In this section, we introduce some results that are used to show our main
results. Then we give proofs of main results of this paper. Also, we give
examples to illustrate our main results.

Let us introduce the concept of the periodic shadowing property through
K C X for a homeomorphism f : X — X of a compact metric space X. We
say that a homeomorphism f : X — X has the periodic shadowing property
through K if for every € > 0 there is § > 0 such that every periodic J-pseudo
orbit {x, }nez of f through K (i.e., g € K) can be e-shadowed by a periodic
point for f.

Lemma 2.1. Let f: X — X be a homeomorphism of a compact metric space
X. Then f has the periodic shadowing property through a compact subset K of
X if and only if every point in K is periodic shadowable.

Proof. Obviously, we only have to prove the sufficiency. Suppose by contra-
diction that there is a compact subset K of X such that every point in K
is periodic shadowable but f does not have the periodic shadowing property
through K. Then there exist € > 0 and a sequence {£"},en of periodic f-
pseudo orbits with period N € N through K that cannot be 2e-shadowed. For
every k € N, we write ¢¥ = {¢F},cz. By compactness of K C X, there is a
point y € K such that ¢§ converges to y as k — co. Note that this y € K
is periodic shadowable. Consequently, we can choose § > 0 from the periodic
shadowableness of y for the above ¢ > 0. Then we define a periodic sequence
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ék = {f;k}iez with period N € N by

g e HiFs N
‘ y, if i=s-Nj, seZ.

We see that all such periodic sequences are through the point y € K. Since we
have

R R d(f( f—l)’gzk)’ if Z#SN]C, S'N/C+1,
d(f(&1), €)= {d(f(y).€F), i i=s Np+1,
d(f(gzl‘c—l)ay)a if iZS'Nlm SEZa

then
1, if i#s-Ng, s- N+ 1,
d(f(EF1),68) < Qdf(y), FEF ) + ¢, if i=s-Ne+1,
d(&l,y) + 1, if i=s-Ng, seZ.

By continuity of f and &§ — y, we get the periodic é-pseudo orbit {éf}iez for
sufficiently large k. Then for such a k it follows that there is z) € Per(f) such
that d(f(xy),E%) < € for every i € Z. Then we see that d(fi(xy),&¥) < e for
i # s+ Ng. Since

we can conclude that d(f%(zy),&F) < 2¢ for i = s- N when k is sufficiently
large. This implies that &¥ = {¢¥},c7 can be 2e-shadowed by a periodic point
for k sufficiently large. This contradiction proves the result. O

We can state our results related to the periodic shadowableness and invariant
sets.

Proposition 2.2. The following properties hold for every homeomorphism f :
X — X of a compact metric space X:

(1) Shyper(f) is an f-invariant set.

(2) f has the periodic shadowing property if and only if Shye,(f) = X.

(3) If CR(f) C Shper(f), then Per(f) = Q(f) = CR(f). Here A is denoted
by the closure of A.

(4) If h: X =Y is a homeomorphism of metric spaces, then Shye,(ho fo
h™1) = h(Shper(f))-

Proof. First, we prove item (1). The proof is similar to that of Lemma 2.4
n [11]. It suffices to prove that if z € X is a periodic shadowable point of a
homeomorphism f : X — X of a compact metric space X, then so are f(z)
and f~!(x). We only prove that f(x) is a periodic shadowable point as the
same proof works for f~1(z).

Fix € > 0. Since X is compact, f is uniformly continuous, so there is € > 0
such that d(f(y), f(z)) < e whenever y,z € X satisfy d(y,z) < €. For this
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€', let ' > 0 be given by the periodic shadowableness of x. Again, since X
is compact, so f~! is uniformly continuous, thus there is § > 0 such that
d(f~*(y), f~1(2)) < & whenever y, 2z € X satisfy d(y,z) < 4.

Take a periodic d-pseudo orbit {z;};cz through f(z) with period N. It
follows from the choice of & that {f~1(x;)}icz is a periodic ¢’-pseudo orbit
which is obviously through z with period N’. Then, the choice of ¢’ implies
that {f~1(x;)}iez can be €’-shadowed. So, the choice of ¢ implies that {x;};cz
can be e-shadowed.

Next we prove item (2). By taking K = X in Lemma 2.1, then we have that
f has the periodic shadowing property if and only if Shp.,(f) = X.

Next we prove item (3). To prove CR(f) C Q(f), first we claim that
Shyer(f) C Q(f). Take a point x € Shy.,(f) and € > 0. For this ¢, let §
be given by the periodic shadowableness of x. Let £ = {z;}iez be a periodic
d-pseudo orbit with xg =  and period N (z;4ny = x; for all i € Z) of f. Then
there is a periodic point z € X such that

d(f'(z),x;) < e forallicZ.

