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A STUDY OF HARMONICITY ON COTANGENT BUNDLE
WITH BERGER-TYPE DEFORMED SASAKI METRIC OVER
STANDARD KAHLER MANIFOLD

KHEIREDDINE BIROUD AND ABDERRAHIM ZAGANE

ABSTRACT. In this paper, we present some results concerning the har-
monicity on the cotangent bundle equipped with the Berger-type de-
formed Sasaki metric over standard Kéahler manifolds. We establish nec-
essary and sufficient conditions under which a covector field is harmonic
map or is harmonic covector with respect to the Berger-type deformed
Sasaki metric and we construct some examples of harmonic covector
fields. We also study the harmonicity of a covector field along a map be-
tween Riemannian manifolds, the target manifold being standard Kéhler
equipped with the Berger-type deformed Sasaki metric on its cotangent
bundle. After that, we discuss the harmonicity of the composition of the
projection map of the cotangent bundle of a Riemannian manifold with
a map from this manifold into another Riemannian manifold, the source
manifold being standard K&hler whose cotangent bundle is endowed with
the Berger-type deformed Sasaki metric.

1. Introduction

In this field, one of the first works which deal with the cotangent bundles of
a manifold as a Riemannian manifold is that of Patterson and Walker [16], who
constructed from an affine symmetric connection on a manifold a Riemannian
metric on the cotangent bundle, which they call the Riemann extension of
the connection. A generalization of this metric had been given by Sekizawa
[17] in his classification of natural transformations of affine connections on
manifolds to metrics on their cotangent bundles, obtaining the class of natural
Riemann extensions which is a 2-parameter family of metrics, and which had
been intensively studied by many authors. On the other hand, inspired by
the concept of g-natural metrics on tangent bundles of Riemannian manifolds,
Agca considered another class of metrics on cotangent bundles of Riemannian
manifolds, that she called g-natural metrics [1]. Also, there are studies by other

Received September 20, 2023; Revised February 11, 2024; Accepted February 23, 2024.

2020 Mathematics Subject Classification. Primary 53C43, 5820, 53C55, 53A45.

Key words and phrases. Cotangent bundle, Berger-type deformed Sasaki metric, standard
Kéahler manifold, harmonic maps.

(©2024 Korean Mathematical Society

927



928 K. BIROUD AND A. ZAGANE

authors, Agca and Salimov [2], Yano and Ishihara [19], Gezer and Altunbas [11].
In other direction, Yampolsky [18] proposed the Berger-type deformed Sasaki
metric on tangent bundle over a Kéhlerian (standard K&hler) manifold, which
was studied by Altunbas and collaborators in [3]. The study of the Berger-type
deformed Sasaki metric on the tangent bundle or on the cotangent bundle are
not limited to those mentioned above. We also refer to new studies by Zagane
among which we refer [21-25].

In a previous work, [26], we proposed the Berger-type deformed Sasaki met-
ric on the cotangent bundle over standard Kahler manifolds, where we studied
some geodesic properties on the cotangent bundle with respect to this met-
ric. In this paper, after the introduction and preliminaries, in section 3, we
present the Berger-type deformed Sasaki metric on the cotangent bundle T* M
over a standard Kihler manifold (M?™,.J, g) and the Levi-Civita connection
(Theorem 3.1). In section 4, we study of the harmonicity with respect to the
Berger-type deformed Sasaki metric. First, we investigate the harmonicity of
a covector field and we establish the necessary and sufficient conditions under
which a covector field is harmonic map or is harmonic covector field (Theorem
4.6, Theorem 4.7 and Theorem 4.10). We also construct some examples of har-
monic vector fields (Example 4.11 and Example 4.12). Secondly, we also study
the harmonicity of a covector field along a map between Riemannian manifolds,
the target manifold being standard K&hler equipped with the Berger-type de-
formed Sasaki metric on its cotangent bundle (Theorem 4.17 and Theorem
4.18). Finally, we study the harmonicity of the composition of the projection
map of the cotangent bundle of a Riemannian manifold with a map from this
manifold into another Riemannian manifold, the source manifold being stan-
dard Kéhler whose cotangent bundle is endowed with the Berger-type deformed
Sasaki metric (Theorem 4.20 and Theorem 4.21).

