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DEPTH AND STANLEY DEPTH OF TWO SPECIAL
CLASSES OF MONOMIAL IDEALS

X1A0Q1 WEI

ABSTRACT. In this paper, we define two new classes of monomial ideals
Ij. g and Ji g. When d > 2k + 1 and I < d—k — 1, we give the exact
formulas to compute the depth and Stanley depth of quotient rings S/Ilt d
for all t > 1. When d = 2k = 2l, we compute the depth and Stanley dept’h
of quotient ring S/I; 4. When d > 2k, we also compute the depth and
Stanley depth of quotient ring S/Jj 4.

1. Introduction

Let K be a field and S = KJzy,...,2,] the polynomial ring over K in
n variables. Let M be a finitely generated Z"-graded S-module. A Stanley
decomposition D of M is a finite direct sum of K-vector spaces

D: M= é}ulK[Zl],
i=1

where u; € M is homogeneous and Z; C {x1,...,2,}, ¢ = 1,...,r, and its
Stanley depth, sdepth(D), is defined as min{|Z;| : i = 1,...,r}. The number

sdepth(M) := max{sdepth(D) : D is a Stanley decomposition of M}

is called the Stanley depth of M. For a friendly introduction to Stanley depth,
we refer the reader to [6,14].

Stanley conjectured in [16] that sdepth(M) > depth(M) for any Z"-graded
S-module M. There are many researches on this conjecture, especially when
M has the form S/I or I with I a monomial ideal of S, see [1,4,7,15]. In
[5], Duval et al. constructed an explicit counterexample to disprove the Stanley
conjecture for S/I, where I is a monomial ideal of S. But it is still important
to find new classes of Z™-graded modules which satisfy the Stanley inequality.
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For the monomial ideal I C S it is clear that depth(I) = depth(S/I) + 1,
whereas for Stanley depth this is not the case. In [6], Herzog conjectured:

Conjecture 1.1. Let I CS be a monomial ideal. Then sdepth(I)>sdepth(S/I).

The above conjecture has been proved in some special cases by Popescu and
Qureshi in [12] and Rauf in [13]. For recent works on the above conjecture, we
refer the reader to [8-10].

Let A be a simplicial complex on the vertex set V = {z; : 1 < i < n}.
Each element of A is called a face of A, and a face F is called a facet if F is a
maximal face under inclusion. Let F(A) denote the collection of all its facets.
For each subset ' C V, we set zp = ijeF x;. By identifying the vertex
x; with the variable z; in the polynomial ring S, one can associate A with a
squarefree monomial ideal I(A) = (zp : F € F(A)), which is called the facet
ideal of A. In [19], Zhu computed the depth and Stanley depth of the edge
ideals (which are in fact the facet ideals of graphs) of some m-line graphs and
m-cyclic graphs with a common vertex. Wei and Gu [18] defined two classes of
simplicial complexes A,, 4 and A/n, 4+ Where

F(Ana) = {{z1, 22, ... 2a}, {Td—kt1, Ta—t2, - s T2d—k }y - -
{xn7d+1) $n7d+27 sty mn}}
and
-F( {md) == {{:Ela T2y 7xd}a {Id—k+17 Ld—k+25 -+ z2d—k}7 sy
{xn—2d+2k+1; Tn—2d+2k+2; - - - ,xn—d+2k},
{xn7d+k+17 sy Ty Ty e e ey wk}}

They computed the depth and Stanley depth of the facet ideals of these sim-
plicial complexes.

In this paper, we define two new classes of squarefree monomial ideals I; 4
and Jy, 4, where I; 4 (resp. Ji,q) is in fact the facet ideal associated to the simpli-

. o . . p )
cial complex consisting of the union of Ay, 4, ..., Ay 4 (vesp. A} 4.0 AL )
with common vertices x1, ..., x; (resp. x1,...,z). These two ideals generalize

the constructions of those monomial ideals introduced in [18] and [19]. In this
article, we study the depth and Stanley depth of quotient rings of I; 4 and J 4,
and prove Conjecture 1.1 for these two ideals in some cases.

Our paper is organized as follows: In Section 2, we give the definitions of I; 4
and Ji 4, and review some terminologies, notations and results. In Section 3,
we first give the exact formulas for depth and Stanley depth of quotient rings
S’/Iﬁd forall t > 1, when d > 2k+ 1 and [ < d—k — 1. We also compute
the depth and Stanley depth of quotient ring S/I; 4, when d = 2k = 2[. In
Section 4, we compute the depth and Stanley depth of quotient ring S/Jy 4 in
two cases: d > 2k + 1 and d = 2k.
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2. Preliminaries

In this section, we first give the definitions of I; 4 and Jj 4, and review some
standard terminologies and notations from algebra. For more details, see [17].
Let s > 1 be an integer throughout the paper.

