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MEASURE-VALUED SOLUTIONS FOR STOCHASTIC
DIFFERENTIAL EQUATIONS ON HILBERT SPACES
DRIVEN BY LEVY MEASURE AND THEIR OPTIMAL
CONTROL

NAsiR U. AHMED

ABSTRACT. In this paper we consider a general class of nonlinear stochas-
tic differential equations on Hilbert spaces determined by nonstandard in-
finitesimal generators (drift, diffusion, jump-kernel) and driven by Lévy
process (measure). The infinitesimal generators are assumed to be only
continuous and bounded on bounded sets. Under such relaxed assump-
tions, these equations do not have solutions in the usual sense (classical,
strong, mild and weak). We prove existence of measure-valued solutions
and consider several control problems (including control of the range of
vector measures) and prove existence of partially observed optimal feed-
back controls. This paper is an extension of our previous studies on sim-
ilar problems for deterministic as well as stochastic differential equations
driven by cylindrical Brownian motion.

1. Introduction

Deterministic as well as Stochastic differential equations have been exten-
sively studied in the literature using Lipschitz (or locally Lipschitz) and at most
linear growth properties. It is known that for finite dimensional deterministic
systems, simple continuity of the vector field is sufficient to prove existence of
local solutions which may blow up in finite time. In the case of infinite dimen-
sional systems, even this is no longer true. The vector field may be continuous,
yet the system has no solution. There are counter examples as presented by
Dieudonne [12] and Godunov [15].
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The system we consider in this paper is described by the following stochastic
differential equation

(1) dx = Azxdt + F(t,x)dt + G(t, 2)dW + H(t, z,v)q(dv x dt),
Es

tel=[0,T],z(0) =z

on a Hilbert space E where {A, F,G,H} are the infinitesimal generators defin-
ing the system equation (1) driven by the Wiener process and the compensated
Poisson random measure gq. These processes are assumed to be stochastically
independent. More details are given below.

Let H be a separable real Hilbert space and let (£, F, F;>0, P) be a complete
filtered probability space where {F;,t > 0} is an increasing family of sub-sigma
algebras of the sigma algebra F, assumed to be continuous from the right and
having limits from the left. Let W = {W(¢),¢ > 0} be an F;-adapted H valued
cylindrical Brownian motion, and p(d¢ x dt) be a random measure defined on
the sigma algebra of subsets of the set Fs x I where Es = E \ Bs with B;
denoting the open ball in F of radius § > 0 and centered at the origin. The
measure p is said to be a Poisson random measure or a counting measure if for
each time interval A C I and any Borel set S C Ey, the probability that there
are exactly n jumps of sizes (or with range) confined in the set S is given by

(ASAA)"

P{p(S x A) =n} = p

exp{—=A(S)A(A)},

where A(dt) = dt denotes the Lebesgue measure on I and A denotes the Lévy
(jump) measure on the sigma algebra of Borel subsets of the set Es. The term
A(S) (the Lévy measure of the set S) denotes the mean rate of jumps of all
sizes confined in the set S. We note that the measure A can be chosen according
to the specific needs of applications. Define the random measure

4(S x A) = p(S x A) — A(S)A(A)

with mean zero and variance A(S)A(A). This is the measure used in equation
(1). The random measure q is called the compensated Poisson random measure.

Throughout the rest of the paper, it is assumed that for each t > 0, F;(C F)
is the smallest o-algebra with respect to which both the processes {W(s), s < t}
and {¢(B,s),B € Bor.(Es),0 < s <t} are measurable (or F;-adapted). This
fact is essential to justify the martingale representation given by the expression
(18).

2. Background materials

Let X be any regular topological space and BC(X) the Banach space of
bounded continuous real valued functions endowed with supnorm topology. It
is well known that the topological dual of this space is given by Mpq(X),
the space of regular bounded finitely additive measures. The space M,.pq(X),
endowed with total variation norm, is a Banach space.
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Lemma 2.1 ([14]). The topological dual BC(X)* is isometrically isomorphic
to Mypa(X) in the sense that for any £ € BC(X)* there exists a unique element
€ Mypa(X) such that

) = [ plautdz). for allp € BO(X)
and that || = |ule.

We are interested in the space of regular bounded finitely additive proba-
bility measures on X which is denoted by P,pe(X). Clearly this is a subset
of M,pa(X). Further on, we need the concept of measure valued functions
w:l =100,T] — Mpe(X). It is well known that the spaces BC(X) and
M 5o (X) do not satisfy the RNP (Radon-Nikodym property). Hence the dual
of L1(I,BC(X)) is not given by Lo (I, Mype(X)). However, by virtue of the
theory of lifting [19, Tulcea and Tulcea, Theorem 7, p.94], the (topological)
dual of Ly (I, BC(X)) is given by LY (I, M44(X)) which consists of weak star
measurable M4, (X) valued functions. This is furnished with the weak star
(w*) topology. Any continuous linear functional ¢ on L, (I, BC(X)) has the
representation

U) = / plt (o)

for some p € LY (I, Mypa(X)). This follows directly from Lemma 2.1.

In this paper we are interested in measure valued stochastic processes. These
are Fi-adapted w*-measurable M., (X)-valued random processes. Consider
the Banach space L1 (IxQ), BC(X)) of dtxdP integrable BC(X) valued random
processes with the norm topology given by

| 12, (xer.pom)= / sup{lo(t,w,€)].€ € X}dtdP

IxQ

[ l1¢ e, dear.
IxQ

Again it follows from the theory of lifting [19, Tulcea and Tulcea] that the
topological dual of this space is given by L% (I x €, M., (X)) which consists
of w*-measurable Fi-adapted M, po(X) valued random processes. In other
words, L1 (I x Q, BC(X))* =2 LY (I x Q, Mypo(X)). Thus, for any £ € (L1 (I x
2, BC(X)))*, there exists a unique p € L (I x £, M, (X)) such that

@ )= [ melpiap= [ ot sldedar

IxQxX
In this work, we use X = F where F is a Hilbert space which is clearly a com-
plete metric space. It is known that every metric space is a Tychonoff space
and that Stone-Check compactification of any Tychonoff space is a compact
Hausdorff space. Clearly, E' is a Tychonoff space and thus its Stone-Cech com-
pactification denoted by BE = ET is a compact Hausdorff space containing
a dense subspace which is homeomorphic to E. Since homeomorphic spaces
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are topologically equivalent, we have E C ET and it is dense in ET [20],
[3]. Throughout the rest of the paper, we use this Hausdorff space £ and
consider the topological space Ly (I x Q, BC(E*)) with its topological dual
LY (I x Q, M,po(ET)). Since ET is a compact Hausdorff space, the regular
finitely additive measures have extensions to regular countably additive mea-
sures on the sigma algebra of Borel subsets of the set E+. Thus M,4,(E™) can
be considered as M,..,(E™), the space of regular countably additive measures.
See Dunford & Schwartz [14]. However, we continue to use the original nota-
tion in order to remind us that these measures originate from finitely additive
measures.

