J. Appl. & Pure Math. Vol. 6(2024), No. 5 - 6, pp. 283 - 299
https://doi.org/10.23091/japm.2024.283

A COMPREHENSIVE GENERALIZATION OF CLASSICAL
FIBONACCI SEQUENCES, BINET FORMULA AND
IDENTITIES

K.L. VERMA

ABSTRACT. This article presents a fundamental generalization of the clas-
sical Fibonacci sequence. We introduce a general 2% order recurrence
relation, Vi, = pVi—1 + qVp—2, ¢ # 0,n > 2, with initial terms Vo(=
a),Vi(= b), a,b,p, and ¢ are any non-zero real numbers. We derive an
explicit generalized form of the generating function and comprehensive Bi-
net’s formula, which comprehend this concept to various sequences that
follow similar recurrence relations. Furthermore, we analyze more gen-
eralized and specialized cases, uncovering new and existing identities for
well-known sequences such as Fibonacci, Lucas, Pell, Pell-Lucas, Goksal
Bilgici, and others. Our analysis implicitly reveals identities like Cassini’s,
Catalan’s, d’Ocagne’s, and Gelin-Cesaro in the generalized form. Addi-
tionally, tabular and graphical representations are provided to illustrate
the relationships between the terms of these sequences.
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Key words and phrases : Fibonacci sequence, Lucas Sequence, Pell Se-
quence, Pell-Lucas Sequences, Jacobstal-Lucas, Binet formula.

1. Introduction

In the realm of mathematics, the most intriguing number sequence is the
classical Fibonacci sequence. For both amateur mathematicians and profession-
als seeking innovative insights, it continues to offer numerous opportunities due
to its wonderful and incredible properties [11]. Several generalizations of the
classical Fibonacci sequence are available in the literature, achieved either by
altering the initial conditions [2, 7, 9, 10, 11, 15, 21] or by modifying the re-
currence relation [4, 12, 13, 14, 16, 17, 18, 20, 22, 23]. Among them, sequences
generated by recurrence relations stand out as the most prominent paradigms of
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recursive sequences. Classical Fibonacci, Lucas, Pell, Pell-Lucas, modified Pell
sequences, and their generalizations possess several fascinating properties and
find applications in numerous areas of pure and applied mathematical sciences,
such as graph theory [6, 10], algebra [19, 5], quasi crystals [19, 3] and computer
algorithms [18, 1, 19]. The well-known Fibonacci sequence is defined by the
recurrence relation and initial conditions are as follows:
Fn - anl +Fn—2, n Z 2, FO = O,Fl =1.

In this paper, both the initial terms and the recurrence relation are considered
in their generalized forms, as described in the following definition.

Definition 1.1. We define a generalization of the Classical Fibonacci sequence
{Va},2, by the following recurrence relations:

Vn :pvnfl +an72 (1)

with the initial conditions,Vy = a, V7 = b, where a, b, p, and ¢ are any non-zero
real numbers. This formula (1) holds true for every integer n > 2.

Ten terms of Generalized Fibonacci sequences
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FIGURE 1. First ten terms of the sequence (1) and the
corresponding terms of the classical Fibonacci sequence

Utilizing (1), the first ten terms of the sequence are displayed in Figurel. On
substituting a = 0, b = 1, p = 1, and ¢ = 1 into these terms of Figurel yields
the first 10 terms of the classical Fibonacci sequence. Likewise, terms of the
others existing known sequences can be obtained by substituting the analogous
values of a, b, p, and ¢. In the literature [8, 11], numerous generalizations of
Fibonacci sequences exist. Among them, some of the recognized generalizations
with recurrence relations and initial conditions are as follows:

The Lucas sequence
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Ly=Ly 1+ L, o,n>2 Ly=2L1=1.
The Pell sequence
P,=2P, 1+ P, o,n>2,Ph=2P =1.
The Modified Pell sequence
Gn = 2¢n-1+Gn-2,1 > 2,90 =1,q1 = 1.
The Pell-Lucas sequence
Qn =2Qn-1+Qn-2,n2>2,Q0=2,0Q1 =2
The Goksal Bilgici sequences
Jn=28qn-1+ (t2 —5)qn—2,1n>2,g0=0,q1 = 1.
and
lp =2slp—1 + (t2 — S)Zn—z, n>2,1lg=2,1; =2s.
The Jacobsthal sequences
Jn=Jn-1+2Jp_9,n>2 Jy=0,J; =1
The Jacobsthal-Lucas sequences
L,=L, 1+2J, o,n>2 Ly=2,L; =1.
Evidently, for (p,q) = (1,1) and (a,b) = (1,1), (p,q) = (1,1) and (a,b) =
(27 1)’ (p7 Q) = (27 1) and (a7 b) = (27 1)a (p7 Q) = (2a 1) and (CL, b) = (2a 2) )
(p,q) = (1,2) and (a,b) = (0,1), (p,q) = (1,2) and (a,b) = (2,1) and (p,q) =
(2s,t* — s) and (a,b) = (0,1), (p,q) = (2s,t> — 5) and (a,b) = (2,2s), where
s and t are any non — zero real numbers, the sequence {V,,} defined in (1) re-

duces the Classical Fibonacci, Lucas, Pell, Modified Pell, Pell-Lucas Jacobsthal,
Jacobsthal-Lucas and Goksal Bilgici sequences respectively.

2. Main results

The explicit Generalized Generating function of the sequence defined in
(1).

Theorem 2.1 (Generalized Generating Functions). The generalized generating
function of the sequence defined in (1) is

> n Vot (WVi—-pW)z a+(b—pa)z
E Vox" = = .
= (L=pzr—qaz®)  (1-pz—qz?)

Proof. Let
V(z) = Z Vo™, (2)
n=0

peV(e) = pr' 3 Vya” 3)
n=0
g2’V (z) = gz Y _ Vpa" (4)

n=0
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Then (2)-(3)-(4) gives
(1—pz—qz®) V() =Vo+ (Vi —pVo) =

Hence

Zvnxn:‘/o_‘_a/l_pvb)x: a—i—(b—pa)x (5)
o (I —pz—q2?)  (1-pz—qz?)
O

2.1. Special Cases of the generating function). Case 1: Fibonacci se-
quences Substituting p = 1,¢g = land Vo = Fy =0, Vi = F; = 1 in (5),
subsequently, the generating function in (5) simplifies to:

F,=F, 1+ F, > (th =pVn +erL—2)7 n>2is

= Fo+ (Fy — pF, 1
Z ann _ 0 + ( 1 p 0) z _ ) (6)
o (1 — px — ga?) (1—z—2?)

Therefore, (6) represents the generating function for the well-known classical
Fibonacci sequences.
Case 2: Lucas sequence
Substituting p = 1, = land Vo = Iy = 2, V; = 13 = 1 in (5), then the
generating function in (5), simplifies to:

ln = 2ln_1 -+ ln_g, n Z 2 is

= 2—x
St = 2oE )
o (1—2—2?)

Thus (7) is in agreement with the generating function for Lucas sequence.
Case 3: Pell sequence
Substituting p = 2,¢g = land Vo = Py =0, Vi = P, = 1 in (5), then the
generating function in (5), simplifies to:

P, =2Py 1+ Py o, n>2is

= 1
nz:% Pa™ = T2 ) (8)

Thus (8) is in agreement with the generating function for Pell sequence.