Definition 2.1. Let [, k, d and n; be positive integers with i € [s] := {1,2,...,
s}. We define the squarefree monomial ideal
S
Likd,(ni)r<ica = Z(l‘l XX Tdyiy Td—k+1,iTd—k+2,i T X2d—k,iy + -
i=1
Tn;—d+1,iTn; —d+2,4 " " * -rni,i)7

where 1 <l <d—kandn; >d>k>1for1 <i<s. Notethatd—Fk|n;—k
for all ¢ € [s].

Remark 2.2. (1) For simplicity, we denote Ij g := Ij i, 4,(n;),,., i this paper.
(2) |G(Ia) = >0, 'f;:,f, where G(I;,4) denotes the set of minimal mono-

mial generators of I; 4.

Example 2.3. Set s=3,l=k=1,d=3,n1 =3, ny =5 and n3 = 7 in Defi-

nition 2.1. Then we have 11’3 = (.’)31.%'2,13?3’1, L1X2,2X3,2,23,2L4,205,2,L1L23L3,3,

3,374,353, T5,376,377,3)-

Definition 2.4. Let k, d and n; be positive integers with ¢ € [s]. We define
the squarefree monomial ideal
S
Tkd,(ni)1cice = Z(xl"'$k$k+l,i"'$d,ia Td—k+1,iTd—k+2,i " " T2d—kyis -+ »
i=1
LTn; —2d+2k+1,iLn; —2d+2k+2,3 ** " Ln; —d+2k,i»
Tpy—dtk+1i " Tng i1 Tk),
where d > 2k > 2 and n; > 3d — 3k for 1 < i < s. Note that d — k | n; for all
i€ s].
Remark 2.5. (1) For convenience, we denote J, g := Tk, (

(2) It is easy to see that |G(Jr,a)| = >i_; 74

in this paper.

ni)lSiSs

Example 2.6. Set s =3, d =2k =2, n; = 3, no = 4 and ng = 5 in Definition
2.4, then we get J1 2 = (331552,17332713?3,1,56371%1,$1$2,2733272$3,27333723?4,2753472%1,
T1T23, L2373 3, T33T4,3, T4,3T5,3, T5371)-

Let I C S be a monomial ideal. The big height of I, denoted by bight(I), is
the maximum height of the minimal prime ideals of I. The arithmetical rank of
1, denoted by ara(I), is the minimum number r of elements of S such that the
ideal (u,us,...,u,) has the same radical as I. If I is a squarefree monomial
ideal, it is well-known that

ht(I) < bight(1) < pd(S/1) < ara(I) < |G(I)],
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where pd(S/I) denotes the projective dimension of S/I.

A prime ideal P is associated to I if P = (I : ¢) for some monomial ¢ € S.
The set of prime ideals associated to I will be denoted by Ass(S/I). The
associated prime ideals of a monomial ideal are monomial prime ideals. The
set Min(S/I) consists of all prime ideals that are minimal over I with respect
to inclusion. It is known that Min(S/T) C Ass(S/I). When I is squarefree,
Ass(S/I) = Min(S/I).

Now we recall some known results that are heavily used in this paper.

Lemma 2.7 (Depth Lemma). Let S be a local ring or a Noetherian graded
ring with Sy local. If

0—A—B—C—0

is a short exact sequence of finitely generated S-modules, where the maps are
all homogeneous, then ([17, Lemma 1.3.9]):

a) If depth(B) < depth(C), then depth(A) = depth(B).

b) If depth(B) = depth(C), then depth(A) > depth(B).

¢) If depth(B) > depth(C), then depth(A) = depth(C) +1
Also (see |2, Proposition 1.2.9]):

d) depth(A) > min{depth(B),depth(C) + 1}.

e) depth(B) > min{depth(A),depth(C)}.

f) depth(C) > min{depth(A4) — 1, depth(B)}.

In [13], Rauf proved the analog of Lemma 2.7(e) for Stanley depth:

Lemma 2.8. Let 0 — U — M — N — 0 be a short exact sequence of
finitely generated Z™-graded S-modules. Then

sdepth(M) > min{sdepth(U), sdepth(N)}.
We also need the following lemma, see [13, Theorem 3.1].

Lemma 2.9. Let I C S1 = Klx1,...,2,], J C Se = K[y1,...,Ym] be mono-
mial ideals and S = K[x1,...,Zn, Y1, -, Ym|. Then

sdepth(S/(IS,JS)) > sdepth(S1/I) + sdepth(S2/J).