2. Preliminaries

Let (M™, g) be an m-dimensional Riemannian manifold, 7% M be its cotan-
gent bundle and 7 : T*M — M be the natural projection. A local chart
(U, 2");_17 on M induces a local chart (7~ (U), z, 2* = p;);_yyram on T*M,
where p; is the component of covector p in each cotangent space Ty M, x € U
with respect to the natural coframe {dz'}, denoted by 9; = % and 9; = a?c?'
Let C*°(M) (resp., C°(T*M)) be the ring of real-valued C'*° functions on
M (resp. T*M) and ST(M) (resp., ST(T*M)) be the module over C°°(M)
(resp. C°(T*M)) of C*° tensor fields of type (r, s). Denote by Ffj the Christof-
fel symbol of g and by V the Levi-Civita connection of g.

The Levi Civita connection V defines a direct sum decomposition

(1) TT*M = VT*M & HT*M

of the tangent bundle to T*M at any (x,p) € T*M into vertical subspace
Viep)T"M = Ker(dn(, p)) = {widi|@.p), wi € R},
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and the horizontal subspace

Hpp)T*M = {X"0i|(2,p) + X'PaL}i 0 X' eR}.

|(93,p)7

Note that the map X — X = X'0;|, ) + X'pal'%,05|(x,p) i an isomor-
phism between the vector spaces T, M and H(,,)T*M. Similarly, the map
w = Yw = w;0|(z,p) is an isomorphism between the vector spaces Ty M and
Viep)T™M. Obviously, each tangent vector Z € T, ,)T*M can be written in
the form Z = X + Vw, where X € T,M and w € T} M are uniquely deter-
mined.

Let X = X'0; and w = w;dz’ be local expressions in (U, xi)izm, of a
vector and covector (1-form) field X € (M) and w € SY(M), respectively.
Then the horizontal lift #X € I} (T*M) of X € S§(M) and the vertical lift
Vw € SYT*M) of w € IY(M) are defined, respectively by

Hy _ yi h yi
(2) X =X"0; + pul'; X7 0;,
(3) Vw = w;0;,
with respect to the natural frame {0;, 9;} (see [19] for more details).

From (2) and (3), we see that 7(9;) and V(dz?) have respectively local ex-
pressions of the form

H3) = 05 + pal8:05,
V(da') = ;.

The set of vector fields {¥(9;)} on 7=(U) defines a local frame for HT* M
over 7-1(U) and the set of vector fields {¥(dz?)} on 7=}(U) defines a local
frame for VI'* M over 7=1(U). The set {¥(9;),"(dz*)} defines a local frame on
T*M, adapted to the direct sum decomposition (1).

Let (M, g) be a Riemannian manifold, we define the map

SYUM) = (M)
w o= W

by g(@, X) = w(X), for all X € S§(M). Locally for all w = w;dz’ € IY(M),
we have @ = g¥w,;0;, where (¢"/) is the inverse matrix of the matrix (g;;).
For each x € M the scalar product g=! = (¢g%/) is defined on the cotangent

space T M by g~} (w,0) = g(@,0) = g"w;0;. In this case we have @ = g~ ow.

3. Berger-type deformed Sasaki metric

Let M" be an r-dimensional differentiable manifold. An almost complex
structure J on M is a (1,1)-tensor field on M such that J? = —I (I is the
(1,1)-identity tensor field on M ). The pair (M",J) is called an almost com-
plex manifold. Since every almost complex manifold is even dimensional, we
will take r = 2m. Also, note that every complex manifold (topological space
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endowed with a holomorphic atlas) carries a natural almost complex structure
[14]. An almost complex structure J on M is integrable if the Nijenhuis tensor

NJ(X,Y)=[JX,JY] - J[JX,Y] - J[X,JY] - [X,Y]

vanishes identically on M for all vector fields X,Y € S§(M). Moreover, an
almost complex structure J on M is integrable if and only if M admits a
symmetric almost complex linear connection [5,14].

On an almost complex manifold (M?™, .J), a Hermitian metric is a Riemann-
ian metric g on M such that

or equivalently [26]
(4) g_l(wJ, 0) = —g_l(w,GJ) & g_l(wJ, 0J) = g_l(wﬁ),

for all X,Y € 3$(M) and w,6 € SY(M).

