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EXISTENCE OF MULTIPLE POSITIVE SOLUTIONS FOR

p-LAPLACIAN PROBLEMS WITH A SINGULAR WEIGHT

Chan-Gyun Kim and Yong-Hoon Lee∗

Abstract. In this paper we study the existence and multiplicity of pos-

itive solutions for p-Laplacian problems with a singular weight. Proofs

mainly make use of Global Continuation Theorem and Fixed Point Index
argument.

1. Introduction

Consider {
(φp(u

′(t)))′ + λh(t)f(u(t)) = 0, t ∈ (0, 1),

u(0) = 0, u(1) = b > 0,
(Eλ)

where φp(s) = |s|p−2s, p > 1, λ ∈ [0,∞) =: R+ is a parameter, f ∈ C(R+,R+)
with f(z) > 0 for all z > 0, and h ∈ C((0, 1), (0,∞)) may be singular at t = 0
and/or 1.

Throughout this paper, the following hypotheses are assumed, unless other-
wise stated.

(F1) for all R > 0, there exists AR > 0 such that

f(z) ≤ ARz
p−1 for z ∈ [0, R],

(F2) f∞ := lim
u→∞

f(u)

φp(u)
= ∞,

(F3) there exists rf > 0 such that f is nondecreasing on (0, rf ).

Let us denote

A = {h ∈ C((0, 1), (0,∞)) :
∫ 1

0
sp−1h(s)ds < ∞}

and

B = {h ∈ C((0, 1), (0,∞)) :
∫ 1

0
φ−1
p

(∫ 1

s
h(τ)dτ

)
ds < ∞}.
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In [5], Kim and Lee studied the following problem{
(φp(u

′(t)))′ + λh(t)f(u(t)) = 0, t ∈ (0, 1),

u(0) = a > 0, u(1) = 0.
(1)

Here h ∈ L1(0, 1). Under the assumptions that f is nondecreasing and satisfies
(F2), they showed that there exists λ∗ > 0 such that (1) has at least two positive
solutions for λ ∈ (0, λ∗), at least one positive solution λ = λ∗ and no positive
solutions for λ ∈ (λ∗,∞). Later on, in [4], the authors obtained the same result
with more general assumptions that h ∈ B and (F2) and (F3). Motivated by
these papers, we study the existence, multiplicity and nonexistence of positive
solutions of (Eλ).

The usual norm in a Banach space C1[0, 1] is denoted by

∥u∥1 = ∥u∥∞ + ∥u′∥∞ for u ∈ C1[0, 1].

Here ∥v∥∞ = maxt∈[0,1] |v(t)| for v ∈ C[0, 1]. We will call u a positive C1-

solution if u is a positive solution and u ∈ C1[0, 1].
We don’t know if all solutions of (Eλ) are C

1[0, 1]. If we confine our attention
to C1[0, 1] as the solution space, we get the following result.

Theorem 1.1. Assume h ∈ A, (F1), (F2) and (F3). Then there exists λ∗ > 0
such that (Eλ) has at least two positive C1-solutions for λ ∈ (0, λ∗), at least one
positive C1-solution for λ = λ∗ and no positive C1-solutions for λ ∈ (λ∗,∞).

2. Preliminaries

Theorem 2.1. ([7], Global Continuation Theorem) Let X be a Banach space
and K an order cone in X. Consider

x = H(µ, x), (2)

where µ ∈ R+ and x ∈ K. If H : R+ × K → K is completely continuous and
H(0, x) = 0 for all x ∈ K. Then C+(K), the component of the solution set of (2)
containing (0,0) is unbounded.

Theorem 2.2. ([6], Generalized Picone Identity) Let us define

lp[y] = (φp(y
′))′ + b1(t)φp(y),

Lp[z] = (φp(z
′))′ + b2(t)φp(z).