3. Depth and Stanley depth of the monomial ideal I; 4

Throughout this section, we set S = K[T1,...,21, 1411, -->Tny 1s-- -
Ti41,55- -+ »%n,,s] b€ the polynomial ring over a field K in n variables, where
n:=Y:_,n;— (s —1)l. Next, we will discuss our main results in two cases.

3.1. Thecased >2k+1andl<d—k—1

In this section, we will give some formulas for depth and Stanley depth of
quotient rings S/1 lt g for all t > 1. Our proofs of the main results make heavy
use of the following lemma.

Lemma 3.1. P = ijl(xd—k,ia T2(d—k),i» T3(d—k),ir - - axni—k,i) € Min(S/[Ld).
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Proof. Let a;; = T14(i—1)(d—k),jT2+(i—1)(d—k),j """ Td(i—1)(d—k),; and b;; =
Ti(g—p),; for 1 < i < ?:kk and 1 < j < s, where x1; = z1,...,2; = ¥

for all j € [s]. Then g = >35_,(a1,5,02),- - Q(n;—k)/(d—k);) and P =
251 (brgsb2gs s biny—k) /(d—),5)-

According to the definitions of a;; and b;;, b;, ;, appears in a;, j, if and
only if 41 = 4o and j; = jo. It follows that b;, ;, divides a;, j, if and only if
i1 =12 and j1 = jo, so I; 4 C P. We assume that P is not minimal over I; 4.
Let Py € P be a minimal prime ideal of I; 4. Since I; 4 is squarefree, Py C P is
a monomial prime ideal, and there exists a; ; such that none of G(P) divides

a; ;. Hence I Q Py, a contradiction. O
Proposition 3.2. bight([; 4) =pd(S/I;,q)=ara(l;q¢)=|G(I.4)|=>;_, Tg:kk.

Proof. From Lemma 3.1, P = Zle(xd—k,i,Ig(d_k),i,$3(d—k),i, ey Tng—ki) €
Min(S/1;,4) and ht(P) = Y7, %=E. It follows that }°;_, %=F < bight(]; 4) <

pd(S/1,4) < ara(l;q) < |G(L1,0)] = >0 ’;i__kk. Now the result is clear. O
Now, we give the exact formulas for sdepth(S/I; 4) and depth(S/I; 4).

Theorem 3.3. sdepth(S/]; 4) = depth(S/I;4) =n — > 5, %=k,

Proof. Since |G(I1q)| = Y-, %=FE, we have sdepth(S/I;q) > n — Y i, L=k
by [3, Proposition 1.2]. On the other hand, there exists a prime ideal P €

Ass(S/I;4) such that ht(P) = >0, ’z;:kk by Lemma 3.1. It follows that
sdepth(S/I;.4) < n— 3;_, “=% by [7, Proposition 1.3]. By the Auslander-
Buchsbaum formula and Proposition 3.2, depth(S/I;4) = n — pd(S/L;4) =
n=3 -

The following corollary states that the Stanley inequality and Conjecture
1.1 hold for I; 4.

Corollary 3.4. sdepth(l; 4) > sdepth(S/I; 4) + 1 = depth(1; 4).
Proof. Since |G(I,q)| = Y_; %5¢, sdepth(ly 4) > max{1,n — |§|G(L;.4)||} =

i=1 d—k
n— LZ‘::l Jdi:’,:)j > n—z;l 72"'__,5 +1 = sdepth(S/I;,4) +1 = depth(S/I; 4) +
1 = depth(f;,4) by [11, Theorem 2.3] and Theorem 3.3. O
Let Ijgam, = (T1- %141, Tdyiy Td—kt1s " L2d—kis -+ LTng—dtl,i®
Tn;i), & = 1,...,s. For simplicity, we denote I, ; := Ij kdn,;, hence I} 4 =

>i_i In,i- Next, we present a main result of this section.

Theorem 3.5. For allt > 1, sdepth(S/If ;) = depth(S/I} ;) = n—>"7_, 4=E.

d—k
Proof. We use induction on n and t. If n; = dfor 1 < i < s (ie., n =
sd — (s — 1)), then Il'id = (1 BT Td s T BT 15 D)
We consider the short exact sequence
S S S
0— —_— 0.

(Iid:x’i-na:f) Ilt’d (Iid,asﬁ~-~xf)
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Since zf - - -z} divides any element of G(If ;), it follows that (If , : tl xh) =

(Ti411 T, Tig1s o Tas)' = Jand (I g, 27 xf) = (27---2)). It

is easy to see that J C S is a complete intersection. Then by [4, Theorem
2.15(1)], we obtain

sdepth(S/(If 4 : xf - - x})) = sdepth(S/J") = dim(S/J) =n — s.

