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RESULTS ON THE ALGEBRAIC DIFFERENTIAL
INDEPENDENCE OF THE RIEMANN ZETA FUNCTION
AND THE EULER GAMMA FUNCTION

XIAO-MIN L1 AND YI-XUAN L1

ABSTRACT. In 2010, Li-Ye [13, Theorem 0.1] proved that
P (¢(2),¢(2)s <™ (2),T(2),T'(2), 17 (2)) #0 in €,

where m is a non-negative integer, and P(ug,u1,...,uUm,vo,v1,v2) is any
non-trivial polynomial in its arguments with coefficients in the field C.
Later on, Li-Ye [15, Theorem 1] proved that

P (2T(2),I(2),....T™(2),¢(2)) #0

in z € C for any non-trivial distinguished polynomial P(z,uo,u1,...,
Un,v) with coefficients in a set Ls of the zero function and a class of non-
zero functions f from C to CU {co} (cf. [15, Definition 1]). In this paper,
we prove that P (z,((2),¢'(2),...,¢(™(2),[(2),I(2),...,T(™(2)) # 0
in z € C, where m and n are two non-negative integers, and

P(z,u0,u1, ..., Um,V0,V1;...,Vn)
is any non-trivial polynomial in the m + n + 2 variables

UQ, ULy -y Um, V0O, Vs ..., Un

with coefficients being meromorphic functions of order less than one, and
the polynomial P(z,ug,u1,...,Um, V0, V1, ..., Vn) is a distinguished poly-
nomial in the n + 1 variables vg,v1,...,v,. The question studied in this
paper is concerning the conjecture of Markus from [16]. The main re-
sults obtained in this paper also extend the corresponding results from
Li-Ye [12] and improve the corresponding results from Chen-Wang [5] and
Wang-Li-Liu-Li [23], respectively.

1. Introduction and main results

Throughout this paper, by meromorphic functions we will always mean
meromorphic functions in the complex plane. To prove the main results in
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the present paper, we will apply Nevanlinna’s theory and adopt the standard
notations of the Nevanlinna’s theory. We assume that the readers are familiar
with the standard notations which are used in the Nevanlinna’s theory such as
the characteristic function T'(r, f), the proximity function m(r, f), the counting
function N(r, f) and the reduced counting function N(r, f) of a meromorphic
function f that are explained in [8,11,24,25], their detail notions are defined as
follows: for a non-constant meromorphic function f in the complex plane, the
proximity function m(r, f), the counting function N(r, f), the reduced counting
function N(r, f) and the characteristic function T'(r, f), are defined as

21
mir, f) = = / log™* |f(re'®)|do,

21
N(r, ) = /0 den(o, f)logr,
N(r, f)= /OT wdt—i—ﬁ(&f) logr and

T(r, f)=m(r,f) + N(r, f), respectively.

Here log™ 2 = max{0,log x} for any non-negative real number x, n(t, f) denotes
the numbers of the poles of f in {z : |z| < t}, where each pole of fin {z : |z]| < t}
is counted according to its multiplicity as a pole of f, while 71(¢, f) denotes the
reduced form of n(t, f). The properties of m(r, f), N(r, f), N(r, f) and T(r, f)
can be found in [8,11,24,25].

In 1886, Holder [10] began to study the question of the algebraic differen-
tial independence of the Euler gamma function I' and proved that the Euler
gamma function I does not satisfy any non-trivial algebraic differential equa-
tions with polynomial coefficients. Later on, Bank-Kaufman [2] improved the
corresponding result from Holder [10] and proved that the Euler gamma func-
tion I' does not satisfy any non-trivial algebraic differential equation whose
coeflicients are meromophic functions ¢ with their Nevanlinna’s characteris-
tics satisfying T'(r,¢) = o(r) as r — +oo. On the other hand, as one of the
well-known list of 23 problems introduced by Hilbert [9], Problem 18 wrote:
whether or not the Riemann zeta function ¢ and allied functions satisfy any
non-trivial algebraic differential equation? The question was solved in [18,19].
We recall that the Riemann zeta function ( is associated with the Euler gamma
function I' by the Riemann functional equation (cf. [1, p. 217])

