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EXISTENCE OF MULTIPLE POSITIVE SOLUTIONS FOR
p-LAPLACIAN PROBLEMS WITH A SINGULAR WEIGHT

CHAN-GYUN KiM AND YONG-HOON LEE*

ABSTRACT. In this paper we study the existence and multiplicity of pos-
itive solutions for p-Laplacian problems with a singular weight. Proofs
mainly make use of Global Continuation Theorem and Fixed Point Index
argument.

1. Introduction

Consider
(ep('(1)))" + AR(E) f (u(t)) = 0, t € (0,1), ()
u(0) =0, u(l)=b> 0,
where ¢, (s) = [s[P72s, p>1, A € [0,00) =: R, is a parameter, f € C(Ry,R;)
with f(z) > 0 for all z > 0, and h € C((0,1), (0,00)) may be singular at t =0
and/or 1.

Throughout this paper, the following hypotheses are assumed, unless other-
wise stated.

(Fy) for all R > 0, there exists Ar > 0 such that

f(z) < ArzP~1 for z € [0, R],
(Fy) foo = Tim LW

(F3) there exists ry > 0 such that f is nondecreasing on (0,7y).

Y

Let us denote
A={heC((0,1),(0,00)) : [ P h(s)ds < oo}
and

B={heC(0,1),(0,00): [} 5 (f; h(T)dT) ds < o0}
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86 C. KIM AND Y.H. LEE

In [5], Kim and Lee studied the following problem

{(sop(u’(t)))’ + AR(t)f(u(t)) = 0, t € (0,1),

u(0) =a >0, u(l) =0. (1)

Here h € L'(0,1). Under the assumptions that f is nondecreasing and satisfies
(F»), they showed that there exists A* > 0 such that (1) has at least two positive
solutions for A € (0, \*), at least one positive solution A = A\* and no positive
solutions for A € (A\*, 00). Later on, in [4], the authors obtained the same result
with more general assumptions that h € B and (F) and (F3). Motivated by
these papers, we study the existence, multiplicity and nonexistence of positive
solutions of (E}).

The usual norm in a Banach space C1[0,1] is denoted by

lulls = l[ullos + l|u']l for uw € CH[0,1].

Here [[v]loe = maxsejoq |v(t)] for v € C[0,1]. We will call u a positive C-
solution if u is a positive solution and u € C*[0, 1].

We don’t know if all solutions of (E)) are C1[0, 1]. If we confine our attention
to C1[0, 1] as the solution space, we get the following result.

Theorem 1.1. Assume h € A, (F1), (Fy) and (F3). Then there exists A* > 0
such that (E\) has at least two positive C-solutions for X € (0, \*), at least one
positive Cl-solution for X\ = \* and no positive C*-solutions for A € (\*, c0).

2. Preliminaries

Theorem 2.1. ([7], Global Continuation Theorem) Let X be a Banach space
and KC an order cone in X. Consider
z = H(p, ), (2)

where p € Ry and x € K. If H : Ry x K — K is completely continuous and
H(0,2) =0 for all z € K. Then C4(K), the component of the solution set of (2)
containing (0,0) is unbounded.

Theorem 2.2. ([6], Generalized Picone Identity) Let us define
Ilyl = (ep(¥) + b1(H)ep(y),

Lplz] = (¢p(2')) + b2(t)p(2).
If y and z are any functions such that y, z,¢p(y'), vp(2') are differentiable on
I and z(t) # 0 fort € I, the generalized Picone identity can be written as

d [ |ylPep(z') N »
dt{app(z)_ywp(y)} = (b1 —b2)|yl

/

- -]

g pep(Y)Y oo (j)}
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Remark 1. By Young’s inequality, we get

Z/
— pep(Y)ep <Z) =0,

1P

Z
y'P+(p—1) y7

and the equality holds if and only if sgn ' = sgn 2z’ and |%\p =|Z|P.

Theorem 2.3. ([3]) Let X be a Banach space, K a cone in X and O bounded
open in X. Let 0 € O and A : KN O — K be completely continuous. Suppose
that Ax # va for allz € KNOO and allv > 1. Then i(A,KXNO,K) = 1.

