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3-HOM-LIE SUPERBIALGEBRAS AND 3-HOM-LIE
CLASSICAL YANG-BAXTER EQUATIONS

IssaMm BArTOULI, IMED BASDOURI, GAITH CHAABANE, MOHAMED FADOUS,
AND JEAN LERBET

ABSTRACT. 3-Lie algebras are in close relationships with many fields. In
this paper we are concerned with the study of 3-Hom-Lie super algebras,
the concepts of 3-Hom-Lie coalgebras and how they make a 3-Hom-Lie
superbialgebras, we study the structures of such categories of algebras
and the relationships between each others. We study a super twisted 3-
ary version of the Yang-Baxter equation, called the super 3-Lie classical
Hom-Yang-Baxter equation (3-Lie CHYBE), which is a general form of
3-Lie classical Yang-Baxter equation and prove that the superbialgebras
induced by the solutions of the super 3-Lie CHYBE induce the cobound-
ary local cocycle 3-Hom-Lie superbialgebras.

1. Introduction

3-Lie algebras [16] are a generalisation of Lie algebras which have an impor-
tant relationship with different fields in mathematics and mathematical physics.
For example, the structure of 3-Lie algebras is applied to the study of super-
symmetry and gauge symmetry transformations of the world-volume theory.
The structure of 3-Hom-Lie superalgebras is more complicated than that of
Lie superalgebras (see [7,13] for more details about Lie superalgebras). We
need to excavate more constructions of 3-Hom-Lie superalgebras, and more re-
lationships with algebraic systems related to 3-Hom-Lie supercoalgebras, such
as 3-Hom-Lie superbialgebras.

V. G. Drinfel’d introduced Lie bialgebras in [8], which is the algebraic struc-
ture corresponding to a Poisson-Lie group and the classical structure of a quan-
tized universal enveloping algebra, with a suitable compatibility condition be-
tween the Lie bracket [-, -] and the Lie comultiplication A in the following form:

(1.1) A([z,y]) = [A(@), y] + [z, Aly)]-
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As demonstrated in [4,9,19] this compatibility condition can be concisely stated
as the condition that the Lie comultiplication A is a derivation with respect to
the Lie algebra structure on A%2L. Note that, in fact,

[z, A(y)] = (ady @ 1+ 1 ® ady)A(y),

where ad : L — gl(L) is the adjoint representation.

On the other hand, it is interesting to consider the bialgebra structures
of 3-Lie algebras as we can see in [6,12]. Giving a 3-Hom-Lie superalgebra
(L,[,+,"],a), a 3-Hom-Lie supercoalgebra (L,A,a) such that (L*, A* «) is
also a 3-Hom-Lie superalgebra, the most important part for a bialgebra theory
is the compatibility conditions (see [5,12,18] for the classic case). It is quite
common for an algebraic system to have multiple bialgebra structures that
differ only by their compatibility conditions:

(1.2) A(lz,y, 2]) = [A2), y, 2] + [z, Aly), 2] + [z, 9, A(2)]-

The compatibility condition for n-Lie algebras see [1].

The coboundary Lie bialgebra [2,14] associates to a solution of the classical
Yang-Baxter equation, and it has been playing an important role in mathemat-
ics and physics. On the other hand 3-Hom-Lie supercoalgebras and 3-Lie super-
bialgebras are important concepts in 3-Hom-Lie superalgebras. The classical
Yang-Baxter equation (shorthand for CYBE) is a 1-1 correspondence between
triangular Lie bialgebras and solutions of the CYBE [18]. Motivated by recent
work on Hom-Lie bialgebras and the Hom-Yang-Baxter equation [5], 3-Lie al-
gebra and 3-Lie classical Yang-Baxter equation [2], CHYBE has far-reaching
mathematical significance and is closely related to many topics in mathemat-
ical physics, including Hamiltonian structures, Kac-Moody algebras, Poisson-
Lie groups, quantum groups, Hopf algebras, and Lie bialgebras. Motivated by
this, we define the 3-Hom Lie supercoalgebra and the 3-Hom-Lie superbialge-
bra, and study the structure of them and the relationships with 3-Hom-Lie
superalgebras. We introduce 3-Hom-Lie superbialgebras whose compatibility
conditions between the multiplication and co-multiplication are given by local
cocycle condition, and is called the local cocycle 3-Hom-Lie superbialgebra. We
study a twisted 3-ary Hom super version of the classical Yang-Baxter equation,
called the 3-Lie super classical Hom-Yang-Baxter equation (shorthand for 3-Lie
super CHYBE), which is a general form of 3-Lie classical Yang-Baxter equa-
tion studied in [18], and use the solutions of 3-Lie super CHYBE to induce the
coboundary local cocycle 3-Hom-Lie superbialgebras.