In particular, d(z,z) < € and d(f™(2),2) < e. So fN(B(z,€)) N B(x,e€) # 0,
where B(x,¢) = {y € X | d(z,y) < €}. Since ¢ is arbitrary, we get = € Q(f).
So we see CR(f) C Q(f). Therefore, CR(f) = Q(f).

Now we will prove that Per(f) = CR(f). Clearly, Per(f) C CR(f). Thus,
we need to show that CR(f) C Per(f). Let x € CR(f). For any e-neighborhood
B(z,€) of z, there is a periodic point z € Per(f) such that z € B(z, e) NPer(f).

Suppose & € CR(f). For € > 0, let 0 < § < € be the number of the periodic
shadowableness of x. Then there are § > 0 and £ = {z;};cz such that z € ¢,
where £ is a periodic d-pseudo orbit with period N. If x = x; for some i € Z,
then x = z;4 N, i.e., there is a d-chain such that x = z;, x;11,..., 248 = 2.

By the periodic shadowableness of x, there is z € Per(f) such that d(f(z), z;)
< e for all ¢ € Z. Thus we have a periodic point z € B(x,€) N Per(f).

Lastly, we prove item (4). Let X and Y be compact metric spaces with
metrics d and d’, respectively and h : X — Y be a homeomorphism. Since h is
uniformly continuous, it is easy to show that & = {x;};¢z is a periodic d-pseudo
orbit of f with period N if and only if h(€) also is a periodic §’-pseudo orbit
of g with period N. By applying similar argument in the proof of Lemma 2.3
in [7] for the periodic shadowableness, we can prove item (4). Hence the proof
is complete. O

Proposition 2.3. Let f : X — X be a homeomorphism of a compact metric
space X. Then Shyer(f) = Shper(f™) for every n € N.

Proof. Suppose x € Shpe,(f). Let € > 0 and § > 0 be given by the periodic
shadowableness of . Given n € N let {x;};cz be a periodic d-pseudo orbit of
f™ with g = z and period N. Define a sequence n = {y; }:cz by

oz, if k=ng,
(2.1) Yk = { fema(z,), if ng <k <n(q+1).
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Indeed,
n=A{...., 20, f(x0), [*(x0), -, ["" (o), 1, f (1), [2(x1),. .., [P (1), .}

is also a periodic sequence. It is easy to see that n = {y;}icz is a periodic
d-pseudo orbit of f with yo = zg = x and period N - n. By the periodic
shadowableness of z, we find a periodic point z € X such that d(f*(z),vy;) < €
for all ¢ € Z. Putting ¢ = ng in the above inequality (2.1), we get y; = z, and
d((f™)9(2),zq) < efor all i € Z. Thus « € Shy,,(f™) for each n € N. Hence we
have Shpe,(f) C Shper(f™). Similarly, we can also show the converse inclusion.
This completes the proof. ([l

Proposition 2.4. FEvery periodic shadowable point of a chain transitive home-
omorphism on a compact metric space is shadowable.

Proof. Let f : X — X be a chain transitive homeomorphism of a compact
metric space X, and x € X be a periodic shadowable point of f. Let £ =
{zi}iez be a non-periodic d-pseudo orbit of f with g = x. Since f is chain
transitive, we can take a é-chain from x_,, to x,, for each n € N;

{fEn =Yo,Y1y--- 7:'“/k:71 = x,n}

of length k,, such that d(f(y;),yi+1) < ¢ for 0 < i < k,, — 1. Then we get a
periodic d-pseudo orbit

{pg = Tn = yOvp’iL =Y. .- 7p7cln71 = yknfl,PZn =Yk, =T—ny. -+,
L—1,20, L1y - 7p;cln+2n71 =In = yO}
with (ky + 2n)-period for each n € N. Since z¢ = x is a periodic shadowable
point of f, there is 2, € Per(f) such that d(f%(z,),p') < € for each n € N.

Since X is compact, then there exists {z,}nen such that z, converges to z.
Note that if 7 < n, then p* = z;. Then we see that

lim_ d(f(2n),5) = T d(f(0),57) = d( (), 1) < ¢
for each ¢ < n. This completes the proof. O

Remark 2.5. Kawaguchi proved that if a homeomorphism f : X — X of a
compact metric space is chain transitive, then either Sh(f) = @ or Sh(f) = X
(see [6, Theorem 1.1]). So Proposition 2.4 is also proved by using [6, Theorem
1.1] in the case when Sh(f) # 0.

Now, we give a proof of Theorem 1.1.

Proof of Theorem 1.1. Let f : X — X be a homeomorphism of a compact
metric space X. Suppose that x € X is a uniformly expansive shadowable
point. Then there exist an expansive constant e > 0 and a neighborhood U
of z such that if d(f(z), fi(y)) < e for all i € Z, whenever y,z € U, then
y = z. Without loss of generality, it is sufficient to prove it for € < £ satisfying
B(xz,e) CU. Let 0 < € < £ and 0 > 0 be given by the shadowableness of x.

