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WELL-POSEDNESS AND ASYMPTOTIC BEHAVIOR
OF PARTLY DISSIPATIVE REACTION DIFFUSION
SYSTEMS WITH MEMORY

VU TRONG LUONG AND NGUYEN DUONG TOAN

ABSTRACT. In this paper, we consider the asymptotic behavior of solu-
tions for the partly dissipative reaction diffusion systems of the FitzHugh-
Nagumo type with hereditary memory and a very large class of nonlin-
earities, which have no restriction on the upper growth of the nonlin-
earity. We first prove the existence and uniqueness of weak solutions
to the initial boundary value problem for the above-mentioned model.
Next, we investigate the existence of a uniform attractor of this problem,
where the time-dependent forcing term h € L% (R; H=Y(RM)) is the only
translation bounded instead of translation compact. Finally, we prove
the regularity of the uniform attractor A, i.e., A is a bounded subset of
H2RYN) x HYRN) x LZ(RT, H2(RY)). The results in this paper will
extend and improve some previously obtained results, which have not
been studied before in the case of non-autonomous, exponential growth
nonlinearity and contain memory kernels.

1. Introduction

In this paper, we consider the following initial boundary value problem of
partly dissipative reaction diffusion system with memory:

uy — Au+ du— [ K(s)Au(z,t — s)ds

(1 1) +f(u)+g($,'l]):h(l',t), xGRNv t>7—?
’ v+ o(z)v+ ¢z, u) =0, reRN t>1
u(z,t) = ur(x), v(z,t) = v (x), reRN t< T,

where N > 3, A is positive, the nonlinearity f, g, ¢ and the external force h
satisfy some specified conditions later. The system (1.1) (with k = 0) arose
as model that describes the signal transmission across axons and is a model of
FitzHugh-Nagumo equations in neurobiology (see, e.g., [4,15]).
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The long-time behavior of solutions to problem (1.1) in a bounded domain
and the autonomous case, that is, the case when h is independent of time t,
has been studied by several authors.

In 1989, Marion [14] considered an initial boundary value problem of partly
dissipative reaction diffusion system in Q C R¥. She proved that the system
there exists a unique weak solution and the existence of a global attractor
in L2(2) x L?(2). A boundedness of the Hausdorff and fractal dimensions
of the attractor are also studied by her. In this direction, there are many
results related to the dynamics of the partly reaction diffusion systems (see
[2,12-14,19,20]). Recently, L. Jihoon and V. M. Toi [10] also considered the
system in exponential growth nonlinearity case and showed that there existence
of weak solutions, the regularity of the global attractor and the exponential
stability of stationary solutions of the systems.

For the case of unbounded domains, the long-time behavior of the solutions
of the partly dissipative reaction diffusion system has been studied by some
authors (see [16,18,24]). However, most existing papers deal with the partly
reaction diffusion systems in which k = 0, h = h(x), g(z,v) = av, p(z,u) = Su
and the nonlinearity f is of Sobolev type.

It is well known that non-autonomous equations appear in many applications
in the natural sciences, so they are of great importance and interest. In this
paper, we will study the long-time behavior of solutions to the partly dissipative
reaction diffusion system by allowing the external force h to depend on time ¢;
exponential growth nonlinearity and contain memory kernels.

To study problem (1.1), we assume that the nonlinearities f, g, ¢ and the
external force h satisfy the following conditions:

(H1) The nonlinearities f, g, ¢ and the function o satisfy
(1.2) fi(u) > —£, fu)u > —61u? for all w € R, and f(0) =0,

(1.3) |9 (2, v)| < b2,
(1.4) lou (@, u)| < 0,
|5, (2 u)] < 3(|¢1 (@)] + [ul), 1 < j < N, ¢ € L2RY);
(1.5) o(z) is bounded on RY | |o’(z)| < m and o(x) > 64 > 0,
where £,0; (i =1,...,4) are positive constants with J, > 2(;5\?,;&(—;132) >0,
and A > /.

From the above conditions (1.3) and (1.4), we can choose positive constants
05 and dg satisfying

(1.6) lg(x,v)| < 05(pa(z) + |v]), Vv € R, Vo € R,
(1.7) oz, u)| < d6(¢3(x) + |ul), Yu € R, Vo € RY,

where ¢o, ¢3 € L?(R") are nonnegative functions.
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(H2) The convolution (or memory) kernel & is a nonnegative summable func-
tion having the explicit form

i) = [ty

where € L'(RT) is a decreasing (hence nonnegative) piecewise abso-
lutely continuous in each interval [r, T] with T' > 0. In particular, u is
allowed to exhibit (infinitely many) jumps. Moreover, we require that

(1.8) k(s) < Opu(s)
for some 6 > 0 and every s > 0. As shown in Gatti et al. [5], this is
completely equivalent to the requirement that

(1.9) p(r +s) < Me™""p(s)

for some M > 1, 6 > 0, every r > 0 and almost every s > 0.
(H3) The function h € LZ(R; H1(RY)), the space of translation bounded
functions in L2 (R; H~*(RY)), that is,

loc

t+1
I3 = sup [ 10 s vy < .
teR Jt

For h € L (R; H ' (RY)), we denote by H.(h) the closure of the set {h(- +
r)|h € R} in L}(R; H-'(RY)) with the weak topology. Noting that, as in
[3, Chapter 5, Proposition 4.2], we have: for all ¢ € H,,(h), then

I<l25 < 12
Remark 1.1. We can replace the nonlinear function f(u) in equation (1.1) into
a function f(z,u), of the form f(x,u) = fi(u)+a(z)f: (u) where f;(u),i=1,2

satisfy the hypothesis as (1.2) and a € L'(RY) N L>®(RY). Then we also get
the same results as in the case of f(u).

To this aim, as in [7,8], we consider a new variable which reflects the history
of (1.1), that is

n'(z,s) = n(z,t,s) = / u(z,t —r)dr, s > 0.
0
We can check that
o' (x,5) = u(x,t) — dsn'(x,s), s > 0.

Since u(s) = —k’(s), problem (1.1) can be transformed into the following sys-
tem
— Au+Adu— [ p(s)Ant(s)ds
+f(u) +9(,v) = h(t ) t>r,
(1.10) v+ o(v+e(,u) = t>r,
Oy’ (s) = =0sn'(s) + () t>7, 520,
u(t) = ur, v(t) = ve, 9'(s) =07 (s) = ne(s) t<7, sERT.
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Note that in the above system, we use the same notations f, g, h, 0 and ¢ as
Nemytskii operators induced from (1.1).
Now, denote

2(t) = (u(t),v(t),n") and 2z, = (ur,v,,7;).

