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ABSTRACT. We introduce a-F-convex contraction mappings in b-metric
space in this study and establish the uniqueness and existence of fixed
points for these mappings. It offers a-F-Convex outcomes in several in-
stances that bolster our primary findings, which are also provided.
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1. Introduction

Fixed point theory plays a pivotal role in functional and nonlinear analysis.
The Banach contraction principle is an important result of the fixed point theory.
Fixed point theory is a valuable resource for learning about nonlinear analysis.
It is thought to be the primary link between applied and pure mathematics.
It is also extensively used in many other academic disciplines, including prac-
tically all engineering disciplines, chemistry, physics, and economics. There are
numerous uses for Banach’s contraction mapping principle in fixed point theory.
Banach proved the following well-known fixed point theorem in 1922. Given a
complete metric space (X,d) and a contraction P:X — X, it can be shown that
xo € X of T Banach has a single fixed point. The Banach contraction principle,
as this theorem is known, is a powerful tool in nonlinear analysis.

In recent years [1] studied some fixed point theorems and generalized two
sided cone convex contraction mapping of the Banach contraction Principle de-
fined on non-normal cone metric spaces. The attention to the concept of b-
metric spaces has been given with examples to illustrate the multivalued map-
ping by [8]. [5] introduced a-F convex contraction mapping in F Metric spaces
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and discussed some fixed points results with helpful hypothetical results. [2] gen-
eralized F Contraction with sufficient conditions for existence and uniqueness of
fixed points theorems with samples. [3] discussed various results of fixed points
for partial metric spaces, G-metrics, GB-metrics, extended B-metric spaces and
many others convex contraction mappings.

The results of Chatterjea two sided convex contractive and Hardy and Rogers
convex contraction mappings are defined and the generalized result are studied
in [04]. F- Contractive mapping is proved as a Picard operator on complete
b-metric space and illustrated with examples by [6]. New contractive mapping
defined in b metric space and the uniqueness of fixed point was proved for new
contractive mapping to solve simultaneous linear equations with examples of b
metric space by [7]. [9] defined the orthogonal cone metric space and orthogonal
complete cone metric space as an extended version and the uniqueness of fixed
point is proved with an application of periodic boundary value problem.

Fixed point theorems for o — 1) contractive mapping are discussed by [10] and
initiated the mappings in fuzzy metric spaces with some ordinary differential
equations applications. [11] obtained F Convex contractive by non-linear Fred-
holm integral equation with examples and convex contractive is defined, some
results and properties discussed.

2. Preliminaries

If ¢ is the set of all functions f : R* — R, then ¢ is a mapping that satisfies
the following conditions:
(1) f is strictly increasing, that is, for all 21,25 € RT
if x1 < zg then f(z1) < f(z2);
(2) For each sequence a, of positive numbers,

lim «, =0
n—oo

if and only if
lim f(ay,)=—o00

n—r oo

(3) There exists k € (0,1) such that
lim (a)*f(a)=0

a—0t
Definition 2.1 (12). Let r > 1 be a given real integer and let X be a nonempty
set. A function d: X x X — R™ is deemed a b-metric if and only if each of the
subsequent requirements holds true for every z, zo, 3 €%
(a) d(z1,22) =0 if and only if 21 = x9;
(b) d(z1,22) = 0=d(z2,21) = 0;
(¢) d(z1,22) < rld(x1,x3) + d(x3,x2)].
The pair (X, d) is called a b-metric space.
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It should be noted that, the class of b-metric spaces is functionally bigger than
that of metric spaces, since a b-metric is a metric when r = 1. But, in general,
the converse is not true.

Definition 2.2 (12). Given a b-metric space (X,d) with coefficient r > 1, con-
sider the following: P: X — X is a given mapping. If and only if, for any
sequence x,, € X, we have x, — x¢ then Px, — Pxg as n — oo then P is
continuous at g € X. We state that P is continuous on X if P is continuous at
every point of xg € X.

In general, a b-metric is not necessarily continuous.

Definition 2.3 (7). Let X be a b-metric space and z,, be a sequence in X we
say that (a) x,, is b-converges to x,, € X if d(z,,x,,) — 0 as n — oo;

(b) @, is a b-Cauchy sequence if d(z,,z) — 0 as n, m — oo;

(¢) (X,d) is b-complete if every b-Cauchy sequence in X is b-convergent.