Consider the linear space LY (I x Q, M,4pqa(E™)) endowed with the weak-star
topology and let By denote it’s closed unit ball. By virtue of Alaoglu’s theorem,
the set By is weak-star compact. We are interested in the family of probability
measure valued stochastic processes denoted by MY (I x Q, Prpe(ET)). This is
a subset of LY (I x Q, M,p,(E™)) with elements taking values in the interval
[0,1] and hence MY (I x Q,Prpa(ET)) C By. Thus every sequence (or net)
{u"} € MY (I x Q,Prpa(ET)) has a subsequence (subnet) that converges in
the weak-star topology to an element p of B;. We show that, in fact, the
limit belongs to the set MY (I X Q, Prpa(ET)). Note that for every nonnegative
o € Li(I x O, BC(E™)),

(u", o) = / u"(p)dtdP >0, VneN
IxQ

and hence the limit (i, ) > 0 preserving positivity. Similarly, one can test
this with non positive ¢ < 0. Thus the set MY (I x Q, Prpa(ET)) is a weak-star
closed subset of the weak star compact set By and hence it is also weak-star
compact. Since we forego the standard assumptions (such as Lipschitz and
linear growth) on the drift, diffusion and the jump kernel, generally assumed
in the literature to prove existence of mild solutions, we need to introduce
the following infinitesimal generators. Let {E, H} denote the pair of Hilbert
spaces mentioned above where F is the state space and H is the space where the
Wiener process W takes values from. Let C'(E) denote the class of real valued
continuous functions defined on the Hilbert space E, not necessarily bounded,
and BC(E) C C(FE) the class of bounded continuous functions endowed with
the standard sup norm topology. Clearly, endowed with this topology, BC(E)
is a Banach space. Similarly BC(I x E) C C(I x E). Let ® denote the class of
test functions as defined below

®={pc BC(E): DpcC(E,E),D*pc C(E,L(E))},

where Dy and D?¢ denote the first and second Fréchet derivatives of ¢. Let
Bs denote the Borel algebra of subsets of the set Fs and consider the (Lévy)
measure space (Es, Bs,A) and let Hs = L2(Es, A) denote the Hilbert space of
real valued functions on Ejs which are square integrable with respect to the
Lévy measure A. We introduce the following operators {4, B,C1,Ca} arising in
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the study of measure valued solutions as follows:
D(A) ={p e ®: (Ap) € C( x E)},
where
B)  (Ap)(t,€)
= (1/2)Tr((D*0(€))G(t, §)G* (t,€))

+ (1/2)/E (D*p(E)H(t, &, v), H(t, €, v)pA(dv), (t,€) € I x B,

and
D(B) ={p € ®: Dp(£) € D(A"), (Bp) € C(I x E)}
with D(A*) denoting the domain of the adjoint of the operator A and

(4)  (Bo)(t,§) = (A"De(§), &) + (De(§), F(t,€))E, (t,§) € I x E.

The operators {C1,C2} are continuous functions on I x E with values in H
and Hj; respectively as described below,

(5) (Clw)(tag) = G*(t,f)D(p(f), (Clgo) € C(I X EaH) and
(6) (C200)(t,€) = (Dp(§), H(t. &) ey (Cap)(-) € CI X E, Hs),

where Hj is the Hilbert space as introduced above.

3. Existence of measure-valued solutions

It is well known that if A is the infinitesimal generator of a Cy-semigroup
on E and the nonlinear operators (drift, diffusion and the jump kernel) are
Lipschitz in the state variable z € E and have at most linear growth with
Lipschitz and growth coefficients in Lg (I), then the system (1) has a unique
Fi-adapted path wise solution x € B% (I, E) C Loo(I, L2(Q2, E)) satisfying

1/2

@ [ 5o, 1,7= sup{ (Elz(t)[F) "t € I} < 0.

Here B% (I, E) denotes the space of Fi-adapted E-valued stochastic processes
having finite second moments. Endowed with the norm topology as defined
above, it is a closed subspace of the Banach space Lo, (I, L2(Q2, E)) and hence
a Banach space. Further, the solution has discontinuities of no more than that
of the first kind. It is known [8,12,15] that in infinite dimensional spaces if the
vector field is merely continuous, the system has no solution. This is very well
illustrated by counter examples given by Dieudonne [12] and Godunov [15].
However, if the notion of solution is extended beyond the classical ones such
as (strong, mild, weak) solutions, it has been proved under some very general
assumptions that measure valued solutions do exist [1,2,4-8]. See also the ref-
erences therein. Some of these papers consider stochastic differential equation
driven only by Brownian motion. In this paper, we consider stochastic sys-
tems driven both by Brownian motion and LevVy process in particular Poisson
random measure.
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We introduce the definition of measure valued solution as follows.

Definition 3.1. The stochastic system given by equation (1) is said to have
a measure-valued solution, if for each F-valued random element xy with the
probability law py € Prpa(E), there exists a p € MY (I X Q,Pro(ET)) C
LY (I x Q, Mypa(ET)) such that, for every ¢ € D(A) N D(B) having compact
support, the following identity holds P-almost surely

) = ol + [ n(Aedds+ [ plBoyds
(7) —l—/ (us(Crip), dW (s / /E ws(Ca)(v)g(dv x ds),t € I.

Now we introduce the basic assumptions.

Basic assumptions: The operators {A, F, G, H} satisfy the following assump-
tions:

(A1): The operator A is the infinitesimal generator of a Cp-semigroup
{S(t),t > 0} with values in the space of bounded linear operators L(E). For a
given finite interval I = [0, 7], there exists a number M > 1 such that

sup{[| S(t) llz(r),t € I} < M.

(A2): (i) The drift operator F, mapping I x E to E, is continuous and
bounded on bounded subsets of I x E.