Similarly, depth(S/(If ; : @ ---x})) = n — s. Note that (2] ---j) is principal,
then sdepth(S/(Iidwl )) = depth(S/(If y,xf---2})) =n—12>n—s
It follows that sdepth(S/Ilt’d) > depth(S/I},;) = n — s by Lemmas 2.7 and
2.8. From Lemma 3.1, Py = (Ta—k.1,Td—k2,---Td—ks) € Min(S/I; q4)
Min(S/1} ;) C Ass(S/1} ;) for all t > 1, and ht(Py) = s. Then sdepth(S/I} ;)
dim(S/Py) = n— s by [7, Proposition 1.3], so sdepth(S/I} ;) = depth(S/I} ;)
n — s for all t > 1. Assume that n > sd — (s — 1)! in the following.

If t = 1, the result holds for all n by Theorem 3.3. Now assume that ¢t > 2 and
ng > 2d—k. We denote u 1= Ty _gq1,5"  Trny—dtk,s) V= Tn,—dth+ls " Tn,.s
and consider the short exact sequence

0— 5 — S — S — 0.

(Ilt,d tuv) (Ilt,d 1 v) ((Ilt,d tv),u)

Let G(I;4) = U;zl{ale,agyj,...,a(nj_k)/(d_k)d}, the same as in the proof
L w
A(ng—k)/(d—k),s

G(If ;4 = uv) N Iﬁl. If a(n,—k)/(d—k),s T W and a(n,—q)/(a—k),s | W, ther11 we
w t . w w w t—

get € G(Ij 4+ wv) and TR | ¥, where o aas © Iy It
Uny—k)/(d—k),s T W and a(y, —ay/(d—k),s { w, then ¥ € G(Iid s wv) and w must
be divisible by some element of Ii;l. Thus (I} ; : wv) C Ii5'. Tt follows that
(If 4 wv) = Ilt,;l.

By induction on ¢, we get depth(S/(If; : wv)) = depth(S’/Ii;l) =n—
S, Lk sdepth(S/(I} 4 : uv)) =n — 377, L

Since u divides any element of G(Iltd) which is divisible by a(,,, —1)/(d—k),s OF
U(ny—d)/(d—k),ss it follows that ((I} 1a:v),u) = (I'S;u), where I" := (In, 1,...,
Ins,l,sfly In572d+2k,s) C S1:= [xl, ey T 1,1y gLy e e e s Ll L, s—1y -+ s
Ty 1 ,5—1s Titl,ss - - - s Tng—2d+2k,s)- Notice that u is regular on S/I'S, hence the
induction on n and [7, Lemma 3.6] imply that

Al

of Lemma 3.1, and w € G(If ;). If a(n,—k)/(a-r),s | w, then

depthg(S/((I] 4 : v),u)) = depthg, (S1/I") + (2d — 2k) —

Sk (ng—2d42k) —k .
- d—k d—k
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Similarly, sdepth(S/((If, : v),u)) = n — > 7, %=F + 1. Then we have
sdepth(S/(If ; : v)) > depth(S/(I} 4 : v)) = n — Y;_) %=F by Lemmas 2.7
and 2.8.

Since v divides any element of G(If’d) which is divisible by a(n, —x)/(d—r),s>
we get (I 4,v)=(I"S,v), where I":= (In, 1, In,_y 51, In,—dik,s)" C S2:=
K[xla s T X411y o5 g 1y ey Ll l,s—10 -+ -5 Tng_q1,5—15 Ll+1,89 - -+ axns—d+k,s]-
Note that v is regular on S/I"S, by induction on n and [7, Lemma 3.6], we
deduce that

depthg(S/(If 4:v))

depthg, (So/I") + (d—k) — 1

_n_sflni—k_(ns—dJrk)—k_l
T Zd—k d—k
_ u n,-fk

=1

Similarly, sdepth(S/(Iltwd7 v))=n—>1, 731"__:. By applying Lemmas 2.7 and
2.8 to the short exact sequence
0— 5 — = — 5 —0
(Ilt,d L v) Ilt,d (Iid,v) 7
we obtain sdepth(S/If ;) > depth(S/I} ;) =n — Y77, nk
From Lemma 3.1, Pi = Y7 | (Zd—k,i» T2(d—k)ir- - - » Tni—kyi) € Ass(S/Iltyd)
for all ¢ > 1, and ht(Py) = >7_; %=F. Then sdepth(S/I{ ;) < dim(S/Py) =
n—y i, 7;7‘:: by [7, Proposition 1.3]. This completes the proof. O

Remark 3.6. Set s = 1 in Theorem 3.5, then sdepth(S/I} ;) = depth(S/I} ;) =

ny — ’fil:kk for all ¢ > 1. Thus our results generalize [18, Theorem 2.7].