The almost complex manifold (M?™, .J) having the Hermitian metric g is
called an almost Hermitian manifold. Let (M?™,J, g) be an almost Hermitian
manifold. We define the fundamental or Kahler 2-form Q on M by

Q(Xa Y) = g(Xa JY)

for any vector fields X and Y on M. A Hermitian metric ¢ on an almost
Hermitian manifold M?™ is called a standard Kihler metric if the fundamental
2-form € is closed, i.e., dQ2 = 0. In the case, the triple (M>?™,J, g) is called an
almost standard Kéahler manifold. If the almost complex structure is integrable,
then the triple (M?™,J, g) is called a standard Kihler manifold. Moreover, the
following conditions are equivalent:

(1) VJ =0, (V is the Levi-Civita connection of g)
(2) VQ =0,
(3) Ny =0 and dQ =0 [14].
As a result, the almost Hermitian manifold (M?™, J, g) is a standard Kihler
manifold if and only if VJ = 0. Using the formula

w(VXJ) = Vx(wJ) - (VXw)J

for all X € S{(M), w € IY(M), we have also the almost Hermitian manifold
(M?™J,g) is a standard Kihler manifold if and only if

(5) VX(WJ) = (wa)J
for all X € S(M), w € SY(M).

Definition. [26] Let (M?™,J, g) be an almost Hermitian manifold and T* M be
its tangent bundle. A fiber-wise Berger-type deformation of the Sasaki metric
noted % is defined on T*M by

BSg(HX, HY) :g(X7 Y)a
B%("X,V6) =0,
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Po%(Yw,V0) =g~ (w,0) + 6°gH(w,pT)g " (0,pJ)

for all X,Y € Q§(M), w,0 € (M), where § is some constant. (For anti-
paraKéhler manifold, see [21-23]).

In the following, we put A = 1 + §%a and a = g~ 1(p,p) = |p|?, where | - |

denotes the norm with respect to g~ '.

Theorem 3.1. [26] Let (M?>™,J,g) be a standard Kéhler manifold and T* M
its cotangent bundle equipped with the Berger-type deformed Sasaki metric
BSg. Then we have the following formulas.

(1) BSVuyfly = H(VxY) + %V(pR(X, Y)),

(1) P50 = V(Vx0) + 5 ((RG.D)X) + 8 (0,0) (RUIB.H)X).
S VRE,B)Y) + 8% (w0, ) (RUB DY),
(iv) P9V, 0 = 82(g~" (w,p])¥(0T) + g7 (0,p])" (w]))

(iit) POV, Yy =

- ?(g_l(vatf)g‘l(&p) +g 7 (w,p)g~ (0, p0)) (),

for all X, Y € S§(M) and w, 0 € SY(M), where V is the Levi-Civita connection
of (M?™,J,g) and R is its curvature tensor.

4. Berger-type deformed Sasaki metric and Harmonicity

Let @ : (M™,g) — (N™,h) be a smooth map between two Riemannian
manifolds. The map & is said to be harmonic if it is a critical point of the
energy functional

(© B@,K) = [ @)
K
for any compact domain K C M. Here
1
(7) e(®) := iTrg h(d®,dP)
is the energy density of ® and v9 is the Riemannian volume form on M. For
d

any smooth 1-parameter variation {®; };cy of ® with &g = & and V = %q)t

t=0

[10,13], we have

d

0 GE@)|_ == [ ne@). vy

Then, ® is harmonic if it satisfies the associated Euler-Lagrange equations given
by the following formula:

(9) 0=17(®) :=Tr,Vdd,
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where 7(®) is the tension field of ®. For more details see [8-10,12,15]. In recent
years, this theme has been widely developed even on the tangent bundle and
on the cotangent bundle has been done by many authors, see [4,6,25,27-29].

4.1. Harmonicity of a covector field
A covector field w € SY(M) on (M?™, J, g) can be regarded as the immersion
w: (M?™ J,9) — (T*M,P%)
z = (r,wy)

into its cotangent bundle T* M equipped with the Berger-type deformed Sasaki

metric 5.

Lemma 4.1 ([20]). Let (M™,g) be a Riemannian manifold. If w is a covector
field (1-form) on M and (z,p) € T*M such that w, = p, then we have

(10) dpw(Xz) = HX(ﬂc,p) + V(VXW)(M))
for any X € S (M), where V denotes the Levi-Civita connection of (M™, g).