The paper is organized as follow. In Section 2, we provide some basics
about the 3-Hom-Lie supercoalgebra and define 3-Hom-Lie superbialgebra with
the derivation compatibility, the local cocycle 3-Hom-Liesuper bialgebra with
cocycle compatibility, and the 3-Lie super CHBYE. In Section 3, we define
the coboundary local cocycle 3-Hom-Lie superbialgebra and prove that it can
be constructed by a multiplicative 3-Hom-Lie superalgebra and a solution of
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the 3-Lie super CHBYE, expending the notion and results obtained in [18] to
superalgebras.
2. 3-Hom-Lie superalgebras and 3-Hom-Lie superbialgebras

Definition 2.1. A quadruple (L, [, ],«), where L is a Zs-gradded vector
space, « is a linear map of L, and [-,-,-] : L®% — L is a 3-linear map, is called
a 3-Hom-Lie superalgebra if the following conditions are satisfied:

(a) [w1, 22, 23] = —(=1)l=2lI72l [y 2y 2],

(b) [a(z1), a(z2), [x3, 24, 25]]
= [[w1, @2, x3], a(wa), aws)]+(=1) sl Ue 1 F2Dla (@), [21, 29, 4], a(ws)]
+ (_1)(|I3|+\$4|)|(|w1|+|;E2|)[a(xs)’ 04(1'4), [:171; o, xS]]
for all T1,%2,T3,%4,25 € L.

The fundamental identity could be rewritten with the operator:
(2.1) adyg, z, 1 L — L, adg, z,* = [21, 22, 7]
in the form as:
ada(21),a(w2) (735 T4, T5] = [ady, 2,73, a24), azs5)]
(2.2) + (=D)lesllerl 22D 10 (23 ady, 2y x4, 2s)]
+ (_1)(Irs|+\r4\)l(|r1|+Irz|)[a(xg)’ o(x4), ady, 2,75].

Remark 2.2. Let (A,[,-,],a) be a 3-Hom-Lie superalgebra where the skew-
symmetric linear map [,-,] : ®3A — A with a : A — A that of[,,-,"]) =
[,-,] o a®’. Then we get the following equation:
0 = [[w1, 22, 75), a(wa), a(ws)] — (=117 [z, 22, 4], a(w3), a(ws5)]
+ (1)l llms D [z, 25, 24), aw2), a(w5)]

— (=1)l=mlUz2ltlzsltlea [y 4g 24], a(z), alas)].

Proof. If (A,[,-,],«) is a 3-Hom-Lie superalgebra, then applying Eq. (2.2) to
the last term of Eq. (2.2), we have

[a(z1), al@2), 23, 24, 25]]
= [[e1, @2, 23, a(w4), aws)] + (~ D)l 2D a(a3), [o1, 2, 2], @ (25)]
+ (=1)UzslHlea (el +lz2D ([0 2y 1], al22), a(zs5)]
+ (=) (1), [, 24, 2], 0(as)]
+ (1), a(a), [23, 24, 5],
proving the remark. g
The 3-Lie superalgebra structure on the Zy-vector space (L@ V) is given by:

p(x1 + a1, x2 + az, 3 + az) = p1(z1,x2)as + (—1)‘“l(lwlﬂm)m(wz,563)(11
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+ (—lesllezltleh) o (25, 1 )as,
where
PN LeV)— (LaV).

Proposition 2.3. Let (L,[,-,-],a1) be a 3-Hom-Lie superalgebra. A graded
representation of L is a 4-tuple (V, p, az), where Vis a linear space, ay € gl(V)
is a commuting linear map and p : AL — End(V) is a linear map such that,
for all x1,z9, 23,24 € L, we have:

(2.3) plar(z1), o1 (w2)) 0 az = az o p(x1,22),
plai(z1), o1 (w2))p(xs, 24)
= (—1)““’1|+|m2|)(|‘”3|+|“|p(a1(933),al(x4))p(z1,xg)
(2.4) + p([z1, 22, 3], 1 (24) ) rn

— (=1)leslleal p([2, 9, 24], a1 (23) )2,

plai(@1), [v2, 23, 24] )02
= (—1)(|"’”1IHIZ')(I”H'“Ip(al(m3)7al(x4))p(x1,xg)
(2.5) — (=1)lellealtie2D p(ay (21), ar (23)) (a4, o)
+ (—)llle2ttlzs oy (20), a (w5)) p(e1, 24).
Proof. The quadruple (V, p, a;) is a representation if and only if
[21 4 a1, 2 + az, x3 + az]
= [z1, 22, 23] + p1(21, 22)ag + (1) 10=2lwD oy (25 23)ay
+ (_1)Irsl(\z2\+lzl\)p1 (z3,21)as.
By straightforward computations it is easy to prove
0= [(o1 ®az)(z1 + a1), (01 ® az)(xe + a2), [x3 + as, x4 + a4, x5 + as]
—[[z1 + a1, z2 + az, w3 + az] (a1 © az) (w4 + aq), (a1 © az) (w5 + as)]
- (—1)'“"3'(‘“”'“') [(a1 ® a2)(x3 + a3)[z1 + a1, x2 + ag, 4 + a4)
x (a1 @ ao)(w5 + ag)] — (—1)UmlFle2Dlealtlzal (o) @ an) (25 + a3),
(a1 @ a2)(mg + ag)[x1 + a1, 2 + az, x5 + as]]. O
Remark 2.4. With the above notations, (V| p,a1) is called a representation of
L, or (V,p,a1) is an L-module.

Example 2.5. Let L be a 3-Hom-Lie superalgebra. The linear map ad :
LQL — gl(L) with x1, 22 — ady, 4, for any x1, z2 € L defines a representation
(L, ad, &) which is called the adjoint representation of L, where ad,, ,, is given
by Eq. (2.1). The dual representation (L*, ad*, a*) of the adjoint representation
(L, ad, ) of a 3-Hom-Lie superalgebra L is called the coadjoint representation.
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Example 2.6. Let V be a 4-dimensional vector space with the basis {e1, e, €3,
eq}. Define the following brackets:

[61;62763} = —€y4; [61762,64] = €3; [61763764] = —€2; [62a637€4] = €1.
With this bracket, (V, [, -, ], @) is a 3-Hom-Lie superalgebra. Let a be a linear
map of V defined by:

aler) = —ea;  afea) = —eq;  ales) = —eq;  afeq) = —es.