C(1— 2) = 217"~ *T(2)((2) cos %

One may ask, whether or not the Euler gamma function I' and the Riemann
zeta function ¢ are related by any non-trivial algebraic differential equation?
In this direction, Markus [16] deduced that the Euler gamma function T' and
the composition function {(sin(27z)) are differential independent over C. More-
over, Markus [16] conjectured that the Euler gamma function I is not a solution
of any non-trivial algebraic differential equation, even allowing coefficients that
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are differential polynomials in ¢ over C. In other words, this conjecture can be
expressed as follows:

Conjecture 1.1 (The conjecture of Markus, [16]). Let
P(ug, Uty -« y Uy Vo, U1y - v oy V)

be a polynomial in ug,ut, ..., Um, Vo, V1,--.,V, in the field C, where m and n
are two positive integers. If

P(¢(2),¢/ (), ¢ (2),T(2), T (), T(2) ) = 0
identically in z € C, then P is identically zero.

In recent ten years, many mathematicians studied Conjecture 1.1 and ob-
tained many interesting results, which can be found, for example, in Li-Ye
[12-15] and [23]. For the case of the following narrations, we recall the fol-
lowing notations from Li-Ye [12]: let P(uq,u1, ..., Um, Vo, V1,...,0,) be any
polynomial in the m + n + 2 variables ug, u1, ..., Um, vg, 1, . . . , Uy With coeffi-
cients in C, where and in what follows, m and n are two positive integers. For
a non-negative integer i, we let

(1) A=A(p)
= {(Ao, A1,...,Ay) : Ajis a non-negative integer with0 < j < pu < oo}

be a finite multi-index set, and let

i

(2) Ap={AeA: X\ =k} with [A[=) )
7=0

and
I

(3) Ap={reA: .=k} with [ =) j\.
j=0

Then, it follows that there is a non-negative integer N such that

N
4) P(uo,ul,...,um,vo,vl,...,vn)zz Z a,\(uo,ul,...,um)vé‘"vfl e,

F=0 XEA,
where ay(ug, U1, ..., Uy) is a polynomial in the m + 1 variables wug, w1, - .., Umn
with coefficients in C. We set
Xo, A A

(5) Pj(uo, U1, .-y Um, V0, V1, ..., Up) = E ax(Uo, Uty o U V00T - v

AEA,
Moreover, we write

N;
(6) Pj(UO,Ul,...,Um7’l)0,’l)1,...7'l)n): E Pj,p(UO,Ul,...,um7’l]07’l]17...,Un),

p=
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with
(7) Pj p(uo, w1, ..., Um, Vo, V1, ..., Vp)
Ao, A A
= g ax(uo, Uty . .., U ) V007 - - o™,
AEA; N A;

where N; is a non-negative integer. Consequently, we have by (1)-(7) that

(8) P(UQ,Ul,...,Um,Uo,’Uh...,’Un)
N
= ZPj(uO,ula"'aumvv()avla"'avn)
j=0

N N;j
E E Pj p(to, Ui,y ..oy Um, V0, UL, -+ -+ Up)-

=0 p=0
We recall the following results from Li-Ye [12] and Li-Ye [13], respectively:

Theorem 1.2 ([12, Theoreml]). Let P(ug,u1,. .., Un, V0, V1,-..,Vy,) defined
as in (8) be any non-trivial polynomial in the m + n + 2 variables

Uy ULy vy Um,V0yV1y--.,Un
with coefficients in C, where m and n are two non-negative integers. If
(9) Z ax(uo, u1, ..., um) # 0
AEA; NAS
whenever Pj ,(ug, u1,. .., Um, Vo, V1,...,0,) Z 0 for all possible j and p such
that 0 <p < N; with0<j < N and j € Z, then
P(¢(2),¢/ (), ¢ (2),T(2), T (), TO(2)) £ 0
in z € C.