Lemma 4.2. Let (M?™,.J,g) be a standard Kdihler manifold, w be a covector
field on M. Then the following equation is satisfied:

(1) g7 (Bw,w) = [Vul? ~ SA(wP),

where Aw = —Trg(ViV.— Vy.«)w is the rough Laplacian of w and A is the
ordinary Laplace-Beltrami operator acting on functions.
Proof. Let {e;},_1= be a local orthonormal frame on M, then we have

i=1m

g_l(Aw7w) = - g_l(Trg(v*v* - Vv**)w,w)

== (17 Ve Vew,w) — g7 Vv, ew,w))

=1
== (eilg  (Vew,w) — g7 (Ve,w, Ve,w)
=1
1 —1
_ §Vebel(g (w,w)))
- 1 2 2 1 2
=D Gee(lwl?) = Vel = 5 Ve.ei(w]))
=1
1
= Vel = SA(wl?). o

Lemma 4.3. Let (M*™,J,g) be a standard Kdhler manifold, w be a covector
field on M. Then the following equation is satisfied:

(12) A(fw) = wa - (Af)w - 2vgradf"‘)a
where f is a smooth function of M and gradf is the gradient of f.
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Proof. Let {e;} be a local orthonormal frame on M. Then we have

i=1,m

A(fw) = - (Veiv6i (fw) — vVeiei(fw))

'MS

s
I
—

(Ve,(ei(flw + fVe,w) = Veei(flw — fVy, e,w)

I
'MS

s
Il
-

|
M-

(eiei(flw + ei(f)Ve,w+ €i(f)Ve,w + fVe, Ve,w

=1
- veiei(f)w - fvveieiw)
== ((eiei(f) = Ve,ei£))w + 2V, (pe,w + f(Ve, Ve, = Vo, e, )w)
i=1
= wa — (Af)w — 2ngdfw. O

Lemma 4.4. Let (M*™,J,g) be a standard Kihler manifold and (T*M,B%)
be its cotangent bundle equipped with the Berger-type deformed Sasaki metric.
If w is covector field on M, then the energy density associated to w is given by

1 52
(13) e(w) =m+ §|Vw\2 + ?Trg g (Vaw,wJ)2
Proof. Let (z,p) € T*M, w € SY(M), w, = p and {e;};,_15,; be a local

orthonormal frame on M, then, from (7), we have

1
e(w)s :*TTngg(dw»dw)(z,p)

2m

,ZBS (dw(e;), dw(ei))(z,p)-

i=1
Using (10), we obtain

Z BS velw) (velw))

2m

= % Z (BSg(Hei’ Hei) + BSg(V(VeiW), V(Velw)))
1

5 ezaez +9 (veiw7V€iw) +52-g_1(v€iw7wJ)2)

52
=m+ §|Vw|2 + =Tr, g (Viw,wlJ)?.

2

Theorem 4.5. Let (M?>™,.J,g) be a standard Kdhler manifold and (T* M, B5g)
its cotangent bundle equipped with the Berger-type deformed Sasaki metric. If

d
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w s a covector field on M, then the tension field associated to w is given by

(w) :H<Trg [R(&, Vaw) % 4029~ (Vaw, w])R(JD, @) * ])
2
(14) + V(262T7"g g7 (Viw,w)(Vi(w]) = —g  (Viw,w)w])] — Aw)
where A =1+ 62|w|? and Aw = —=Try(V.V, — Vy..)w.
Proof. Let (z,p) € T*M, w € SY(M), w, = p and {e;};,_75,; be a local
orthonormal frame on M, then, from (9), we have
T(w)z =Tre(Vdw),

=D (Ve dw(es)a = dewo(Ve,e1)s)

2m

=Y (P Vasiend(e))wp = (Ve wp) = (V. e0@) @)
i=1

2m
= Z (BSV(He,;—&-V(Veiw))(Hei + V(veiw)) - H(veiei) - V(V(Veiei)w))(wyp)
=1

2m
= Z (BSvHeiHei + 85V, V(Vew) + stv(v%w)ﬂei

i=1

+ 79V, 0 (Vew) = H(Ve,e) = V(Viv,,enw))

Using Theorem 3.1 and (5), we obtain

2m

(@) = (M(Veier) = 5V (wR(er e0)) + (Ve Vo)

i=1

(z,p)"

2

1 —
+ R, Vow)e) + g (Ve wd ) (RUIG, B)e)

2

+ S HRG Towe) + g (Ve w, wd) H(RUB, B)e)

+6297H (Ve,w,w ) (Ve,w) ) +6°g7H (Ve,w,w ) (Ve,w) )
54

- Tg_l(veiw,wj)g_l(veiw,w)v(wJ) - H(veiei)

54

- 507 (Ve )y (Ve ) (w]) = V(V(g,0w))