2
Let £ = {z;}icz be a periodic §-pseudo orbit of f with zyp = x and period N
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(xi4n = z; for all i € Z). By the shadowableness of x, there is a point z € X
such that

(2.2) d(f'(2),z;) < e for all i € Z.
Since z;1 ny = z; for all i € Z, we have

d(fiN(2),2;) < e foralli € Z.
Put p = fV(2). Then, we have
(2.3) d(f(p),zi) < e forall i€ Z.

Using inequalities (2.2) and (2.3), we get d(f(2), f'(p)) < 2¢ < e for all i € Z.
The uniform expansivity of z implies p = z = f¥(2). Thus € Shy,,(f) and
Exp, (f) N Sh(f) C Shper(f). This completes the proof. O

From Theorem 1.1 and Proposition 2.2, we immediately obtain the following
result.

Corollary 2.6. Let f : X — X be a homeomorphism of a compact metric
space X. Then the following properties hold:

(1) If CR(f) C Exp, (f) N Sh(f), then Pex(f) = (f) = CR(f).
(2) If f is expansive, then Sh(f) C Shpe,(f).

From Theorem 1.1 and Proposition 2.4, we obtain the following result as in
Corollary 2.8 in [5].

Corollary 2.7. For every expansive and chain transitive homeomorphism f :
X — X of a compact metric space X, we have Sh(f) = Shye,(f) = X.

Given € > 0 and a subset K of X. We say that a homeomorphism f has
e-periodic shadowing property through a subset K of X if there exists § > 0
such that every periodic §-pseudo orbit passing through K can be e-shadowed
by some periodic point of f. We denote by B[, d] the closed d-ball operation
on X.

Lemma 2.8. Let f: X — X be a homeomorphism of a compact metric space
X and € > 0 be given. If f has the e-periodic shadowing property through a
compact subset K, then there is § > 0 such that f has the 2e-periodic shadowing
property through B[K, §].

Proof. Suppose by contradiction that a homeomorphism f has the e-periodic
shadowing property through a compact subset K but for every § > 0, we can
find a periodic §-pseudo orbit through B[K, d] that cannot be 2e-shadowed by
some periodic point of f.

Take § > 0 from the e-periodic shadowing property through K with § < e,
and let {¢5}en be a sequence of periodic %—pseudo orbits with period N for
f passing through B[K, %] that cannot be 2e-shadowed by some periodic point
of f. For every k € N, we write £&¥ = {¢f}icz. It follows from B[K, 7] that

there is a sequence z; € K such that d(&}, %) < % for all k¥ € N. Since X
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is compact, f is uniformly continuous, so we can choose k sufficiently large
such that max{d(f (&), f(z¥)), +} < g. Fix k and define a periodic sequence
& = {& }iez with period Ny, (& = &y, for all i € Z) by
&b, i iAs- Ny,
G=1°

kit i—s-Np, seZ.
Clearly, d(f(&;),&i41) < 2 form#s- Ny — 1,5 Ni,s - Ny + 1. Since

A(f(€s-ne=1),Esm) = d(f(E-1),2") < d(f(6-1),€5) + d(&6, 2F)
1 + 1 — g <9
k k —

< — =
- k

and

d(f(&sn)s Es np1) = d(f ("), €7) < d(F(2®), F(&5)) + d(f (&), €T)
< é + é =9
— 2 2 )
we see that ¢ is a periodic d-pseudo orbit with period Nj. Since & = z* € K by
definition, we see that £ can be e-shadowed by a periodic point z of f such that
d(fi(2),&) < € for every i € Z. Clearly, d(f%(2),&F) = d(f%(2),&) < e < 2¢ for
all i # 0. For n = 0, we have that

d(f'(2),€F) = d(z, &) < d(z,2%) + d(a", &5)
:d(z,fo)Jr%SeJrg < 2¢ forallieZ.

Thus d(fi(2),£F) < 2¢ for all i € Z. Tt follows that ¢F is 2e-shadowed by a
periodic point z of f, which is a contradiction. This proves the result. (I

A subset of a space X is a Gy set if it is a countable intersection of open
subsets of X.

We can obtain the following result related to the periodic shadowableness,
which is adapted from Theorem 2.2.11 in [2].

Proposition 2.9. The set of periodic shadowable points of a homeomorphism
of a compact metric space is a Gg set.

Proof. Let f : X — X be a homeomorphism of a compact metric space X.
Given € > 0 we denote by Shy.,(f,€) the set of points p € X such that f has
the e-periodic shadowing property through a subset {p}. We note that

(2.4) Shyer () = () Stiper (£, ).