Definition 2.7. Let (V] p, @) be a representation of a 3-Hom-Lie superalgebra
L. Define p* : ®2 — gl(V*) by
(p" (w1, w2)a,0) = —(=1){I=slHle2Dlelia, oz, 2)0)
Va e V*, x1,20 € Lyv € V.
Definition 2.8. Let (L, [, ], a) be a 3-Hom-Lie superalgebra, L* be the dual
space of L. Then we get the dual mapping A : L* — L*® L* ® L* of [-,],
satisfying for every z,y,z € L and £,7n,( € L*,
(2.6) (A(§),z@y®z) = (& [z,y,2]),
(@n®Czey®z) = () ny)2),
where (,) is the natural nondegenerate symmetric bilinear form on the vector
space L & L* is defined by (£, ) =&(z), £ € L*, z € L.
Definition 2.9. Given a representation (p, V, @), denote by C%, ,(L,V) = C., ,
(L, V)5 @ Ch A(L, V)1 the set of p-cochains where:
C? (L, V) := {linear maps f: LQL®---®@L =V, aof=foa®"}.
; < y
The coboundary operators associated to the module are given in ([3,10,11,15,
17,20]). For n > 1, the coboundary operator ¢ : Cp, (L, V) — C’g:f(L, V) is
defined as follows:
Define the K-linear maps 6 : C"* (L, M) — C™(L, M) given by
5f(ZL'1, N ,.’[2n+1)
- _ (_1)(\f|+\ﬂf1|+\$2\+"'+|Izn—2\)(\m2n_1|+\ac2n+1|)+\ac2n+1llmzn|

pla™(xon—1), ™ (z2n+1)) f(T1,. .., Ton—2, Ton)

+ (_1)(‘f|+‘$1|+‘12‘+"'+|w27171‘)(‘$2n‘+|w2n+1‘)
p(a™(x2n), @™ (Xont1)) f(T1, ..., T2n—1)
n
+ Z(_l)k+n+(|f|+\$1 [+lz2 |+ +|T2k—2]) (|T26— 1 |+ |72k |)
k=1
pla” (wap—1), @™ (wor)) f (21, .., Top—1, Doy - -+ T2np1)

n 2n—+1

+Z Z (=1t UezrraltFlzs—ah(w2e—l+leae)

k=1 j=2k+1
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fla(xr), ... Tog—1, Tak, - - -, [Tak—1, Tk, Tj, - - o, A(T2ng1))-

Let L be a 3-Hom-Lie superalgebra and (p, V, «) be the representation of L.
A linear map f: L — V is called a 1-cocycle on L associated to (p, V,a) if it
satisfies:

[y, 2]) = (DD p(a(a), a(y)) £()
(2.7) + (=)W p(a(y), a(2)) £ (x)
— (=) EWIFIC=HED (), ou(2)) £ ().

Definition 2.10. A 3-Hom-Lie supercoalgebra is a triple (L, A, «) consisting
of a linear space L, a bilinear map A : L -+ L ® L ® L and a linear map
«: L — L satisfying

(2.8) Im(A)CL®L®L,
(2.9) (1—wi—wr—w3)(a® a® A)A(z)=0 (Hom-super-co-Jacobi Identity),
where Vz,x1,T9, T3, 4,25 € L,

1, wi: LOILILRXLRXILLRXLRJILRLRL, 1 <3<3,

1(@1(8>$2 @)Ig @>I4 @>I5)

T1 Qx2 @ x3Q Ty 5,
w21 ® Ta ® T3 @ 24 @ x5) = (—1)mlHleDlzal+ed @ 2y @ 1) @ 20 ® 5,
wa(T1 ® T2 @ 3 ® T4 ® a5) = (—1)I#1lHlz2ltH|zs)(wal+]zs])
T4 R T5 Q1 ® T2 XT3,
w3 (21 ® T2 @ 73 ® T4 ® a5) = (—1)(#1lHlz2D(zsl+lws)+lws| (sl +s])
Ts @ T3 QT1 QT2 Q Tyg.

We call A the cobracket. If Aoa = a®” oA, then we say L is comultiplicative.
Now we study 3-Hom-Lie supercoalgebras by means of structure constants.

Let (L, A, a) be a 3-Hom-Lie supercoalgebra with a basis ey, ..., €,. Assume
Ale) = Z daerNeshey, cF, e K 1<l <m.
1<r<s<t<n

Then we have

(a®@a®A)oAeg) = Z cales) Aales) A Aler)

r<s<t

Z Z cfjkclrsta(er) Nales) Nej Nej e,

r<s<ti<j<k

(1—w—ws—w3)o(1®@1®A)oAe)

=(1—w; —wy —ws)( Z Z cﬁjkclrsta(er) Nales) Ne; ANej Aeg)
r<s<ti<j<k
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Z Z cfjkclrsta(er) Nales) Ne; Nej Neg

r<s<ti<j<k

— Z Z crskc p)UerltleDled+leile; Ae; A ale,) Aales) Aey
r<s<ti<j<k

ST YT (et esitendd ot o A e Aafe,) Aales) A

r<s<ti<j<k
— § § )(lesltlerD(esl+HexDlerl(lesl+les))
r<s<ti<j<k
!
ChitCrsjer N ei Nafer) Aales) Aej

l t
E : E : Cijkcrst_Crskcijt_Cjktcrsi_Ckitc'r'sj}a(er) A a(es) AN €j N ek,
r<s<ti<j<k

k _ k .
Civiniz — 59”(0)01',,<1)i”(2)ia(3)7 1 <y, i9,i3 <m.

