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POSITIVE SOLUTIONS FOR THE SECOND ORDER
DIFFERENTIAL SYSTEM WITH STRONGLY COUPLED
INTEGRAL BOUNDARY CONDITION

You-Young CHO, JINHEE JIN, AND EUN KyouNG LEE*

ABSTRACT. We establish the existence, multiplicity and uniqueness of pos-
itive solutions to nonlocal boundary value systems with strongly coupled
integral boundary condition by using the global continuation theorem and
Banach’s contraction principle.

1. Introduction

In this paper, we study the existence of the following differential system;

0) =0 =v(0), (Py)

where f; € C(]0,00) x [0,00)),(0,00)) and a;, g; € L*((0,1),[0,00)), for i €
{1,2,3,4}. We further assume that there exists an interval I C (0, 1) with pos-
itive measure such that a;(¢t) > 0 for all ¢ € I and we notice that f;(0,0) > 0
fori=1,2.

Such differential equations with an integral boundary condition arise in various
areas of applied mathematics and physics like heat conduction, chemical en-
gineering, underground water flow, thermo-elasticity, hydro dynamic problems
and plasma phenomena. One may refer to [1], [2], [6], [7] and [10] for integral
boundary value problems and the references therein. Recently, many works have
been done for second order ordinary differential systems with integral boundary
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conditions ([3], [4], [5], [8], [9], [12], [13]), but most of papers considered the
differntial systems with uncoupled or weekly coupled boundary conditions.

In this paper, the problem (P,) has more general strongly coupled integral
boundary conditions, which makes the operator S (see Section 2 for definition)
complicated and induces substantial difficulties in proving our results. Accord-
ing to the growth rates of f; (i = 1,2), we proved the existence, nonexistence,
multiplicity and uniqueness of the positive solutions of (Py). Throughout this
paper, we assume the following hypotheses;

(HO) 0 < fol 59i(s)ds < 1 for i = 1,4 and

a-/ 01 (5)ds) (1 — / " sau(s)ds) — / " sqa(s)ds)( / " sas(s)ds) > 0.

. fi(u7v)
H1) fio = 1 Jiw,v)
( ) f7 \u|+\11{1|1~>oo U+ v

(H1") 0 < fico <00, fori=1,2.
(H1") fi00 =00, fori=1,2.

This paper is organized as follows. In Section 2, we present the solution
operator to problem (P)) and introduce the well-known theorems such as global
continuation theorem and eigenvalue theorem which will be used to prove our
main result. In Section 3, the existence and multiplicity results are proven by
using the solution continuum. In Section 4, the uniqueness results are proven.
In Section 5, as an applications, the range of parameter for uniqueness are given
by using matlab.

=0, fori=1,2.

2. Preliminary

In this section, we set up the operator equation for the problem (Py). From
(HO0), we know that det A # 0 when

e 1-— fol sg1(s)ds  — fol sga(s)ds _
- fol sga(s)ds 1 — fol 5g4(s)ds.
Let
Al = ( air  ai2 )
a  G22
Here, we note that from (HO), a;; > 0 for all 7,5 € {1,2}. Let us denote
E = C([0,1],R) x C([0,1],R) where E is the usual Banach space with the

norm || (w,v)]] = [[ufloc + [o]locs when [|ufloc = supyeo.y [u(t)]. Now, we define

S1.x and So ) from E to C([0,1],R) by

1
S1a(,0) (1) = A / Hy (¢, 8)ax (s) fa (u(s), v(s)) + tK1 ()aa(s) folu(s), v(s))ds,

and

Saa(u,v)(t) == )\/0 Hs(t, s)az(s) fa(u(s),v(s)) + tKa2(s)ai(s) f1(u(s),v(s))ds,
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where
Hy(t,s) =G(t,s)+t fol G(7,5)(a1191(7) + a1293(7))dT,
Hy(t,s) =G(t,s) +t [} G(r,s)(aziga(r) + azega(r))dr,
Ki(s) = [ Glr.s)anga(r) + aragu()ir
0
1
Ka(s) = / G(7, )(a2101(7) + azags(7))dr,
and

Now we define

Sa(u, v)(t) := (S1,a(uw, v)(t), S2.x(u, v)(t)).