Definition 2.4 (7). A continuous mapping P: X — X defined on a metric space
X is called two-sided convex contraction mapping if there exist positive numbers
a1, as,b1,bs € (0,1) such that the following inequality holds:

d(P%xq, P?29) < ard(w1, Pr1)+agd(Pxy, P2xq)+bid(z2, Pra)+bod(Pxa, P2xs)
for 1,79 € X and a1 +as + by + by < 1.

Theorem 2.5 (3). Let P: X — X be any two-sided convex contraction mapping
and let (X,d) be a full metric space. Then P has a unique fized point.

Theorem 2.6 (4). Let P be a self-mapping that satisfies the Chatterjea two
sided convex contraction criteria, and let (X, d) be a full metric space. Assume
that P has an orbital continuity. In X, P then has a single fixed point. The
Picard iteration x,, defined as xn,—1 = P"x,n > 0 converges to the fixed point
of P for any xo € X.

Definition 2.7 (4). Hardy and Rogers convex contraction mapping of type 2
is a continuous mapping P: X — Xdefined on a metric space X if there exist
positive values [y, 13, k1, k2, 51, 2, m1, ma, f1, fo € (0,1) such that the following
inequality holds:

d(P2JJ1, P2.Z’2) < lld(.’L‘l, 1‘2) + le(Pl‘l, ng) + k‘ld(.’L‘l, PJJl) + k‘gd(P.’IJl, P2$1) +
s1d(Pxy, Pxo) + s2d(Pzy, P2x9) + myd(Pxy, Pxa) + mod(Pxo, P2xy)

+ fld(l‘l, Pﬂfl) + fgd(Pil, P2I1)

fOI'$1,£L’2 eXandly +1lo+ ki +ko+ 51+ 8+m +m2+f1—|—f2 < 1.

3. Main results

In the context of b-metric spaces, we established fixed point solutions for a-F
convex contraction mappings.

Definition 3.1. A b-metric space (X,d) with parametersr > 1,P: X — X, «:
X x X — R" and F € ¢ is defined. If a;,b; € [0,1) with 37,_, 5(a; +b;) < 1
exists and meets the following criteria, then P is referred to as a Chatterjea
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two-sided o — F-convex contraction mapping.
d(P%xy, P?25) > 0

= 7+ F(a(z1,20)d(P?*x1, P?13)) < F(a1d(x1, Pra) 4 agd(Pxa, P?xs) +
bid(wz, Px1) + bad(Pxy, PPxy)) (1)
for all 1,20 € X and 7 > 0.

Theorem 3.2. Let r > 1 and let (X, d) be a complete b-metric space. P: X —
X is a two-sided o — F-convex contraction mapping by Chatterjea that satisfies
the subsequent requirements:
(a) P is a-admissible;
(b) There exists xg € X such that a(xg, Pxg) > 1;
(¢) P is continuous or arbitrarily continuous on X.
Then, P has a fized point in X. Further, if P is o*— admissible, then P has a
unique fived point z € X iff Ty = P" T # Px, for alln > 0, then
nhﬁ\rr;o(P xo) =2
Proof. By Theorem 3.1(b),there exists a point € X such that a(zg, Pxg) > 1
and define a sequence x,, by
x1 = Pxo, 20 = Pxy, 23 = Pry,x(n + 1) = P, for alln =0,1,2,
If 2, = xn + 1) for some n, z, = x(n + 1) = Pxy, , is fixed point of P.
Assume x,, # 2,41 for all n =0,1,2,. Then d(xy,,zp+1) >0 for all n =0,1,2,.
Since, P is a admissible, a(xg, Pxg) > 1 = a(z1,22) = a(Pzq, P2xg) > 1.
Therefore, one can obtain inductively that
Ty, Tpy1) = a(P"xg, P Y20) > 1 for all n = 0,1,2,
By definition 3.1, 21 = Pz and o = P%x(. we have
d(P%xg, P32¢) > 0 = 7 + F(a(zg, Pxo)d(P?*x¢, P3x0))
< F[(lld(l‘o, le‘o) + agd(PQ.L“(), PS.%‘Q) + bld(Pl‘Q, PJ?Q) + bgd(Pl‘Q, P2£C0)]
= F[ald(l‘o, szo) + (IQCZ(]DQZCO7 P3JC0) + de(Pl‘o, P2l‘o)]
< F[al(sd(xo, Pl‘o) + Td(PJZQ, P2IL'0)) + agd(szo, P3$0) + bgd(Pl‘o, le’o)]
= Flaysd(zg, Pxo) + ayrd(Pxg, P?x0) + axd(P?xo, P310) + bad(Pxg, P2x))
Flaird(xg, Pxg) + (a1r + be)d(Pzo, P2xo) + asd(P%wg, P3x¢))
F[(2a17 + by) max (d(xg, Pxg), d(Pxo, P2xg)) + aad(P?zg, P31))
F[(Zalr + bQ)’U + azd(PQJ?o, Psxo)],
where v = max (d(xq, Pzo), d(Pzo, P?x0)) .
Since F is strictly increasing,and 7 > 0,
d(P%xq, P320) < (2a17 + b2)v + asd(P%wg, P3x¢)
(1 — ag)d(P?zo, P?xo) < (2a1s + b2)v
d(P?zqg, P320) < 2“”“’2 v, (1 —ag) >0
d(P%xq, P3z¢) < )\fy Where e s
Similarly, we get d(Pxq, Pozo) < A\%7.
Continuing this process inductively, we get
d(P™zg, P lag) < Ay,
when m is even and odd, [ > [.