Case 4:Modified Pell sequence

Substituting p = 2,g = land Vo = fo =1, Vi1 = f; = 1 in (5), then the
generating function in (5), simplifies to:

fo=2fn-1+4 frn—2, n>21s

oo 1_
T;Ofnxn:(l—l’cfaﬁ)' (9)

Thus (9) is in agreement with the generating function for Modified Pell sequence.
Case 5: Pell-Lucas sequence Substituting p =2,g=1and Vy = Qp =2, V1 =
Q1 = 2 in (5),then the generating function in (5), simplifies to:
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Qn=2Qn_1+Qn_2, n>2is
o
2 —2x
n=0

Thus (10) is in agreement with the generating function for Pell-Lucas sequence.
Case 6: Goksal Bilgici sequences

Substituting p =2a,g=b—a’and Vo = fo =0, Vi=fi =1

and p = 2a,qg =b—a?and Vo = lp =2, Vi = l; = 2a in (5), then the corre-
sponding generating functions for the Goksal Bilgici sequences are:

fn = 2afn71 + (b - a2)fn727 n > 2

and
l, =2al,_1 + (b—a?)l,_o, n>2 are

> x

E fnx™ = CIPOIE (11)
o (1 =2azx — (b—a?)z?)

and
> 2 — 2ax
E Iy = . (12)
_ — (b _ 2\ ,2
— (1 =2azx — (b—a?)z?)

Thus (11) and (12) are in agreement with the generating function for the
well-known Goksal Bilgici sequences.
Case 7: Jacobsthal Sequences Substituting p=1,gq=2and V= Jy=0, V5 =
J1 = 1 in (5), then the corresponding generating functions for the Jacobsthal
sequence is

) W z
> = gy @

Case 8: Jacobsthal-Lucas Sequences Substituting p = 1,¢ = 2 and Vp = Jy =
2, Vi = J1 = 1 in (5), then the corresponding generating functions for the
Jacobsthal-Lucas sequence is

N Juat = ﬁ (14)

n=0

O

3. Binet’s Formula for the Generalized Fibonacci Sequence

The following theorem gives the generalized form of Binet formula for the
sequence defined in (1).

Theorem 3.1 (Generalized Binet’s formula). The generalized Binet’s formula
for the sequence defined in (1) is

n+1l _ on+1 n __ an
b (T L (),
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2
where o, 8 = ptyritle ”5+4q are the roots of the equation x* — px — q = 0.

Proof. Consider partial fraction decomposition of the right-hand side of the gen-
erating function (5) of the sequence defined in (1)

Vo+ (Vi —=pVo)z _ (aVo+Vi—pVy)  (BVo+ Vi —pWy)

(1 —pz —qz?) (a=p)A—-az) (a—p)1-px)
. On simplification we have
W { o B }+(V1—PV0)[ 1 1 }

~(a=p) [(1—az) (1-pz) (a—p)

(1—azx) (1-pz)

we have

oo n+1l _ gn+l n __ An
S Vot = [Vo (O‘a_g) + (Vi - pVh) (C“a_gﬂ . (15)
n=0

Thus the generalized form of the Binet formula for the generalized Fibonacci
sequence {V,,},— is

an+1 _ 6n+1 o — ﬂn
Vo=W|———F+— Vi—pW) | ——— 16
(i) v () 1o
where o and,3 are the roots of the equation 22 — px — ¢ = 0. defined in (1). O

3.1. Special Cases of Binet formula. Case 1: Fibonacci sequences

Substitute p=1,g=1and Vo = Fy =0, V4 = F; =1 in (16), we have

B an-i—l_ﬁn-i—l an_ﬁn
vn_o(a_ﬁ >+(1—0)<a_6>

a™ — B 1++5
Fn = ) ’ = - 17
(5=5) == "
Thus (17), is the Binet’s formula for the classical Fibonacci sequence.
Case 2: Lucas sequence
Substitute p =1,¢g =1 and Vo = lyp =2, V3 =13 =1 in (16), then the Binet’s
formula for the Lucas sequence (5),is

B anJrl 76n+1 am 7ﬁn
zn2<a_ﬁ )”1”(@—/3)

which is simplifies to
ln=a"+p", . (18)

where o, 5 = 1%—\/‘?’ Thus (18) is the Binet’s formula for the for Lucas sequence.
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Case 3: Pell sequence
Substitute p = 2,g = land V) = Fy = 0, V3 = P, = 1 for Pell sequence
P,=2P, 1+ P,_9, n>2in (16), we have

Pn:o<an+1 Bn+1> +(1) <anﬁn>

a—pf a—pf
then the Binet’s formula for the Pell sequence(5),
PH:%, a,8=1+v2. (19)

Thus (19) is in agreement with the Binet’s formula for Pell sequence.