3. Main result

For the sake of convenience, we transform problem (FE)) into a zero Dirichlet
boundary problem. More precisely, introducing v(¢) = u(t) — bt, we may rewrite
(E\) to the following problem

{(%(v’(t) +0)) + An(t) f(v(t) +bt) = 0, t € (0,1), -
— (1) — (£))
v(0) = v(1) = 0.

Now, we define an operator corresponding to problem (EA)\) First, we define
an operator corresponding to the case L'(0,1). For g € L'(0,1), define

Co(z) = /01 [sopl <$+/Slg(7')dr> —b} ds.

Then, we can easily check the following facts that (, is well-defined, strictly
increasing, continuous in (—o0,00), (4(—00) = —oo and (4(c0) = oo. Thus
¢, has the unique zero and denote it by £(g). Note that £(0) = b*~!, and
£:L'0,1) — R is a bounded function, i.e., for all M > 0, there exists Cps > 0
such that [£(g)| < Cy for all g with ||g||z1(0,1) < M. Let

K = {u € C'0,1] : u is concave on (0,1)}.
Then K is an order cone. Let us define F : L((0,1), (0,00)) — K by

Flo)o) - [ t (o g0+ [ 1 otryir| ~b) ds

Then F is well defined and F(g)(0) = F(g)(1) = 0. Define G : R, xK — L'(0,1)
by

G\ u)(t) = Ah(t) f(u(t) + bt), t € (0,1).
Lemma 3.1. Assume h € A and (Fy). Then G is well defined, sends bounded
sets into bounded sets and continuous.

Proof. For (A, u) € Ry x K, by (F}), there exists A, > 0 such that

f(z) < AuzPlfor 0< 2 < |jufleo +band 0 < u(r) = [

o W(s)ds < 7l[u || oo
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By this facts,
1 1
/ G\ u)(r)dr = / AR(T) f(u(T) + br)dT
0

0
M, /0 h(r)(u(r) + br)P~Ldr

IN

IN

1
My (|1 || oo + b)P—l/ P h(1)dr < 0.
0

Thus, G is well-defined and send bounded sets into bounded sets. Moreover, by
Lebesgue dominated convergence Theorem, G is continuous. (|

Define H : Ry x K — K by H(A\, u) = F(G(\,u)), i.e.,

H(\u)(t) = /Ot (gapl [f(G()\,u)) +/Sl G()\,U)(T)dT:| - b> ds.

Then we can easily see that H is well-defined and H(R; xK) C K. Furthermore,
u is a positive solution of (Ey) if and only if u = H (), u) on K.

By the similar arguments in the proof of Lemma 3 in [1], we can prove the
complete continuity of H on Ry x IC. We only state the result as follows.

Lemma 3.2. Assume h € A and (Fy). Then H : Ry x K — K is completely
continuous.

Since H(0,u) = 0 for all u € K, by Lemma 3.2 and Global Continuation
Theorem (Theorem 2.1), we know that there exists an unbounded continuum C
of positive solutions of (Ey) emanating from (0, 0). Equivalently, there exists an
unbounded continuum C’ of positive solutions of (F)) emanating from (0, bt).

Using the generalized Picone identity and the properties of the p-sine function
([2], [8]), we obtain the following lemmas which determine the shape of the
unbounded continuum C’ (equivalently C).

Lemma 3.3. Assume (Fy). Then there exists A > 0 such that if u is a positive
solution of (Ey), then A < \.

Proof. Let u be a positive solution of (F)). Since u is concave and u(1) = b, we
have u(t) > 1b for all t € (%,2). It follows from (F3) that there exists L > 0
such that f(z) > LzP~! for z > 1b. Then, we have

(on (W (£))) + ALA(t)pp(u(t)) < 0, t € (i i) .