Let (-,-), || - || the norm and scalar product in L?(RY), respectively.
In view of (1.9), as in [8], let LZ(R™, L*(RY)) be the Hilbert space of func-
tions £: RY — L%(RY) endowed with the inner product

(60,62), = / " (s) (€0 (5). Ea(s)) ds,

and let ||£||,, denote the corresponding norm. In a similar manner, we introduce
the inner products (-,-); , on L2(RT, H(RN)), i = 1,2 by

() '>1,p. =(, '># +(V-, v'>#v {5 .>2,/,l, =(, '>;L +(V-, v'># + (A, A'>p7

and the corresponding norms are denoted by || - [|1,u, || - [|2,.-
We now introduce the following Hilbert spaces

H=LARY) x L*(RY) x L3(R, H'(RY)),
M= H'(RY) x H'(RY) x L, (RY, H*(RY)),
Ho = HA(RY) x H'(RN) x L (RY, H2(RY)),

which are, respectively, endowed with the norms induced on H, H1, Ho are
1w, v, &)I3; = llull* + 0] +/0 () 1E(8) 171 vy ds,

o
(s v, )13, = Il + [Vull® + [o]* + Vol +/O (s)IE ()72 v s,

(s 0,€) 2, = [l + [IVull? + [ Aul? + [[o]]? + [ Vol
+ / () IECS) 22 oy ds.

The paper is organized as follows. In Section 2, we prove the existence and
uniqueness of weak solutions of the system (1.10) by using the Faedo-Galerkin
method and the technique involving the weak convergence in Orlicz space.
In Section 3, we prove the existence of an uniform attractor A in L2(RY) x
L2(RY) x LZ(RT, H'(RY)). In the last section, we prove that the uniform
attractor A is bounded in H?(RY) x H'(RY) x L2 (R*, H*(RY)).

2. Existence of weak solutions

Firstly, we define a weak solution of problem (1.10) as follows:
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Definition 2.1. A function z = (u,v,n') is called a weak solution of problem
(1.10) on the interval [r,T] with the initial datum z(7) = z, € H if

we O([r, T); L*(RN)) N L*(, T; H'(RY)),
v e C([r, T} L*(RY)),
s € L(7, 75 Ly (RY, L2(RY))) 0 L2 (7, T3 Ly (R*, H' (RY)))
for any T > 7, and the first and second equations of (1.10) hold in L!(r, T

H™Y(RYN) + LY(RN) 4+ L2(R*; HY(RY))) and L*(r,T; L*(RY)), respectively,
and the initial conditions in (1.10) are satisfied.

Using the Galerkin type approximations, we can prove the following exis-
tence and uniqueness result.

Theorem 2.1. Assume that hypotheses (H1)-(H3) hold. Then, for any z, =
(ur,vr,17) €EH, any ¢ € Hy(h) and T > 7, 7 € R given, problem (1.10) (with
¢ in place of h) has a unique weak solution z = (u,v,n') on the interval [1,T)]
satisfying

z e C([r,T; H).
Moreover, the weak solutions depend continuously on the initial data.

Proof. Step 1. Existence. For each integer n > 1, we denote by P, and @,, the
projections on the subspaces

span(¢1,...,¢,) C L*(RY) and span(éy,...,&,) C L (RT, H'(RY)),

respectively. Consider the approximate solution z,(t) = (un(t),v,(t),n}) in
the form

up(t) = Zunj )by, valt) = Zvnj(t)wj and ), (s) = Znnj(t)fj(é’)

satisfying
(2.1) ((Detn, Oemy,), (Wies €)) L2 (@3 x L2 (B 11 (RN

= ((Auy, — Auy, +/ H(S)Aﬂfl(S)dé‘))L?(RN)ng(w,Hl(RN))
0

- <(Pnf(un) - Pn (',’Un) + PnC,’LLn - 8577;)7
(Y, &5)) L2 @Y )x L2 R+, H (RY))5

(Orvn, Yr) = (=< (-)vn — Prp(ssun), i),

Un(7) = Pouy — uyp = Zajwj in L*(RY) as n — oo,

=1

’Un(T) = an'r — Vy = Z’yj’l/}J n Lz(RN) as n — oo,
j=1
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(1) = Quiy — 1y = Zﬂjfj(s) in Lit(RJF,HI(RN)) as n — oo,

for a.e. t < T, for every k,j = 0,...,n, where g and &y are the zero vectors in
the respective spaces. Taking (1, &), (%o, &) and ¢y in the first equation and
the second equation in (2.1), respectively, and applying the divergence theorem

to the term -
(= [ ot s)ds. o)

we get a system of ODE in the variable ax(t), cx(t) and by (¢) of the form

%ak = —vpay — Aap — Y _b; (&),
Jj=1
= (f(un); ¥r) = (9(-, vn), ) + (S5 ),
(2.2) d
%Ck = —GqCk — <<P("Un)’¢k>a

n

— 0 = Za‘] <wj7£k>1’u - ij <§;7£k>1,u’
Jj=1 j=1

subject to the initial conditions
ar(7) = (Ur, Vi) ,
(2.3) k(1) = (vr, Vi),
be(T) = (17, &k )1 0 -

According to the standard theory of ODEs, we obtain the existence and unique-
ness of local solutions of (2.2)-(2.3).

A priori estimate for (up,vn,nf,) in L2(Q) x L*(Q) x L2 (RT, H'(RY)). Mul-
tiplying the first equation and the second equation of (2.2) by (ax, ¢x) and the
third equation by by, then summing over k, we obtain

1d e
(2.4 55 (loall+ [ 1w )P
+ ||Vun||2 =+ >‘||UnH2 + <6s77;a772>1,u

+ (f(un), un) + (9 0n), un)

= (S, un),
1 d 2 2
2:5) L2t [ @i+ o)) = 0
RN
where fooo M(vann( ), vun = 2 dt fo ||V77n( )H2d8+<5s773’772>1,u - In-

tegrating by parts and then using Condltlon (H3), we have

(2.6 (O}, = - / () IV, )]s 2 0.
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Thus, the term (Jsn},,75,), , in (2.5) can be neglected. Applying (1.6), (1.

and using the Cauchy inequality, we obtain

(27) (). ) > 01
@8 ot wnll < [ 500 + nl)lunlda

< 5(162)1 + o)

< 32 al? + 25 2 el + 2
29 lelown)oall < [ Baos + unDlunlda

< b5(163)1 + lun Dl

e L A

(2.10) /N o () |vnPdz > S4l[vn 2,
and )
1) () S Ce)lslhswm) + eollunll® + ol Vunl

167

7)

Summing the two inequalities in (2.4) and (2.5). Then using (2.6)-(2.11), we

get
1 d 2 2 o t 2
@212) 2L (a2 loalP + [ (o) [V (s) 2
A—6 2(62 + 62
n <1—eo>||wn||2+( —) ||un||2+<64—(56>) fon?