Case 4:Modified Pell sequence
Substitute p=2,g=1and Vo = fo =1, V3 = f1 =1 in (16), then the Binet’s
formula for the modified Pell sequence f, = 2f,—1 + fn—2, n > 2 then we have

in (16), we have
B an+1 _ /Bn+1 a — ﬁn
o=t (i) o (a=F)

, which is simplifies to

Gn=0"+B", a,f=1+£V2 (20)
Thus (20) is in agreement with the Binet’s formula for Modified Pell sequence.
Case 5: Pell-Lucas sequence
Substitute p =2,g=1and V= Qo =2, V1 = Q1 = 2in (16), then the Binet’s
formula in for the Pell-Lucas sequence Q, = 2Q,_1+ Q,_2, n > 2 then we have

B an-{—l_ﬁn-‘,—l an_ﬁn
Qn_2(a6 )+(2—4) (aﬂ >

= Q=2 [(“t:?“) - (C“a:gﬂ =%, 0, f=14V2.  (21)

Thus (21) is in agreement with the Binet’s formula for Pell-Lucas sequence.
Case 6: Goksal Bilgici sequences

Substitute p=2a,q=b—a? and Vo= fo =0, Vi=fi =1

and p = 2a,q = b—a?>and Vy = lyp = 2, Vi = I3 = 2a in (16), then the

corresponding Binet’s formula for the Goksal Bilgici sequences are

- an+1 _ Bn-&-l a — 671

and

o (Y 4 e a (22)
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where
catrf=a+t Vb
B a — Bn
and
l,=a" 4+ 8" (23)

Thus (22) and (23) are in agreement with the Binet’s formul for the Goksal
Bilgici sequences. Case 7: Jacobstal sequence

Substitute p=1,g=2and Vo= Jy=0, Vi =J,=1

in (16), then the corresponding Binet’s formula for the Jacobstal sequence is

n+l _ gn+l n __ an
L, =2. (o‘ - _g )—o‘a _g L, = a"+8" ( -7 20-1=3, 26-1=-3, a-3=3).
(24)

2 — 2 —2 =0, this formula is the same as

Here «, 8 are roots of the equation x
is in [8].
Case 8: Jacobstal-Lucas sequence
Substitute p=1,g=2and Vo= Jy=2, Vi=J1=1
in (16), then the corresponding Binet’s formula for the Jacobstal-Lucas sequence
is
L,=a"+p" ( ' 2a-1=3, 23-1=-3, a-=3) (25)

2

Here «, 8 are roots of the equation z° — x — 2 = 0, this formula is the same as

is in [8].

TABLE 1. Generating and Binet’s formulas of some of
the well known sequences as special cases of this
generalized V,, = pV,,_1 + ¢V,,_2 sequence,Vy(= a), Vi(=b),
a,b,p, and ¢

Sequence, Initial conditions | . - o i

Constant Coefficients n'" term Generating function Binet’s formula

Generalized Sequence o o it

Vo= a), Vi(= ). V= pVaot + qVace 5 Vian = Wliomle erome v, = v (0 2) + i - W) (%25)
a,b,p,q are arbitrary n=0

Classical Fibonacci o

Fo(=0), Fi(=1) Fo=Fo1+F, > Faz" = gy

p=1q=1 n=0

Lucas o

Z\!(:22)~11(1: ) In =201 +ln—2 ;Olnm” = Tty Iy =a" + 6",

pP=24q= "

Pell sequence o )