2m
-y (H(R(@ Vew)e) + 6297 (Ve w,w] ) A R(JD,&)e;)
=1
+ (Ve Vew) = (Vv cow) +28°9 7 (Ve,w,w])V(Ve, (W)

— g N (Ve,w,wd)g H(Ve,w, w)V(wJ)>
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=H(Try[R(@, V.w) * +6%¢H(V.w,w])R(JD, &) *])
+ V(252Trg [gfl(v*w,wJ) (Vi(wd) — i;gfl(v*w,w)w:])] - Aw). O

Theorem 4.6. Let (M?™,.J,g) be a standard Kdhler manifold and (T* M, B%)
its cotangent bundle equipped with the Berger-type deformed Sasaki metric. If w
is a covector field on M, then w is a harmonic map if and only if the following
conditions are verified:

Try [R(@, Vow) * 4029~ (Vaw,w ) R(JE,3) ] = 0,

and

62
26%Try g7 (Vaw,wJ) (Vi (w]) — Tg_l(v*w,w)wJ)] = Aw.
Proof. The statement is a direct consequence of Theorem 4.5. O

Let (M?™,J, g) be a compact oriented standard K&hler manifold, (T* M, B5)
its cotangent bundle equipped with the Berger-type deformed Sasaki metric and
w a covector field on M. The energy E(w) of w is defined to be the energy of
the corresponding map w : (M?™,.J,g) — (T*M,B5). More precisely, from

(13), we get
E(w) :/ e(w)v?
M
1 2, 0 —1 2\, .9
— (m+§|Vw| +5Trgg (Viw,wJ)?)v
M
1 62
:mVol(M)—i—f/ |Vw|2vg+—/ Tryg (Vaw,wJ)?v9,
2 Jm 2 Jm

Definition. Let (M2?™,J,g) be a standard Kihler manifold, (7*M, %%) its
cotangent bundle equipped with the Berger-type deformed Sasaki metric. A
covector field w on M is called harmonic covector field if the corresponding
map w : (M?™,J,g) — (T*M,B%) is a critical point for the energy functional
E, only considering variations among maps defined by covector fields.

In the following theorem, we determine the first variation of the energy
restricted to the space I9(M).

Theorem 4.7. Let (M?*™,.J, g) be a compact oriented standard Kdhler mani-
fold, (T*M,B5) its cotangent bundle equipped with the Berger-type deformed
Sasaki metric, w a covector field on M and E : S{(M) — [0,+00) the energy
functional restricted to the space of all covector fields. Then
4
dt
(15) — 26Ty (g7 (Viw, w]) V., (wld)],9)v?

Bw)|,_, = /M 0 (B + 829 (Bwwl)w]
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for any smooth 1-parameter variation ¢ : M X (—e, ) — T*M of w through
covector fields, i.e., ¢p(x,t) = we(x) € T*M for any x € M and any |t| <
€, (€>0). or equivalently w; € SY(M) for any |t| < e. Also, 9 € V(M) is the
covector field on M given by

WHx) = }1_1}1(1) %(wt(x) —w(x)) = %qbw(t)’t:()7 e M,

where ¢, (t) = wi(x), (x,t) € M x (—¢,€). (For tangent bundle version, see [7].)

Proof. Let ¢ : M x (—e,e) — T*M be a smooth 1-parameter variation of w, i.e.
¢z, t) = wi(x) € To M for any (z,t) € M x (—¢,¢) and ¢(z,0) = wo(x) = w(z).
From (6), we have

Bln) = [ e,

and from (8), we have

(16) Lo

_ / BSy(V, 7))o,
M

where V is the infinitesimal variation induced by ¢, i.e.,

d d d )
V(z) = d4,0)9(0, ﬁ)\tzo = d%(@)hzo = @wt(xﬂt:o € Ty T M.

Let us set

t=0

iz, 1) = ' (¢(x, 1)) = 2" (2),
ipm(n,1) = 2 ($(2,1)) = (w)i(x), 1<i<m.
Then, on one hand, we have

do;
dt
On the other hand if ¥ = ¥;dx? then

dd’;m (x,0) = lim %(qmm(x, t) = $ism (,0))
— lim ~ ((w)i(@) — wilx))

t—=0 t
=;(x), 1<i<m,

(z,0)=0, 1<i<m.

hence
do; dditm
V(z) = E(%O)aﬂ(m,w(m)) + dt ($>0)&i|(x,w(z))
= ﬁi(x)v(dxzﬂ(z,w(m))