If y and z are any functions such that y, z, φp(y
′), φp(z

′) are differentiable on
I and z(t) ̸= 0 for t ∈ I, the generalized Picone identity can be written as

d

dt

{
|y|pφp(z

′)

φp(z)
− yφp(y

′)

}
= (b1 − b2)|y|p

−
[
|y′|p + (p− 1)

∣∣∣∣yz′z
∣∣∣∣p − pφp(y)y

′φp

(
z′

z

)]
−ylp(y) +

|y|p

φp(z)
Lp(z).
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Remark 1. By Young’s inequality, we get

|y′|p + (p− 1)

∣∣∣∣yz′z
∣∣∣∣p − pφp(y)φp

(
z′

z

)
≥ 0,

and the equality holds if and only if sgn y′ = sgn z′ and |y
′

y |
p = | z

′

z |
p.

Theorem 2.3. ([3]) Let X be a Banach space, K a cone in X and O bounded
open in X. Let 0 ∈ O and A : K ∩ Ō → K be completely continuous. Suppose
that Ax ̸= νx for all x ∈ K ∩ ∂O and all ν ≥ 1. Then i(A,K ∩O,K) = 1.

3. Main result

For the sake of convenience, we transform problem (Eλ) into a zero Dirichlet
boundary problem. More precisely, introducing v(t) = u(t)−bt, we may rewrite
(Eλ) to the following problem{

(φp(v
′(t) + b))′ + λh(t)f(v(t) + bt) = 0, t ∈ (0, 1),

v(0) = v(1) = 0.
(Êλ)

Now, we define an operator corresponding to problem (Êλ). First, we define
an operator corresponding to the case L1(0, 1). For g ∈ L1(0, 1), define

ζg(x) =

∫ 1

0

[
φ−1
p

(
x+

∫ 1

s

g(τ)dτ

)
− b

]
ds.

Then, we can easily check the following facts that ζg is well-defined, strictly
increasing, continuous in (−∞,∞), ζg(−∞) = −∞ and ζg(∞) = ∞. Thus
ζg has the unique zero and denote it by ξ(g). Note that ξ(0) = bp−1, and
ξ : L1(0, 1) → R is a bounded function, i.e., for all M > 0, there exists CM > 0
such that |ξ(g)| ≤ CM for all g with ∥g∥L1(0,1) ≤ M. Let

K = {u ∈ C1[0, 1] : u is concave on (0, 1)}.
Then K is an order cone. Let us define F : L1((0, 1), (0,∞)) → K by

F (g)(t) =

∫ t

0

(
φ−1
p

[
ξ(g) +

∫ 1

s

g(τ)dτ

]
− b

)
ds.

Then F is well defined and F (g)(0) = F (g)(1) = 0. DefineG : R+×K → L1(0, 1)
by

G(λ, u)(t) = λh(t)f(u(t) + bt), t ∈ (0, 1).

Lemma 3.1. Assume h ∈ A and (F1). Then G is well defined, sends bounded
sets into bounded sets and continuous.

Proof. For (λ, u) ∈ R+ ×K, by (F1), there exists Au > 0 such that

f(z) ≤ Auz
p−1 for 0 ≤ z ≤ ∥u∥∞ + b and 0 ≤ u(τ) =

∫ τ

0
u′(s)ds ≤ τ∥u′∥∞.
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By this facts,∫ 1

0

G(λ, u)(τ)dτ =

∫ 1

0

λh(τ)f(u(τ) + bτ)dτ

≤ λAu

∫ 1

0

h(τ)(u(τ) + bτ)p−1dτ

≤ λAu(∥u′∥∞ + b)p−1

∫ 1

0

τp−1h(τ)dτ < ∞.

Thus, G is well-defined and send bounded sets into bounded sets. Moreover, by
Lebesgue dominated convergence Theorem, G is continuous. □

Define H : R+ ×K → K by H(λ, u) = F (G(λ, u)), i.e.,

H(λ, u)(t) =

∫ t

0

(
φ−1
p

[
ξ(G(λ, u)) +

∫ 1

s

G(λ, u)(τ)dτ

]
− b

)
ds.

Then we can easily see that H is well-defined and H(R+×K) ⊂ K. Furthermore,

u is a positive solution of (Êλ) if and only if u = H(λ, u) on K.
By the similar arguments in the proof of Lemma 3 in [1], we can prove the

complete continuity of H on R+ ×K. We only state the result as follows.

Lemma 3.2. Assume h ∈ A and (F1). Then H : R+ × K → K is completely
continuous.