>0
Let o > 0 be given. We can suppose Shye,(f) # 0. Given = € Shy.,(f), since
x € Shper(f, 9) by Lemma 2.8, there is d,, > 0 such that every periodic
0z.¢,-pseudo orbit through B[K, 0, ¢,] can be ep-shadowed by a periodic point
of f. It follows that B(z,dz.c,) C Shper(f,€0). So, for every € > 0,

Shper(f,€) = A(eo) U B(eo),
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where A(eg) = |U  B(w,ds,,) and B(ep) = Shye,(f, €0) \ A(€o). Moreover,
$€Shpe7‘(f)

we note that A(ep) is open and B(eg) C Shyer(f, €0) \ Shper(f). By equality of

(2.4), we have that (| B(ey) = 0 and

€g>0
1 1 1 1
Shyer(f) = (Y Styer (1:7) = N A(G) v B(3) = N A()
neN neN neN
Thus Shy,,(f) is a Gs set of X. This completes the proof. O

Next, we give a proof of Theorem 1.2.

Proof of Theorem 1.2. Assume that f has the periodic shadowing property.
Let € > 0 and choose § > 0 such that every periodic d-pseudo orbit of f in
X is §-shadowed. Let & = {w;}icz be a periodic d-pseudo orbit with period
N (z; = xiyn all i € Z) in Shye,(f). Then £ is a periodic §-pseudo orbit in
X. Since f has the periodic shadowing property, there exists a periodic point
z € X such that d(f%(z),2;) < § for all i € Z. Since f is continuous, there
exist ry_1 > 0 with ry_1 < § and f(B(fN1(2),rn-1)) € B(fY(2),5). Also,
there exist ry_2 > 0 with ry_o < ry_; and f(B(fN72(2),rn_2)) € B(fN~!
(2),rn-1). Continuing this process, we arrive at r; > 0 with 1 < 79 and
f(B(f(2),r1)) € B(f?*(z),r2). Finally, there exist 79 > 0 with ry < r; and
f(B(z,7m0)) € B(f(2),7m1). Since Per(f) is dense in X and by construction,
every z1 € B(z,r9) NPer(f) is e-shadows &, i.e.,

d(f'(z1),9:) < d(f'(=1), F'(2)) + d(f(2), )

<§+§:6 for all i € Z.
Thus fsn,.,(s) has the periodic shadowing property.

The converse is proved by Theorem 3.1 in [9]. Hence the proof is complete.

O

Corollary 2.10. Let f : X — X be a homeomorphism of a compact metric
space X . If f|Shi(f) has the periodic shadowing property, then the closure of
per

the set of periodic shadowable points of f|w coincides with Shpe,(f). A
per
similar statement also holds for the shadowableness of homeomorphisms.

Proof. Suppose that the restricted map f|m : Shper (f) — Shper(f) has
the periodic shadowing property. By Proposition 2.2(2), we have

Shper(ﬂs}lwr(f)) = Shper(f)-

Therefore Shper(f|shper(f)) = Shyer(f)- O
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3. Examples

In this section, we give some examples related our main results and their
key notions.

First, we give an example that there are a compact metric space X and
a homeomorphism f : X — X such that an f-invariant set Shy..(f) is a
nonempty, open subset of X (see [11, Example 2.1]).

Example 3.1. Setting X = C U1, 2] with the subspace topology of R, where
C' is the ternary Cantor set of [0, 1], take a homeomorphism f: X — X as the
identity of X. Since the identity map is an equicontinuous homeomorphism, we
have that Shye,(f) equals the set of totally disconnected points, so Shy,(f) =
C'\ {1}. Hence Shyp,(f) is an f-invariant, open subset of X.

Next, we give an example that there is a homeomorphism f: X — X of a
compact metric space X such that Shy.,(f) = 0 but Sh(f) # 0.

Example 3.2. Let f be a minimal homeomorphism with a shadowable point
of an infinite compact metric space X. From the minimality of an infinity space
X, we see that Per(f) = 0, so Shpe,(f) = 0. Also we have Sh(f) # 0 by the
assumption of f.

Also we give an example to illustrate our main results.

Example 3.3 ([1, Remark 3.1.9]). Let ¢ : ¥3 — X9 be the shift homeo-
morphism. Note that the shift map o is expansive with the shadowing prop-
erty. Hence we have that Sh(o) = Shpe,(0) = X9 by Theorem 1.1. Also, let
S ={(x;) € Za: (x4, 2i41) € C,i € Z}, where C' = {(0,0),(0,1), (1,1)}. Then
ols : S — S is a Markov subshift. Since o|g is expansive with the shadowing
property, Sh(o|s) = Shyer(o|s) = S. So o|g has the periodic shadowing prop-
erty. Hence the periodic shadowing property for o is equivalent to the periodic
shadowing property for o|g.
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