V.
= "V(ow@):

We may conclude that
(17) V="9ouw.
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Finally, by taking into account (14), (16) and (17), we find

y o e

aE(Wt)

t=0
:/ g (Aw + 829 (Aw,w])wJ
M

— 28Ty (g7 H(Viw, w]) Vi (w])], ). 0

Remark 4.8. Theorem 4.7 holds if (M?™,J,g) is a non-compact standard
Kahler manifold. Indeed, if M is non-compact, we can take an open subset
D in M whose closure is compact, and take an arbitrary ¥ whose support is
contained in D. Theorem 4.7 holds under the form:
d _ _
%E(wt”t:o :/D gfl(Aw + 6297 (Aw, wJ)wJ
—26%Try (g7 (Viw, w] )V (w])],9) 0.

Corollary 4.9. Let (M?>™,J,g) be a standard Kdihler manifold, (T*M,B5g)
its cotangent bundle equipped with the Berger-type deformed Sasaki metric. A
covector field w on M is a harmonic covector field if and only if

Aw = 26Try g7 (Viw,w] )V, (w])] — 697 (Aw, w )w .

Note that if w is parallel, then w is a harmonic covector field. Conversely
we have the following theorem.

Theorem 4.10. Let (M?™,J,g) be a compact oriented standard Kdihler man-
ifold, (T*M,B3) its cotangent bundle equipped with the Berger-type deformed
Sasaki metric and w a covector field on M. Then w is a harmonic covector
field if and only if w is parallel.

Proof. We assume that the covector field w is a harmonic vector field, i.e.,
critical point of the energy functional E restricted to the space of all covector
fields of (M™, g). We consider the smooth 1-parameter variation w; = (1 +t)w
of w for any t € (—¢,€),e > 0. From (15) we have

d

t=0

:/ g’l(Aw,w)vg—i-éQ/ g Aw,w])gHw, w)v?
M M

- /M Try[g ™ (Vaw,w])g ™ (Va(w]),w)]o?.

Using (11), (4) and (5), we find

0= |Vw|*v9 — 1-/ A(jw]?)v? + 252/ Tryg~ (Viw,w])?]v.
M 2 Jm M
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Applying the divergence theorem, we get

RCREE

/ Vw9 + 252/ Trylg~ (Viw,wJ)?]v? = 0.
M M

hence

Since the function |Vw|§,1 and Try g7 (Viw,wJ)?] are positive, we easily
conclude that Vw = 0. Conversely, we suppose that the covector field w is
parallel. By virtue of Corollary 4.9, w is a harmonic covector field. O

Example 4.11. Let (RQ, qg,J ) be a standard Kéahler manifold such that
0 ey "
_ 2z 2 2y 7,2 _
g=e“"dx*+e dy,J—(_eg:y 0 )

Relatively to the orthonormal frame

e1=¢€ "0y, ex=c¢€ Y0,
we have

J€1:7€2, J€2:61,
and
Ve,ej =0forall,j=1,2.

We consider the vector field w = f(z)dz, where f is a smooth real function
depending on the variable z. Using (12) and direct calculations, we find

Aw =e 2" (—f" +3f —2f)dx,
g (Aw,w]) =Try[g7 (Viw,w]) V. (w])] = 0.

From Corollary 4.9, and (18), we deduce that w = f(z)dx is a harmonic covector
field if and only if Aw = 0 or equivalently, the function f satisfies the following
homogeneous two order differential equation

(19) —f"+3f —2f =0.

The general solution of the differential equation (19) is

(18)

f = c1€® + coe®,
where ¢; and ¢ are real constants.

Example 4.12. Let R? be endowed with the structure standard Kéhler (J, g)
in polar coordinate defined by

g—mﬂ+ﬁM2,J—( 0 r).

—= 0
p
The non-null Christoffel symbols of the Riemannian connection are
1
F%2 = Fgl =" Féz =T
r
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We have
1 1
Vo, dr =0, Vo df = —=df, Vy,dr =rdf, Vy,df = ——dr.
r r

The covector field w = cos0dr — rsin6df is harmonic because w is parallel,
indeed,

Vo, w = cosOVy, dr —sinfdf — rsin0Vy, df = 0,

Vgyw = —sinfdr + cos 0V, dr — rcos 0df — rsin 0V ,df = 0,
ie, Vw=0.

Theorem 4.13. Let (M?™,J,g) be a standard Kihler manifold, (T*M,B%)
its cotangent bundle equipped with the Berger-type deformed Sasaki metric and
w a covector field on M. Then w is an isometric immersion if and only if w is
parallel.