Py(=2). Pi(=1) Py=2P, 1+ P> > Pur” = gegimy P== 4 B=1+V2
p=2q=1 n=0

Modified Pell sequence o

VQ(:Ql).ml(: 1) Vi =2V 1 4 Vi F Vi = - Vicah B a =143
p=2q= "

Pell-Lucas sequence o

Qo(=2),Q1(=2) Qn=2Qn 1+Qun > Y Qua" = 5y Qn =20, a,f=1%+2
p=2q=1 n=0

Goksal Bilgici sequence-1st o .

fo=0). ngn : I =2faa + =)oz | X " = (gt =055
p=2s,q=("—s -

Goksal Bilgici sequence-2nd o

b2 b= R O I ) ln = a"+ 5"
p=2s59g=("~—s "
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Jacobsthal sequences I~
Jo(=0), i(=1) o= Jno1 4202 | X Jnd" = gty | L= a4 7 (0 20-1=3, 23-1=-3, a-f=3).
p=1lg=2 n=0

Jacobsthal-Lucas sequences s
Lo(=2),Li(=1) Ly=Ln1+2Ly 3| Y Lpa" = (1—3:12#) Ln=a®+p" (v 20-1=3, 26-1=-3, a-fi=3)
p=1lg=2 n=0

4. Generalized Identities

Theorem 4.1. For every integer n, in the sequence defined in (1) is

where Vy,, a, B are the roots of the equation x> —px —q = 0. are defined in (16).

Proof. Using the generalized Binet formula (16) and replacing n with —n in it

we have
—n+1 _ p—n+l -n _ [3-Nn
Now
afn_ﬂfn__ 1 an_ﬂn - _
a—B (q)”(a—ﬂ)'aﬁ ! @)
a—n—i—l _ /B—n—i-l o 1 a — ﬂn) B (an—o—l _ 6n+1>>
( «— 8 )‘ &k <p<a—5 —; 28)
using

a®=ap+q,5=Pp+q
. Using (27) and (28) in (26), we have

Vop=—F|Va—CV1i—0W) | —— 29
v - - (250 (29)

O
Corollary 4.2 (Fibonacci). If p=1,q=1and Vy = Fp =0, Vi=F =1 1in
(29), then it reduces to F_, = (—1)""'F,.

Proof. On substituting p=1,¢g=1and Vo = Fy =0, V; = F; =1 in (29) we

have
_ 1 (o ot - g
Vo= o [V 2 —pve) (220
1
F_H_W[an(sz)Fn]
o 1 _ - (_ n+1
Foy= g -Fd = ()" F (30)

Thus (30) is the corresponding identity for the classical Fibonacci sequence. O
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Corollary 4.3 (Lucas). Ifp=1,q=1and Vo= lp =2, Vi =1; =1 in (29),
then (29) reduces to l_, = (=1)""l,.

Proof. On substituting p=1,g=1and Vo = lp =2, V4 =13 =1 in (29),in we

have
lp=—Fxl,—2-2) ——
o[- e-0 (=5
lp=(-1)"", (31)
Thus (31) is the corresponding identity for the Lucas sequence. O

Corollary 4.4 (Pell). Ifp=1,q=1and Vo= Py =2, Vi =P, =1 in (29),
then (29) reduces to P_,, = (—1)"""'P,.

Proof. On substituting p=1,g=1and Vo= P =2, Vi = P, =11in (29), in
we have

1 a — g
Vo, = = |V — (2V1 — pWp ()]
(=) @ A B8
1
Pow= g [P = 2P = (1B (32)
Thus (32) is the corresponding identity for the Pell sequence. U

Corollary 4.5 (Modified Pell). If p=2,g=1and Vo= ¢go=1, Vi=q =1
in (29), then (29) reduces to g, = (—1)"qy.