Theorem 1.3 ([13, Theorem 0.1]). Let m be a non-negative integer, and let
P(ug, U1, ..., Um, Vo, v1,02) be a polynomial in its arguments with coefficients
in the field C. If

P (¢(2).¢'(2), -, (0 (), T(2),T'(2), T (2) ) = 0
identically in z € C, then the polynomial P is identically zero.
The following definition is from Li-Ye [15]:

Definition 1 ([15, Definition 2]). Let I = (ig, i1, ...,4,) be a multi-index with
lI| = > p_oik- A polynomial in the variable wug,uq, ..., u, with functional
coefficients ay in a set S consisting of the zero function and a class of non-zero
functions can be always written into

§ i % i
P(u07u17'~'7un): aluooull"'unn7
IeA
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where A is a multi-index set. We call P(ug,us,...,u,) an S-distinguished
polynomial in wug,uq,...,u, or simply an S-distinguished polynomial, if the
multi-index set A satisfies |I;| # |I;| for distinct multi-indices I;, I; in A.

Remark 1.4 ([15, p. 1458]). By Definition 1 we can see that any polynomial
P(z,u) in one argument u with functional coefficients is a distinguished poly-
nomial in u. In addition, any polynomial P(z,u,v) in two arguments u and v
with functional coefficients can be written into

P(z,u,v) = Z Pi.(z,u)v",
k=0

where Py (z,u), Po(z,u), ..., Pn(z,u), not all identically zero, are distinguished
polynomials with functional coefficients.

The question of the algebraic independence for the special case of I' and ( is
solved by Li-Ye [14]. Indeed, they proved that I" and ¢ cannot satisfy non-zero
polynomial equation P(z,u,v) = 0. Later on, Li-Ye [15] showed that

P (z,r(z),r'(z), LT (), C(z)) £ 0

in z € C for any non-trivial distinguished polynomial P(z,ug,u1,...,u,,v) in
v with coefficients being allowed to be any polynomial of ¢ over C, over the
ring of polynomials or more generally over a set Ls of the zero function and a
class of non-zero functions f from C to CU {oo} (cf. [15, Definition 1]).

Recently, Wang-Li-Liu-Li [23] and Chen-Wang [5] respectively proved the
following results of which Theorem 1.5 improved Theorem 1.3:

Theorem 1.5 ([5, Theorem 1.5]). Let m, n, [, a be non-negative integers and

I>n>a>0, and let P(ug,u1,...,Um, Va,Un, ;) be a polynomial in the m+4
variables ug, Ui, . .., Um, Vo, Un, U; With coefficients being polynomials in z € C.
If

P (¢(2),¢(2), - ¢ (2), T (2), 1) (2), TV (2) ) = 0
identically in z € C, then P is identically zero.

Theorem 1.6 ([5, Theorem 1.5]). Let m and n be two positive integers, let N be
a non-negative integer, and let P(ug, U1, ..., Um, Vo, V1, .. .,V,) be a polynomial
in the m + n + 2 variables ug, U1, .. ., Um, Vo, V1, - - - , Uy, With coefficients in the
field C such that

N
E Pj(ug, w1,y ..., Um, V0,1, ..., Vp),

Pug, Uty .oy Uy Voy V1 v ey Up) =
j=0
where
Xo,, A by
Pj(ug,u1, ... U, 00, V1, ..., V) = ar(U, Uiy ..., U )V 001" - vy

~
m
>

<
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is a distinguished polynomial in vy, v1,...,v, for 0 < j < N and j € Z, and
ar(uo,Ut,...,Uy) for I € A;, 0 < j < N and j € Z is a polynomial in the
m + 1 variables ug, u, . .., Uy, with coefficients in the field C. If

P(¢(2),¢/ (), ¢ (2),T(2), T (), T(2) ) = 0
identically in z € C, then P is identically zero.