Therefore,

n

t ! t l l t P
E (cijkcrst - crskcijt - Cjktcrsz CkztcTSJ) - 05 1< 2,7, kal <m.
k=1

Following the above discussions, we obtain the structural description of 3-
Hom-Lie supercoalgebras in terms of structure constants.

Definition 2.11. A 3-Hom-Lie superbialgebra with derivation compatibility
condition is a quadruple (L, [-, -, ], A, @) such that:

(1) (L, [, -, "], @) is a 3-Hom-Lie superalgebra,

(2) (L, A, «) is a 3-Hom-Lie supercoalgebra,

(3) A and [, -, -] satisfy the following derivation compatibility condition:

o) 23D = a0l a)AE) = () (a(e), () A0)
| + (=)D ad®) (a(y), a(2) Ae),

where
ad® (a(z), a(y))(u @ v © w)
= (ad(a(z), a(y)) ® 0 © a)(u @ v @ w)

(=M= (0 © ad(a(z), aly) © @) (u© v © w)
(—1) I+ (0 @ 0 @ ad(a(z), a(y))(u & v @ w)

The condition (1) in Definition 2.11 is equivalent to that (L*,[-,-]*, a*) is a
3-Hom-Lie supercoalgebra with [-,]* : L* — L* ® L* ® L* defined by (2.6).

The condition (2) in Definition 2.11 is equivalent to that (L*, A* a*) is a

3-Hom-Lie superalgebra with the 3-Lie superbracket A* : L* ® L* ® L* — L*
defined by (2.6).

_|_
+
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An alternate way of writing the condition (3) is for every z,y,z € L, {,n,( €
L,
(A™(&,m, ), 2,9, 2]) = (€@ & ¢ A([2, v, 2]))

= (€ ®n® ¢ ad® (a(z), a(y))A2))
— (- @ ® ¢ ad® (a(z), a(2)Ay))
+ (=)D (€ @ @ ¢ ad® (aly), a(2) Alz)).

For any 1 < p # q < n, define an inclusion -, : ®*L — ®"L by sending

zi, J=0,
Tpq *= Z 21 @+ @ Zin,  where zj; = Y, J=4¢,
; L i#paq

For example, when n = 4, we have

7’12=Z$i®yi®l®1eL®4, T21=Zyi®mi®l®1eL®4.

3. Coboundary 3-Hom-Lie superbialgebras
Definition 3.1. Let L be a 3-Lie superalgebra and r € L ® L. The equation
[[7‘, T, TH =0

is called the 3-Lie classical Yang-Baxter equation.
This can be regarded as a natural extension of the classical Yang-Baxter
equation
[[r,r]] := [r12,713] + [r12, 23] + [r13,723] = 0
to the context of 3-Lie superalgebras.
When L is a 3-Hom-Lie superalgebra with the 3-Hom-Lie superbracket [-, -, -],

forany r =3, 2, @y = >, a(z;) ® a(y;) € L ® L, we define [[r,r,7]] € @*L
by:

[[r,r,7]] == [r12, 718, "14] + [T12, 723, T24] + [r13, 723, 734] + [r14, 724, 7'34]
- Z ((_1)|$i||wj|[9€i,9€j,xk] ® a(yi) ® aly;) @ alyr)
1,5,k

+ (=) o) @ (i, 25, 2] © aly;) © alyr)
+(—Dllla(z;) © a(z;) @ [y, ys, 2] © alyr)
+ (D) o) © alz;) © al@n) © by uel)-
Forany r=3% 2, ®y; € L® L, set
Ai(z) =Y [z, 2,25] @ alyy) © aly,);

%]
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B1)  Ag(x) =) (DDl (y) @ (2,2, 2] © aly;);
,J
As(z) == Z(_l)(lxmxi\)(\y;\+|yi|)a(yj) ® a(y) @ [z, zi, ;]
,J
forz € L.
Lemma 3.2. With the above notations, we have

(i) Aq is a 1-cocycle associated to the representation (AR AR®A, ad; ®a®a);
(ii) Asg is a 1-cocycle associated to the representation (AQARA, a®ad; ®«);
(iii) As is a 1-cocycle associated to the representation (AR AR A, a®@a®ady).

Where
ady(z1,22) : L = L, ady(z1,22)x = [ax1), a(z2), x].
Proof. For all z,y,z € L, we have
Ay([z,y,2])
= [lz,y, 2], 70, 25) @ aly;) ® aly:)

.3

= D _llwy. 2 afmi), ale;)] @ () © o (1)
= D ()R ED I D a(2:), o)), 2, y, 2]) @ 0 () © 0 (3:)

= Z(_l)(lelyHIZI)(Imi|+Irj\)(Hxi’xﬁx],a(y)?a(z)]