Since H(0, u) = 0 for all u ∈ K, by Lemma 3.2 and Global Continuation
Theorem (Theorem 2.1), we know that there exists an unbounded continuum C
of positive solutions of (Êλ) emanating from (0, 0). Equivalently, there exists an
unbounded continuum C′ of positive solutions of (Eλ) emanating from (0, bt).

Using the generalized Picone identity and the properties of the p-sine function
([2], [8]), we obtain the following lemmas which determine the shape of the
unbounded continuum C′ (equivalently C).

Lemma 3.3. Assume (F2). Then there exists λ̄ > 0 such that if u is a positive
solution of (Eλ), then λ ≤ λ̄.

Proof. Let u be a positive solution of (Eλ). Since u is concave and u(1) = b, we
have u(t) ≥ 1

4b for all t ∈ ( 14 ,
3
4 ). It follows from (F2) that there exists L > 0

such that f(z) > Lzp−1 for z ≥ 1
4b. Then, we have

(φp(u
′(t)))′ + λLh(t)φp(u(t)) < 0, t ∈

(
1

4
,
3

4

)
.

Putting m := mint∈[ 14 ,
3
4 ]
h(t) > 0, it follows that

(φp(u
′(t)))′ + λLmφp(u(t)) < 0, t ∈

(
1

4
,
3

4

)
.
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It is easy to check that w(t) = Sq

(
2πp(t− 1

4 )
)
is a solution of{

(φp(w
′(t)))′ + (2πp)

pφp(w(t)) = 0, t ∈ ( 14 ,
3
4 )

w( 14 ) = w( 34 ) = 0,

where Sq is the q-sine function with 1
p + 1

q = 1 and πp = 2π(p−1)1/p

p sin(π/p) . Taking

y = w and z = u in Theorem 2.2 and integrating from 1/4 to 3/4, by Remark
1, ∫ 3/4

1/4

((2πp)
p − λLm) |w|pdt ≥ 0,

which implies

λ ≤ (2πp)
p

Lm
=: λ̄.

□

Lemma 3.4. Assume h ∈ A, (F1) and (F2). Let I = [α, β] ⊆ (0,∞). Then
there exists bI > 0 such that for all positive C1-solutions u of (Eλ) with λ ∈ I,
we have

∥u∥1 ≤ bI .

Proof. First we will show that there exists MI > 0 such that ∥u∥∞ < MI for all
possible solutions of (Eλ) with λ ∈ I. Assume on the contrary that there exists
a sequence (un) of positive solutions of (Eλn) with λn ∈ I and ||un||∞ → ∞ as
n → ∞. It follows from the concavity of un that

un(t) ≥ 1
4∥un∥∞ for all t ∈

(
1
4 ,

3
4

)
and all n.

Take CK =
(2πp)

p

αm + 1, where m := mint∈[ 14 ,
3
4 ]
h(t) > 0. By (F2), there exists

K > 0 such that f(z) > CKφp(z) for all z > K. From the assumption, we get
||uN ||∞ > 4K for sufficiently large N. Therefore, we have

f(uN (t)) > CKφp(uN (t)), t ∈
(
1

4
,
3

4

)
.

This implies

(φp(u
′
N (t)))′ + αCKmφp(uN (t)) < 0, t ∈

(
1

4
,
3

4

)
.

As in the proof of Lemma 3.3, if we take w(t) = Sq

(
2πp(t− 1

4 )
)
, we obtain

CK ≤ (2πp)
p

αm
.

This contradicts the choice of CK . Thus there exists MI > 0 such that ∥u∥∞ <
MI for all possible solutions of (Eλ) with λ ∈ I. We will show that there exists
LI > 0 such that ∥u′∥∞ < LI for all possible C1-solutions u of (Eλ) with λ ∈ I.
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By (F1), there exists AI > 0 such that f(z) ≤ AIz
p−1 for 0 ≤ z ≤ MI . And

there exists δ ∈ (0, 1
2 ) such that

βAI

∫ δ

0

sp−1h(s)ds <
1

2
. (3)

Let u be a C1-solution of (Eλ) with λ ∈ I. Since u is concave,

u(t) ≤ u′(δ)(t− δ) + u(δ). (4)

In (4), if t = 0, then 0 = u(0) ≤ u′(δ)(−δ) + u(δ). This implies

u′(δ) ≤ u(δ)