Next we give the definition of the order of a non-constant meromorphic
function:

Definition 2 ([8,11,24,25]). For a non-constant meromorphic function f, the
order of f is defined as

p(f) = limsup M.

r—00 logr

Remark 1.7. For a non-constant entire function f, the order of f is defined as

p(f) = lim sup loglogM (r, f)

r—oo logr
where M (r, f) = mi)ﬁﬂf(z)‘}

)

Regarding Theorems 1.2-1.5, one may ask the following question that is
much more general than Conjecture 1.1:

Question 1.8. Whether or not
P(¢(2),¢/ (), ¢ (), T(2), T (), T(2)) £ 0

in z € C, where P(ug,u1,...,Un,V,V1,...,0,) is any non-trivial polynomial
in the m + n + 2 variables ug, u1, . .., Um, Vg, V1, - . . , UV, With coeflicients being
meromorphic functions of order less than one, while m and n are two non-
negative integers?

We will study Question 1.8, and prove the following result:

Theorem 1.9. Let P(z,ug,u1,...,Un,V0,V1,--.,V,) be a polynomial in the
m~+n+2 variables ug, u1, ..., Um, Vo, V1, - . . , Uy With coefficients being meromor-
phic functions of order less than one, where m and n are two non-negative in-
tegers. Suppose that P(z,ug, U1, ..., Um, V0, V1, ...,V is a distinguished poly-
nomial in the n + 1 variables vy, v1,...,v, such that
(1) P(2to, sty U0, 1, Un)
t . .
15,0 45,1 iin
= g ar; (2,0, UL, . . ., Uy )V 07" 0T
=0
91,0, 41,1 i
= ar, (2,00, UL, - -« s Um) + ar (2, U0, ULy -« oy U )V C0 o0 e

it,0, t,1 it
+ar, (2,u0, U1, ..., Um)Vy 0y 0
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where t 1is some non-negative integer, and ay; (Z,U0, U1y ooy Up) with 0 < j <t
is a polynomial in the m + 1 wariables ug,uy, ..., u, with coefficients being
meromorphic functions of order less than one. If

(11) P (z,qz),g'(z),...,g(m)(z),nz),r’(z),...,r<n>(z)) =0
identically in z € C, then the polynomial P is identically zero.
By Theorem 1.9 we deduce the following result that improves Theorem 1.6:

Corollary 1.10. Let P(z,ug, U1, - .-, Um, Vo, V1, ---,Vy) be a polynomial in the
m + n + 2 wvariables ug, u1,. .., Um, V9,01, ..,V, wWith coefficients being poly-
nomials over C, where m and n are two non-negative integers. Suppose that
P(z,up, U1,y Um, Vo, V1,...,V,) IS a distinguished polynomial in the n + 1
variables vg,v1, ..., v, such that (10) holds, where t is some non-negative in-
teger, and ar;(z,u0, U1, ..., Uy) with 0 < j <t is a polynomial in the m + 1
variables ug, U1, ..., Uy with coefficients being polynomials in the field C. If
(11) holds identically in z € C, then the polynomial P is identically zero.

2. Preliminaries

In this section, we will introduce some lemmas that play an important role in
proving the main results of this paper. First of all, we introduce the following
result that is due to Miles [17]:

Lemma 2.1 ([17, Theorem]). There exist absolute constants A and B such
that if f is any meromorphic function in the plane, then there exist entire
functions fi and fo such that f = fi1/f2 and such that T(r, f;) < AT(Br, f)
for1<j<2andr>0.

We also need the following result due to Voronin [22]:
Lemma 2.2 ([22] or [20, p. 11, Theorem 1.6]). For any fized complex numbers
z with Re(z) = o satisfying % <o <1, the set
{(C(z +i7), ' (z+i7),...,¢" V(2 +ir)) T € R}
is dense in C".
The following result was originally proved in [15]:

Lemma 2.3 ([15, p. 1462]). For the Euler gamma function T' and any given
positive integer ¢ > 1 we have
'@ (z)
I'(z)
uniformly for any small € > 0 and for all z € C\ {z : |argz — 7| < &} such
that z — 0.