+ (=) o (), 25,25, ], a(2)]
o (=) ettt WD fa @), aly), o3, 25, 2]]) ) @ 0 () @ 0 (1)
= Z(_l)(erlyIHZI)(Izi|+|xj\)((_1)\z|(|xi\+lrjl)[[m,xi,xj]ya(y)ﬂ(z)]
_:J(_l)(lleﬂxj\)lxl(_1)|y|(\zi\+|xj|)[a(m)7 [y, zi, 5], a(2)]
+ (fl)(lﬂcilﬂﬂw\)(Iﬂﬂ|+|y|)(fl)IZI(I:JviIHIjI)[0[(36)7 a(y), [z, zi, xm)
® a*(y;) @ a*(y;)
= (,1)I$I(Iy\+IZI)(ad(a(ym(z)) ®a®a)A(z)
— (=D (ad (4(2).a(2) © @ @ @)A1 (Y) + (ad(a(a).a() © @ @ @)A;(z)
= (~=DFWFED (ady (y, 2) ® @ @ @)A1 (2) = (=)W (adi (2, 2) © @ © @) Ay (y)
+ (adi(z,y) ® @ ® @)A1 (z).

Therefore, A; is 1-cocycle associated to the representation (A ® A ® A,ad; ®
a ® «). The other two statements can be proved similarly. (I
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Proposition 3.3. Let L be a 3-Hom-Lie superalgebra and r € L ® L. Let
A = Ay + As + Ag, where Ay, Ao, A3 are induced by r as in FEq. (3.1). Then
A*: L*® L*® L* — L* defines a skew-symmetric operation.

Proof. We only need to prove that for all x € L,
A(z) + o12A(x) =0, A(z) + o93A(z) =0

In fact, we have

o128 (z) = Z(—l)lyj|(|x‘+|1i|+|r'7|)a(yj) ® [, 5, 73] @ a(ys)

= —Z plvllebledtlo D (—pledielagy,) 25,2 © aly,).

71241 (7) + Ao () = —Z vl a(y,) @ fo, a5, 2:] @ aly;)

+Z Dzl o (y) @ [, 24, 2] © a(y;)

= adx(r +791)
=0.

Since
T4 T = Z(ml ©y; + (-1 ily @ 2;) =0,
we have 01241 (z) = —Ag(x).
Similarly, we have 01245 (2) = —A1 (), 012A3(x) = —As(z) and o93A(z) =
—A(z). O

Lemma 3.4. Let V be a Zo-vector space and A : V = VRV RV a linear map.
Then A* : V*QV* Q@ V* = V* defines a 3-Hom-Lie superalgebra structure on
V* if and only if A* is a skew-symmetric operation and A satisfies

(A®1®@1)A(x) + o23012(1 @ A®1)A(x))

3.2
(32) + 01304 (1@ 10 A)A(2) — (101 A)A(x) =0
forx e L.
Proof. The verification is straightforward. O

Before beginning, the following notation will be useful on the super 3-Hom-
classical Yang-Baxter equation, we introduce a notation before the next theo-
rem. For a € L and 1 < i < 5, define the linear map ®;a : ®*L — ®°L by
inserting a at the i-th position. For example, for any

t=1 Qi Q13 X1y,
t®Ra=11QaRits Qi3 iy.
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Theorem 3.5. Let (L,[-,-,-],a) be a multiplicative 3-Hom-Lie superalgebra
and r € L% satisfying a®’ (r)=1r. Then

>_ ()l ad) (zs,2) @ @ @ a @ a @ a)([fr, 7, T @2 aly)

+ Y (=)Dl (0 @ ady (2, 2:) ©@ a @ a @ ) ([[r, 7, 7]]§ @1 oy:))

+Z ® a® adi(z,2;) ® a® a)(([r,r,r]]5 ®5 a(y;))

+ Z Jlettledieda a @ adi(z,2) @ a @ o) ([, 75 ©4 ay:)
(33) + Z DYl (0@ a®a @ ady (2, 2:) @ a)([[r,7, 7115 @3 aly;))

+ Z Do @ a @ a @ adi (25, 2) @ ) ([[r, 7, 7]]5 @5 alyi))

+ Z Dlda®aa®a®ad (z,2:))([[rr )5 ©4a(y)

+Z DleHzDled (o 9 0 @ a © a ® ady (2, 7))

([[7’7 Ty THS ®3 a(yi)) =0,

where

([r, 7, 7]]T == [ri2, 713, 714] + [T12, 723, 724] — (—1)|x-’|ly-’|[7“13,7‘32,7"34]

+ (_1)|wj||yj|+‘wk”yk|[T1477/.42’ T43],

[[r, 7, T]]g — (_1)|mj\|yj\[7~12 Ta1,714) — (_1)|5I:i||yi‘+|$j||yj|[7»21’7«3277«24]

z;||yi|t+|z
D) @illys 1251951 [ s ]

1)leellvid l’”yjl[?“41,7“42,7"34]7

1 l@illyil+|z; ||y3|+‘1k||yk|[

(=1)
(=1
7, 7))y = — (— DIeellvel[p o g, maq] 4 (1) =il leellvnl[py ) roq ry0]
(1) 731,732, T43]
(=1)

x —+|x —+|x
D) leillusl s 1y 12 e gy g ).

Let A : L — L® be defined as A = Ay + Ay + Ag as in (3.1). Then
(L, [ ], Ao, r) is a multiplicative coboundary local cocycle 3-Hom-Lie su-
perbialgebra.