Proof. On substituting p=2,g=1and V= qo=¢, V1 =¢ =1 in (29),in we

have
1 a™ — pg"
e [ (220)]
i 22 (5
q—n = (71)_nqn (33)
Thus (33) is the corresponding identity for the Modified Pell sequence. O

Corollary 4.6 (Pell-Lucas). If p=2,g=1and Vo = Qo =2, V1 =Q1 =2 in
(29), then (29) reduces to Q_, = (—1)"Q,.

Proof. On substituting p=2,g=1and Vo = Qo =2, V1 = Q1 = 2 in (29), we

have
h=— —4-4)——
- = e |- a-0 (S=0)]
Q-n= (71)7nQn (34)
Thus (34) is the corresponding identity for the Pell-Lucas sequence. O

Corollary 4.7 (Goksal Bilgici). If p=2a,q=b—a® and Vo = fo =0, V; =

fi=1
andp—2a g=b—a? and Vo = lo =2, Vi =11 = 2a in (29), then (29) reduces

to f_ = m'fn and l_n = ml .
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Proof. Substituting p =2a,q=b—a?and Vo= fo =0, Vi=fi=1
and p=2a,q=0b—a%and Vo = Iy =2, Vi =1; = 2a in (29, we have

e -2 (5]

and . .
= g [ 10 (525
- -1
f—n - mfm (35)
and
-1
lp= mln, (36)
Thus (35) and (36) are the corresponding identity for the Goksal Bilgici se-
quences. O

Theorem 4.8 (Cassini identity). For every integer n, for the sequence defined
in (1). Then

Vii1Vae1 = V2= (=)' [qVE + (o + B) VoVi — V47
. Here a+ 8 = p.

Proof. Using the definition in (1) and the generalized Fibonacci sequence (16)
we have

VirrVao1 = Vii = (=" [aV5 + (a+ ) VoV = 1] (37)
The above result can be written as
Vig1Vipoy — V2 = ()" [qa® + pab —b*] ,a + B =p.
O
Corollary 4.9 (Fibonacci). If p=1,g=1and Vo= Fp =0, Vi =F, =1 in
(??), then it reduces to
FoFy 1 —F,2=(-1)". (38)
Corollary 4.10 (Lucas). Ifp=1,g=1and Vo = lp =2, Vi1 =1, =1 in (37),

then it reduces to
ppilny — 12 =5(=1)""" (39)
Corollary 4.11 (Pell). Ifp=1,q=1and Vo= Py=2, Vi, =P, =1 in (87),
then (37) reduces to
Pn+1Pn71 - Pg = 5(_1)7171 (40)
Corollary 4.12 (Modified Pell). Ifp=2,g=1and Vo= qo=1, Vi=q1 =1
in (37), then (37) reduces to

gn+19n—1 — %21 = 2(—1)7171 (41)
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Corollary 4.13 (Pell-Lucas). If p=2,g=1and Vo= Qo =2, V1 = Q1 =2
in (37), then (37) reduces to
Qni1Qu-1 - Q =8(=1)""" (42)
Corollary 4.14 (Goksal Bilgici). If p=2a,q=b—a? and Vo = fo =0, Vi =
fi=1
andp =2a,q=b—a? and Vo = ly =2, Vi =1y = 2a in (37), then (37) reduces
to
-1

Farrfao1 = fr = —(a® =0)" . (43)
and )

lnsiln—1 — 12 = 4b(a® —b)" . (44)

Theorem 4.15 (Catalan identity). For every integer n and r, generalized se-
quence defined in(1)we have

r_ Ar\ 2
VosrVior — V,? = (—q)" " <aa — g ) (qa2 + pba — bz)

Proof. Using the definition in (1) and the generalized Fibonacci sequence (16)
we have

ar_ﬁr
a—p

2
Vs Vor — V32 = _(aﬁ)”""< ) [(aB) Vi — (a+ B) VoV + V47

which can be written as

T o__ T 2
VotrVn—r — Vn2 = (_Q)nir (aa — g ) (qa2 + pba — b2) : (45)

O

Theorem 4.16. For every integer n,r and s, generalized sequence defined in
(1) and (16) we have

VosrVots — VaVasris = ()" (aa : g > (aa : g > (ga® + pba — b?)