Proof. Let Y, Z be vector fields and w, = p. From (10), we have
B3%(dw(Y), dw(2)) =% (Y +V(Vyw), 72 + V(Vzw))
—BSy(Hy, Hz) 4 BSy(V(Vyw), V(V 10))
=9(Y,Z) + g7 (Vyw,Vzw)
+ 627 Y (Vyw, Jw)g YV zw, Jw),
from which it follows that
B%(dw(Y), dw(2)) = g(Y, 2).
Therefore, w is an isometric immersion if and only if
9 (Vyw, Vzw) + 6% (Vyw, Jw)g(V zw, Jw) =0,

which is equivalent to Vw = 0. O

As a direct consequence of Theorem 4.6 and Theorem 4.13, we get the fol-
lowing.

Theorem 4.14. Let (M?™,J,g) be a standard Kdihler manifold, T*M its
cotangent bundle equipped with the Berger-type deformed Sasaki metric 5%
and w a covector field on M. If w is an isometric immersion, then w is totally
geodesic.

Corollary 4.15. Let (M?™,J, g) be a standard Kdhler manifold, T*M its
cotangent bundle equipped with the Berger-type deformed Sasaki metric % and
w a covector field on M. If w is isometric immersion, then w is a harmonic
map (a harmonic covector field).
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4.2. Harmonicity of covector fields along smooth maps

Lemma 4.16 ([21]). Let ¢ : (M™,g) — (N™, h) be a smooth map between
Riemannian manifolds and

c:M — T*N
z o (§09)(x) = (0(2), Ep(a))
a smooth map, such that & is a covector field on N. Then
(20) do(X) = "(dp(X)) + ¥ (Vo)
for all X € (M), where V? is the pull-back connection.

Theorem 4.17. Let (M™,g) be a Riemannian manifold, (N*", J, h) be a stan-
dard Kdhler manifold and let (T*N,Bh) be the cotangent bundle of N equipped
with the Berger-type deformed Sasaki metric. Let ¢ : M — N be a smooth map
and

c:M — T*N
r o (£09)(z) = (9(2),&gx))

a smooth map, such that £ is a covector field on N. The tension field of o is
given by

() ="(7(8) + Try (RN (5, V9a)do(x) + 0*h ™ (V*0, 0.0 RV (J5,5)do(+)) )
V(Trg ((V9)20 + 26201 (VP0,0.0) (Vo).

2 4
—ih (V¢U,O’J)h_1(v¢0,0')UJ)>,

where A = 1+ 6%|0)? and (V?)%0 = V¢V — Vo

Proof. Let {e;} be a local orthonormal frame on M. Using (20), we have

i=1,m

I
Ms T

do(Ve, ei)}

s
Il
_

p”qs

K

N
Il
—

> {vid
{B Vao(endo(es) — H(dp(Ve,e:)) — V(V%E,eia)}
> {

i

PV ageny+viwe,on ((do(ed) + V(VE 0))

s
I
—

Mdg(Ve,ei) = (VS .,0)}

.

h
Il
—

{BSVH(m(ei))H(d(b(@i)) + 5V nag(en) (VE0) + P9V go o Mdg(er)
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+ 55y g0 ) (VE0) = F(d6(Vee)) = V(T8 o)}

From Theorem 3.1, we obtain

7) =3 (N dolen)) + 5 V(o R (d6(er), doer)

i=1

+HRN (5,94, 0)db(er)) + 0201 (V2 0,00 IR (J5, 5)do(e:))

+20°h 7 (Ve 0,0 )V (VE,0)]) = M(do(Ve,e) = (VS ,0)
264

- Sh T (VEe o (VEe.0) (o) + V(vg;(ei)vfia))

—Z ( (V2 do(e;)) — (dp(Ve,e)) + (RN (5, fo o)do(e:))

+ 52 Y(Ve 0,0 0) (RN (J5,5)de(e;) + V(VE VL o)
~ (Ve L0)+20°h (Ve 0,00) ((VE,0)])

4
— %h*l(vfia,oj)hfl(vfim J)V(UJ)>

ZH(Trg (RN (6,V90)dg(x) + 62h ™ (VPo,0.J) RN (J5,5)do(+))

+7(6)) + ¥ (Try (7920 + 20°h7 (0, 0.)(V40) ]

20% 1 oo C1od
—Th (Veo,0)h™(V U,U)UJ)).