2 A—=0d1
262 A—0
< Sl + 25 ul + Ol sy
Integrating (2.12) from 7 to t,t € [, T], we have
(2.13) lun 11 + o ()1 +/0 p(3) [V, ()| *ds

+/Tt </\ ;51 [ ()1 + Vun(r)|2> dr

62+52
2(54 )/nn )|2dr

2
< Nzn(MF, + +— P ||§( )HH*l(RN)dt

02 )\ 1)
+2( 2 oal? + 1||¢3||2)< .
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This inequality implies that
{u,} is bounded in L>(7,T; L*(R")),
(2.14) {u,} is bounded in L?(7,T; H'(RY)),
{v,} is bounded in L (7, T; L*(RY)).
n the other hand, multiplying the third equation o . n
On the other hand Itiplying the third equati f (1.10) by 7, i LZ(R*,
L?(RM)), we get

o0

d oo o0
G a2 [t s =2 | )i s) undds
0 0 0

Therefore,

oo K 0 oo
@) [ ultPas < S [ ol s + A
0 0
Applying Gronwall lemma and using (2.14), we deduce that
(2.16) JACITARE
0
t
< GC(T—T)HU;’;H%#—F)\/ Hun(V‘)HQeC(f—”dr
t
< GC(T_T)HHZH%,M + )\Hun||%oo(T,T;L2(RN))/ et dr
< T nn 13+ MunllF oo (77,12 vy Ce T

Combining (2.13) and (2.16), we get
(2.17) {n},} is bounded in L>(r,T; L2 (R*, H'(RV))).

erefore, using (2.14) and (2.17), there exists a subsequence of {u,} an
Theref i 2.14 d (2.17), th i b f d
{nt} (still denoted by {u,} and {nt}) such that

(2.18) u, — u weakly in L*(r,T; H*(RY)),
. nt —n' weakly-star in L (7, T} LZ(RJF, HY(RM)Y)),
and
Au, — Au weakly in L?(t,T; H-1(RY)),
Ant — An' weakly in L?(7, T} Li (R, H-YRN))),
up to a subsequence.
Boundedness and weak convergence of f(uy) in L'(7,T; LY(RYN) + L2(,T;
L2(RY).
From (2.4), using the assumption (1.6) and the Cauchy inequality, we get
1
2

d o0
(2.19) ﬁQmW+/'mwwm%Q
0
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IVl 4 Al + [ (s
RN
< [ 852l + louDlunlda + sl o s
R

62
< co(flunll® + [IVanl®) + (6217 + lonll®) + Clls ()71 vy

Integrating (2.19) from 7 to T and using the bound (2.14), we get

T
(2.20) / x fup)updx < C.

We now prove that { f(u,)} is bounded in L*(7, T; L*(R™))+ L?(r, T; L*(RY)).
Let Y, and Jq, be the characteristic functions of the sets

Q) = {(5,1) €RY x (,T) : Ju(z, )] < 1},
Qy = {(z,t) € RN x (1,T) : Ju(z,t)| > 1},
and x(r) = f(r) — f(0) + ~r, where v > £. Note that x'(r) > v — ¢ > 0 and

xX(r)r = (f(r) — fO)r +yr% = f'(w)r?> + yr? > (v — £)r? > 0 for all r € R.
Since

T
/ / Xt (2, )P, (2, ) Pt = / Ix(un)|? dadt
r JRN 1951

=[] ) = x(O) o,

by the Mean Value theorem we have

T
/ / X (tn (, 1)), (2, )| dadt < c/ un (z, )| dedt
T RN Ql

T
gc/ / |t (2, 1)|? dadt.
T RN

Taking into account that u,, € L° (7, T; L?>(R")), we obtain
X(un(z,t))0q, € L*(t,T; L*(RY)).

Besides, since

T
/ /RN IX(un(z,1))0q, (z, t)|dzdt

-/ )] de
< / /Q X
< /TT /]RN X(un)updzdt
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T
< / . f(un)updrdt + “Y”Un”%%r,T;LZ(RN))
<,

where we have used (2.14) and (2.20), we get x(u,)Vq, € L*(7,T; L*(RY).
Since
X(un(x’ t)) = X(un(l'v t))’ﬁﬂl (1’, t) + X(un(IC, t))1992 (:L'v t)a
we get x(u) € LY(7,T;LY(RY)) + L3(,T; L>(RY)). Therefore {f(u,)} is
bounded in L'(7,T; L*(R™)) + L?(7, T; L*(RY)).
Besides, since

Unt = AUy, — Ny, + / w(8)AQunk (s)ds — P f(un) — Png(-,vp) + Prs,
0

we see that {u,;} is bounded in L2(7, T; H~*(RN))+L (7, T; LY (RN )+ L2 (7, T;
L2 (R, H'(RY))) and then in L' (7, T; H~*(RY))4+ L' (RN) + L2 (R*, H' (RY))
by (1.6), (2.14), and (2.17).

In addition, for each m > 1, we denote B,, = {z € RY : |z| < m}. Let
¢ € C'([0,400)) be a function such that 0 < ¢ < 1, @|jp1; = 1 and ¢(r) =0
for all » > 2. For each n and m we define

]

T (@,8) = ¢ <m2 > Un(,2).

From (2.14) that, for all m > 1, the sequence {&y m }n>1 is bounded L?(7, T
H}(Bay,)). Since Ba,, is a bounded set, then H}(Bay,) < L?(Ba,y,) compactly.
Then, by Theorem 13.3 and Remark 13.1 in [22] we can deduce that

{ty,,m } is precompact in L*(7,T; L*(Banm)),
and thus

{un|B,,} is precompact in L? (1,T; L*(B,,)) .
By a diagonal procedure, using (2.18), we deduce that there exists a subse-
quence of {u,} (still denoted by {u,}) such that

Up — uw a.e. in By, X (7,T) as n — +oo, Ym > 1,
and thus, taking into account that (J)-_, B, = RY, we obtain
u, — v a.e. in RY x (7,7).
Besides, using the definition of x(s) and (2.14), (2.20), we have

T
/ / X (up)updzdt < C.
T RN

Thus, arguing as in the proof of Theorem 3.1 in [6], we obtain that x(u) €
LY (7, T; LY(RN)) + L2(7, T; L?(RY)) and for all test functions 8 € L°°((7,T) x
RN

)
/TT /RN X(un(z,t))B(z, t)dedt — /OT /RN x(u(z,t))B(x, t)ddt.
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Then, f(u) € L' (7, T; L*(RY)) + L%(r, T; L*(RY)) and

/ Fun (@, £))B(w, t)dadt — / Flula, 1))z, t)dzdt
T JRN r JRN

for all B € L>®((1,T) x RY).

Next, from the second equation of (1.10), we get that v,s = —o(-)v, —
©(+, uy) is uniformly bounded in L?(7,T; L?>(RY)). Therefore, we can extract
a subsequence of vy, (still label v,) such that

v, — v weakly in L?(7, T; L*(RY)),
Vnt — vy weakly in L2(7,T; L*(RY)).

Furthermore, using assumption (1.4), we conclude that
P (ytn) = (- u) in L2(7, T3 L2(RY)).
Hence if we pass the limit in the second equation of (1.10), then we obtain
v+ o()v+ @(-,u) =0 in L*(1, T; L*(RY)).

By the formula of variation of parameters, for each n € N, we have the solution
v, of

(2.21) Unt + (v, + (-, u,) =0

given by

t
vn('7t) = 6_0(')%}0 + / 6_0(.)“_3)90('; un)ds
0

Since v also satisfies the equation (2.21), we have
t
v( ) = e~ Oty +/ e=O=5) (. s,
0

Hence we deduce that v, — v in L?(7,T; L*(RY)). By using (1.3), we derive
that g(-,v,) — g(-,v) in L?(7,T; L?(RY)). Thus, as n — 0o, we see that
z(t) = (u,v,n") satisfies the system (1.10) for a.e. t € [r,T].