3.2. The case d = 2k = 21

In this section, we will give some formulas for depth and Stanley depth of
quotient ring S/I; 4. We adopt the following notations:

= Zf:l (dfj)m + (2n§;2d'|> L5+ k— sk,
s d—2)n; n;
B = Zi:l %4—[%])-&-/&‘—8/{7,
yi= 0 (2 4 (—2"§;d1) ts+k—sk—1.

Now, we prove the main results of this section.

Theorem 3.7. With the notations introduced one has

o, if 7 =2 (mod 3) for some i € [s],
sdepth(S/1; 4) > depth(S/I1.4) = { B, if % =1 (mod 3) for all i € [s],

v, otherwise.
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Proof. Tt is easy to see that ([;q : @1+ 2k) = > iy (Tkt1,i - Tay, L1,;) and

(I, 1 k) = Y5y Loy + (@1 xy), where Li; := (Tag1,i - Tadyis---»
Tn;—d+1,4 """ ani’i) and LQ,,‘ = (xk-i-l,i © T3k e e ey ny—d41,4 xni,i) for 1 <
i < s. We denote a; 1= Tpt1,i - Tais Xi = {Tag14s-..,Tn,if and Y; :=
{Tkt14s---,2n, i} for 1 <4 <s. Thus we obtain
S K1\ X4 K[Y;s \ X;]
o~ QK+ Qg —— 2
(CINEECRERE 7Y (a1) (as)
KX KX
K M®K~'~®K M@KK[M,---JM,
Ll,l Ll,s
and
S K[Y1] K[Y;] Klzy,..., 2]
= QK - ® ® :
(Il,d; O ffk) L2,1 K K Lz,s K ($1 s xk)

For ¢ € [s], (a;) and (x1---x) are complete intersections. Therefore, by
Lemma 2.9, [17, Proposition 2.2.20, Theorem 2.2.21] and [18, Theorem 2.11],
we deduce that sdepth(S/([;q @ x1---xg)) > depth(S/(L1q : z1---21)) =

Zf:1<(d—2)£lm—d) n |—2(n§'d—d)‘|) +(sk—s)+k = o, and sdepth(S/(I;.4, 21 - - - 1))
> depth(S/ (I, -+ a)) = Loy (24 4 [202hT) 4 (k- 1) = .

If %2 =2 (mod 3) for some i € [s], then o < . Using Lemmas 2.7 and 2.8
on the short exact sequence

(1) 0—S/(Ijq:x1--ap) — S/Liqg — S/(I1.q,x1 - 1) — 0,

we conclude that sdepth(S/I; q) > depth(S/1; 4) = a.
Assume that 72 # 2 (mod 3) for all i € [s]. Set b; := Zgy1,--- T3k,

L3’i = (m3k+1,i X5k ey Tny—d+1,4 0" xn“l) and Ai = Y; \Xi for 1 < ) < s.
Then we have
(Il,dimlu-l'k) ~ (K[CL’M...,SL‘;{;} K[Xﬂ
AL = QK
I 4 (- xp) (b1, L3,1)
K[Ys] K[Y;]
2102] 2UsIVrg
“K Loy DK O La s )[ 1]
K[:vl,,xk] K[Yl] K[XQ]
D a ( ® ®
() K (a1,Ly11) K (b2, L32)
K[Y3] KD@])
A
QK T KK KK L, [A2]
@ ..
K[ml,...,xk] K[Yl]
@ as ®
( (@-m) " (ar,Lug)

K[Ys-1] K[X]
(as—hLl,s—l) K (b87L3,s))[AS].

KK

Next, we consider the following two cases.
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Case 1: % =1 (mod 3) for all i € [s]. Using Lemma 2.9, [17, Propo-
sition 2.2.20, Theorem 2.2.21], [18, Theorem 2.11] and the isomorphism, we
obtain sdepth(([l,d LTy 'xk)/jl,d) > depth(([lvd 1Ty mk)/ll,d) = (:ZC - 1) +
25;11((dfz)gln,-fd)+[2(n§;d)]+(k_1)>+((d72)(3573k)+[2(n§;3kn+(k_1))+
k = B = a. Now, applying Lemmas 2.7 and 2.8 to the short exact sequence

(2) 0— (Il,d AT "xk)/ll,d — S/Il’d — S/(Il,d A .Tk> — 0,

we get sdepth(S/I;.q) > depth(S/I; q4) = 5.