<
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Now we get x,, is a b-metric Cauchy sequence in X.

Case 1: If m value even, [ > 1.
d(PmLL'o, ino) = d(P2ll‘0, Pnl'())
d(P™zg, P"x) < (r+72)(A\)(1 —72X) "1y = 0 as | — oo.

Case 2: If m value odd, [ > 1.
(Pm(L'o, ano) = d(P2l+1ZL'0, PnlCo)
d(P™xg, Px) < (r+7r2)(A)(1 —r2X\) "1y = 0 as | — oc.
We have x,, is a b-metric Cauchy sequence in X.
There exists z € X such that

nl;rréo(xn) = nleréo(P”xo) —z

Next, we prove that z is a fixed point of P.
By the continuity of P, we obtain z =
lim P(P"xzy) = Pz

n—oo

Therefore, z is a fixed point of P.

Uniqueness: We suppose that P is a*-admissible. Since Fix(P) # 0,

let z,z* € Fix(P), by a*-admissible of P, we have a(z,z*) > 1. From Eq. (2)
F(d(z,2*)) = F(d(P?z, P22*)) = F(a(z, z*)d(P?z, P22*))

< F(ayd(z, Pz*) + agd(Pz*, T?2*) + byd(z*, Pz) + baod(Pz, P?2)) — T

< F(a1d(z,Tz*) + b1d(z*,Pz)) — 7

Since 7 > 0 and F is strictly increasing, we obtain

d(z,2*) < ard(z, Pz*) + bid(2*,Tz) < (a1 + b1)d(z, 2*)

d(z,z*) < d(z,z"),a contradiction, which in turn gives z* = z.

Therefore, P has a unique fixed point in X.

O

Example 3.3. Let X = [0,1] and d : X x X — R* be given by d(z1,z2) =
|71 — x2]? for 1,22 € X. Then (X, d) a complete b-metric space with r = 2.
We define a mapping P : X — X by

0 if 21 €10,3)
P('rl) = x,? 1 if 1 .
Lt q ifae3,1]
and
1 forall z1,20 € X
a(zy, ) =

0 otherwise
Then P is a— admissible. Setting F' € ¢ such that F : Rt — R given by
F(9) = In(¥). Then for z1,z2 € X, 21 # 2.

Definition 3.4. Let (X, d) be a metric space with parameters r > 1, P : X —
X,a: XxX — Rt and F € ¢. Then P is called Hardy and Rogers a— F-convex
contraction mapping if there exists a;, b;, ¢;, €;, fi € [0,1) with Zi:m(ai +b; +
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cite+ fi)< % and satisfies the following condition:
d(P2xy, P?xs) > 0

= 7+ F(a(zy, 22)d(P%xy, P2x1)) < Flayd(xy, Pxo) + agd(Txy, T?xy) +
bid(za, Pxy) + bed(Pxq, P211)) 4 c1d(w2, Ps) + cad(Pxa, P2xs)) +
erd(z1, Pxy) + ead(Pxo, P?xs)) + fid(zo, Pxy) + fod(Txy, T?x1))]  (2)
for all 1,20 € X and 7 > 0.