Then Sy : E — E is well defined and we notice that the problem (P)) is
equivalent to the following operator equation;

(u,v) = Sx(u,v) on E. (1)

Let P = {(u,v) € E : u(t) > 0,v(t) > 0 for all ¢ e [0,1]}. We recall I C (0,1)
is a nondegenerate interval such that a;(t) > 0 for all ¢ € I and 7 = 1,2. Let
~v = min{j., 1 — j*} where j, = inf I and j* = sup I. Here we define K by

K={(w,w) eP: mlinwi(t) > yl|willoo, for i =1,2}.

Then P and K are cones in E. It is clear that Sy(P) C K and S is completely
continuous on F, by standard argument.

Following remark will be used in the proof for our results.

Remark 1. It is easy to check that

t(1—1t)s(1—s) <G(t,s) <s(l—s), t,se(0,1). (2)
By using (2), we have
vs(l —s)t < Hi(t,s) < pt, i=1,2 (3)
and
vs(1—s) < K;(s) <p, i=1,2, (4)
where
p=maz{l+ Cy,1+ Cy,C5,C4},
and

v =min{Cy,C2,C5,C4}



40 Y.CHO, J.JIN, AND E.K.LEE

with C, = fol 7(1 — 7)(a1191(7) + a12g93(7))dr, Cs = fol 7(1 — 7)(a2192(T) +
as294(7))dr, C3 = j;)l 7(1 — 7)(a1192(7) + a1294(7))dr and C, = fol (1 —
7)(a2191(7) + az2g5(7))dr.

To prove our main results, we use the following well known theorems for the

existence of a global continuum of solutions and the existence of eigenvalues of
operator .

Theorem 2.1. ([14], Corollary 14.12) Let E be a Banach space with E # {0}
and let P be an order cone in E. Consider

r=H(\,z), (5)

where A € Ry and x € P. If H : Ry x P — P is completely continuous and
H(0,z) = 0 for all x € P, then C(P), the component of solution set of (5)
containing (0,0), is unbounded.

Definition 1. ([11]) Let E be a Banach space and P C FE be a cone in E. Let
e € P\ {0}. A mapping T : P — P is called e-positive if for every nonzero
x € P a natural number n = n(x) and two positive number ¢, d, can be found
such that

cge < Tz < dge.

Recall that a real number A is an eigenvalue of the operator T if there exists
a non-zero element x € E such that Tx = Ax.

Theorem 2.2. ([11]) Suppose that T : E — E is a e-positive, completely
continuous linear operator. If there exist ¢ € E\ (=P) and a constant ¢ > 0
such that ¢T > 1, then the spectral radius r(T) # 0, and r(T) is the unique
positive eigenvalue with its eigenfunction in P.

3. Existence and Multiplicity

In this section, we establish the existence and multiplicity results for positive
solutions of (Py).

Lemma 3.1. Assume (H1'). For any closed bounded interval J = [a, ] C
[0,00), there exists My > 0 such that for all X € J, all possible solution (u,v)
of (Py) satisfy ||(u,v)|| < Mj.

Proof. Suppose on the contrary that there exist a sequence (\,) C J such that
(PAﬁ) has positive solutions (uy, v, ) with ||(un, v,)|| = co. Let u € (0, m%
wit

Q1= /0 hi(s)ai(s) + Ki(s)az(s)ds and

Q2 = /o ha(s)az(s) + Ka(s)ay(s)ds,
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where
hi(s) = G(s,8) + [} G(r,5)(a1191(7) + a12g3(7))dr and
ha(s) =G(s,s)+ fol G(1,8)(a2192(7) + ag294(7))dr.

From (H1'), there exists a constant [, > 0 such that f;(u,v) < p(u + v) for all
u+v>1,. Let

m, = max max u,v), max u,v)},
" B 00 1 (el o, 200 )

Ap = {t€[0,1] | un(t) +va(t) <1} and
By ={t€[0,1] | un(t) +va(t) > 1,}.