Proof. Let r =3, x;®y;. First we will prove that A = A; +As+ A3 commutes
with @. For z € L, using (3.1), af,-,"] = [-,-,]] o a®” and the assumption
a®”(r) = r, we have

Ar(a(@) =Y la(x),z:, ;] @ aly;) © aly:)

,J
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= la(z), alws), a(zj)] © o*(y;) @ o* (y;)
1,]3
=a® Aq(z).
We can check similarly As(a(z)) = a®’ Ay(z) and Az(a(z)) = a®’ As(z). So
we obtain:

Ala(z)) = Ar(a(@) + Az(a(e)) + As(a(z)) = a® A(z).

Second, we show that A is anti-symmetric (see Proposition 3.3).

Finally, we show that the 3-Hom-super-co-Jacobi identity of A in (3.2) is
equivalent to (2.11).

We know A contains three terms, then the 3-Hom-super-co-Jacobi identity
gives us 36 terms. We will organise these terms in the following order, G;,1 <
i < 5, denote the sum of these terms where z is at the i-th position in the
5-tensors. Thus

Gi+G2+Gs+ G4+ Gs =0.

There are 6 terms in Gy:
G1 =G+ G2 + Gi3 + Gia + G5 + Gis,
where

G =Yl x], zn,m] @ aly) ® aly) @ o*(y;) @ o2 (i),

,5,k,1
Gip = Y (~)wllesl oD [z 2, 2], o, 2] @ () ® o (4i) @ alye) @ o (y;),
i,7,k,l
Gis = Y (—1)llwl il [z 2, 5], 2, 2] @ a(y) @ 02 (y;) ® o (i) ® alyk),
ikl
G =Y allr,z,2;]) @ a®(y;) ® [a(ys), 2, 2] @ aly) © alyr),
igkl
Gis = = Y (—1)wlldtlebo (2, 25, 25]) @ o®(y;) @ a(yr) @ [(yi), 74, 1] @ (),
gkl
Gio = — Y (—1) Wit leeb o ([, 2, 25)) © o (y;) @ a(y) © alys) @ [lys), zx, 1]
i,7,k,1

By the equation in Remark 2.2, we have
G+ G2 +Gi3
> (—nlllmlties e e, 25 ), a(x), a(a)]
i3kl
® o’ (y) ® o (yr) ® a*(y;) ® o”(yi)
— Z (_1)\Ez|(|1’i|+|%‘\Hwk\)(_1)|ri\(\1j\+|ﬂ?k|)(_1)|I\\11|+\1j|\zk\
irgkl
(adi(z1,2) ® @ ® a @ a @ o)k, 7j, 2] @ a(y) @ alyr) @ aly;) @ ay;)



3-HOM-LIE SUPERBIALGEBRAS 23
= Z YritleeDll (ady (2, 2) ® 0 © @ @ @ @ @)[r12, 713, 714] @2 (W)

Furthermore, we have
Gy = Z (—1)UziltleDlesl _pylesllal (gd, (2, 2) 9 0 ® 0 ® 0 © @)
Iy
a(z;) @ aly;) © [yi, w1, 2r] @ a(y) @ alyk)
= Z 1) (12D (ady (2, 2) © 0 © 0 © @ © a)[r1a, 723, 720] ©2 aly).

Simllarly,
Gis = _Z(_l)lykl(\yi\-i-lxk\)(_1)(|xi\+|x\)\%‘\
J
(adi(zj,7) @ a ® @ © a @ a)(a(ri) @ aly;) @ alyr) @ [yi, ox, 7] © a(y1))
= _Z 1)UeilFleDlzsl _pylerllvel (ad, (25, 2) @ a @ 0 ® @ @ )

[7”1377“32,7‘34] ®2 a(y;),
G = Z(_l)(lka‘lyl|)(|yi‘+|xk|)(_l)lxj|(|I|+|ri|)(_1)|rk||1l‘
J
(ads(2,2) & 0 ® 0 ® a © a) (alw:) © aly;) & al) © alyy) ® [y, 21, 24))
= Z(_l)(lxil"!‘lxl)lle(_1)|$l||yl‘+|mkHyk‘(ad]-(xj) )RaRa®a®q)
J
[r14, 742, T43] @2 (y;).
In the above equalities we used a®?(r) =r =Y, 2;Qy; = >, a(z;) ®a(y;), we
used the skew-supersymmetry of [-, -, -] and a([z;, x;, xx]) =[a(z;), ax;), a(zy)],
we know (—1)#llz:l(—1)l#ll%il = 1, where |r| = 0.
Therefore, we obtain
Gy =Y (D)=l (ady (2, 2) © 0 @ 0 @ a @ @) [[r, 7, 7)) @2 alys).
In a similar manner, we have
Go = (~) DI (0 @ ady (2, 2,) © a © @ ® a)[[r,r, 7]If @1 aly).
There are 8 terms in Gs:
G3 = G31 + Ga2 + Gs3 + Gaa + G35 + G + Gar + Gis,
where
Gsy = Z (= 1)l tleiltlzg Dyl o () @ a(yy)
i,k
& [[x7xi7xj]7xk7xl] by a2(yj) 0 a2(y’i)7
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Gso = — Z (=)=l ul 1D 2 () @ a2 (y;)
4,5,k,1