Proof. Using the definition in (1) for the generalized Fibonacci sequence and
(16) we have

Vn+7'Vn+s - VnVn+7'+s = (_Q)n (a; : gr> <a; : §s> (QGQ +pba - b2) (46)

O

Corollary 4.17. On substituting the appropriate values for p, q in the re-
currence relation defined in (1) and the initial conditions Vo and Vi for Fi-
bonacci, Lucas, Pell, modified Pell, Pell-Lucas and Goksal Bilgici sequences in
(46), then the corresponding identity for these sequences is obtained.
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Theorem 4.18 (d’Ocagne’s Identity). For every integer m and n generalized
sequence defined in (1) and (16) we have

am—n — 6m—n

VmVn+1 - Vm+1Vn = _(_Q)n ( a— B

> (ga® + pba — b°)

Proof. content... Using the definition in (1) for the generalized Fibonacci se-
quence and (16) we have

am—n — Bm—n

VmVnJrl - Vm+1Vn - _(_q)n < o _ 6

> (ga® + pba — b°) . (47)
U

Corollary 4.19. On substituting the appropriate values for p, q in the re-
currence relation defined in (1) and the initial conditions Vo and Vi for Fi-
bonacci, Lucas, Pell, modified Pell, Pell-Lucas and Goksal Bilgici sequences in
(46), then the corresponding identity for these sequences is obtained.

Theorem 4.20 (Gelin Cesaro identity). For every integer n,r, we have
Vn—ZVn—1Vn+1Vn+2 - Vn2
= %4V (Anfl AnAnJ’_QAn«FS - (A'n+1)4>

+ Vo (Vi = pVo)V ((An2) Aot An o (Ans )P Az Anss = 4(Anin)*An

+ AnAnsa (BBt + Anz D))
V2 (Vh — pvo)zv(An,zAM(An,IAM F A A1) + A1 AnAnii Anz

4 (A1) (Ans2)? 4 (An-1)2Anis Anss + (Ansa) A2 An — 6(An+1)2(An)2>
+Vo(Vi — pVg)3V<An_2An+1 (An-1 A Ansa

+ A?L72ATL+1) + Anfl An—2(An+2)2 + (Anfl)QAn+l An+2>

(V= V)V (Ana B A Ay — (A,)) (48)
where
(3] :
e ot = = (VR 30 (") Y =
3=0

Theorem 4.21 (d’Ocagne’s Identity). For every integer m and n generalized
sequence defined in (1) and (16) we have

am—n — ﬁmfn

Vi Vag1 = Ving1 Vo = —(—q)" ( a_ 3

> (qa2 + pba — bz)



296 K.L. Verma

Proof. Using the definition in (1) for the generalized Fibonacci sequence and
(16) we have

m—n _ Am—n
o p

VinVos1 = Vi Vo = —(—=¢)" < a_p

> (ga® + pba — b*) . (49)
O

Theorem 4.22. For every integers m and n in the generalized sequence defined
in (1) and numbers defined in (16) we have

Vner + anm = [(Rn+m + Rnfm)] (Vl - p‘/b) + [(RnerJrl + Rn7m+1)] VO

Vn+mvnfm = (Rnmener) (Vl - pVb)Q + (Rnfm+1Rn+m+1) %2

m+n m—n 1
(=)™ g+ ()™ o + @+ g (Vi —pVo) Vo

where R; = (a;:g,)
Theorem 4.23. For every integer n in the generalized sequence defined in (1)
and numbers in (16) we have

Vn+1 —aV, = [VO/B + (Vl —pVb)] 6n
Vn+1 — BV = [V()Oé + (‘/1 *pVo)] a”
(Vag1 — Vi) (Vagr — BVi) = (a?¢® — pab + b%) (—¢)"