Then we obtain

up(t) < /\n/o hi(s)ai(s) f1(un(s),vn(s)) + K1(s)aa(s) fo(un(s),vn(s))ds
<, /A m, (b (s)ar(s) + Ko (s)as(s)) ds

+ /B 11 (b1 ()a1(s) + K1 ()az(s)) (un (s) + va (s))ds

S Anm/LQl + )\n:qu(”un”oo + ||vn||oo)

and thus [|un||cc < Am Q1+ A Q1 (|[tnl|oo + ||Vnlloc)- By similar computation
for vy,, we have ||y |loec < AmuQ2 + A p@Q2(l|tn|loo + ||Vn]leo)- By adding two
inequalities, we have ||ty ||oo+||Vn|loc < Anmu(Q14+Q2)+Anp(Q1+Q2) (||tn oo+
[[vn|loo) and

m,u(Ql + QQ)

1 1
< <+ u(Q1 + Q2).
BT An [unlloo + lvnlloc
By taking limit n — oo, from the choice of u, we have following contradiction,

1

B <pu(@h+@Q2) < l

B

With this Lemma, we have the following first existence result.

Theorem 3.2. Suppose that (HO) and (H1') hold. Then (Py) has a positive
solution for all A > 0.

Proof. Define H(X, (u,v)) = Sx(u,v), then H : Ry x P — P is completely
continuous and H(0, (u,v)) = 0 for all (u,v) € P. By Theorem 2.1, there
exists an unbounded continuum C, (P), the component of the solution set of
(u,v) = H(A, (u,v)) containing (0, (0,0)). Since f;(0,0) > 0, if (A, (u,v)) in
C+(P) and A > 0, then (u,v) is positive solution to problem (Py). By Lemma
3.1, (P») has a positive solution for all A > 0 (see Figure 1). O
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I (w,v) Il

FIGURE 1. Solution continuum : f; o =0

Lemma 3.3. Suppose that either (H1") or (H1") hold. Then there erists a
positive constant X\ > 0 such that (Py) has no positive solution for all X > A.

Proof. Suppose on the contrary that there exist A, > 0 such that A\, — oo
and (Py,) has a positive solution (uy,v,). From f;(0,0) > 0 and (H1”) (or
(H1')), we can choose a constant o > 0 such that f;(u,v) > o(u 4+ v) for all
(u,v) € [0,00) X [0,00) and i = 1,2. By using (3), (4) and the fact (u,,v,) =
S, (un,v,) € K, we obtain

[unlloo + [vnlloc = l[Unlloo > [un(d)

=>\n/0 Hy(jx, 5)ar(s) f1(un(s), vn(s)) + ju K1 (s)az(s) fa(un(s), vn(s))ds
> )\n/o vj«s(1 = 8)a1(s) f1(un(s),vu(8)) + vjs(1 — 8)aa(s) fo(un(s),v,(s))ds

> AnVjs /j s(1 = s)(a1(s) + az(s))o(un(s) + v, (s))ds

> o [ 5= 9)ar(5) + a2(5)ds) (unllo + o)

Jx

. —1
Thus, we have )\, < ('yz/j*a(fj]* s(1—s)(a1(s) + ag(s))ds)) , which contra-
dicts to \,, — oo. O

Lemma 3.4. Assume (H1"). For any closed bounded interval J = [o, §] C
(0,00), there exists By > 0 such that for all A € J, all possible solutions (u,v)
satisfy || (u,0)]| < By.

Proof. Suppose on the contrary that there exists a sequence (A,) C J such
that (Py, ) has a positive solution (u,,v,) with ||un|leo + ||Un]lec — 00. Choose
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constant 7 > 0 such that

-

. J
anvj.y /
J

From (H1"), there exists Ry > 0 such that f;(u,v) > n(u+v) for u+v > Ry and
i=1,2. From ||up|lcc + [[vnlloc = 00, un(t) + vn(t) = Y([[tnlloc + [[vnllec) = Ra
for sufficiently large n and t € [j.,j*]. For such a large n, from the choice of
1 > 0 and by the almost same calculation as in the proof of Lemma 3.3, we get
the following contradiction,

s(1—s)(ar(s) + ag(s))ds> > 1.

lunlloo + [vnlloo > lunlloo = |tn(d)]

=An/0 H, (G, s)a1(s) fr(un(s), va(s)) + j«K1(s)az(s) fa(un(s), va(s))ds

> AnVjs /J s(1 = s)ai(s) f1(un(s), vn(s)) + s(1 = s)az(s) fa(un(s), va(s))ds

> AVjs /J (s(1 = s)ai(s) + s(1 — s)az(s))n(un(s) + v, (s))ds

J

> owij/J s(1 = s)(a1(s) + az(s))ds([lunlloo + [lvn]loo)

> [Junloo +

U || oo-

With those Lemmas, we have the following the multiplicity result.