Putting m := minc1 3 h(t) > 0, it follows that

(op(u/ (1)) + ALmepy(u(t)) <0, t € <i, i) )
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It is easy to check that w(t) = S, (2m,(t — 1)) is a solution of

{wA w'(1))) + @mv%wwnzmte&&>

where Sy is the g-sine function with Il) + % =1land m, = %
y = w and z = u in Theorem 2.2 and integrating from 1/4 to 3/4, by Remark

L

Taking

3/4
/ ((2mp)P — ALm) |w|Pdt > 0,
1/4

which implies

O

Lemma 3.4. Assume h € A, (F1) and (F3). Let I = [a, 8] C (0,00). Then
there exists by > 0 such that for all positive C-solutions u of (Ey) with X € I,
we have

l[ully < br.

Proof. First we will show that there exists M; > 0 such that ||ul|e < M for all
possible solutions of (Ey) with A € I. Assume on the contrary that there exists
a sequence (u, ) of positive solutions of (Ey,) with A, € I and ||uy||ecc — 00 as
n — oo. It follows from the concavity of u,, that

Un(t) > I |lunlloo for all t € (3,32) and all n.

Take Cx = % + 1, where m := miny¢1 sy h(t) > 0. By (F2), there exists
K > 0 such that f(z) > Ckyp(z) for all z > K. From the assumption, we get
[lun||oo > 4K for sufficiently large N. Therefore, we have

flun(t)) > Crep(un(t)), t e (le Z)

This implies

)

As in the proof of Lemma 3.3, if we take w(t) = S, (2m,(t — 1)) , we obtain

»Moo

<%wmmy+Mkm%mmm<ate(i

C < (27(?) .
am
This contradicts the choice of C'k. Thus there exists My > 0 such that ||u. <
M for all possible solutions of (Ey) with A € I. We will show that there exists
L > 0 such that ||v/| s < Ly for all possible C''-solutions u of (E)) with A € I.
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By (F}), there exists A; > 0 such that f(z) < A;zP~! for 0 < 2 < M;. And
there exists § € (0, 3) such that

s
/J’AI/ sP~1h(s)ds < % (3)
0
Let u be a C'-solution of (E,) with A € I. Since u is concave,
u(t) < u'(0)(t = 0) + u(d). (4)
n (4), if ¢ =0, then 0 = u(0) < «/(§)(—0) + u(d). This implies
u(d M;
w5 < M0 < M1 )
Similarly if ¢ = 1, then 0 < b = u(1) < ’(6)(1 —d) 4+ u(d) and we obtain
’ u(5) MI
— <1
MOERCU L (0
By (5) and (6), |u'(d)] < MI .Forte (0 0), integrating (F)) from ¢ to §, by (3)
and using the fact 0 < u(t) = fo s < t|v/||oo, we have
5
lep(' ()] < lpp(w'(0))] + /\/ h(s)f(u(s))ds
¢
s
< o @)+ My [ hpulords
¢
5
< o@D+ B [ sl
M pP—
< (51) H || g5 for t € (0,6).
Thus, we have
Mp\"
100 <2 (A1)
On the other hand, again integrating (EA) from ¢ to 1, we have
M 1
o< (M) oy [ nios,
where M) = supg<,<, f(2) > 0. Thus, the proof is complete. O

By Lemma 3.3 and Lemma 3.4, we get the following proposition.

Proposition 3.5. Assume (Fy), (Fz), and let h € A. Then there exists an
unbounded continuum C' emanating from (0,bt) in the closure of the set of
positive solutions of (Ey) in Ry x K such that for all R(> b), there exists
(Ar,ur) € C" with ||ugrlly = R. Furthermore, Ag — 0 as R — oo.
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Assume that problem (EA) has a positive solution say, v, at A\, > 0, i.e., v,
satisfies

(pp(vi(t) +0))" + Ach(t) f(va(t) +bt) =0, t € (0,1). (7)
Consider fixed A € (0, Ay). For N > 0, put
Oy ={u € C}0,1] : 0<u(t)<u.t), te€(0,1),0<u'(0) < u,(0),

u, (1) <u/(1) <0 and ||u']|c < N}.