Case 2: 3£ =0 (mod 3) for some i € [s]. We assume that %= =0 (mod 3).
Using Lemma 2.9, [17, Proposition 2.2.20, Theorem 2.2.21], [18, Theorem
2.11] and the isomorphism, it follows that sdepth((l;q : z1---2k)/l1.4) >
depth(Ta : @1 -+ ax)/Tia) = (k = 1) + i) (2= 4 (2] o (g —

1)) + ((d_Q)(gs_gk) + |—2(n%;3k)-‘ + (k — 1)) +k =~ =a—1. By apply-
ing Lemmas 2.7 and 2.8 to the short exact sequence (2), we conclude that
sdepth(S/I; 4) > depth(S/I;.q4) = 7. O

Let u € S be a monomial and I C S a monomial ideal. We set supp, (u) :=
{i +a; | u}, suppy(u) == {(4,7) : @;; | u}, supp;(I) := {i : z; | v for some v €
G(I)} and suppy(I) := {(4,) : ;,; | v for some v € G(I)}. Let C denote the
set Ji_ {(k+1,4),...,(n;,4)}. With these notations and the same arguments
as used in the proof of [8, Lemma 3.3], one can prove the following lemma.

Lemma 3.8. Let I C S be a squarefree monomial ideal with supp,(I) = [k]
and suppy(I) = C. Let v € S/I be a squarefree monomial such that z;v € I
for all i € [k] \ supp,(v) and x; jv € I for all (i,j) € C \ suppy(v). Then
sdepth(S/I) < |supp, (v)| + [suppy (v)]-

Next, we give another main result of this section.
Theorem 3.9. With the notations introduced one has

sdepth(S/ 1 1) < a, if 3 #0 (mod 3) for some i € [s],
T |y, otherwise.

Proof. We prove the result by the following two cases.
Case 1: 3+ # 0 (mod 3) for some i € [s]. For 1 <i < njk_k and 1 <j <s,
we define the monomial a; ; € S by

0 o = Tkt Tk g if i =0 (mod 3),
iy = i
Tik+1,j T(i41)k—1,j, Otherwise.

If % =1 (mOd 3) or % = (mod 3), we set Uj ‘= a1,5a2,5 ~a,(nj,k)/k,j. If
% =0 (mod 3), we set u;j :=ay jas ;- - Un;—k)/k,jTn;,j- SINCE V 1= T1 -+ T -
[[j=1u;j € S/Tia, but zjv € I 4 for all i € [k] \ supp; (v) and z; jv € I q for all
(i,7) € C\supp,(v), thus we obtain sdepth(S/1; 4) < |supp; (v)|+|supps(v)| = @
by Lemma 3.8.
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Case 2: 72 =0 (mod 3) for all 4 € [s]. For 1 <i < "jk_k and 1 < j < s, we
define the monomial b; ; € S by

b . — Tik+1,5 " T(i4+1)k,j> if i =1 (mod 3),
i = )
Tik+1,j T(it1)k—1,j, Otherwise.

We set u; = bl,ij,j"'b(nj—k)/k,jv ] = 1,...,8. Since w := Ty Tp—-1 "
H;Zl uj € S/Iq, but z;w € I 4 for all i € [k] \ supp; (w) and z; jw € I; 4
for all (i,7) € C\ suppy(w), therefore we get sdepth(S/I; 4) < |supp;(w)| +
|supps (w)| = v by Lemma 3.8. O

Remark 3.10. Set s = 1 in Theorems 3.7 and 3.9, then we have sdepth(S/1; 4) =
depth(S/1; 4) = % + [24], which generalizes [18, Theorem 2.11]. Our
results also generalize [19, Theorems 3.3 and 3.4], where d = 2k = 2] = 2.

As a consequence of Theorems 3.7 and 3.9, we get the following corollary.
Corollary 3.11. sdepth(I; q) > sdepth(S/I; 4) + 1 > depth(I; q).

Proof. Since |G(Ij,q)| = Yi_; "%, sdepth(I},4) > max{1l,n — [3|G(L.4)|]} =
n— [, k| > sdepth(S/I,q) + 1 > depth(S/I;4) + 1 = depth(I;,4) by
Theorems 3.7, 3.9 and [11, Theorem 2.3]. O

4. Depth and Stanley depth of the monomial ideal Ji g4

Throughout this section we set S := K[Z1,..., Tk, Tht1,1,---sLny 1s-- -
Tht1,sy - - - Tn,,s) be the polynomial ring over a field K in n variables, where
n:=y.._,n;— (s —1)k. Next, we will discuss our main results in two cases.