From Theorem 4.17 we obtain

Theorem 4.18. Let (M™, g) be a Riemannian manifold, (N*", J, h) be a stan-
dard Kihler manifold and let (T* N, Bh) be the cotangent bundle of N equipped

with the Berger-type deformed Sasaki metric. Let ¢ : M — N be a smooth map
and

oc:M — T*N
r — (£09)(z) = (9(2),&4(x))

a smooth map, such that £ is a covector field on N. Then o is harmonic if and
only if the following conditions are verified:

7(¢) = —Try (RN (5, Vo0)dg(x) + 62h~" (V00,0 J) RN (J&, 5)de(%)),
and

264
Tr, ((V?)?0+26%h~* (V?o, aJ)(v¢o)J—Th*1(v¢a, o)h~H(V?0,0)a]) = 0.
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4.3. Harmonicity of the composition of canonical projection on the

cotangent bundle with smooth maps
Lemma 4.19. Let (M?™,J,g) be a standard Kdihler manifold and T*M its
cotangent bundle equipped with the Berger-type deformed Sasaki metric B%.
The canonical projection

(L (T*M7Bsg) — M7.g)
(z,p) +—
is harmonic, i.e., T(m) = 0.

Proof. Let {e;},_15,; and {w'},_15,; be a local orthonormal frame, coframe
J J
on M, respectively such that w?™ = P2 _ Pl Then
pJ| - Ipl
; 1
(21) {Fl :eiHaFQ’r‘n-i-j = ijyFél'm, - 7Vw2m}

va)

is a local frame on T*M with respect to the Berger-type deformed Sasaki
metric.

7(m) =Trps, (Vdr)

i=1,2m,j=1,2m—1

2m
= (vdw(Hei)dw(Hei) — drn(BS vHeiHei))
i=1
2m—1

+ Z (vd‘n'(ij)dﬂ-(ij) - dﬂ-(BSvaj ij))

Jj=1

1 1
+ vdﬂ.(%vwzm)dﬂ'(ﬁvw2m) - dﬂ'(BSV(%vwzm)(wagm)).

VA
Using dr(Yw?) = 0 and dn(fe;) = e; o 7, we have

2m 2m—1

7(m) = Z ((Veioﬂei om) — dﬂ'(BSVHeiHei)) — Z drn(B3V v, V)

i=1
1 1 1
_ dw( vV, 2m V2 4 —BSy, me2m).
NS o
From Theorem 3.1, we obtain

2m

7(m) = Z ((Veiei) om — dﬂ'(Veiei)H)

i=1

2m
= ; ((veiei) om — (Ve,ei) 0 77) =0. .

Theorem 4.20. Let (M?*™,J,g) be a standard Kdhler manifold, (N™, h) be a
Riemannian manifold and let (T*M,P3%) the cotangent bundle of M equipped
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with the Berger-type deformed Sasaki metric. Let ¢ : (M,g9) — (N,h) be a
smooth map. The tension field of the map

o (T°M,P%)  — (N, h)
(z,p) +— o(x)
is given by
(22) T(¢Y) =7(¢)om.

Proof. Let {Fu},_77; be a local orthonormal frame on 7% M defined by (21)
as above. Since 1 is written in the form 1 = ¢ o 7, we have

() =7(¢ o)
=do(7(m)) + Tres,Vde(dr, dr)
2m
=3 (Vi tn e 0 (1)) — AD(V g yiim(ey)
=1

2m—1

30 (Voanvar d0(dn(Y)) = dB(V anvisnydr (V)
j=1

1 1y .
+ Vi }Vwm))dgb(dﬂ( ﬁ W™)) = A&V g 1 viomydm(— 7 V™))
= ((Vieiomdd(es o m) = d6(Vesones 0 m))
i=1
:Z <Vd¢(e )dgb(el)owfdgb(( )071'))
=1
= Z (Vd¢(e do(ei) — d¢(v€iei)) om
=1
=7(¢)o. .

From Theorem 4.20, we obtain

Theorem 4.21. Let (M?™, ], g) be a standard Kihler manifold, (N™,h) be a
Riemannian manifold and let (T*M, %) the cotangent bundle of M equipped
with the Berger-type deformed Sasaki metric. Let ¢ : (M,g) — (N,h) a
smooth map. The map

¢ (T*M,P%) — (N,h)
(x,p) +— o(x)

is harmonic if and only if ¢ is harmonic.
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