(ii) There exists a sequence {F,}, uniformly bounded on bounded subsets
of I x E, such that F,(t,§) — F(t, &) uniformly on compact subsets of I x E
and there exists a sequence of positive real numbers {a,,}, possibly a,, — oo,
such that

|Fa(t,0)|% < al(1+[¢|R), £ € E,

|[Fu(t,€) = Fu(t, )k < ofl€ —nlE, &n € E.

(A3): (i) The diffusion operator G, mapping I X E to L2(H, E) (the space
of Hilbert-Schmidt operators from H to E), is continuous and bounded on
bounded subsets of I x E.

(ii) There exists a sequence {G,}, uniformly bounded on bounded subsets
I x E, such that G, (t,£) — G(t,§) in L2(H, E) uniformly on compact subsets
of I x E. And there exists a sequence of positive real numbers {f,}, possibly
B, — o0, such that

| Gt 6) |12,y < Ba(1+ [€]B), €€ E
H Gn(t,f) - Gn<t777> ||3)2(H,E)§ IB'r2L|£ - 77\1297 €a77 €L

(A4): (i) The jump kernel H, mapping I x E x Es to E, is continuous and
bounded on bounded subsets of I x E x Ejs.

(ii) There exists a sequence {H,, } uniformly bounded on bounded subsets of
I x E for each v € Es and that for A-almost all v € Es, H,,(t,&,v) — H(t, &, v)
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uniformly on compact subsets of I x E. Further, there exists a sequence of
positive real numbers ~,,, possibly 7, — oo, such that

/E (b, 0) [BA(d) < 421+ €3], (1.6) € T x E,

[E [Ha(t,€,0) = Ha(t,n,0) [EA(dV) < 7316 =l (8,€),(tn) €1 x E.

Before we consider the question of existence of measure-valued solutions, we
present some necessary terminologies and preparatory results. Let p(A) denote
the resolvent set of the operator A and R(\, A), A € p(A), the resolvent of A.
Based on the preceding assumptions we can prove the following Lemma.

Lemma 3.2. Consider the system described by the stochastic differential equa-
tion (1) and suppose the family of operators {A, F,G,H} satisfy the assump-
tions (A1), (A2)(ii), (A3)(ii), (A4)(ii) and let A,, = nAR(n,A),n € p(A) NN
(N = set of positive integers) denote the Yosida approximation of A. Then for
each Fo-measurable initial state xo € Lo(Q, E) with x¢, = nR(n, A)xg, the
approximating system

dx = Apxdt + F,,(t, z)dt + G, (t,2)dW + Hp(t,z,0)g(dv x dt), t € 1,
Es

8) z(0) = zom

has a unique mild solution x,, € B& (I, E) = Boo(I,L§(Q2, E)).

Proof. The proof is standard. We present a brief outline. Let {S,(¢),t >
0} denote the semigroup corresponding to the infinitesimal generator A,. It
follows from semigroup theory that {S,(t),¢ € I} is uniformly continuous on
compact subsets of [0, 00) and that it converges in the strong operator topology

to {S(t),t € I'}. Using the semigroup S, (t),t € I, differential equation (8) can
be reformulated as an integral equation as follows,

z(t) = Sp(t)zo.n —|—/O Sp(t — s)Fn(s,z(s))ds
+/O St — )G (s, 2(5))dW (s)

9) +/O : Sp(t — s)Hn(s,2(s),v)q(dv x ds),t € 1.

The solution of this equation (if one exists) is called the mild solution of equa-
tion (8). Introducing the (nonlinear) operator I' as
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(Tz)(t) = Sn(t)xon +/0 Sn(t — s)Fn(s,z(s))ds

+ / Si(t = $)Gi(s,2(5))dW (s)

(10) +/0 [ Sut = (a9 o x d).t € 1

the integral equation (9) can be restated as a fixed point problem z = I'z. By
virtue of the growth properties of the approximating set of operators {F,,, Gy,
H,} and the bound of the semigroup S(¢),t € I, as stated in the assump-
tions (A1), (A2)(ii), A(3)(ii) and (A4)(ii), one can easily verify that I" maps
B4 (I, E) into itself. Thus it suffices to verify the existence of a fixed point
of the operator I' in B% (I, E). Using the Lipschitz properties as stated in the
above assumptions, one can verify the existence of an integer m such that the
m-th iterate of I' denoted by I'"™ is a contraction. Hence x = I'"z has a unique
solution z,, € B% (I, F) with x,(0) = zg,,. Then it follows readily that z,, is
also the unique fixed point of I". This completes our brief outline. O

We are now prepared to consider the question of existence of measure valued
solutions of equation (1). Our main result of this section is presented below.

Theorem 3.3. Consider the system (1) and let the operators {A,F,G, H}
satisfy the assumptions (A1), (A2), (A3), (Ad). Then for every initial state x
having the probability law po € Pyrpa, there exists a p € MY (IxQ, Prpa(ET)) C
LY (I x Q, Mypa(ET)) satisfying the identity (7).

Proof. By virtue of Lemma 3.2, the approximating system (8) has a unique
solution z,, € B% (I, E'). Consider the sequence of measure valued random pro-
cesses {04, (+)(d€) = py(df),t € I} defined by the sequence of Dirac measures
along the path process {z,}. Let ¢ € D(A)ND(B) C ® having compact support
in E, and for each n € NN p(A), consider the random process ¢(z,(t)),t € I.
Then using the Ito-differential rule one can verify that

dp(zn(t))
= (Anp) (L, 20 () dt + (Bnp) (L, 24 (1)) dt

(1) +A{Crnp)(t, zn(t)), dW (1)) +/E (Can)(t, 2n(t))(v)g(dv x dt)
5

where the operators {A,,, B,,,C1 n,C2 5, } are the approximations of the operators
{A, B,C1,C2} as described below. The operator A, is obtained from the expres-
sion (3) for A by replacing the pair {G, H} with the corresponding approximat-
ing pair {G,,H,}. The operator B,, is obtained from the expression (4) for B
by replacing the pair {A, F'} with the approximating pair {A,, F},}. Similarly,
the operators {Cy ,,Ca,,} are given by the expressions (5) and (6) respectively
with the pair {G,H} replaced by the pair {G.,,H,}. For any v € M. po(ET)
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and 1) € BC(E™), we use the notation v(¢)) = [, ¥(§)v(dE). It follows from
this representation that equation (11) is equivalent to the following identity,

1t ()

t
= pon(p) + /0 s (Anp)ds + /0 oy (Brp)ds

12)  + / (U (Comp) AW (3)) 11 + / /E 17 (Cane) (v)q(dv x ds), t € 1.