As in [6], since u € L (7, T; L2 (RN)) N L*(r, T; HY(RY)) and w; € L*(7, T;
H7YRN)) + LY(7,T; LY(RY)), we conclude that u € C([r,T]; L*(RY)) (see
also [11, Lemma 8.1], [21]). Obviously, we know v € C([r,T]; L*(R"™)) since
v € L*(7,T; L>(RY)) and v, € L?(7,T; L*(RY)) (see [17, Proposition 7.1]).

Finally, by standard arguments, we can check that z satisfies the initial
condition z(7) = z, and this implies that z is a weak solution of problem
(1.10).

Step 2. Uniqueness and continuous dependence. We assume that z; =
(ur,v1,mt) and zo = (ug,v2,n%) are two solutions subject to initial data zq(7)
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and z3(7), respectively. Denote z = (4, 0,7) = (u1 — u2,v1 — v, nt —nk), we
have
= A= [57 u(s) A7t (s)ds + x(u1) — x(u2) — Cu

+g('7vl) - g('va) =0,
(222) U + J(),& + SD(7 Ul) - %0(3 u2) =0,

o' + 051" = 1,

ﬂ(T) = U1y — U2r, ﬁ(T) =V1r — V2r, N7 = N1r — Nor,
where x(u;) = f(u;) + lu;, i =1,2.

Here because (t) does not belong to W = HY(RY) N L>°(RY), we cannot

choose u(t) as a test function and cannot take the scalar product the first

equation of (2.22) by a(t). Consequently, we use an idea in [6] to overcome
this difficulty as follows. For k > 0, we define

k if r>k,
Br(ry=«r if |r] <k,
-k if r< —k.

Consider the corresponding Nemytskii mapping By : W — W defined as fol-
lows:

By(@)(z) = Bi(a(z)) for all z € RV,

By Theorem 4.7 in [9] (see also Lemma 2.3 in [6]), we have that || B (@) —a|w —
0 as k — co. Now multiplying (2.22) by By (@), then integrating over RY, we

get
% (/ uBy(u))dr — 1||Bk(ﬂ)|2) + /RN Vav B (@)dx
+/O (s) V77 VBk( Ydzds + /N(X(ul) — x(u2)) By (@) dx

+(A=20 uBy (@ da:+/ (9(xz,v1) — g(x,v2))Bg(0)dx
RN RN

=0,

where @4 By, (@) = 2 4(By(a))>.
Thus,

d 5 - 1 - 1 [ N
a4 / By (@))dz— > | By(@)|2+ 2 / u(s) / Vi 2dads
dt \ Jrw~ 2 2 Jo {2ERN|ii(z,0)| <k}

1
+—/ ()\|ﬁ|2+|Vﬂ|2)dxdt+/ Y (€)aBy (@) dx
2 J{aujal<ky RN

53

<t aBya)de - / §' (2. )iBy(ii)da,
RN RN
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where

/0 h () /R N VitV By ()dzds

/ ,u(s)/ Vi Vidzds

0 {zeRN:|u(z,t)|<k}
oo

/ ,u(s)/ Vi'Vointdeds

0 {zeRN:|u(z,t)|<k}

+/ u(s)/ Vi Vo' drds
0 {zeRN:|u(z,t)| <k}

/ ,u(s)/ Vi'Vointdeds

(2€RN |z t)|<k}
—7/ )/ |Vt |2dxds
{z€RN |i(z, t)|<k}

/ / g |V |2 dads.
{zeRN:|u(z,t)| <k}

Noting that x’(s) > 0 and sBy(s) > 0 for all s € R, from the above inequality
we deduce that

(223) 4 / quk(a))dx—luBk(a)uul/ ;L(s)/ Vi 2dads
dt \ Jrny 2 2 Jo (xRN :|a(z,t)| <k}

1) -
<o [ aBu@ds+ 2 + ZIB@)

v

I \/

where [px |9 (2, O)|18]|B(@)|dz < % (s)|* + % | Br(a)||.
On the other hand, similar to the proof of (2.15), we obtain
d [*~ A k(0) [
2.24 — it|1*ds < = ||al? 7/ HRE
) g [ weIPas < SR+ 52 [ st Pas
Summation of (2.23) and (2.24), we get

d 1 [ N N
<4 / AB())dr— L | Ba() |+ / u(s) / (17 Vit ) deds
dt 2 Jo {2€RN:|a(z,t)| <k}

<o [ aaies e+ EIB @I glal+ 50 [ el

Integrating from 7 to ¢, where ¢t € (7,7T), then letting ¥ — oo in the above
inequality, we get

(2.25) @)l + 1717 .

t
< la)I* + 137117, + (20 + 6> +/\)/ [a(r)||*dr
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t _ K/O t o0 .
s [ laolar+ 52 [ [ i Pasar

Next, we take the inner product of the second equation in (2.22) with ¢ and
integrate it from 7 to ¢, t € [7,T]. Then we have

1. . - 1, . N
I+ [ oot = 51501 = [ (o(o.) = ol ua))idas
=510 = [ e €)a odads,
2 .
Using (1.4) and (1.5), we obtain
t t
Jo0)1P + 260 [ (s)Pds < 6r) P + 28 [ [ faloldadr
T T JRN
Using the Cauchy inequality, we get
t
(2.26) ) < [5r) 1P + 6 | (I + [5:)]?) ds.
Adding (2.25) and (2.26), we can deduce that

Z(t) < Z(1) + (20 + 92 + 95 + )\)/ |a@(r)||?dr 4 (02 + 53)/ |o(r)||2dr
5[ ol s
k(0)

Z(t) < Z(1) + (6 +d2+ 95+ A+ A) /Tt Z(r)dr.

Thus

Applying the Gronwall inequality of integral form, we have

3(t) < ) © (02t AL =) (=) vy ¢ [ .
£+ 0o+ 03+ X+ KT

This proves the uniqueness (when Z(7) = 0) and the continuous dependence on
the initial data of the weak solutions. This completes the proof. (I

3. Existence of a uniform attractor

Theorem 2.1 allows us to define a family of processes {Uc(t,7)}cen,, n) a8
follows:

Uc(t,7): H —H,

where U, (¢, T)z, is the unique weak solution of (1.10) (with ¢ in place of h) at
the time ¢ with the initial datum z, at 7.

We are going to prove the family of processes {U(t,7)}cen,, n) generated
by (1.10) possesses a uniform attractor Aces, (n)-
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3.1. Existence of a uniform absorbing set
Firstly, we will provide an auxiliary lemma to serve later sections.

Lemma 3.1. Assume that hypothesis (H2) hold. Then, for any u € H*(RY)
and n* € LZ(RT, H(RYN)), the following inequality hold

(3.1) | R Gl @R + v o)) ds
< Bl 1, < 01l + ol + '3, 7 = 0.1
32 ([ Gl IR + IVl ds)

< -3 / " s) (Gl (5) 2 + 199 (5)2) ds + 2602(0) (3l + V)
0

Proof. By hypotheses (1.8), we immediately obtain (3.1). Besides, using the
third equation of (1.10) and exploiting again (1.8), we have

% (/Ooo k() (Gl ()17 + V0 (s)]1%) ds>

= —2/ H(S)/ (jntn' + Vnivn') dads
0 RN

2 [ 0(s) (061 + (909 9 ds

foonsi‘tsz t(s)||?) ds
<= [ 0% GIn @R + 197 ) d
—|—29/0 ,u(s)/]RN (jn" - u+ Vn' - Vu) duds
< —(s) (Gl @)+ IV @) [+ [ w6 Gl @) + V()2 ds

0o 1/2
() ul*ds )

o0

w0 [ wmt ) (
o0 [Tuoren o) ( |

< -3 / " s) () + 1V ) 2) ds + 262 (gl + V) / K (s)ds

1/2
(s) [Vl ds )

= - 5/0 w(s) (lln (I + V' (s)11%) ds + 262k(0) (jllul® + [ Vull?) - -
Now, we prove the existence of an (H,H)-uniform absorbing set for the

family of processes {Uc(t, T)}ceriy (n)-
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Lemma 3.2. Assume that hypotheses (H1)-(H3) hold. Then the family of
processes {Uc(t, T) }een,, (n) associated to problem (1.10) has an (H,H)-uniform
absorbing set.