δ
≤ MI

δ
. (5)

Similarly if t = 1, then 0 < b = u(1) ≤ u′(δ)(1− δ) + u(δ) and we obtain

−u′(δ) ≤ u(δ)

1− δ
≤ MI

δ
. (6)

By (5) and (6), |u′(δ)| ≤ MI

δ . For t ∈ (0, δ), integrating (Eλ) from t to δ, by (3)

and using the fact 0 ≤ u(t) =
∫ t

0
u′(s)ds ≤ t∥u′∥∞, we have

|φp(u
′(t))| ≤ |φp(u

′(δ))|+ λ

∫ δ

t

h(s)f(u(s))ds

≤ |φp(u
′(δ))|+ λAI

∫ δ

t

h(s)u(s)p−1ds

≤ |φp(u
′(δ))|+ βAI

∫ δ

0

sp−1h(s)ds∥u′∥p−1
L∞(0,δ)

≤
(
MI

δ

)p−1

+
1

2
∥u′∥p−1

L∞(0,δ) for t ∈ (0, δ).

Thus, we have

∥u′∥p−1
L∞(0,δ) ≤ 2

(
MI

δ

)p−1

.

On the other hand, again integrating (Eλ) from δ to 1, we have

|φp(u
′(1))| ≤

(
MI

δ

)p−1

+ βM1

∫ 1

δ

h(s)ds,

where M1 = sup0≤z≤MI
f(z) > 0. Thus, the proof is complete. □

By Lemma 3.3 and Lemma 3.4, we get the following proposition.

Proposition 3.5. Assume (F1), (F2), and let h ∈ A. Then there exists an
unbounded continuum C′ emanating from (0, bt) in the closure of the set of
positive solutions of (Eλ) in R+ × K such that for all R(≥ b), there exists
(λR, uR) ∈ C′ with ∥uR∥1 = R. Furthermore, λR → 0 as R → ∞.
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Assume that problem (Êλ) has a positive solution say, v∗ at λ∗ > 0, i.e., v∗
satisfies

(φp(v
′
∗(t) + b))′ + λ∗h(t)f(v∗(t) + bt) = 0, t ∈ (0, 1). (7)

Consider fixed λ ∈ (0, λ∗). For N > 0, put

ΩN = {u ∈ C1
0 [0, 1] : 0 < u(t) < u∗(t), t ∈ (0, 1), 0 < u′(0) < u′

∗(0),

u′
∗(1) < u′(1) < 0 and ∥u′∥∞ < N}.

Then, ΩN is bounded and open in C1
0 [0, 1]. Consider the following modified

problem{
(φp(v

′(t) + b))′ + λh(t)f(γ(t, v(t)) + bt) = 0, t ∈ (0, 1),

v(0) = v(1) = 0,
(Mλ)

where γ : (0, 1)× R → R+ by γ(t, z) =


v∗(t) if z > v∗(t),

z if 0 ≤ z ≤ v∗(t),

0 if z < 0.

Lemma 3.6. Assume h ∈ A, (F2), (F3) and let λ ∈ (0, λ∗). Then, there exists
N0 > 0 such that v ∈ ΩN0

∩ K for all positive C1-solutions v of (Mλ).

Proof. Let v be a positive C1-solution of (Mλ). Clearly, v > 0 in (0, 1), since v is
concave on (0, 1) and v(0) = v(1) = 0. We first show v(t) ≤ v∗(t) for t ∈ (0, 1).
If it is not true, there exists an interval [t1, t2] ⊂ [0, 1] such that v(t) > v∗(t)
for t ∈ (t1, t2), v(t1) = v∗(t1) and v(t2) = v∗(t2). Since v − v∗ ∈ C0[t1, t2], there
exists A ∈ (t1, t2) such that

v′(A) = v′∗(A) and v(A) > v∗(A). (8)

On [t1, t2], we have

λ∗f(v∗(t) + bt) > λf(v∗(t) + bt) = λf(γ(t, v(t)) + bt).