Considering the sequence of measure valued random processes {u"} as defined
above, we note that for any ¢ € L1(I x Q, BC(E™)) the functional

(a(d) = / Ot w, E)uf o (d€)dtdP = E / ot €)up(de)dt
IXQOxXE+ I

xEt
is well defined and that

[n(0)| < E/ | & llBoE+) dt =[l ¢ ||lL,(1xe,BoE+)) for alln € N.
I

Hence the sequence {¢,,} is contained in the unit ball of the space of continuous
linear functionals on Ly(I x Q, BC(E*)) denoted by (Ly(I x Q, BC(E™))*.
Thus it follows from the characterization of continuous linear functionals on
Li(I x Q,BC(ET)) that there exists a p € M2 (I x Q, Prpa(ET)) C LY (I %
Q, Mypo(ET)) such that, along a generalized subsequence (relabeled as the
original sequence),

(13) P i MY (I % Q, Proa(EY)) C LY (I % Q, Mypa(EY)).

We prove that u satisfies equation (7). Considering the first term on the right-
hand side of equation (12), note that the sequence of operators nR(n, A) con-
verges in the strong operator topology to the identity operator in £. Hence for
any bounded continuous function ¢, the sequence ¢(zg ) converges to ¢(xo)

in probability. Thus pg.n AN po € Prpa(ET) as m — oo in the sense that
po.n () — po(p) for each ¢ € BC(ET). Next, we consider the second term
of equation (12) and recall the expression (3) for the operator A and note that
for each n € NN p(A) the operator A, is given by

(An)(t,€)
= (1/2)Tr (G (t,€)(D*0(€))Gn(t,€))

1) +(1/2) /E (D 0(€)Hn(t, £,0), Ha (1,6, 0)) mA(dv), (1,€) € T % E,

for any ¢ € D(A) N D(B) having compact support. By virtue of assumptions
(A3)(i) and the first part of (A3)(ii), the sequence G,, converges to G in the
topology of Lo(H, E) uniformly on compact subsets of I x E and it is also
uniformly bounded on bounded sets. Thus the first component is bounded as
an element of Li(I, BC(E")) C Li(I x Q,BC(E™")). Similarly, by virtue of
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assumptions (A4)(i) and the first part of (A4)(ii), the sequence H,, converges
to H uniformly on compact subsets of I x E. Thus the second component is
also bounded as an element of Ly (I, BC(E™)) C Li(I x Q, BC(E™)). Hence it
follows from Lebesgue bounded convergence theorem

(15) Anp =+ Ap in Li(I, BC(ET)) € Li(I x Q, BC(E™)).

Next, we consider the third term of equation (12) and recall the expression (4)
for the operator B and note that for each ¢ € D(A) ND(B) and n € NN p(A)
the operator B,, is given by

(Bup)(t,€) = (A, Dp(£), &) + (Dp(8), Fu(t,€)) e, (8,€) € I X E.

Since Dy € D(A*) and A} converges to A* in the strong operator topology on
its domain and F;, converges to F' uniformly on compact subsets of I x E and
¢ has compact support, we conclude that B,y is bounded on I x E and since
I is a finite interval it belongs to L1 (I, BC(E™)) C Li(I x Q, BC(E™)). Again
it follows from Lebesgue bounded convergence theorem that

(16) B.o - By in Li(I x Q, BO(E™)).

Next, we consider the fourth and fifth terms of equation (12) and recall the
expression (5) and (6) giving the operators C; and Cy and note that for each
¢ € D(A) N D(B) having compact support and n € NN p(A), the operators
Cin and Cy,, are given by

(Crn)(t,€) = GL(t,€)Dp(€), (Cinyp) € BC(I x E,H) and
(C2n@)(t,€)() = (De(§), Hn(t, &) B, (Comp)(-) € BC(I x E, Hs).

Since ¢ has compact support and G,, converges to G uniformly on compact sets,
it is clear that (Cy ,¢) converges to (C1¢) strongly in the Hilbert space H on
the set I x E. Following similar argument, we conclude that (C2 ,¢) converges
to (Ca¢) strongly in the Hilbert space Lo(FEs,A) = H;s on the set I x E. Note
that the sum of the last two terms on the righthand side of equation (12) is an
Fi-martingale given by the expression

mp = / (2 (Con) AW (5))

(17) + [ [ et ds.eer

Let z be an F-measurable random variable in Lo (£2). Without loss of generality
we may assume that it has zero mean. Then the conditional expectation of z
given by z; = E{z|F:} is an Fi-martingale (with zero mean) and it follows from
martingale representation theory that there exists a pair n € L§(I,H),5 €
L%(I,Hs) = L§(I x Es,dt x A(dv)) such that

(18) 2t = /0 (n(s),dW (s)) —I—/O i B(s,v)q(dv x ds),t € I.



MEASURE-VALUED SOLUTIONS FOR SDES ON HILBERT SPACES 1045

Computing the scalar product of the martingales given by the expressions (17)
and (18) and using Fubini’s theorem we obtain

E{z m{} = E{z m{'} = ]E/O ps ((n(s), G (s, ) Dp(€)) ) ds

19) = u?( [ 5<s,v><Dso<5>,Hn<s,£,v>>EA<dv>)ds,tef.

Since ¢ has compact support in F and n € L$(I,H), € L(I, Hs), it follows
from the properties of the sequence G,,, H,, as stated in (A3) and (A4) that

<773G:<1D90>H € Ll(I X QaBC(E+))

and

: B, v)(Dp(€), Ha(, €, v)) pA(dv) € Li(I x Q, BO(ET)).

Further, G,, converges to G uniformly on compact subsets of I x F, and H,,
converges to H on compact subsets of I x F for almost all v € Ej, and they
are uniformly bounded on bounded sets. Hence it follows from dominated
convergence theorem that

(20) (n,GEDpY g — (0, G*D) g in Li(I x Q, BC(ET)) and
(21) 5 5(7U)<D50()7,Hn(7>U)>EA(dv)

LN ; B, v){(D(-), H(,-,v))gA(dv) in L (I x Q, BC(ET)).

Thus it follows from weak star convergence of u™ to u and the strong conver-
gence of the integrands as seen in the expressions (20) and (21) that

nh_)ngo]E{z my} = nh_}n;o E{z m{}

—E / 1a((0(5), G*(5,-) Dip()) ) ds
0

(22) —|—E/O us( : ﬁ(s,v)(D@(-%’H(&-,v))EA(dv)>ds,tE I

Reversing the steps leading to the above expression, we obtain

lim E{z m?} = B{z m} = E{z/o (15(C19)), AW ()17}

n—oo

(23) FE{: / /E 115(Co9) (v)g(dv x ds)}.