= (log 2)4(1 + o(1)),

The following result is called minimum modulus theorem, which can be
found, for example, in Berenstein-Gay [3, p. 362, 4.5.14]:
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Lemma 2.4 (Minimum Modulus Theorem, [3, p. 362, 4.5.14]). Let f be holo-
morphic in the disk {z : |z| < 2eR} =: B(0,2eR) and continuous in the closure
of this disk. Assume f(0) =1 and let € > 0 be such that 0 < e < 3¢. Then in
the disk |z] < R, and outside a collection of closed disks the sum of whose radii
does not exceed 4e R, we have

3

log|f(z)] > — (2 + log 2:) log M (2¢R, f).
The proof of Lemma 2.4 can be found, for example, in Berenstein-Gay
[3, pp. 362-363, 4.5.14], which is mainly based upon the following famous

Boutroux-Cartan theorem (cf. [4]):

Lemma 2.5 (Boutroux-Cartan Theorem, [4]). Let z1, 23, ..., 2, be n arbitrary
points in the finite complex plane C. Then, for every H > 0, the set of the
points z satisfying the inequality

ﬁ |z — 2| < (Z)n
j=1

can be covered by a collection of disks whose number does not exceed n, and the
sum of whose radii does not exceed 2H .

Remark 2.6. All the disks as mentioned in Lemma 2.5 are called the Boutroux-
Cartan exceptional disks about the positive constant H and the n points
21,22, ...,2n as mentioned in Lemma 2.5 (cf. [24, p. 58]). Moreover, each
such point z; with 1 < 7 < n as mentioned in Lemma 2.5 can be repeated as
many time as its multiplicity implies.

Remark 2.7. From the lines of the proof of Lemma 2.4 (cf. [3, pp. 362-363,
4.5.14]), we can see that the Boutroux-Cartan exceptional disks about the
positive constant 2¢ R and the zeros, say 21, 22,...,2, of f in the closed disk
|z| < R are the closed disks mentioned in Lemma 2.4, whose number does not
exceed n, and the sum of whose radii does not exceed 4eR, where each such
zero z; with 1 < j < n of f in the closed disk |z| < R is repeated as many
times as its multiplicity as a zero of f.

Following [21, p. 289], we introduce the definition of a Dirichlet series: by a
Dirichlet series we mean, in this paper, a series of the form Y7 | . where the
coefficients a, are any given numbers, and z is a complex variable. The more
general type of series Y ane~ % is also known as a Dirichlet series. The
special type is obtained by putting A\, = logn. For the theory of the general
type we must refer to Hardy-Riesz [7]. Throughout this paper we shall write
z = o+1t, where o and t are real numbers. We have already had one important
example of a Dirichlet series, the Riemann zeta function ((z) = > 7, n—lz We
recall the following result due to Chiang-Feng [6]:
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Lemma 2.8 ([6, Lemma 4]). Suppose that the Dirichlet series

Fi(z)=) %

is convergent in the region {o +it : 09 < o < 400} with oy being some positive
number, where j is a positive integer such 1 < 7 < N with N being a positive
integer, and suppose that ¢; with 1 < j < N is a meromorphic function in the
complex plane such that its Nevanlinna’s characteristic satisfies T (r, ¢;) = o(r)
asr — +oo. If

N
> 6i(2)Fy(z) =
j=1

holds identically in z € {o + it : 09 < 0 < 400}, then

N
> a;()e;(z) =0
j=1
holds identically in the complex plane for each positive integer n.

By Lemma 2.8 we can get the following result that is the differentiation
analogue of Theorem 1 from [6]:

Lemma 2.9. The Riemann zeta function ¢ does not satisfy any algebraic dif-
ferential equation with coefficients being meromorphic functions ¢ such that
their Nevanlinna’s characteristics satisfy T(r,¢) = o(r) as r — +o0o. That is,
if

7 (26,2, ¢ () =0

identically in z € C, where m is a non-negative integer, and f(z,ug, U1, - .-, U )
is a polynomial in m + 1 variables ug, uy, . .., Uy, with coefficients being mero-
morphic functions ¢ such that their Nevanlinna’s characteristics satisfy T (r, ¢)
=o(r) as r — +0oo, then f(z,up,u1,...,un) is identically zero.