® ([, 23, 5], Tr, 1] @ (Y1) @ yr),
Gos= 3 (—1)mbHlestHlab+uDUel+le+lesD[a(y,), 2y, 2]
Iy
® a(y) ® alz, vi, 2] @ alye) © o (y:),
Gay = Z (_1)(|yk|+|yjH‘\l’k\+|wl\)(\7«‘|+\f’u‘i|+\w1|)(1)|yk\(\yg‘\+|wk|)
i gkl
a(yr) ® [yy), mr, 2] @ afw, 23, 25 © ay) @ o (y:),
Gos = 3 (=) (bl Hue el e +1aD o (3) © ()
Iy
® ale, zi, 7;] @ [aly;), or, ©1] @ o (4:),
Gag = Z (—1) s el tlaltlzs Dyl Hael el D [0 (y,) ) 2, 2
i gkl
® a(y) ® ale, 2, 2;] @ o*(y;) © alyr),
Gs7 = Z (_1)(|yi|+|%|)|yk\(_1)(|yj|+\$|+\zi|+\wjI)(\yileklezHlykl)
Iy
alyr) ® [a(y:), o, o] © ale, zi,25] @ o (y;) © (),
Gos = 3 (—1)(mHuD el tlen +HuslHletHal+He o () @ ()
vy
® alz,zi,2;] ® o (y;) @ [a(y), or, 21].
We have
Gs1 + Gs2
> Py) @ P (y) @ ()= a(2), [ag, 2, 24, ae;)]
Iy
+ (—n)lelrleletlzh (o), a(e)), [2r, 21, 25]]) © 02 (y;) @ o (y;)
- _ Z (\%H‘ICEI (\MHIMHIM\)( )Iw\(\l‘ilﬂﬂﬂjl)(_1)|wk|\wz\
ikl
(a®@a®adi(zj,z) ® a®a)o(y) ® ayr) @ [z, Tk, 7] @ ay;) © a(y:)
_ Z (\$|+\Iz\) |”fk|+\"£z|)( )\fﬁkllfﬂ

1,5,k,0
(a®@®a®ad(z,z)a @ a)a(y) @ alyer) @ (2, Tk, ;] ® a(y;) ® aly;)

- _ Z yUzltleiDlzsl_q)ledlvd+lzellvel (o @ o @ ady (z;,7) ® a ® @)

[T317 T32,734] @4 (y;)
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_ Z 1)ldlvel+leellvel (o @ o @ ady (z, 2;) @ a ® a)[rs1, 732, 734] 5 a(y;).

Furthermore, we have
Gss + Gse
= Z (_1)(|yj|+\wk|+m\Hyz\)(lrlﬂrilﬂwﬂ)(_1)Imz\(\yj\+|a:kl)

i,g.kl

(@@ a®adi(,2;) ® @ @)z, y;, on] © aly) @ aly;) © a(yr) @ aly;)
+ (_1)(|yj|+\z|+\zz‘|+\fﬂj )(\yi\+\rk\+|ﬂ7z\+|yz\)(_1)|ﬂ7l\(\yz‘\sz\)(_1)|$j|(|$\+|$i\)
Z (a®a®adi(zj,2) ®a® )

6.4,k

([21, yi, o] © ((w1)) © (@) e(y;) @ alyr))

= Z |m]||y] Oé R a® adl(:z l’z) Ra® Oé)[?"lg, 731, 7‘14] X5 Oé(yl)

+ Z 1)(zl+leblzil(_pylzllvil (o @ o @ ady(2,2) ® a @ )

[Tu, 731,714 @4 (y;),
and similarly,
G34 + Gs7

— Z (_1>(|yi|+‘xk|+‘xl|+‘yk‘)(lyj‘+|£‘+|£i‘+|xj|)(_1)‘ykl(lyi|+|$k|)(_1>‘xj‘(‘x|+‘xi|)
i,5,k,1
(@@ a@adi(zj,2) ® @ a)(a(yr) © [yi, o, 1] © a(zi) © aly;) © (1))
+ Z 1) Uveltlysl+lzel iz (el lzil+lzs ) _q) ol Quil+lzel) (1) lesl(el+e:)
ikl
(a®a®adi(z,2;) @ a®a)(a(ye) @ [y, 2, 2] @ a((y;)) @ ay) © a(y:)

—_Z Dylesl et (_qlesllvHerl vl (o @ 0 © ady (2;,0) ® @ © @)

[7“21, T32,T24) Q4 a(y;)

- Z DlesllvslHledlvel (o @ o @ ady (z, ) @ a @ a)[ra1, 732, 724]) @5 (ys),

G35 + Gss
- _ Z \y1|+\xk\)(|y]\+\yk\+|m\+|m1|+|m]|)( )\fﬂl|(|yj|+\1k\)(_1)\yj||$k\
gkl
(a®a® adl(x zi) ® a @ a)(a(y) @ alye) ® (z;) @ 2, 2k, y;] © ;)
_ Z \ykIHyzl)(llekaIHyj\+|:1:\+|:E1I+II:EJI)

i,5,k,l
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(_1)\:Bj|(\x\+\xi\)(_1)|xz\(\yi|+\xk\)(_1)\yi\|xkl
(a®a®adi(zj,7) ®a®a)(aly) @ alye) ® a(z) ® oy;) @ [z, 2k, i)
= — Z \xlllyl\+|$kl|yk\ (a®a®adi(x,2;) @ @ ® a)[ra, raz, r34] 5 a(y;)

— Z Dleallel+z) (_q)lzdlvd+lzellvel (o @ o @ ady(z,7) ® a @ )

[7’41, T42,T34] Q4 (y;).

Therefore, we obtain

Gy =D (a®a®adi(z,2:) ® a®a)[[r,r, 113 @5 aly:)
+ D ()R (0 0 ady (2:,2) © 0 © a) [r, 77115 ©4 aly).