4.1. The cased > 2k +1

In this section, we will give some formulas for depth and Stanley depth of
quotient ring S/Jj 4. The following lemma will be useful in several proofs.

Lemma 4.1. P = Zle(xd—kﬂ'v To(d—k),i> T3(d—Fk)ir -~ - ,I’m’i) S MIH(S/J]C@)

Proof. With the same arguments as used in the proof of Lemma 3.1, one can
show that P is a minimal prime ideal of Jj 4. [l

Proposition 4.2. bight(Jy,q) =pd(S/Jy.qa) =ara(Ji,q) =G (Jra)| =D i1 75 -

PTOOf. We have P = Zle(zd_k,i, T2(d—k),i» L3(d—k),is -~ s mni,i) S Min(S/Jhd)

and ht(P) = >7 , 7 by Lemma 4.1. Then ) 7 | - < bight(Jyq) <
pd(S/Jk,a) < ara(Jya) < |G(Jr,a)| = >i_1 7% The proof is completed. [

Now, we give the exact formulas for depth and Stanley depth of S/Jj 4.

Theorem 4.3. sdepth(S/Jy q) = depth(S/Jpq) =n—> 7 | 7.
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Proof. Since |G(Jr,a)l = D_i_; 7%, we have sdepth(S/Jkq) > n — > 7, 74
by [3, Proposition 1.2]. On the other hand, there exists a prime ideal P €
Ass(S/Jg,a) such that ht(P) = 77 | 7#- by Lemma 4.1. It follows that
sdepth(S/Jr,a) < n— Y7 7% by [7, Proposition 1.3]. By the Auslander-
Buchsbaum formula and Proposition 4.2, we obtain depth(S/Jyq4) = n —
pd(S/Jka) =n— > 7_y - 0

Remark 4.4. Set s = 1 in Theorem 4.3, then sdepth(S/Jy q) = depth(S/Ji.q4) =
ny — 4, which generalizes [18, Theorem 2.9].

The following corollary implies that the Stanley inequality and Conjecture
1.1 hold for Jy 4.
Corollary 4.5. sdepth(Jy q) > sdepth(S/Jg,q) + 1 = depth(Jy q).
Proof. Since |G(Jg.q)| = Zle T and n; > 3d — 3k for 1 < i < s, we have
sdepth(Jp.a) > max{L,n— | HG(Uka)l]} = n— (S0, sgig) > n—S, 5+
1 = sdepth(S/Jk,q) + 1 = depth(S/Jya) + 1 = depth(Jg q) by [11, Theorem
2.3] and Theorem 4.3. O

4.2. The case d = 2k

In this section, we will give some formulas to compute the depth and Stanley
depth of quotient ring of Jj, 4. We adopt the following notations:

a=3 " 7(’1_3)7” + [ ) + k — sk,
Bi= Y0, (s [—2"§;d1) +s+k—sk— 1.
Now, we prove the main results of this section.

Theorem 4.6. With the notations introduced one has
a, if 5 #1 (mod 3) for some i € [s],

sdepth(S/J,q) = depth(S/Jk,a) = {5 otherwise

Proof. We get (Jk,d B I l"k) = Z?Zl(karl,i Ty Tng—k+1,i " " Ty iy Ll,i)
and (Ji g, 21 - Tx) = Zle Lo i+(x1 - xp), where Ly ; = (Taq14 - Tadyiy-- - »

Ty —3kt1,i Tny—kyi) and Lo; = (Tpy1i- T3kyir- - » Try—dglyi Tnyyi) fOT
1 <i<s. Wedenote a1 := Tiy1,i " Tdis 02,5 ‘= Tny—kt1,i " Tnyir A1 1=
{xd+1,i7 .. 7x7li—k‘,i}a AQ,i = {xk‘-‘rl,’ia .. 7xd,’i}7 A3,i = {xni—k-‘rl,iy R mn“z}
and A47i = Al,i U Agﬂ' @] Agﬂ' for all 7 € [S] Then we obtain
S - K[A14] K[A1 ]
o QK - QK
(Ji,d:x1---zx) L Ly
K[A KI[A
o B2l o o KlAss]
(a1,1) (a1,s)
K[A KI[A
X M&K L ® M@) Kla1, ...,k

(az,1) ' K (az,s)
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and
S KI[A KlA4, Klzq,...,
~ [4,1]® & [4,]® [21 fb“k]_

(Jk,dy @1 -+~ k) Ly Lo (z1---xk)

Note that (a1;), (az,;) and (z1---xy) are complete intersections for all 1 <
i < s. Thus, by Lemma 2.9, [17, Proposition 2.2.20, Theorem 2.2.21] and
[18, Theorem 2.11], we have sdepth(S/(Jx,a : @1---2xx)) > depth(S/(Jrq :

Ty---mp)) = Zle((d—2)(§i—3k) + |'2(ng;3k)") +2(sk —s)+ k = o, and we get
sdepth(S/(Jk,a, 21 - xx)) > depth(S/(Jx,a, 21 xk)) = Doy (%‘Zh_k) +
[28]) + (k= 1) = 8.