Now multiplying the expression (12) on either side by z € L2(Q2) and recalling
that 110, — po in Prpe (ET) and applying the expectation operation and then
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letting n — oo and using (13), (15) (16) and (23) we arrive at the following
expression
¢

E{zu(0)} = E{zmo(9)} + E{z / s (Ag)ds} + E{z / 12 (Bip)ds}
0 0
(24) +E(z / (11s(Cr), AW () 11}

+ E{z/o [Eﬁ 16(Co2) (0)q(dv x ds)}, ¢ € T.

Since this identity holds for every z € Lo(Q)), we conclude that, for every
» € D(A) N D(B) having compact support in F,

1e(9) = po() + / a(Ap)ds + / 1o (Bi)ds + / (112 (Ca0), AW (3))

0 0 0
t
(25) —|—/ / 1s(Cap)(v)g(dv x ds), for allt € I, P — a.s.
0o JEs

This is precisely the identity (7) proving that u € MY (I x Q, P (ET)) C
LY (I xQ, Mypa(ET)) is a measure valued solution of equation (1) in the sense
of Definition 3.1. This completes the proof. U

Remark 3.4. (Extension) In this paper we have used the assumptions on the
vector fields {F, G, H} to be continuous and bounded on bounded sets of I x E.
Following similar technique as in [5], the results of this paper can be extended
further to admit measurable vector fields {F, G, H} under the assumption that
they are bounded on bounded sets.

4. Partially observed optimal state feedback control

We consider the following partially observed control system
dr = Azdt + F(t,z)dt + K (¢, Iz)dt + G(t, x)dW,

(26) + H(t,z,v)g(dv x dt), t € I =1[0,T], x(0)= o,
Es

where Il : E — Ey C FE'is a projection mapping F to a closed subspace Ey of E
representing the observable subspace. The function K is a continuous map from
Ix Ey to E and bounded on bounded sets. Here K is the partially observed state
feedback control law from the class of functions as described below. Control
theory for infinite dimensional (deterministic) systems on Banach spaces driven
by vector measures is well known as seen in [9] and the references therein. Here,
we consider stochastic systems driven by Brownian motion with values in H
and scaler valued Levy measures on the Hilbert space Ejs.

Admissible feedback control laws: Consider the Hilbert space E furnished
with the weak topology turning it into a locally compact Hausdorff topological
space. Let F(I x Ey, E) = E'*Fo denote the space of continuous functions
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mapping I X Fy to E endowed with the Tychonoff product topology. For any
pair of positive numbers {a, b}, consider the set U, , C F(I x Ey, E) satisfying
the following properties: For all K € U,

(al) 1 |K(t,0)|p <a, Vtel,

(a2) : |K(t,m) — K(t,n2)|e < blm —n2]Ey, Y 101,m2 € Ey, and t € I.

For any pair (¢,m) € I x Ey, let II, ,, denote the projection map (or evaluation
map) as defined below,

Htﬂ?(uﬂyb) = {K(ta 77)7 K e ua,b} CE.

It is easy to verify that the set U, is point wise closed in the sense that the
point wise limit of any sequence from U, ; belongs to U, ;, and the projection
I1; ,(Ua,p) has compact closure in E (with respect to it’s weak topology). Thus
the set U, is compact in the point wise topology 7, [20, Theorem 42.3].

Here we consider some interesting control problems. The objective functional
is given by an expression of the form

(27) ) =B [ Lt ouil @i

where L : I x Q) x E — R is a nonnegative Borel measurable map and the
process uf € MY(I x Q, Prpa(ET)) with uff = po, is the measure-valued
solution of the feedback control system (26) in the sense that, for every ¢ €
D(A) ND(B) having compact support, u€ satisfies the following equation,

() = o) + / e (Ap)ds

4 / o (Bio)ds + / s (Cp)ds + / (112 C10), AW ()} 1

t
(28) +/ / 1s(Cap)(v)g(dv x ds),t € I, P.a.s,

0o JEs
where the operator K is determined by an element K € U, ; and it is given by

Ko = {(Ke)(t, )
(29) = (Dp(&), K(t,11)) g, (1, £) € I x E}, ¢ € D(A) N D(B).

The problem is to find a control law in U, ; that extremizes (minimizes or
maximizes) the functional (27).

For existence of optimal feedback controls, we need the following result on
continuity of the control to solution map as presented in the following theorem.

Theorem 4.1. Consider the system given by equation (26) and suppose the
operators {A, F, G, H} satisfy the assumptions of Theorem 3.3. Then, for each
K € Uy p, equation (26) has a measure solution p € M2 (I x Q, Prpa(ET)) in
the sense that it satisfies the identity (28). Further, it is continuously dependent
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on the control law in the sense that as K, LN K, in Uqp, ,uK" w—*> /LK" m
M2 (I x Q,Prpa(ET)) C LY (I x Q, Mypo(ET)).

Proof. It follows from the properties of the admissible set U, that every el-
ement K € U, satisfies the assumption (A2) of Theorem 3.3. Thus the op-
erators {A, F, K, G, H} satisfy all the assumptions of Theorem 3.3 and hence
it follows from this theorem that equation (26) has a measure valued solu-
tion pf € MY (I x Q,Prpa(ET)) in the sense that u€ satisfies the identity
(28). To prove continuity, let {K,} € U, and suppose K, s K, and let
{u™, po} € MY (I x Q, Proa(ET)) denote the corresponding solutions of equa-
tion (28) respectively. We must verify that (along a subsequence if necessary)
p™ = pl. Since the set MY (I x Q, Prpo(EY)) is a closed bounded subset of
LY (I xQ, Mypo(ET)), it follows from Alaoglu’s theorem that it is w* compact
and hence there exists a pu* € MY (I x Q, Prpa(ET)) such that " SN w*. We
show that p* = p°. Subtracting term by term the expression given by equa-
tion (28) corresponding to the control K, with the solution ™, from the same
expression corresponding to the control K, with solution p°, we have