We similarly obtain

Gy = Z(— Yllel(a @ a @ a® ady (z,2;) @ a)[[r,r, 7])§ @3 a(y;)

+ Z Dl (0 @ a @ a @ ady (25, 2) @ a)([r, 7, 7]]§ @5 a(ys),
Gs = Z(* Yullerl(a @ 0 © a @ a @ ady (z, ) [[r, 7, 7]]§ @4 a(y:)

+ Z 1)(eirledled(—p)villeel(o @ 0 @ a @ a ® ad; (24, )

HT, T, T”3 X3 a(yi)'
This completes the proof. (I
With the notations above, if r is skew-symmetric, then it can be checked
that:
([ryr, 7)]T := [r12, 713, 714) + [112, 723, 724] — (-le"lly”[ﬁsﬂ“?}z,7“34]
+ (71)Imj||yj|+\zkHyk|[T14’T42, T43]
= [r12,713,714) + [112, 723, T24] + 113,723, 734] + [114, 724, 734]
= [[T7 T, T]]a7
—[[r,, 7‘]]; P (—l)lmjllyjl[7"12,7‘31,7“14] + (_l)lmil\yi\HIijjl[T217T32’ o
+ (_1)|Zi||yi\+|wj||yj|[r3177032’ T34]
+ (_1)|mi|lyi\+|1j||yj|[T41’r42,T34]
= [r12,713,714) + [112, 723, T24] + [113, 723, 734] + [114, 724, 734]
= [[r,r,7]]",

([, 7, 7]]g = — (=) lerllvrl g ryg, rgg] + (= 1) =Wl 2R [y ) pog o)
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xi||yi|+|zji||y;|+|Tk
S N A R PR P S

_ (,l)lxillyi\ﬂmj||yj|+\wk\|yfc|[r4hr42’ T43)
= [r12, 713, 714) + [r12, 723, 2a] + [r13, 723, 734] + [114, 724, 7'34)
= [[r,r,7]]",
HT’ Ty r]](ll = [[Ta Ty ,r]]a) H’I‘, Ty ’I“]]g = —[[7“7 r, Tﬂav [[7“7 T, 7’“? = Hrv T, T]]a'
We can obtain an equivalence description of (3.3):

Z(— YDl (ady (27, 2) @ 0 @ @ @ a @ ) ([[r, 7, 7] @2 a(yi))
n Z YDl (0 @ ady (2, ;) © o @ a @ a)([[r,r, 7] @1 a(yi))
—Z ®a®ady(z,2;) © @ a)(([r,r, 7] @5 (ys))

- Z D=zl a © 0 @ adi (21, 2) © a @ a)([[r, 7, 7] 1 ay1))
- Z D a®a®a® adi(e,2;) @ a)(([r,r, )" @3 aly:)

+ Z Dl (o @ a® a® adi (e, 2) @ a)([[r,r, )" @5 aly)

+ Z Dl a®a®a® adi(e,z)([[rr, )" ©aaly))

+ Z ~DHEDlnl (0 @ 0 © a ® a @ ady (2, 2))([[r, 7, 7] @5 aly:) = 0.

The above discussion can be summarized in the next Corollary 3.6 wich can
be regarded as a 3-Hom-Lie superalgebra analogue of the face that a®” (ry=r
and a skew-symmetric solution of the classical Yang-Baxter equation gives a
local cocycle 3-Hom-Lie superbialgebra.

Corollary 3.6. Let L be a 3-Hom-Lie superalgebra, a®” (r)y=randre L®L
skew-symmetric. If

[[r,r,r]]* =0,
and A=A1+ D0+ A3: L = LRL®L, in which Ay, As, Az are included by
r as in Eq. (3.1). Then (L,[,-,],A,a,r) is a local cocycle 3-Hom-Lie super-
bialgebra.

Theorem 3.7. Let L be a 3-Lie superalgebra, o : L — L be a 3-Lie superalgebra
endomorphism and r € L ® L be a solution of 3-Lie CYBE. Then for each
integer n > 0, (a®*)(r) is a solution of 3-Lie CHYBE in the 3-Hom-Lie
superalgebra Lo = (L, [, "] = o[-, -, ], ).

Proof. We can prove that L, is a 3-Hom-Lie superalgebra (in fact, the Hom-
super-Jacobi identity for [, -, -], is @ applied to the Jacobi identity of [-,-,]).
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It remains to show that (a®*)"(r) satisfies the 3-Lie CHYBE in the 3-Hom-Lie
superalgebra L.

Forr =), z;®y,, using o([-,-,-]) = [-,,"] oa®” and the definition [, -, ] =
a([+,+,]), we have to prove that

2

[(@®)"(r), (@®)"(r), (@®)"(1)])* = 0,

2

[(@®)"(r), (@°)" (r), (@)™ (r)]]°
=§;@ Dl (@), a" (1), a" (21)]a © ala™ () © a(a" (y;)) © ala™ ()
(=D la(an () © [0 (), 0™ (25), 0" (2)]a @ ala” (y7)) © oo™ (ui))
D vla(an (1) © ala™(2;)) © [ (), a” (), 0™ (@) @ ala” (1))
H=D) (e (@) @ ala” (25)) @ ala”(2)) @ [0 (1), " (45), " ()]
= o™ ({[r,r, 7))

= 0.

This result shows that given a 3-Hom-Lie superalgebra endomorphism, each
classical r-matrix induces an infinite family of solutions of the 3-Lie super
CHYBE. O
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