This implies

(φp(v
′(t) + b))′ + λ∗h(t)f(v∗(t) + bt) > 0 for t ∈ (t1, t2). (9)

From (7) and (9), we have

(φp(v
′
∗(t) + b))′ − φp(v

′(t) + b)′ < 0 for t ∈ (t1, t2). (10)

For t ∈ (A, t2), integrating (10) from A to t, we have v′∗(t) ≤ v′(t) by (8).
Again integrating this inequality from A to t2, we get v∗(A) ≥ v(A) and this
contradicts (8).

Second, we show v(t) < v∗(t) for all t ∈ (0, 1). If it is not true, then by the
first argument, we have only two cases; either there exists [t3, t4] ⊆ [0, 1] such
that v(t) = v∗(t), t ∈ [t3, t4] or there exist t5 ∈ (0, 1) and δ1 > 0 such that
v(t5) = v∗(t5), v(t) < v∗(t), t ∈ (t5 − δ1, t5 + δ1)\{t5} and v′(t5) = v′∗(t5). In
the first case, we can easily know that (10) is satisfied in t ∈ (t3, t4). This is a
contradiction. In the second case, by (7), we have

(φp(v
′
∗(t) + b))′ + λh(t)f(v∗(t) + bt) < 0, t ∈ (0, 1).
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This implies that there exists ϵ1 > 0 such that

max
t∈[t5−δ1,t5+δ1]

{(φp(v
′
∗(t) + b))′ + λh(t)f(v∗(t) + bt)} = −ϵ1 < 0. (11)

Since f is uniformly continuous on [0, ∥v∗∥∞ + b], there exists δ2 > 0 such that
if |x− y| < δ2 and x, y ∈ [0, ∥v∗∥∞ + b], then

|f(x)− f(y)| < ϵ1C
−1,

where C = λmaxt∈[t5−δ1,t5+δ1] h(t) > 0. And there exists a subinterval [c, d]
containing t5 of (t5 − δ1, t5 + δ1) such that

−δ2 < v(t)− v∗(t) ≤ 0, t ∈ [c, d] (12)

and

(v − v∗)
′(c) > 0 and (v − v∗)

′(d) < 0. (13)

By (12), f(v(t) + bt) < f(v∗(t) + bt) + ϵ1C
−1, t ∈ [c, d]. This implies

(φp(v
′
∗(t) + b))′ + λh(t)f(v(t) + bt) ≤ −ϵ1 + ϵ1 = 0, t ∈ [c, d]. (14)

By (13) and (14), we have

0 > [φp(v
′(d) + b)− φp(v

′
∗(d) + b)]− [φp(v

′(c) + b)− φp(v
′
∗(c) + b)]

=

∫ d

c

[(φp(v
′(t) + b))′ − (φp(v

′
∗(t) + b))′]dt

= −
∫ d

c

[λh(t)f(v(t) + bt) + φp(v
′
∗(t) + b)′] ≥ 0.

This is a contradiction. Thus,

v(t) < v∗(t), t ∈ (0, 1). (15)

Third, we show

0 > v′(1) > v′∗(1). (16)

From v∗(1) = v(1) = 0 and the continuity of f at b, it follows that, for c
sufficiently close to 1,

λ∗h(t)f(v∗(t) + bt)− λh(t)f(v(t) + bt)

= h(t)[λ(f(v∗(t) + bt)− f(v(t) + bt)) + (λ∗ − λ)f(v∗(t) + bt)] > 0,

for t ∈ (c, 1). This implies

(φp(v
′
∗(t) + b))′ − (φp(v

′(t) + b))′ < 0, t ∈ (c, 1). (17)

We claim that there exists d ∈ (c, 1) such that v′(d) > v′∗(d). Indeed, otherwise,
v′(t) ≤ v′∗(t) for all t ∈ (c, 1). Integrating this from t to 1, we have v(t) ≥
v∗(t), for t ∈ (c, 1). This is a contradiction by (15). Thus, the claim is done.
Integrating (17) from d to 1, we obtain

φp(v
′
∗(1) + b)− φp(v

′(1) + b) ≤ φp(v
′
∗(d) + b)− φp(v

′(d) + b) < 0

and thus v′∗(1) < v′(1). Since v is a positive C1-solution of (M̂λ), v
′(1) < 0.
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Fourth, we show 0 < v′(0) < v′∗(0). Since v∗(0) = 0 and v(t) < v∗(t), t ∈
(0, 1), there exists c1 ∈ (0, 1) such that v(t)+ bt ≤ v∗(t)+ bt ≤ rf for t ∈ (0, c1).
By (F3), we have

λ∗h(t)f(v∗(t) + bt) > λh(t)f(v(t) + bt) for t ∈ (0, c1),

which implies

(φp(v
′
∗(t) + b))′ − (φp(v

′(t) + b))′ < 0, t ∈ (0, c1).