Proof. Multiplying the first equation and the second equation of (1.10) by
u(t) and v(t) in L2(RY), respectively, then arguing as in Theorem 2.1, we get
inequality as in (2.12) as follows:

(33 1 (10 + 1P+ [~ o olPas)

A—20
- eVulP + (257 - eo) Jul?

2(02 +63) 2
+ (o= ISy ol

262
< 5o el +
On the other hand, multiplying the third equation of (1.10) by jn* in L2 (R,
L2(RN)), we get
d . [~ [ [
i [ s =23 [ @l Pds =23 [ (st e). ).

Since the term —2 fo (5)jllnt||?ds > 0 can be neglected and by the Young
inequality, we obtain

) i [P < 2 2 o pas

Summation of (3.3), (3.4), we get

d A=96 2(02 + 02
B+ 2Tl + 25?2 (04— I oy

I+ ClislF-1 @n)-

d A—6
2]% v [~
<o+ 2ol + 2+ 2 [ s as,
Y 0
where
452 A=90
® = 3% gal + 25 and

= IIUH2 +lvl|? +/0 p(s) (Al 17 + Ivn')1?) ds, 5 =0,1.

Now, for v > 0 to be fixed, we define the functional

A0 =By + 87 [ w(s) (Gl + Vo' (9)F) ds. 5= 0.1
0
Then, using Lemma 3.1, we can see that A; satisfies the differential inequality

X — 61 — 32§76%k(0) — o 2
2

d
%Aj +2(1 — 8v6%k(0) — £0) || Vul|® +
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2 2 o)
2(@—2f{§%§nm2+4v/ () (7l ()17 + 19 (5) ) ds

2]%( ) >
< &+ ClslZ s + 22 g2 + Lﬁ w(s)llntI7ds,

Choosing 7 small enough such that 0 < v < min{y +3292
have

(0) 1+892r@(0) b we

d
—A; + 2vE; + 27| Vul?

dt
QJH( ) -
< @+ Ol + 2ol + 5 [ (o),
Up to further reducing -, we also have
Thus,
d 2
(3.5) —Aj + YA + 29[| Vul|

2jk v [~
< O b 04 Ol + 2 [ o)l s
0

From (3.5), let j = 0, and then applying Gronwall inequality, we get
t
(3.6) Ao(t) < Ag(r)e "7 + @ 4 C/ e (1) [5-1 g

Besides, we have

t
(3.7) /eﬂ“ﬂmmmfmmw

K t—1
</t 1 e ()l RN)dT+/ e [ (r) 13- ®y)dr + - )

IN

< (1+677+672W+ ) Isllp < 7”}1”(7’

1-

where we have used the fact that ||| < [|h]|? for all ¢ € H,(g). Combining
(3.6) and (3.7)

e C
(3.8) Ao(t) < Ap(7)e™ 7 4+ @ + ——||hll}

< po-

On the other hand, we consider (3.5) for j = 1, using (3.8) and Gronwall
inequality, we obtain

2k(0
M0 < M@ 4 (B0 13 g0 [ Iy
et 2k(0 C
< Ai(7)e %t>+< §)+2)0+¢+1 —||hI3.
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Thus,
ot 2k(0) C
t—1 2
Ei(t) < 2By (r)e ") 4 <7 + 2) po+ @+ ——5llhfl.
Therefore, there exists p; > 0 such that
(3.9) Ev(t) < p1 ot |20 < o1

for all z; € By, ¢ € Hy(h) and for all t > Tp, where By is an arbitrary
bounded subset of H. Therefore, for all t > Tz, we get

U(t,T)BH(R) (- IEB()7

where By = By (p1) is an absorbing set for processes U(t,7) on H.
Besides, integrating (3.5) from ¢ to ¢t + 1, we get

t+1
(3.10) [ IvutyPar < 201
t
This completes the proof. O

3.2. Asymptotic compactness

The main difficulty of the problem is, of course, that the embeddings are no
longer compact and the external force h is only in L2(R; H1(RY)). Further-
more, the memory term has no smoothing effect. Therefore, we do not directly
estimate the regularization for u as in [10], but must use the decomposition
method as follows.

3.2.1. Decomposition of the equation. Notice that we only assume the external
force h € L}(R; H '(RY)). Since L?(RY) — H~1(RY) is dense, for every
h(-,t) € HY(RY) and any € > 0, there exists an h*(-,t) € L*(RY), which
depends on h and ¢, such that

t+1 .
(3.11) sup/ |h — h5||%{71(RN)dr <3
teR Jt

For any r > 0 introduce two smooth positive functions ¢%. : RV — R,
i = 1,2, such that
¢p(z) + ¢ (x) =1 Yz eRY,

and

or(z) =0 if |z| <7,

®2(x) =0 if [z| > r+ 1.
Putting ¢;(z,t) = ¢(z,t - ¢t(z)), i = 1,2. The dependence on 7 of ¢; is omitted
for simplicity of notation. Therefore, we can check that
{ Tlggo lsillz-1 @y =0,

(3.12)
G(x,t) =0 as|z| >r+1.
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Now, to make the asymptotic regular estimates, we decompose the solution
U.(t,7)zr = 2(t) = (u(t),v(t),n), z; = (ur,vs,n7), of problem (1.10) into the
sum

Uc(t,7)zr = D(t, T)zr + K (t,7) 27,
where D(t,7)z; = 21(t) and K (t,7)z, = 22(t), that is, z = (u,v,n") = 21 + 22,
the decomposition is as follows:
w=uy +ug v=ri+vy, 0 ="+,
21 = (u1,v1,¢"), 2o = (ug, v, &),

where 21 (t) solves the following equation

Opuy — Aug — /0 p(s)ACH(s)ds + Muy + f(u) — f(uz)
=q +a—c,

(3.13) Ovy + o(x)vy =0,

¢ = —0s¢" + u,

ur(z,t)|e<r = ur(z),01(2,t) [i<r = vr (),

¢, 8)le<r = 7 (2, 9),

and 29(t) is the unique solution of the following problem

Dpuz — Auy — / p(s)AE (s)ds + Auz + f(uz) + g(z,v) = ¢,
0
Opvg + o(x)ve + o(x,u) = 0,
O = —0:E" + ug,
uz(x,t)]t<r = 0,v2(2,t)|t<r = 0,
€t(xv S)|t§7' = g‘r('r’ 3) =0.
By using similar arguments as in the proof of Theorem 2.1, one can prove the
existence and uniqueness of solutions to problems (3.13) and (3.14). Besides, for
problem (3.14), because the initial data are zero (so belong to H; := H'(RY) x

H'(RY) x L2(R*, H*(RY))), we can show that the solution (ug,vs,&") is in
fact a strong solution.