<u§—u?xw>:.A<uz—uzxA@ym+1A<uz—uzx8@ﬁw

t

+/0 (1 — g ) (Kop)ds +/0 (Ko — Kpn)p)ds
+A«%—%mew@m

t
(30) +/ / (1g — p2)(Cap)(v)g(dv x ds),for all t € I, P — a.s.
o JEs

Consider the fourth term on the righthand side of the above equation given by
t

(31) | .- ks e
0

Since K, —% K, in Uy, and ¢ € D(A) N D(B) having compact support, we
note that

(Ko —Kn)p € Li(I, BO(ET)) C Li(I x Q, BC(E"))

and that it converges point wise to zero. Since ¢ has compact support it follows
from the properties of the set U, ; that it is also bounded from above and so it
follows from Lebesgue bounded convergence theorem that it converges to zero
in L (IxQ, BC(EY)). On the other hand p = p* in MY (I xQ, Prpo(ET)) C
LY (I x Q, Mypqa(ET)). Hence it is clear that

¢
(32) lim IE/ it (Ko — Ky )p)ds = 0 for each t € I.
0

n—oo
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Define v = p° — pu* and note that v € LY (I x , Mo (E™)). Using these facts
and the expression (30) and following the same technique as in the proof of
Theorem 3.3, and letting n — oo we obtain

n(g) = / v Ap)ds + / (Be)ds + / b (Cap)ds

(33) + /0 (vs(Crp), dW () + /0 /E ve(Cop) (W)a(dv x ds). 1 € I, Pavs.

This is a linear homogeneous stochastic functional equation of Volterra type.
Hence v = 0 proving that p* = p°. Thus the control to solution map is contin-
uous in the sense as stated in the theorem. (]

We are now prepared to consider the following control problem. Let
I(t,w), (t,w) € I x 9,

be a measurable multi function with values in the class of nonempty closed
bounded subsets of E, denoted by ¢b(E), which is furnished with the Hausdorff
metric topology. Problem is to find a control law that maximizes the chance
(probability) of following the target set I' as closely as possible. The appropriate
objective functional for this problem is given by

(34) JK)=E /I pif, (D(t, w))dt.

In other words, the objective is to follow the target set described by the
nonempty measurable set valued function I' as closely as possible. This can be
realized by maximizing the concentration of mass of the probability measure
on the target set. We prove the following theorem.

Theorem 4.2. Consider the control system given by equation (28) (or equiv-
alently the equation (26)) with the set of admissible controls Uy, and the ob-
jective functional given by (34). Suppose the assumptions of Theorem 4.1 hold
and that T' is a nonempty measurable multifunction defined on I x € and tak-
ing values from cb(E). Then there exists an optimal control mazimizing the
functional (34).

Proof. Since the set U, ; is compact with respect to the topology 7, it suffices to
verify that the functional K — J(K) is upper semicontinuous in this topology.
Let us note that the objective functional (34) is equivalent to the following cost
functional

(35) J(K)=E / pf, (ET\T(t,w))dt.
I

In other words, maximizing the functional (34) is equivalent to minimizing
the functional (35). We prove that this functional is lower semicontinuous. Let
{K,} C U, and suppose K,, LN K, and let {p", u°} denote the corresponding
solutions of equation (28) (equivalently measure solution of equation (26)). By
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Theorem 4.1, p™ v pl in MY (I x Q,Prpa(ET)) C LY(I x Q, Mppo(ET)).
Since the set ET \ I'(t,w) is open for all (t,w) € I x Q, it is not difficult to
verify [17, Theorem 6.1, p.40] that

e (BT \D(t,w)) < linrgiolgf pi o (ET\D(t,w)), for a.a (t,w) € I x Q.

Integrating the above expression, we obtain

]E/u;w(fﬁ \T(t,w))dt < E/liminfugw(ﬁ \ [(t,w))dt
I I

n—oo

n—oo

I

Hence we conclude that J(K,) < liminf,, o, J(K,). This shows that the map
K — J(K) is lower semicontinuous with respect to the 7, topology. Since s p
is 7, compact, it follows from lower semi continuity of J that it attains its
minimum on it. This proves existence of an optimal control. O

Another problem of significant interest is to find a feedback control that
minimizes the distance between a desired measure valued process and the mea-
sure valued process generated by the system (28) corresponding to feedback
controls. This can be formulated using the well known Lévy-Prokhorov met-
ric on the space of probability measures. Let P,pq(ET) denote the space of
probability measures on the Borel sets Bor.(ET). Let us recall the definition
of the Lévy-Prokhorov metric. For any two elements p,v € Prpe(ET), the
Lévy-Prokhorov distance is given by

dP(th)
(37) = inf{e > 0[u(Q) < v(Q:) +&5v(Q) < 1(Q:) +e, ¥V Q € Bor.(ET)},

where Q. is the (> 0) neighbourhood of the set Q. We assume that E is a
separable Hilbert space and hence a complete separable metric space. Under
this assumption, (Prpe(E™),dp) is also a complete metric space. It is well
known that convergence of measures in the Lévy-Prokhorov metric is equivalent
to weak star convergence of measures. For details on this topic see [10,13,18,21].

Now we are prepared to state the problem. Let v € MY (I x Q, Prpo(ET)) C
LY (I x Q, Mypa(ET)) denote the target, a measure valued process, and u€ €
MY (I x Q,Prpa(ET)) denote the measure valued process representing the so-
lution of equation (28) corresponding to the control law K € U, ;. The cost
functional for the problem as stated above is given by

(38) J(K)=E / dp(ul,vy)dt = / / dp (it Viw)dtdP.
I QJI

The objective is to prove the existence of a control law K & U, ; that minimizes
the above cost functional.
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Theorem 4.3. Consider equation (28) (representing the system (26)) with the
set of admissible controls Uy, , and the cost functional given by the expression
(38). Suppose the assumptions of Theorem 4.1 hold. Then there exists an
optimal feedback control K, € U, , minimizing the functional (38).