This is the inequality corresponding to (17). By the similar manner to prove
(16), we can show 0 < v′(0) < v′∗(0).

Finally, by the facts 0 < v(t) < v∗(t) for all t ∈ (0, 1), v∗(0) = v∗(1) = 0
and the concavity of v, we have ∥v′∥∞ < N0 for some N0 > 0. Consequently,
v ∈ ΩN0

∩ K for all positive C1-solutions v of (Mλ). □

Now we give the proof of Theorem 1.1.
Proof of Theorem 1.1. Let λ∗ = sup{µ : (Êλ) has at least two positive

solutions for all λ ∈ (0, µ)}. Then, by Lemma 3.3 and Proposition 3.5, we have

0 < λ∗ ≤ λ̄. By the choice of λ∗ and the complete continuity of H, (Êλ) has
at least two positive solutions for λ ∈ (0, λ∗) and at least one positive solution

at λ = λ∗. We shall show that (Êλ) has no positive solution for all λ > λ∗. On

the contrary, assume that there exists λ∗ > λ∗ such that (Êλ∗) has a positive

solution. We claim that (Êλ) has at least two positive solutions for λ ∈ [λ∗, λ∗).
Then this contradicts the definition of λ∗ and the proof is done. Define an
operator M by taking

Mv(t) =

∫ 1

t

(
φ−1
p

[
ξ(Ĝ(λ, v)) + λ

∫ 1

s

h(τ)f(γ(τ, v) + bτ)dτ

]
− b

)
ds,

where Ĝ(λ, v)(t) = λh(t)f(γ(τ, v) + bτ). Then M : K → K is completely con-
tinuous and u is a solution of (Mλ) if and only if u = Mu on K. By simple
calculation, we can show that there exists R1 > 0 such that ||Mv||1 < R1 for
all v ∈ K. Taking R1 big enough satisfying BR1

⊃ ΩN0
and applying Theorem

2.3, we get

i(M,BR1
∩ K,K) = 1.

By Lemma 3.6 and the excision property, we get

i(M,ΩN0 ∩ K,K) = i(M,BR1 ∩ K,K) = 1. (18)

Since problem (Êλ) is equivalent to problem (Mλ) on ΩN0
∩ K, we conclude

(Êλ) has a positive solution in ΩN0
∩ K. Assume H(λ, ·) has no fixed point in

∂ΩN0
∩K (otherwise, the proof of our claim is done). Then i(H(λ, ·),ΩN0

∩K,K)
is well defined and by (18), we have

i(H(λ, ·),ΩN0
∩ K,K) = 1. (19)

By Lemma 3.3, we may choose λ1 > λ̄ such that (Êλ1) has no solution in K.
By a priori estimate (Lemma 3.4) with I = [λ, λ1], there exists R2 > R1 such
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that for all possible positive C1-solutions u of (Êµ) with µ ∈ [λ, λ1], we have

∥u∥1 < R2. (20)

Define T : [0, 1] × (B̄R2 ∩ K) → K by T (τ, v) = H(τλ1 + (1 − τ)λ, v). Then T
is completely continuous on [0, 1] × K, and by (20), T (τ, v) ̸= v for all (τ, v) ∈
[0, 1] ×(∂BR2

∩K). By the property of homotopy invariance, we have

i(H(λ, ·), BR2 ∩ K,K) = i(H(λ1, ·), BR2 ∩ K,K) = 0.

By the additive property and (19), we have

i(H(λ, ·), (BR2
\ ΩN0

) ∩ K,K) = −1.

Therefore (Êλ) has another positive solution in (BR2
\ΩN0

) ∩ K and this com-
pletes the claim. Thus, the proof is complete by the equivalence of problems
(Êλ) and (Eλ). □
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