(3.14)

3.2.2. The first a priori estimate. We begin with the decay estimate for solu-
tions of (3.13).

Lemma 3.3. Assume that hypotheses (H1)-(H3) hold. Then the solutions
of equation (3.13) satisfy the following estimate: there is a constant v; > 0
and there exists T > 1 large enough, which depends on ||s|| 2, [|2- (|2, and Q(-)
independent of z, such that

ID(t, )23 < Qllzrllz)e™ ") + e for allt > T,

where Q is an increasing function on [0, 00).



180 V. T. LUONG AND N. D. TOAN

Proof. Multiplying the first equation and the second of (3.13) by u; and vy,
respectively, and then adding the results, we obtain

d
(3.15) G (la a2+ [ peiveiras)
+ 2\ Jun[|* + 2/ V|2 + 254 | va |12
=2 [ WEIVC s + 2 (w) - Fluz)w)
RN

< 2(S3,u1) g1, H

where ¢3 = ¢1 + 2 —¢5 € LI(R; H-Y(RY)). Similarly to the proof of (3.4),
(3.2), we get

d o0 o0

(3.16) G [N s =27 [P
< D04 24 [T o lePas

and
d oo

(317) (30 [ R Gl + 19 o)1) ds)

< - 471/0 p(s) (G )P+ IVEH()II?) ds
+16m6%K(0) (jllual® + [Vur||?) -
Applying Young inequality and using assumption (1.2), we have
2(s3, ur) g1, < €olluallF gy + 0(50)H<3||§1—1(RN)a
and
2(f(u) — f(ug),v1) > =20uy ||
Summing up (3.15), (3.16) and (3.17), and plugging all the above inequalities
into (3.15), it follows that

d .
%q)j +2 (A= 8jm160°k(0) — £ — £9) |Jur]|* + 2(1 — 8116°K(0) — o) |V ||
+ 28401 | + 47 / u(s) GICHIP + [VCHs)?) ds

0

2jk(0)
< THMH2 +C(eo)llssllFr-1 ),

where

®; = Jlur]® + [los]? +/0 p(s) (IS + V¢ )1%) ds

+8n /Ooo k(s) (IS (S)II* + IVC (5)1%) ds, j =0, 1.
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Choosing ¢ is small enough and v, < min{dy, 2+892‘?@(0)+€’ 1+8912N(0) }, we ob-
tain

d 25k(0
) g+t < T el e,

where C(EO)”Q’)H?{—l(RN) S C”ng%{_l(RN) + CH§2 - §25||%1_1(RN)'
Using (3.11) and (3.12), putting j = 0 in (3.18) and subsequently substitut-
ing the result into (3.18) with j = 1, we obtain

(3.19) lua® + lor 2+ 1C°1F 0 < @1(8) < QUUlzr [l )e ™77 + e
This completes the proof. (I

3.2.3. The second a priori estimate. About the solution z9(t) of (3.14), we
have:

Lemma 3.4. Let (H1)-(H3) hold. Then for any z. € H, there exist M > 0,
T > 7 large enough, which depend on ||z, ||3,, such that

| K (t,7)2r |3, < Mo for allt >T.

Proof. Combining (3.9), (3.19) and (u,v,n') = (u1,v1, (") + (ug,ve, &), we can
see that

(3.20) luall® + oall* + 1613, < po.

Multiplying the first equation of (3.14) by —Awus, we obtain

B2y 5 (19l [T 1AL IPds) + Aul? + TP
(). ~Bu) + (9o, 0). =) = [ 4 (s) A P

< <<§a —AU2>.

Using (3.9) and the assumptions (1.2), (1.6), (1.7), we get

> 0| Vun
(g(z, ), —Aus) < 6 / (é2(2) + [o])| Aua|de
]RN
< 55([l62]l + llo]) | Augl|dz

1
<Cp; + Z”Au2”2 vVt > Tp;

(63, —Aug) <o [[| Aus

1
< llssl1* + A ®.
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Plugging all the above inequalities into (3.21) and notice that
2 [ lag s 2o,
0
it follows that
i 2 > A t 2d X—/ 2 A 2
(3:22) [ IVeel® + ; n($)[AL|[7ds | +2(A = O)[[Vuz|” + [ Aus |
< m’ps

S
We learn from (3.2) that

(3.23) o [ lag s

+C(pr + [Is51P)-

< iy / H(S) AL (5)][ds + 1672624 (0) | Aus >
0

Summing up (3.22) and (3.23), it follows that

d o0
4Nt 20— 0V + 30 / u(s) | VEL(s) | 2ds
0

+ (1 = 16720°(0))[| Az ?
< Clpr+ 5112,
where A = [|Vug|* + [ ()| AE"|Pds + 842 [5 #(s)[|VE (5)]ds.
Choosing vo < min{dy, A — £, m}, we obtain
& A+ 2108 < Olpr + 551,

Applying the Gronwall inequality and using (3.10), we can derive
oo
(3.24) Ak +/ 1(s) | AL |2ds < 20 < 2p5, Vit > Tp +1.
0

We now show that va(t) is uniformly bounded in H*(RY). Setting w; =
Ova/0z; (1 < j < N), then from the second equation of (3.14), we get

8'wj

- . / — / —_
325 i+ s = kv = ¢ () — el
Multiplying (3.25) by w,, then using (1.4) and (1.5), we get
1d
5 ol 2 + b |
< [ (o sl + 1, ()| + ol i) sl
RN
04 2 1 ’ 2
< Syl + 5 [ (mlvsl + Sa(ln] + ful + oty ) " da
2 204 RN 7
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54 3 m+5 2 (52
< 02 1+ 30 P gl 4 ul?) + B s, P
2 04 04

Thus we obtain

6(m + d3)?
04

By summing (3.26) from j = 1to j = N and then using (3.9), (3.20), we obtain

d 52
(3.26) - [lwjl|* + daflew; * < (lv2ll? + llpall® + Ilull) + illuz_j 2.

||Vv2||2 + 64| Vo || < o L 2% 3 HVuH2 Vt > Tg,

where co = M(m + 61 + p1).
Applying the ‘Gronwall inequality, then using (3.10) and the same argument
as in (3.7), it follows that

a_ o, 208 [* siiem 2
(3.27) Vo (D]° < =+ == [ e[ Vu(r)|[dr
65 54 T
<, Amoi
55 64(]. — € 7)
Now we combine (3.20) with (3.24) and (3.27), we can see that

c 4p162
[[(ug, v2, €3, < pa = (TO + ﬁ +p1+p2+2p3, VI 2T + 1.
5 04(1—

This completes the proof. ([

To overcome the non-compactness of Sobolev embeddings in RN, we de-
compose the whole space RY into a bounded ball and its complement. Then
the uniform asymptotic compactness of U(7,t) will follow from the compact
Sobolev embeddings in the bounded ball and the estimates in its complement.
We consider the following lemma:

Lemma 3.5. Let B be a bounded subset in H. Then for any w > 0, there exist
T, >0 and K, > 0 such that

/leKw(|U2|2+|v2|2)da:+/o ,u(s)/ (1€4(5)[2 + |VE!(5)|?) daxds

|| > Ko,
<w, Vt>T,, Vz; € B.