Proof. Suppose that

(12) f(zvu(),ula-"a Z(bjuz)] Ouzlj1 o %ma

where 4;0,%5,1,...,%;,m With 1 < j < N are non-negative integers and I; =
(45,00%5,1, - - - 45,m) With 1 < j < N is the corresponding multi-indice such that
1;, # 1;, for any two positive integers j; and jo satisfying 1 < j; < jo < N,
while ¢1, ¢2, ..., ¢ N are meromorphic functions not all identically zero in the
complex plane such that

(13) T(r,¢;) =o(r) with 1<j<N

as r — +oo.
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Since the Riemann zeta function ¢ satisfies the algebraic differential equation
f(2.¢(2), ¢ (2), . .,C(m)(z)) = 0in 2z € C, we have by (12) that

(14) feaaaamﬂwm
—Z¢ CrE)(C (@) () () =0

identically in z € (C.
By the definition of the Riemann zeta function ¢(z) = >, -L, we deduce

n=1
that the differential monomial (%0 (2)(¢’(2))% - - - (C(™)(2))%m with1 < j < N
is a Dirichlet series, say

A . ) .
(15) 3 AW o () with 1< <N,
n=1
where A;(n) with 1 < j < N and n € N is some complex number depending
only upon j and n, and the Dirichlet series Y~ Aib(zn) is convergent in the
region {z € C : Re(z) > 1}. By (14), (15) and Lemma 2.8 we have for each
n € N that

N
(16) > Aj(n)e;(z) =
j=1
identically in z € C.
Next we let zp € C be a fixed point such that ¢;(zp) # oo foreach 1 < j < N,
and such that Zjvzl |¢j(20)| # 0. Then, it follows by (15) and (16) that

N
(17) Z ¢](ZO)CZJU(Z)(C/(Z))2]1 L (C(m)(z))ij,m —0.

However, Ostrowski [19] proved that the Riemann zeta function ¢ is not a
solution of any non-trivial algebraic differential equation with coefficients being
polynomials in C. This implies that (17) is impossible. This proves Lemma
2.9. O

3. Proof of Theorem 1.9

Since P(ug, U1, ... Um, Vo, V1, - ., Uy) is @ non-trivial polynomial in the m +
n~+2 variables ug, U1, . - ., Um, Vg, V1, - - - , Uy, With coefficients being meromorphic
functions of order less than one, where m and n are two positive integers, we
may rewrite P(z,ug,u1,...,Un,V,V1,-..,0y,) into the following form:

(18) P(Z U;O,’U,l,...,Um,U(),’Ul,...,'Un)
t
5,0 ) 45,1 ijn
(2,00, Uty - - oy U )V "0y -0
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_ 11,0 91,1 i
= ar, (2, U0, UL, .., Um) +ar (2,00, U1, ..., U )Uy V7 - U A
it,0, b1 i
+ar, (2,u0, U1, ..., U )y vy 0

where I; = (ij0,%j1,...,%,,) and |I;| = >} ik with 0 < j <t and j €
Z+ U {0} such that

0=|lo| <[] <+ <L,
and ag, (2, uo, u1, ..., upy) with 0 < j <t and j € Z* U {0} is a polynomial in
Uy, U1, - - - , Uy, With coefficients being meromorphic functions of order less than
one. Since ¢, ¢’,...,¢(™ and T, T7,... . T(" gatisfy
(19) P(z,u0,U1, -« y Uy V0, U1y« -, Up) =0

in z € C, we have by (18) and (19) that
(200 P (2G0T 1)

. (z,C,C’, § .,C(’")) +ay, (Z,g,g’, . .,g(m)) ﬁ (m))il,k

k=0
n

+otar (56N T (F(k))m =0

k=0

identically in z € C. The second equality of (20) can be rewritten into

(21) —ay, (z,c,g’,...,dm))
N 1 (TN
=arn (ZaC7C/; e ,C( )) kl;[l (F) F‘Il‘

+ar, (Z?C7</a - 7<(m)) f[ (F;‘k)> o I“IZ| R
k=1
no k)