Theorem 3.5. Suppose that (HO) and (H1") hold. Then there exist \* < \ <
oo such that (Py) has two positive solutions (tix, Uy) and (uy,vy) for0 < A < A*
and no positive solution for X\ > \. Moreover, ||(uy,v,)| — 0 and ||(@x, vy)|| —
o0 as A — 0F.

Proof. From (HO) and f;(0,0) > 0, as in the proof of Theorem 3.2, we know
that there exists an unbounded continuum C4 (P), the component of the positive
solution set of (u,v) = H(A, (u,v)) = Sa(u,v) containing (0, (0,0)). Then by
Lemma 3.3 and Lemma 3.4, (Py) has two positive solutions (@y, Uy ) and (u,,v,)
for 0 < A < A\* and no positive solution for A > \. Moreover, ||(uy,v,)|| — 0
and ||(@x,))]| = o0 as A — 0T (see Figure 2). O

4. Uniqueness

In this section, we give a hypothesis which will be used for our uniqueness
result.
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I, v) Il

FIGURE 2. Solution continuum : f; c = o0

(H2) There exists a = (a, b, c,d) € [0,00)* with a?+b2+c%+d? # 0 such that

|f1(u1,v1) — f]_(U/Q,’UQ)‘ < a\ul — UQ‘ + b‘Ul — ’U2| and

| fa(ur,v1) = fauz, v2)| < clur — uz| + dvr — val.

For a = (a,b,c,d) € [0,00)* with a? + b2 + ¢2 + d? # 0, define an operator
T,: EF— E by

Ta(u,v) = (Ta,l(ua v),Ta,g(u,v)), (6)
where operators T 1, and Tp 2 : E — C[0, 1] are defined by

Ta1(u,v)(t) = /0 Hi(t,s)ai(s)(au(s) 4+ bv(s))ds +t/0 Ki(s)az(s)(cu(s) + dv(s))ds,

1 1
Ta2(u,v)(t) = / Hs(t, s)az(s)(cu(s) 4+ dv(s))ds +t/ Ks(s)ai(s)(au(s) + bu(s))ds.
0 0
Then T, : E — E is completely continuous and linear operator.

Lemma 4.1. Suppose that (H2) holds. Then for the operator T, defined by
(6), there is a unique positive eigenvalue r(Ty) with its eigenfunction in P.

Proof. For a nonzero (u,v) € P, by (3) and (4),

Ta(u,v)(t) = /0 Hq(t, s)ai(s)(au(s) + bu(s))ds + t/o Ki(s)az(s)(au(s) + bu(s))ds
< pt/o a1(s)(au(s) + bu(s))ds + pt/(; az(s)(cu(s) + dv(s))ds

1

= pt/o (aa1(s) + caz(s))u(s)ds + pt/o (ba1(s) + daz(s))v(s)ds
(7) = d(u,)t,
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where d(,,,) = p (fol(aal(s) + cas(s))u(s)ds + fo (bay(s) + daa(s))v (s)ds) and

Ta,1(u,v)(t)

Vt/o s(1 — s)ai(s)(au(s) + bu(s))ds + I/t/o s(1 — s)az(s)(cu(s) + dv(s))ds

v

= VtA s(1 — s)(aa1(s) + caz(s))u(s)ds + l/t/o s(1 — s)(bai(s) + daz(s))v(s)ds
)

where c(y,,) = v (fo (1 —s)(aar(s) + caz(s))u(s) + (bay(s) + dag(s))v(s)ds) .
From (7) and (8), we have

C(u,v)t < Ta,l(u7v)(t) < d(u,v)t
By the same way, we have
C(u,’u)t S Ta,2 (u7 U)(t) S d(u,’u)t'

Then

Clu,w) " € < Ta(ua ’U) < d(uﬂ)) "€, (9)
when e(t) = (¢,t). By Theorem 2.2, this completes the proof. O
Remark 2. Let (¢, 1) be a positive eigenfunction of T, corresponding to 7(T,).