Proof. Let ¢ : Ry — R be a smooth function satisfying ¢(s) = 0 for 0 < s <
1;0 < ¢(s) < 1fors € RT and ¢(s) = 1for s > 2. It is easy to see that
¢'(s) < C for all s € RT and ¢/'(s) =0 for s > 2.

Multiplying the first equation of (3.14) by ¢ (k—l) w and then integrating
the resulting identity, we find

1d ElR |z 2
(328) 5o < >uQ da:+>\/ <k lup 2
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+/ ¢>(|222> Vus|2da + —qs <|x| )uQVqux

Jr/ooou(s)/]R ¢<;§|22> vu2vgt(s)dxds

+/Ooou(s) ¢> <m| >u2vgt( )dads

+ /RN é ('”;22) F(uz)usda + /RN é (";f) oz, v)uzdz
= /RN 10) (I?QQ) usss (t)dz.

Multiplying the third equation of (3.14) by jé (%) ¢t in L2 (RT, L2(RY)), we
get

w29 43 [ [ o (M) leopasas
i [T [ (m' ) I e)Paods
2j/oou(8)<¢<|x|2>£t( ) ) ds
<20 [ (B a2 [T [ o (BT leopasas

Since ug = & + &L, we have

oo 2
(3.30) /0 ,u(s)/]R ) <|£|2 ) VENVugdrds
_ /OO ,,L(s)/ 6 ('““"2) VEVELdrds
0 RN k2 k
+/0 1(s) /RN ¢ (g > VENVEduds
_ld [¥ |z[? :
=3 ), () /RNQS( )|vg *dxds

| e /RN¢('9” )|V5t|2dxds

By (1.2) and (1.7), we have

(3.31) /RN¢<|2|22> fuz)ugds > —51/ ('k >|u2|2dx
— 5, / ( )|u2| da,
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and

(3.32) /RN o) (|Z|22) lg(x, v)uz|dx

< 55/R (|$|2) o )||UQ|dx+55/ qb(';zf) [v||uz|dz
A—94 2
s <z>('jj'2)|u2|2dx+ B[ o (55 tomtpoyas
A—30 2 2
()t 2 (e

26% 2 2
+ (|p2(2)|" + |v1]7)dx
A =01 Jig>k

Since ¢'(s) = 0 for all s > 2, we have

2x |z|2
/RN B /( 2 )“NW

IN

2|z|
al<vae K2

< el + 7],

(3.33) dr < C lug||[Vusg|dx

e \

and similarly,

(3.34) / " u(s) / if ('2;) L VE (s)dds
<7 [T uorveeiras s SO e

By the Cauchy inequality and (3.19), we have

(3.35) ‘/ <| |2) UGy

5t Lo () ey L
< — 10) us|?dx + G5 |“dx.

Summation of (3.28) and (3.29), then using (3.30)-(3.35), we obtain

(3.36) % (/RN 6 (';:f) lua|2dz
+/Ooou(s) /RNqa(l‘I ) (1€ () + [VE(s)P) dxds)
#2020 [ (B a2 [ (M) 1vupa

—2 [Tt [ o (55 ) G+ vy

2jr(0 2 s [ i
< %i) RN¢<%) |u2|2dx+%/O u(s)/ (m >\§( )|*dxds

dx
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45% |~T|2 2 2
+ ) |va|?dx + C (01(2) +|p2(x) "+ |v1]*)dx
A—01 Jry || >v/2k
C o0
v igPaes (Tl HIVal [ aeIve)ds).
|z|>V2k 0

Now, multiplying the second equation of (3.14) by ¢ (lml ) vo and then using
(1.7), we find

(3.37) ;jt <|m|2>v2|2d3:+6/ ("”'2)|v|dx

_ _/ ¢(|222><p(x7u)v2dﬂc
oo [ o (55 ) slestae 6 [ o (M) ulluntas
(525 +252) [ o (55 G + fustyas

A— 01 |z|2 262 |z|2 9
T /¢(k2 |2|d+)\5 (bﬁ|v2|da:.

Summing up (3.36) and (3.37), and the term

2 [T [ o (B Gl + Ve ydeds = 0

can be neglected, we find

d A=9 |z ||
(338) A+ 1/RN¢’</<2) |u22dm+2/RN¢<kQ> Vs P da
2
w2 (02550 [0 (G e
2 - [oe)
2O [ o (B a2 [Tt [ o (55 etpasas

+C |5 ()Pdz + C s (I62(2)* +15(2) >+ |ur [* + |vs]|*) da
2k

|z =>v2k <>

IN

\ /\

C o0
8 (lalP + 19wl + [ peveolas).
0

= ([0 () s
*/OOO uis) /RN ¢ ('if) (J1€8(s)2 + V€ (s)[?) dmds) .

where
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Similarly to the proof of (3.2), we have
a0 (s [ we [ o(B) Gl + 9 67 dads)
o) 2
<~ [Tt [ o (M) e+ 1veR) deas
2 || G2 2
+ 167v30°£(0) /RN ¢ <k2> (Fluzl® + [Vua|?) dz

Summation of (3.36) and (3.39), then choosing 3 > 0 small enough, we end
up with

(3.40) diW + 13 W

<20y o (62(@)P + 1@ + fur]? + fon )z
V3 |z >v2k
C o t 2
vof igoPas S (lal+IvualP+ [ ueIve i),
|| >v2k

where
e} T 2
W= a5 [t [ o (' | ) (€1 (5) 2 + | VE!(s) ?) duods, and
0 RN

Therefore, let 7 = 0 and multiplying (3.40) by ¢7* and integrating from T' >
Tp +1 to t, we find that

(3.41) W

t
< e_73(t_T)WO(T)+Ce_73t/ / e’*“\gS(r)dedr
|z|>V/2k

t
+Ceiw/ /| V2 " (|2 (@) [* + [p3(2)[* + ua|* + [v1|*)dadr
x| >V2k

Cei’yﬁ ¢ ; 2 2 > t 2
+ S [ (all + 19wl + [ uolIve @) Pds ) ar

Using the assumptions of ¢;(x), ¢ = 1,2,3 and Lemma 3.3, we have

t
(3.42) nmsupnmsupe—%t// 7 (|a(2)2 + |63 (@)|? + [ur > + Jor|?)dadr = 0.
T Jl|z|>k

t—+00 k—+oo
Besides, using (3.12) and (3.20), we can see that

t
(3.43) hmsuplimsupe_'“t// e |5 (r)|?dr = 0; and
|z|>k

t—+o0o0 k—+4oo

e BEDWH(T) < e D p2 50 as t — +o0;
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and
Ce st 2 2 > t 2
(3.44) [ (||u2|| IVl + [ Ve )] ds) dr
T 0
—vy3t i
< Cek / e'ygrpzdr
T
< 0(152) —0as k — +oo.
Combining (3.41)-(3.44), we obtain
(3.45) Wy — 0 as k — 4o0.