Then, Qx is bounded and open in CE[0,1]. Consider the following modified
problem

(ep(v'(t) + b)) + Ah(t) f(v(t, v(t)) +bt) = 0, t € (0,1), (M)
v(0) =v(1) =0,
ve(t) if 2 > v.(t),
where 7 : (0,1) x R - R4 by y(¢t,2) = ¢ 2 if 0 <z <w.(t),
0 if z < 0.
Lemma 3.6. Assume h € A, (Fy),(F3) and let X € (0,\s). Then, there exists
No > 0 such that v € Qn, NK for all positive C*-solutions v of (My).

Proof. Let v be a positive Cl-solution of (M, ). Clearly, v > 0in (0, 1), since v is
concave on (0,1) and v(0) = v(1) = 0. We first show v(t) < v, (t) for t € (0,1).
If it is not true, there exists an interval [t1,t2] C [0, 1] such that v(t) > v.(¢)
for t € (t1,t2), v(t1) = v (t1) and v(t2) = vi(t2). Since v — v, € Cylty, t2], there
exists A € (t1,t2) such that

v'(A) = vl (A) and v(A) > v.(A). (8)
On [ty,t2], we have

Acf (0a(t) +08) > Af (v (8) +0t) = Af (7 (2, 0(F)) + bt).

This implies

(op(V' () + b)) + Ach(t) f(vi(t) +bt) > 0 for t € (t1,t2). (9)
From (7) and (9), we have
(0p(Vi(t) + )" = @p(v/(t) + )" <0 for t € (t1, t2). (10)

For ¢t € (A, t2), integrating (10) from A to ¢, we have v.(t) < v'(¢t) by (8).
Again integrating this inequality from A to to, we get v.(A4) > v(A) and this
contradicts (8).

Second, we show v(t) < v.(¢) for all ¢ € (0,1). If it is not true, then by the
first argument, we have only two cases; either there exists [ts, t4] C [0,1] such
that v(t) = v.(t), t € [t3,ta] or there exist t5 € (0,1) and §; > 0 such that
v(ts) = vilts), v(t) < v(t), t € (t5 — 01,85 + 01)\{t5} and V'(t5) = v (¢5). In
the first case, we can easily know that (10) is satisfied in ¢ € (¢3,¢4). This is a
contradiction. In the second case, by (7), we have

(0p(vi(t) + )" + An(t) f (0. (t) +bt) <0, t € (0,1).
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This implies that there exists ¢; > 0 such that
max  {(pp(vi(t) + b)) + Ar(t) f(vi(t) + bt)} = —€1 <O. (11)

te[ts—d1,t5+01]

Since f is uniformly continuous on [0, ||v«||cc + 8], there exists d2 > 0 such that
if |2 — y| < 02 and x,y € [0, ||veloo + b], then

|f(z) = fly)| <aC,

where C' = Amaxc(i, —s, 15+, R(t) > 0. And there exists a subinterval [c, d]
containing t5 of (t5 — d1,t5 + d1) such that

by <v(t) — v, (t) €0, t € [c,d (12)
and
(v —2.)"(c) >0 and (v—v,)'(d) <O. (13)
By (12), f(v(t) + bt) < f(vi(t) + bt) + C~L, t € [c,d]. This implies
(op (Vi (t) + b)) + A(t) f(v(t) + bt) < —e1 + €1 =0, t € [e,d]. (14)
By (13) and (14), we have
0 > [pp(v'(d) +b) — @p(vild) + )] — [pp(v'(c) +b) — ¢p(vi(c) +b)]

d
- / w0/ (8) + )Y’ — (0L, (8) + D))t

= [ Phse® <+ 6l b 20
This is a contradiction. Thus,
v(t) <wi(t), t €(0,1). (15)
Third, we show
0> (1) > v (1). (16)
From v.(1) = v(1) = 0 and the continuity of f at b, it follows that, for c
sufficiently close to 1,
Ach(t) f(va(t) + bt) — AR(E) f(v(t) + bt)
= WS (at) +bt) = f(o(t) +68)) + (A = A) f(va(t) + b2)] > 0,
for t € (¢,1). This implies
(ep(0L(8) + D)) — (o' (1) + 1) <0, L€ (c1). (17)