+ay, (2,¢,¢,...,¢m™ <F> il

i )kr_[l -

/
yee ey

identically in z € C. Next we prove that the first coefficient ay,(z,, ¢
¢(™)) is identically zero in C. On the contrary, supposing that ar,(z,¢, (', ...,
¢™) £ 0 in C, we will derive a contradiction. Indeed, since ar;(2,¢,¢'5 ..,
¢™) with 0 < j <t and j € Z* U{0} is a polynomial in ¢,(’,...,¢™) with
coeflicients being meromorphic functions of order less than one, we have

N;
(22) g (3G () =D fipChet () () e
p=1
where and in what follows, N; with 0 < j < ¢ and j € Z* U {0} is some

positive integer, f;, with 0 < j < ¢, 1 <p < N; and j,p € Z* U {0} is some
meromorphic function of order less than one, and % ,.0,%p,1,--,%jpm With
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0<j<t 1<p<Nj;andjpeZ" U{0} are some non-negative integers. By
Lemma 2.1 we can see that there exist entire functions H; ;1 and H; o with
0<j<t 1<p<Nj;andj,peZ"U{0}, and there exist absolute constants
Ajpand B, with 0 < j <t,1<p<Njand j,peZ"U{0} such that

H.
(23) Fin = 722

and such that

(24) T(r,Hjp1) < AjpT(Bjpr, fp) with I € {1,2}, when 7 > 0.
By Definition 2 and Remark 1.7 we deduce

(25) p(Hjp1) < p(fip) <1

with 0 < j <t¢,1<p<Njforj,peZU{0}and [ € {1,2}. By substituting
(23) into (22) we have

N
L H- . . .
(26) a4, (2:C.C () = D Ll (¢ ()
p=1 P

with 0 <j <t,1<p<Njand j,peZ"U{0}. By substituting (26) into (21)
we have

H, . )
27 _ 0,01 rigp.0 (" Yi0,p1 . .. ((M)Yi0,p,m
(27) ; o, () (")
N1 n
- Hipa i1p.0( \i1p1 (m)\i1,p,m re [11]
= (ZHU,QC po(¢)yren e (M ) T T F
p=1 D k=1
2 n 2.k
H27P71 12,p,0 (1)i2,p.1 (m) 12,p,m F |12|
+ (Z mC (€)=rt - H T
p=1 e k=1
+ P
' 4 n F(k) itk
DL iy P, 0 ’ t,p,1 ... (m)Yit,p,m F‘It|
(e e ()
in z € C. Next we set
HH:
(28) H = H H ip2 and  Hj, = =Pl
j=0p=1 Hipz2

with 1 <j <t 1<p<Nj;and j,peZ".
Multiplying both sides of (27) by the entire function H defined in (28), and
then using the right equality in (28), we have

(29) Z H, Czo P, o w 1. (C(m))iom,m
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N, n i1,k
= <Z HLpCil,p,o (C’)il,p,l L ((m) 11 P, m) H ( ) F\Il\
p=1

k=1
n p(k)

N2
+ (Z H, pCinP«U (C")ilp,l .. (m) i2,p, m) H
p=1

k=1

ol , , . no TN
+ Z Ht7p€‘lt,p,0(</)lt,p,1 . (C(m))zt,p,m H (1‘\) ]_"l t
p=1 k=1

izl ...

in z € C. Noting that H # 0, where H is the entire function defined in (28),
we deduce by (26) with j = 0, the supposition ay,(z,¢,¢’,...,¢™) # 0 in C
and the right equality in (28) that

(30)  Hapy(2,¢,¢, -, ¢™) ZHO (S R (G

By (25) and (28) we deduce that H and H,, with 0 < j <tand 1 <p<N;
are entire functions such that

(31) p(H)<1 and p(Hjp) <1 with 0<j<¢ and 1<p<N;.