Finally, we consider (3.40) for j = 1. Reasoning exactly as in the proof of
the case j = 0 and using (3.45), we can take T, and K,, > 0 large enough such
that

/ | K (t,7)z,|%de < w

|2|> Ko

for all t > T,,, z; € B. The proof is complete. (I
In addition, for any & € LZ%(R*, H'(R"Y)), the Cauchy problem (see e.g.

(1)
{atgt — 0, tug, t>T,

57 = 67'7
has a unique solution & € C((7, +00); Li(R+7 H'(RY))), and
vy S ua(t = r)dr, T<s <t
(3.46) £(s) = {ST(S ) =& () + f: uy(t — r)dr, s>t

So, for the equation (3.46), thanks to £7(x, s) = 0, we have

‘ fos ug(t — r)dr, T<s<t,
£(s) = t

Jo u2(t —r)dr, s> t.
Let By be the bounded absorbing set obtained in Lemma 3.2. The same argu-
ment as in Lemma 3.6 of [23], we get the following lemma:
Lemma 3.6. Setting

Kr=PK.(T,7)Bg
for T' > 0 large enough, where {K(t,T)}i>- is the solution process of (3.14),
P L*(B(K.,)) x L*(B(K.)) x LE(R*, Hy(B(K.))) — Li,(R*, Hy(B(K.)))
is the projection operator. Then there is a positive constant N1 = N1(||Bol|%)
such that

(i) K7 is bounded in
L;,(R™, H*(B(K.,)) N Hy (B(K.))) N H, (R™; Hy (B(K.)),

(i) SUP¢ercy HS(S)H?LI[}(B(K,,) < Ni.
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Moreover, K is relatively compact in L7,(RT, Hj(B(K,,)).
One of our main theorems is the following:

Theorem 3.1. The family of processes {U.(t,T)}cen, (n) associated to (1.10)
possesses a uniform attractor A in the space H. Moreover,

A= |J Kds), VseR,

SEHw(h)
where KCc(s) is the kernel section at time s of the process Uc(t, T).

Proof. By Lemma 3.2, the family of processes U.(t, 7) has a bounded absorbing
By in H. Moreover, U.(t,7) is uniform asymptotically compact in H due to
Lemmas 3.3 and 3.6. Therefore, the family of process U, (¢, 7) has the uniform
attractor A in H. O

4. Regularity of uniform attractor

In what follows, we show that the uniform attractor A is a bounded subset
of Hy = H?(RM) x L2RYN) x Li(R*,Hz(RN)). To prove the uniform the
boundedness of the uniform attractor, we assume that the external force h
satisfies a stronger hypothesis:

(H3Bis) The functions h € L>®(R; H~*(RY)) and 9;h € L}(R; H1(RY)).

Theorem 4.1. Assume that (H1), (H2) and (H3Bis) hold. Then the uniform
attractor A is bounded in Hs.

Proof. Recall that in this paper we only assume the external force h(-,t) €
H~Y(RY). Thus, to prove the boundedness of the uniform attractor, we cannot
multiply —Aw immediately into the first equation. To overcome this difficulty,
for fix 7 € R and each initial data z, € A,, using the method of the semigroup
decomposition given in Subsection 3.2.1 and according to Lemmas 3.3 and 3.4,
we get

(4.1) [(ur (), v1.(8), )3 = 1 D(t, 7)1 13 < Q2 lla)e™ 77 +e,
and
(4.2) [wal|Fr ey + o2l Fr gy + [1E°115 0 < pa-

Now we will prove ||(ug,vs,&")[3,, < pr for some p; > 0. To prove this
inequality, we need to take some steps:
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Step 1: The estimate for Oius in LZ(RN). We now differentiate the first
equation and the third equation in (3.14) with respect to t to get

U — AU —/ w(s)AZY(s)ds + AU + f'(u2)U + g (z,v)vy = O4s5,
0

Opvg + o(x)ve + w(z,u) = 0,
07" = —0,7" + U,

Uz, t)]i<r = 0,va(z,t) 1< =0,
77 (x,8) = Z-(x,8) =0,

(4.3)

where U = Oyug, Zt = 0,&¢.
Multiplying the first equation of (4.3) by U, then using the conditions (1.2)
and (1.3) and the Young inequality, we have

4

dt

F2VOIR =2 [ W92 ) Pds
0

(||U||2+ / N u<s>||vzt<s>||2ds) 20— L= =) U]

< C(e0)8 [|vel|* + Ceo)|rs5 |1,
where

(f' (u2)U,U) = =£|U%
(g, (2, v)v, U)| < Sallue[[U] < Cleo)d3|oell® + eo | U1
(9155, U) < eol|U|I* + Ceo) 915 1.

Now, for 74 > 0 to be fixed, we define the functional

o0

A(t) = U||2+/Om M(S)HVZt(S)IIQdSJr%%M/O K(s)IVZ" (3)|*ds.

Up to further reducing 4, we also have

o

o+ [ TSIV Z () Pds < A <2 (||U||2 - u(swzt(s)?ds) |

Then, using Lemma 3.1, we can see that A satisfies the differential inequality
(4.4) %A(t) +2(A = £ =) [U]] +2(1 — 4746°(0)) [ VU ||*
i [ V26 P
< C(e0)d3llvell* + Cleo) 10es5 1%,

where =2 [% 1t/ (s)[|[VZ!(s)||?ds > 0.



PARTLY DISSIPATIVE REACTION DIFFUSION SYSTEMS WITH MEMORY 191

Multiplying the second equation in (1.10) by v; and using (1.7), (3.9), we
obtain

(4.5) lerll? < / lo(@) lof?dz + / (e, u)2dz
RN RN
< 2ps sup |o(@)? + 462(|éal + p1)
rERN

§p5a VtzTB‘i‘l

Combining (4.4), (4.5) and (3.1), then choosing 74 and € are small enough, it
follows that

d
DA +9iAE) < CEps + 10512, V1= T + 1
Applying the Gronwall lemma and using (H3Bis), we deduce

U2 + / w(s)|[VZ(s)||%ds < pe, ¥Vt > Tp + 1.
0
Thus,
(4.6) | Opuz (t) || +/ w(s)||[VorEl (s)||?ds < pg, Vt > Tp + 1.
0

Step 2: The estimate ||u2||§12(RN) < pg. Now multiplying the first equation
in (3.14) with —Auwug, if we use the conditions (1.2), (1.3), (1.6), we have

[Aus|® = — (Byuz, —Auz) — (f(u2), —Auz) — (g(-,v), —Aus)

b [ )A€ (), ~Bur)ds + (5.~ D)
0

IN

1
§||AU2H2 + 2|0sug||* + £|| Vsl
+ C/O p(s)|AE (s)]12ds + 203 ([|d2]* + [lv]1?) + 2l|s5 1.

By applying (4.2) and (4.6) and (H2Bis), we can take a positive constant p7
satisfying

| Aus()[2 < pr, VE > Tp +1,
and therefore
(4.7) (2, v2, 6130, < ps, ¥ > T + 1.
Collecting (4.1) and (4.7), and setting By = By, (ps), we get
disty (A, By) = disty (U(t,7)A,By) < Ce ™7 g,

Hence, A C By, proving that A is bounded in Hs. O
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