We claim that there exists d € (¢, 1) such that v'(d) > v, (d). Indeed, otherwise,
V'(t) < vi(t) for all t € (c,1). Integrating this from ¢ to 1, we have v(t) >
vi(t), for t € (¢, 1). This is a contradiction by (15). Thus, the claim is done.
Integrating (17) from d to 1, we obtain

op(e (1) + D) — 0y 0/ (1) +b) < @p((d) + D) — pp(e'(d) +) < 0
and thus v/ (1) < v/(1). Since v is a positive C'-solution of (M), v/(1) < 0.
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Fourth, we show 0 < v'(0) < v (0). Since v.(0) = 0 and v(t) < v.(t), t €
(0,1), there exists ¢; € (0,1) such that v(t) + bt < v, (t)+bt < ryfort e (0,c1).
By (F3), we have

Ach(t) f(vi(t) + bt) > AR(t) f(v(t) + bt) for t € (0,¢1),
which implies

(op(vi(t) + ) = (gp(v'(t) +1))" <0, t € (0,c1).
This is the inequality corresponding to (17). By the similar manner to prove
(16), we can show 0 < v'(0) < v,(0).
Finally, by the facts 0 < v(t) < v.(t) for all t € (0,1), v.(0) = v, (1) =0
and the concavity of v, we have ||v']| < Np for some Ny > 0. Consequently,
v € Qn, NK for all positive C''-solutions v of (My). O

Now we give the proof of Theorem 1.1.

Proof of Theorem 1.1. Let \* = sup{yx : (E) has at least two positive
solutions for all A € (0, u)}. Then, by Lemma 3.3 and Proposition 3.5, we have
0 < A* < \. By the choice of \* and the complete continuity of H, (EA’A) has
at least two positive solutions for A € (0, \*) and at least one positive solution
at A = \*. We shall show that (E)) has no positive solution for all A > A*. On
the contrary, assume that there exists A, > A* such that (E,\) has a positive
solution. We claim that (Ej) has at least two positive solutions for A € [A\*, \,).
Then this contradicts the definition of A\* and the proof is done. Define an
operator M by taking

Mo(t) = /t 1 <<pp1 [f(é(/\,v)) A / () +br)d7} - b) ds,

where G(\,v)(t) = Ah(t)f(y(,v) + br). Then M : K — K is completely con-
tinuous and w is a solution of (M)) if and only if v = Mwu on K. By simple
calculation, we can show that there exists Ry > 0 such that ||Mwv||; < R; for
all v € K. Taking R; big enough satisfying Br, D Qu, and applying Theorem
2.3, we get
i(M,Bgr, NK,K) =1.

By Lemma 3.6 and the excision property, we get

’i(M,QNOﬂIC,]C):i(M,BRlﬁ]C,’C):l. (18)

Since problem (Ey) is equivalent to problem (M) on Qy, N K, we conclude
(E) has a positive solution in Qy, N K. Assume H(),-) has no fixed point in
00N, NK (otherwise, the proof of our claim is done). Then i(H (A, ), Qn, N, K)
is well defined and by (18), we have

i(H, ), Oy, N, K) = 1. (19)

By Lemma 3.3, we may choose A\; > A such that (EAI) has no solution in .
By a priori estimate (Lemma 3.4) with I = [\, A1], there exists Ry > R; such
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that for all possible positive C'-solutions u of (E,,) with p € [\, A1], we have
Julh < Ro. (20)

Define T : [0,1] x (Br, N K) = K by T(1,v) = H(tA1 + (1 — 7)A\,v). Then T
is completely continuous on [0, 1] x K, and by (20), T(r,v) # v for all (1,v) €
[0,1] x(0Bg, NK). By the property of homotopy invariance, we have

i(H(\, ), Br, NK,K) =i(H(\,"), Br, N K,K) =0.
By the additive property and (19), we have
i(H(A, ), (Br, \ Qn,) NK,K) = —1.

Therefore (Ey) has another positive solution in (Bg,\Qxn,) N K and this com-
pletes the claim. Thus, the proof is complete by the equivalence of problems
(E)\) and (E)\) O
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