From Ta(p,1) = 7(Ta)(w,7)) and (9), we notice that there exists c(, ) > 0
such that

T T
t< ") oy ana ¢ < “Ta) gy, (10)
Cle,v) Cle,v)
Let By = {(u,v) € B : 48 and 4] are bounded for ¢ € [0,1]}. Then
Fi C F and F; is a Banach space with the norm

= max{ su M su )
I (u,v) (1= {te[opl] e(t)’ 5[0]?1] ¥(t) }

and thus for (u,v) € Fy,

[u@®] <[l (w,v) [ e(t)  and  [o()] <[ (u, ) [l ¥ (). (11)

Lemma 4.2. Suppose (HO) and (H2). Then S\(E) C Es.



46 Y.CHO, J.JIN, AND E.K.LEE
Proof. For (u,v) € E, by using (3), (4) and (10), we have

1
151 (u, 0) (1)) = A /0 Hy(t, s)ai(s)f1(u(s),v(s)) + tK1(s)az(s) f2(u(s), v(s))ds

<A

1 1
| it o) oo)ds - [ e s)an(s):(0,00ds
0 0

1
A / Hi(t, s)ax () £1.(0, 0)ds

1 1
+)\t/0 Kl(S)CLQ(S)fg(U(S),’U(S))dS*/0 Ki(s)as(s)f2(0,0)ds

1
+ At /0 Ki(s)aa(s)f2(0,0)ds

1 1
S/\pt/o ar(s)(f1(u(s),v(s)) = £1(0,0))ds| + Apt /0 a1(s) f1(0,0)ds

1 1
1 Mt / a(s)(fa(u(s), v(s)) — F2(0,0))ds| + Apt / ax(s) f2(0, 0)ds

1 1
< Apt </0 a1 (s)(alu(s)| + blv(s)|)ds +/O a1(s)f1(0,0)ds
1 1
+ [ ants)etu(s)| + doo))ds + [
< r(Ta)
o)

as(s) f2(0, O)ds)

1
Ap (/0 ar(s)(alu(s)| + blv(s)| + £1(0,0))

+az(s)(clu(s)| + dlv(s)| + f2(0,0))ds) ¢(t).
Similarly,
r(Ta)

|25 (u, v) ()] <
Cle.)

1
Ap </0 ar(s)(alu(s)] + blo(s)| + f1(0,0))

+az(s)(clu(s)] + dlv(s)| + f2(0,0))ds) ¥(t).
Thus Sy maps all of E into Ej. O

Now, we give the following uniqueness result.

Theorem 4.3. Suppose (H0) and (H2). If A < ﬁ, then differential system
(Py) has a unique solution in E.

Proof. From Lemma 4.2, it suffices to show the uniqueness of a fixed point of
Sy in E;. Note that Ta(p, %) = r(Ta)(p, ¥) means

F(Ta)p(t) = / H (¢, s)ar (s)(ap(s) + bi(s))ds + ¢ / K (s)az(s)(ep(s) + dup(s))ds
(12)
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and

P(Ta)b(t) = /0 ' Ha(t, s)as(s) (ep(s) + dib(s))ds + £ /O " Ka(s)ax () (ap(s) + bu(s))ds.
For (u1,v1), (uz,vs) € Ey, by using (1) and (12), we have

|S1,a (w1, v1)(8) — Sia(u2,v2)(t)]

/01 Hy(t,s)ax(s) f1(ui(s),vi(s))ds — /01 Hi(t,s)ax(s) f1(uz(s), v2(s))ds

<A

+ At

/0 Ky (3)az(s) fo(un (), 01 (5))ds — / Ky (3)aa(s) fo(ua(s), va(s))ds

1

1
< )\a/o Hi(t, s)a(s)|ui(s) —ua(s)|ds + \b ; Hy(t,s)ay(s)|v1(s) —va(s)|ds

+ xte 1/0 K1 (5)as(s)|ua () — ua(s)|ds + Atd /0 K1 (5)as()|v1(5) — va(s)|ds
< [t s)an(s) | (o) = (a2, 00) 1 (5)ds