If 72 # 1 (mod 3) for some i € [s], then o < 3. Using Lemmas 2.7 and 2.8
on the short exact sequence

0— S/(Jkyd Ty ~$k) — S/Jk’d — S/(Jk,dvl'l .. -xk) — 07
we conclude that sdepth(S/Jk,q) > depth(S/Jy q) = a.

Assume that %2 = 1 (mod 3) for all i € [s]. For any 1 < i < 5, we
set Xy, :=A1,UAs3;, Xo; = A4, X3z;:=A1,UA;, b1 :=2Zg1,i T3k,
bi = Tny—dt1,i* Tni—kis L3 = (T3k+1,i " Tokyiy- - s Tng—dt1,i - Tny i) and
L47i = (xd-i-l,i o X2dyiy - e s Ty —2dH1,0 0 xni_d7i). Then it follows that

e e (e T e S e

QK K[L)ig])[Am]
AT
@ ag,2 (R QK K[A)Zﬂ Rk (al,fl[)fj,’zl]q,g) QK KEZ(ZS] RK

i g 2 s
®- -
D ays (R QK K[]\);f’l] QK - Ok Kg\)ij’jl_l] QK (1911(5(111:1))[142’5]
® az,s (R ®K %121] ®K - Ok KB\JZZ_I] QK (al,fl[)fisl]q,s))m“]’

where R = KlZiza] o4 M; = (a14,a2,4,L1;) for 1 < i < s—1. Using

(z1-@k)

Lemma 2.9, [17, Proposition 2.2.20, Theorem 2.2.21], [18, Theorem 2.11] and
the isomorphism, it follows that sdepth((Jx 4 : 1 - zk)/Jk.a) > depth((Jg.,q :
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zyew) i) = (k= 1) + Yoo (DG 22t 4 (g - 9)) +

((d_Q)(;LS_Qd) + f2("§;2d)] +(d— 2)) +k = < a. Now, applying Lemmas 2.7
and 2.8 to the short exact sequence

00— (Jk,d : .’L‘l-ua?k)/t]k’d — S/Jk,d — S/(Jk}d A .Z‘k) — 0,

we have sdepth(S/Jy q) > depth(S/Ji.q4) = B, as desired. O

Theorem 4.7. sdepth(S/Jy.q) < >0, (% + f%}) +k—sk=a.

k

Proof. For 1 <i <~ and 1 < j < s, we define the monomial a; ; € S by

E
= Tik+1,5 " "T(i—&-l)k,jv ifi=0 (mod 3),
1,] T .
Tik+1j°  T(i+1)k—1,j, Ootherwise.

n; __ (L7 — f—
If 22 =0 (mod 3) or 52 = 2 (mod 3), we set u; = a1,;a2; " A(n;—k)/k,j-
. 1,5 Q(n;—k)/k,jTn;—k,j .
If %2 =1 (mod 3), we set u; := A = VRITRG TR Ginge v i= 2y - T -
n;,j

J

[[j=1u; € S/Jk,a, but xv € Ji 4 for all i € [k]\supp; (v) and z; ;v € J q for all
(i,7) € C\suppy(v), it follows that sdepth(S/Jy 4) < |supp; (v)|+|supps(v)| = «
by Lemma 3.8. O

Remark 4.8. Theorems 4.6 and 4.7 generalize [18, Proposition 2.16, Theorem
2.18], where s = 1. Our results also generalize [19, Theorems 4.2 and 4.3], where
d=2and k=1.

As a consequence of Theorems 4.6 and 4.7, we get the following corollary,
which says that the Stanley inequality and Conjecture 1.1 hold for Jj 4.

Corollary 4.9. sdepth(Jy q) > sdepth(S/Jx.q) and sdepth(Jy,q) > depth(Jx.q).
K

n—|>i_; 8] > max{sdepth(S/Jyq),depth(Jy q)} by Theorems 4.6, 4.7 and
[11, Theorem 2.3]. O

Proof. Since |G(Jra)| = Y5, 2, sdepth(Jy,q) > max{1l,n — [5|G(Jrq)|]} =
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