Theorem 4.24. For every integer n in the generalized sequence defined in (1)
and numbers defined in (16) we have

Vn+1_{ azfp>07q207paq€N
B8

i ifp<0, q p*+4¢>0,p,g€R

n—oo  Vp,

5. Discussion and Conclusion

In this article, an advanced generalization of the Fibonacci sequence, which
we call the generalized Fibonacci sequence is considered which is Unlike other
generalizations as its parameters for the recurrence relation and for the initial
terms, a, b, p, and ¢ can be any real numbers. First ten terms are of this se-
quence are exhibited in Figure-1 1 in general form and with values and with
some Table-2 (tablualr form). How these sequences progresses versus increas-
ing n is exhibited graphically in Figure-2. Terms of the any knwon sequence
can be checked and verified on imposing the restriction on parameters p,q, a
and b. Generalized generating function (3) and Binet formula (5) are obtained,
then utilizing these, Generating function and Binet formulas of known existing
sequences are also verified. Special cases of generating function and Binet formu-
las of this generalization are also displayed in the tabular form in Table-1. Some
identities in their generalized forms are also obtained and can be specialized to
the existing identities by simply substituting the values of a, b, p, and ¢. Finally
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Table ratio of (n + 1)th to nth terms as n approaches to infinity is illustrated in
tabular form in Table-3 and graphically in Figure-3.
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== e= Fibonacci Sequence
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g Pell Sequence

== «= Nlodified Pell Sequence

== == Pell-Lucas Sequence
Jacobsthal Sequence

«= @= Jacobsthal Lucas Sequence

FIGURE 2. Progress of the Sequence grows using the
generalized term of (1).

TABLE 2. Generalization of Classical fibnoacci

Sequence
Initial [ Vo=0Vi =1 | V=2V =L | Vo=0,Vi=1 | Vo=LVi=1, | Vo=2V1=2,| Vo=0,V; =1,
Conditions | p=1,¢g=1 p=1lg=1 p=2q=1 p=2q=1 p=2q=1 p=1q¢=2
n= Fibonacci Lucas Pell Modified-Pell Pell-Lucas Jacobstal
1 0 2 0 1 2 0
2 1 [l 1 1 2 1
3 1 3 2 3 6 1
4 2 1 5 7 14 3
5 3 7 12 17 34 5
6 5 11 29 a1 82 11
7 B 18 70 99 198 21
8 13 29 169 239 478 13
9 21 a7 408 577 1154 85
10 34 76 985 1393 2788 171
100 3.542 x 107 7.921 x 107 6.669 x 10°7 9.474 x 107 1.895 x 10° 2.11310 x 107
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Sequence terms (1)
==t Fibonacci Sequence
= = - Lucas Sequence

Pell Sequence

© © Modified Pell Sequence
==+ Pell-Lucas Sequence
= = - Jacobsthal Sequence
= = - Jacobsthal-Lucas Sequence

FiGURE 3. Ratio lim % for the well known sequences
n—oo Jn

using the generalized term of (1).

TABLE 3. lim % of Generalization of Classical
n—oo Jn

fibnoacci Sequence

Initial
Conditions / | Vo =0,Vi =1, | Vo=2,Vi=1,| Vo =0Vi=1, | Vo=1Vi=1,| V|, =2V1 =2, | Vo =0,Vi=1, | V=2V =1,
Recurrence p=1lqg=1 p=1g=1 p=2,q=11 p=2,qg=1 p=2,q=1 p=1,q=2 p=1qg=2
Relation
Sequence Fibonacci Lucas Pell Modified-Pell Pell-Lucas Jacobstal J?Zlfzal
Vn+1/Vn 1.618 1.618 2.414 2.414 2.414 2.00 2.00

Similar expression for the Goksal Bilgici [?] is

lim fn+107’hm lny1 R a++va2+b2—aifa>0,a€ NbER
n—00 fn n—oo a—\/a2+b2—aifa<0,a€N,bER.
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