Proof. We prove that J is continuous in the 7, topology. Let {K,} C U, and

suppose K, K, € Uy p and let{p™, pn°} € M2 (I x Q, Prpo(ET)) denote
the corresponding solutions of equation (28). Clearly, it follows from Theorem

4.1 that p" o u°. Since u™ converges to u° in the weak star topology of
MY (I x Q,Prpa(ET)) inherited from LY (I x Q, M,po(ET)), there exists a

subsequence {z"*} of the sequence {u"} such that p'%, N p?, in the relative
weak star topology on the space Py, (ET) for almost all (t,w) € I x Q. As
stated above, weak star convergence of probability measures is equivalent to
convergence in the Lévy-Prokhorov metric dp. Hence dp(u;,, pg,,) — 0 for
almost all (t,w) € I x Q. Recall that dp(u1, u2) < 2 for all pt, u? € Prpa(ET).
Thus it follows from Lebesgue bounded convergence theorem that

(39) lim dp (s, 1y ) dtdP = 0.

k=00 J1xq
Using this result we prove that J is continuous with respect to 7, topology on
Uy p. Let K, LN K, and uK" kN uKD. Clearly for all n € N,

J(K,) =E / dp(pfs, viw)dt <E / dp(pps, pfn)dt + E / dp(pps, vew)dt
I I I

and hence by virtue of (39), we conclude that
(40) J(K,) < lim J(K,).
n—oo

Similarly, for all n € N, we have

J(KTL) - E/dp(ﬂfﬁvyt,w)dt <E / dP(Mfgaﬂf:;)dt +E / dP(,LLf:,, Vt,w)dt7
I I
and we conclude from this inequality that
(41) lim J(K,) < J(K,).

n—oo
Hence it follows from the inequalities (40) and (41) that J(K,) — J(K,) as
n — oo proving continuity of the functional J in the 7, topology on U, ;. Since
U,,p is compact in the 7, topology, J attains both its minimum (and maximum).
Hence an optimal feedback control exists. (I

Next,we consider an exit time problem. Consider the initial state, a measure
to € Proa(ET) having support given by a closed bounded set C' C E. For any
given (finite) positive number r, let B, C E denote the closed ball of radius r
centered at the origin. Clearly, we can choose r > 0, sufficiently large, so that
the set C is contained in the interior of B,.. For any control law K € Ug, let
ke MY (I x Q,Ppa(ET)) denote the measure valued solution of the control
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system (26) or equivalently the solution of equation (28). For any ¢ € (0,1) as
small as desired, the set {t € I : uf,(B,) < 1—¢} denotes the set of exit times
(time instants at which the support of u; has nonempty intersection with the
set (E\ By)). Then the first exit time corresponding to the control law K is
given by
T(K)=inf{tel: ufw(B,.) <1-—¢}

This is an F-measurable random variable possibly taking values in I = [0, T].
In case the underlying set is empty, we set 7 (K) = 0. The problem is to find
a control from the admissible set U, ; such that the expected value of the first
exit time is maximum. Hence, the objective functional is given by

(42) J(K) = E{T(K)}
and the problem is to find a control law that maximizes it. We prove the

following result on existence of optimal control law.

Theorem 4.4. Consider the control system (28) corresponding to the control
law K € Uq p, with the initial state o having a nonempty closed bounded support
C C E, and the objective functional given by (42). Suppose the assumptions of
Theorem 4.1 hold. Then there exists a control law in Uy, that maximizes the
functional J.

Proof. We prove that the functional K — J(K) is upper semicontinuous on
Up,p. Consider the sequence {K"} € U, and suppose K™ converges to K° €
Uyp in the 7, topology. Let {p"} and p® denote the corresponding solutions

of equation (28). By virtue of Theorem 4.1, we conclude that p” w 41° in
MY (I x Q,Prpo(ET)). Since B, is a closed set, it follows from a well known
result [17, Theorem 6.1, p.40] that lim u}(B,) < p¢(B,) for all t € I and
P-almost all w € Q2. With little reflection one can verify that

{tel:u(B,)<l-c}c{tel:limu}(B,)<1-—c¢}
Clearly, it follows from the above inclusion that
(43) inf{t € I :limp}(B,) <1—ce} <inf{t €l:puf(B,)<1—¢}.

Hence for any 0 € (0,¢), there exists an integer ns such that u*(B,) <1—ec+§
for all n > ng. Therefore,

{t>0:p7(B) <1—e+0} D{t>0:limp}(B,) <1-¢}
for all n > ng. Thus for all n > ngs, we have
(44)  inf{t >0:pP(B,) <1—e+d} <inf{t >0:limp}(B,) <1—¢e}.
It follows from the expressions (43) and (44) that, for every 6 € (0,¢) and
n > ng, we have the following inequality
Ts(K™) = inf{t > 0: p}(By) <1—e+46}

(45) inf{t >0:uf(B,) <1—¢}=T(K°).

IN
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Hence for every 6 € (0,¢), we have lim T5(K™) < T(K°) P-a.s. This implies
that

(46) T E{75(K")} < B{Tm 75(K")} < E{T(K°)}.

Since this holds for every ¢ € (0, ¢), we conclude that im E{T(K™)} < E{T(K°)},
and therefore

(47) Tm J(K™) < J(K°),

proving upper semicontinuity of J on U, with respect to the 7, topology.
Since U, is compact in the 7, topology, J attains it’s maximum on it. This
proves that an optimal feedback control exists. O

Remark 4.5. Here we have considered the questions of existence of optimal
feedback controls for several control problems. Using these results one can de-
velop necessary conditions of optimality whereby one can determine the optimal
control laws.

5. Range of vector measures and control

In this section we present some properties of the range of measures induced
by the solutions of the stochastic control system (26) or equivalently equation
(28). Recall, that corresponding to every feedback control K € U, 5, there exists
a measure valued solution u € M2 (IxQ, Prpa(ET)) C LY (IxQ, Mypa(ET)).
Let X, denote the algebra of subsets of the set ET and ¥, = o(X,) the
sigma algebra generated by 3. Let B{(E™) denote the class of 3, measurable
nonnegative real valued functions defined on E+ with supremum norm not
exceeding one. For each (t,w) € I x Q, and K € U, , let

(48) Hrw(Zo) = {ntu (D), T € o}

denote the range of the measure corresponding to the associated solution of
equation (28). It is well known that any vector measure u can be decomposed
as the sum of two measures one of which is purely atomic and one non-atomic
giving p = o + fi. First, we consider the non atomic component denoted by
i and later the measure-valued solution without decomposition. Since these
are countably additive probability measure valued processes, it follows from
the well known Lyapunov theorem [11, Corollary 5, p.264] on the range of non-
atomic countably additive vector measures taking values in a finite dimensional
space that, for each (t,w) € I x €, the set (range) /i1, (X,) is a compact convex
subset of [0,1] C R. Hence, letting LT (I x Q) denote the class of real valued
nonnegative essentially bounded measurable functions, the following set