Theorem 3.5. Let (X,d) be a complete b-metric space withr > 1, P: X — X
be Hardy and Rogers o — F'-convex contraction mapping satisfying the satisfy the
following conditions:
(a) P is a-admissible;
(b) There exists xo € X such that a(zg, Pxg) > 1;
(¢) P is continuous or arbitrarily continuous on X.
Then, P has a fized point in X. Further, if P is o —admissible, then P has a
unique fized point z € X. Moreover, for any o € X if xpy1 = P # Px,, for
alln >0, then

lim (P"xzg) = =z

n—oo
Proof. By Theorem 3.2(b),there exists a point xg € X such that a(zg, Pzg) > 1
and define a sequence x,, by
x1 = Pxg, 20 = Pxy, 03 = Pry,xn+ 1) = Tz, for alln =0,1,2,
If 2, =2+ 1) for some n, 2, = T, +1 = Py, x, is fixed point of P.
Assume x,, # 2,41 for all n =0,1,2,. Then d(x,,z,+1 >0 for alln =0,1,2,.
Since, P is a admissible, a(xg, Pxg) > 1 = a(x1,12) = a(Pzg, P2xg) > 1.
Therefore, one can obtain inductively that
a(rp, wpi1) = a(Ptxg, PP lag) > 1 for alln = 0,1, 2,
By definition 3.2, 21 = Pz and o = P%x. we have
d(P?zg, P3z0) > 0 = 7 + F(a(zq, Pro)d(P%xo, P3x0))
d(szo,P3x0) < M\y,where \ = a1tbitci+2eir+as+botfo

1l—ci1—es

By definition 3.2 1 = Pxy and 2o = P%z. we get

d(P3zg, P*z¢) > 0 = 7 + F(a(Pzg, P?2¢)d(P3x0, P*10)) < Ay
Similarly the process inductively, we get

d(P™xg, P lag) < Ay,

when m is even and odd, or for [ > [.

Now show that x, is a b-Cauchy sequence in X.

Case 1: If m value even, [ > 1.

d(Pm$0, ano) = d(PQllZ(), Pn.To)

< r(d(P%zg, P+ ag) 4 d(PP oy, Pay))

d(P™xg, P"x) < (r+7r2)(A)(1 —r2X\) "1y = 0 as | — oc.

Case 2: If m value odd, [ > 1.
d(PmIQ, Pn$0) = d(P2l+1130, Pnfﬁo)
< r(d(PPH gy, PP 220) + d(P? 24, Pnag))d(P™xg, PMag)
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<(r+rHAHA =72\ "ty = 0as | — oo.
We have z,, is a b-metric Cauchy sequence in X.
There exists z € X such that

) — i (P
A3 on) = 0 (Pra0) = 2

Next, we prove that z is a fixed point of P.
By the continuity of P, we obtain z=
lim P(P"xzy) = Pz

n—oo

Therefore, z is a fixed point of P.

Uniqueness: We suppose that P is a*-admissible. Since Fix (P) # 0,

let z,2* € Fix(P), by a*-admissible of P, we have a(z,z*) > 1.

By definition 3.2,

F(d(z,2*)) = F(d(P?z, P22*)) = F(a(z,2*)d(PP?z, P?2*))

< F(ayd(z,2%) + axd(Pz*, Pz*) + b1d(z, Pz) + bad(Pz, P22)) + c1d(z*, Pz*) +
cad(z, P?2%)) + e1d(z, Pz*) + ead(Pz, Pz*)) + f1d(z*, Pz) + fod(Pz, P%2)) — 1
< Flaid(z, 2%) 4+ a2d(z, 2%) + e1d(z, 2*) + f1d(z,2%)) — 7

d(z,2*) < (a1d(z, 2*) + a2d(z, 2*) + e1d(z, z*) + frd(z, z%)

< (a1 4+ a2+ e + f1)d(z, z%)

d(z,2*) < d(z,2*) + b1d(2*,Tz2) < (a1 + b1)d(z, 2*)

d(z,2*) < d(z,z*), a contradiction, which in turn gives z* = z.

Hence, P has a unique fixed point in X. Now we give an example in support
of Theorem 3.2. O

Example 3.6. Assume that X = [0,1] and d : X x X — R™ is provided by
d(z1,72) = |1 — 22|? for all 21,29 € X. Then, with r = 2,(X,d) a complete
b-metric space .

P(zy) = I—; + 1 defines a mapping P : X — X for all z; € X. For every
x1,22 € X,a(x1,22) = 1. Then P is a-admissible. Assume that F: RT — R is
given by F(¥) = Ind > 0,9.

4. Conclusion

In the context of complete b-metric spaces, we established and demonstrated
the uniqueness of fixed points and the existence of a a—F-convex contraction
mappings. Our findings build upon and broaden the similar findings in the
literature. We have also provided evidence for the primary findings of this study
by utilizing a few relevant cases.
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