#20 [ B ) ) | un,0n) = () s (51

e K (5)an(s) | unson) — (i 02) s o(s)ds

v [ Ka(5)az(s) I (w1, 1) — (uz,2)  (5)ds
< ( | e )apts) + bot)as

+t/ Ki(s)az(s)(cp(s) +d¢(5))d8) [ (u1,v1) = (uz,v2) [lx
0
= M (Ta) || (u1,v1) = (u2,v2) [l1 - (t).
Similarly,
Sz, 3 (w1, v1)(t) = S2,a(u2, v2) (1) < Ar(Ta) || (u1,v1) — (u2,v2) [[1 - ¥(F).
For all (uy,v1), (ug,v2) € Ey,
[ Sx(ur,v1) = Sx(uz,ve) [[1< Ar(Ta) [ (u1,v1) — (u2,v2) [|1 -

Since Ar(Ta) < 1, by Banach’s Contraction Principle, Sy has a unique fixed
point in E; and the proof is done. O

We remark that the hypothesis (H2) can be assumed with (H1') or (H1")
but it cannot be assumed with (H1"”’) together. Thus we have following two
corollary results containing uniqueness.
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Corollary 4.4. Suppose that (HO), (H1') and (H2) hold. Then (Py) has a
unique positive solution for A € (0, ﬁ) and at least one positive solution for

A€ [T(T 3> ,00).

Proof. From Theorem 3.2 and Theorem 4.3, the result can be obtained (See
Figure 3). O

I, v) Il

_E 2
7(Ta)

FIGURE 3. Solution continuum with uniqueness : f; oc =0

Corollary 4.5. Suppose that (HO), (H1") and (H2) hold. Then there exist

(Ta) < X < X such that (Py) has at least one positive solution for 0 < A < X,
a unique positive solution for 0 < A < r(T.) and no positive solution for X > .
Proof. From (HO0) and f;(0,0) > 0, as in the proof of Theorem 3.2 and Theorem
3.5, we know that there exists an unbounded continuum C, (P), the compo-
nent of the positive solution set of (u,v) = H(A, (u,v)) = Sx(u,v) containing
(0,(0,0)). By Lemma 3.3 and Theorem 4.3, the result can be obtained (See
Figure 4). O

5. Example

We give an example in which we can get the eigenvalue r(T,) and the range
of the parameter for guaranting unique poisitve solution of the certain integral
boundary valued system.

Consider the system
u” (t) + AMcosu(t) + In(1 +v%(t)) +2) =0, te€(0,1),
v"(t) + MIn(1 + v?(¢)) + arctanv(t) + 1) =0, t € (0,1),
u(0) =0= v( ) (Ex)
u(l) = fol su(s) + v(s)ds,
v(l) = fol u(s) + sv(s)ds.
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Il Cu, ) I

1
7(Ta)

o>
>
~

FIGURE 4. Solution continuum with uniqueness : 0 < f; .o <0

Let fi(u,v) = cosu + In(1 + v?) + 2, fo(u,v) = In(1 + u?) + arctanv + 1,
g1(t) = ga(t) = t, g2(t) = g3(t) = 1 and ay(t) = ax(t) = 1. Then f;(0,0) > 0,
(HO), (H1") and (H2) hold with a = (1, 1, 1, 1). Let (¢, %) be an eigenfunction

of Ta. ie., Ta(p, ) = r(Ta)(p, 7). For p = - 71,5), (¢, 1) satisfies

=" (t) = pp(t) + up(t), te(0,1),
—"(t) = pp(t) + py(t), te(0,1),
¢(0) =0 =1(0),
(1) = fol sp(s) +1(s)ds,
¥(1) = fy ¢(s) + su(s)ds
By ordinary method, we have
= —sm\/it —t and
= — sm \/775 — —t

From the boundary conditions,

1
(1) = / t(c—lsin V2ut + 9t) + (c—lsin V2ut — 9t)dt and
0
¢(1):/ —sm\ﬁtJr—tth—sm\th—t

0
From the value of p(1) + ¢(1), we have the equation

2 1 1
sin\/2p = _\/TTLCOS v 20+ ﬂsin\ﬂﬂ—l— \/T

and by using Matlab, p ~ 1.0369. By Corollary 4.4, (EA) has a positive solution

for all A > 0 and (E,\) has a unique solution for A < T(T y = 1.0369.
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