(49)  iR(S0) = {g € LLU x Q) : g(t.w) € i, (S0) ¥ (tow) € 1 x Q)

is well defined. Let Z = Li(I x Q) with its dual given by Z* = L. (I x Q)
and let By(Z*) denote the closed unit ball in Z* (centered at the origin) with
B (Z*) denoting its positive part. Clearly, 1% (X,) C B (Z*) C B1(Z*) and
that, for each K € U,y, the set A5 (3,) is a w*-closed convex subset of Z*.
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Thus, by Alaoglu’s theorem [14], it is a w* compact convex subset of Z* and it is
also contained in the compact set By (Z*). Hence it follows from Krein-Milman
theorem [14] that it is the w* closed convex hull of its extreme points, that is,
iE(2,) = o (BExt.(15(%,))). If (9, F,P) is a separable probability space,
for example, Q is a Polish space (separable completely metrizable topological
space) and F is the class of Borel subsets of 2 then L; (I x2) = Z is a separable
Banach space. (In general a measure space is separable if and only if the sigma
algebra is countably generated). Thus the closed unit ball By (Z*) of the space
Z* is metrizable with the metric given by

(0) d(s5.25) = S (1/2") KT}Z&; Z?Z’(Z)ig” for 25,25 € Bi(Z")

where {z,} C Z is a countable set dense in Z. Thus we have a compact metric
space (B1(Z*),d).

Consider the family of sets R = {iX(%,), K € U, ,} where each element is
the range of the non-atomic component of the measure valued process induced
by the system (28) corresponding to K € U,p. It is a family of nonempty
compact convex sets contained in the compact set By (Z*) of the compact
metric space (B1(Z*), d). Using the metric d as defined above, we can introduce
the Hausdorff metric on R as follows

DH(Cla 02) = max{sup{d(Ch 77)) n S 02}7 SuP{d<£7 C?)a g S Cl}}

for C1,C5 € R. It follows from Theorem 4.1, that as K, LN K,, pf» 2
pfeo. Thus the corresponding atomic and non-atomic components {f», 15}
converge in the w*-sense to the respective atomic and non-atomic components
{a%e %o} as well. Then it follows from multi-valued analysis [16, Theorem
7.2.1, p.684] that there exists a subsequence {ji%»m} of the sequence {i%"}
such that

l)H(/fLK"m (Zo)v ﬂKo (Zo)) — O, as m — o0
with 4% (%,) € R.

One interesting control problem is to find a feedback control law K, from the
admissible class U, , corresponding to which the expanse of the range e (%,) is
maximum(or minimum). We may use the diameter as the measure of expanse of
any element of the family R. Using the metric d as defined above, the diameter
of any set C' € R is given by

Dia(C) = sup{d(x,y),z,y € C}.
For the control problem, we may choose the objective functional as

(51) J(K) = Dia(i*(%,)), for K € Uy y,.

The problem is to find a control law K € U, ; that maximizes(or minimizes)
this functional.
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Theorem 5.1. Consider the system (28) (equivalently the system (26)) with
the set of admissible controls Uqp and the objective functional given by the
expression (51). Suppose the assumptions of Theorem 4.1 hold and that the
probability space (Q, F, P) is separable. Then there exists an optimal feedback
control K, € U, p mazimizing (minimizing) the functional (51).

Proof. We prove that the functional J given by the expression (51) is continuous
with respect to the topology 7, on U, 5. Let { K, } be any sequence from U, ; and
suppose K, — K, and let {17 (%,)} and /1% (%,) denote the corresponding
elements from the set R. We know that these are compact convex sets and that
they are continuous (with respect to the control laws) in the 7, topology on
U,,» and the Hausdorff metric topology on R (as discussed above), leading to

DH(/BJJKH (Eo)a :&Ko (Zo)) — 0, as n — oo.

For simplicity of notations, we let I',, = if»(3%,) and T, = i (%,) and
introduce the following family of sets

Ly ={(z,y) €y d(x,y) > d(&,m), V (§,n) €Tr},neN
and

Iy ={(z,y) € To:d(zx,y) >d(&,n), ¥V (§n) €To}.

Since the family of sets {I'y,, ', } are compact and the metric (function) d(-,-) is
continuous, the family of sets {T"%, T'%} are nonempty. These sets consist of pairs
of elements of '), and I, respectively that determine their respective diameters.
They are nonempty closed subsets of compact sets and hence compact. Since
Dy (T,,T,) — 0, it is clear that Dy (I, T'5) — 0 also. In other words, every
pair (Tn,yn) € I’} converges to a pair (z,,y,) € I'; in the sense that d(z,, yn) —
d(Z0,Yo). This follows from the fact that

|d(-rn7 yn) - d(xm yo)| < d($n, xo) + d(yn7 yo)a
and hence, as n — 0o, d(zpn, yn) — d(2s,Yo). Thus, as n — oo,
Dia(T,,) = Dia(T%) — Dia(I'%) = Dia(T,).

Hence we conclude that J(K,) — J(K,) as K, — K,. Since the set Ua b
is compact in the 7, topology and J is continuous with respect to the same
topology, we conclude that J attains its maximum (and minimum) on Ug p.
This completes the proof. O

Remark 5.2. It is interesting to note that the end points of the line segments
that determine the diameter of a compact convex set are contained in the set
of its extreme points. This is justified by the facts that the sets {T',} and
T, are compact and convex and the function (x,y) — d(z,y) is convex and
continuous and hence it attains its maximum at the extreme points of the sets
{T,,} and T',,.
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Remark 5.3. Theorem 5.1 is based on the decomposition of a measure into
the sum of a non-atomic and an atomic component. The objective functional
given by the expression (51) uses only the non-atomic component for which
the Lyapunov theorem (on the range of vector measures) holds. However, the
objective is to find a control that maximizes the expanse (or size) of the range of
the measure-valued process itself determined by the solution of equation (28),
not its non-atomic component only. In the general case, Lyapunov theorem
does not hold. So, we revise and replace the objective functional (51) by the
following relaxed objective functional

(52) J(K) = Dia(i®(%,)) for K € Uy,
where
i (Z,) ={g € Bf (Z%) : g(t,w) € @(ufw(Zo))V(tw) eI x N}

This is a closed (convex) subset of the compact metric space (B1(Z*),d) and
hence compact (convex). This follows readily from the fact that

Ix Q3 (tw) — o(ul,(S0))

is a measurable multi function with nonempty convex compact values in [0, 1].
So, it follows from the well known Kuratowski-Ryll-Nardzewski selection the-
orem [16, Theorem 2.1, p.154], that it has a nonempty set of measurable selec-
tions.

Hence, following similar steps as in Theorem 5.1, one can prove existence of
optimal feedback control maximizing (minimizing) the functional (52).
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