By Lemma 2.2 we can see that for any fixed point w, = (wg, w1, ..., W) €
C™*! and its some neighborhood 2 € C™*1, there exist infinitely many points
z = % + 4y; such that when [ — 400, we have

(32) z] = Z + 1y — o0,
(33) (C(zl),C'(zl), N .,dm)(zl)) S (W0, W1y -+ W)
and

(34) Cmo(z) (¢ ()t - (CU () e = wg PO e =iy,

with 0 <j <tand 1 <p < Nj, where cj, with0<j<tand 1 <p<N;isa
finite complex number.

By (31) and Remark 1.7 we can see that there exists some positive number
dg satisfying 0 < §p < 1, such that

(35) |H(z)| < M(jz], H) < ™™ and [H; ()| < M(|z], H;p) < el

for any positive integer [.
Using the reasoning of the lines of [21, p. 151] we have for a fixed value of
x = 3/4 that

3 =
(36) ‘F (4+iy>‘ ~ e By T2
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as y — £o0o. On the other hand, by Lemma 2.3 we have for any given positive

integer ¢ > 1 that

F(q)( 2)
I'(z)

uniformly for any small € > 0 and for all z € C\ {2 : |arg z — 7| < ¢} such that

z — 00. According to (30), we consider the following two cases:

(37)

= (log 2)4(1 + o(1)),

Case 1. Suppose that there exists an infinite subsequence of the infinite
sequence {z}, say itself, and there exists some positive number &g, such that

(38) | Har (2, 1), ¢ (), () (20))
D Hop(z)¢ 00 (2)(¢ (1)) 0mt - (¢ () orm | > &g
p=1
aszl:%—l—yl—M)o.
Since 0 < g < 1 and
3 . 3 2+ 2
I Yy
lim |—l‘ lim 7|4+Zyl| = lim 7<4) l =1,
I=otoo Y] ooy =00 Y1

we can find a sufficiently small positive number &1 satisfying 0 < 7 < 1, such
that

s
(39) |zi] < (14+e1)|y| and 1<(1 +81)60 < 5

as | = +oo. By (29), (34), (35), (36), (37), (38) and (39) we deduce

(40) <02 |5 Hopla)Gos ()¢ a)o5 - (G ()

p=1

N1
< (Z ()| |67 () (€ ()t - (€0 ()i )
U

Ny
( [Hap(20)] | ¢ (20) (¢ (22)) 20! "'(C(m)(zz)yz’pym‘)

)

F(k)
\ I(z)|"

n

U

(g

i2

F(k)
()] 4

p(@)C 0 () (¢ (z) et (G (1)) eomm




RESULTS ON THE ALGEBRAIC DIFFERENTIAL INDEPENDENCE 1665

itk

F(’“)(zz)

: 1|
Al er| e
Ny n e
= (Zlcmo T |0z )" 1+ o[ 1= Bl /a0
p=1 k=1
. N3 n ik
+6mw(§]@ﬂ>II“%% (14 o(L)| " el Dl (2l
p=1 k=1
+ e
N n itk
4 elnl® (Z |Ct7p> H ‘(log 2+ 0(1))’ ' eUzI(S*%)Iy:\(\/ﬁ)\It\
p=1 k=1

N1 n i
< etenlul™ (Dm) [T |(tog z0)* (1 + o(1))| " el )il (30

= k=1

+ e(1He1)?0Jyi|%0 (Z |02p> H ‘ IOgZz 1+ 0(1))‘”"“ 6\12‘(5*%)\1H|(\/ﬂ)|12\
k=1
e (Z mI) T oz )" (1-+ o(a| " el o=l (e
k=1
— 0 as [ — +oo.
This is a contradiction.
Case 2. Suppose that
(41) H(z)ar, (21,¢(21), ¢ (21), ..., ™ ()

No
=Y Hop(2)¢0r0 (2) (¢ (21)) 00 -+ (UM (=) 0rm = 0

p=1
as z; = % + y; — co. We consider the following two subcases:
Subcase 2.1. Suppose that (41) holds and there exists an infinite subse-

quence of the infinite sequence {z;}, say itself, such that

(42) H(z)ag, (21, (1), (21), - -, ™ ()
No
= > Hop(2)¢P70(2)(¢ ()0 - (¢ (zp))orm #0

p=1

for each positive integer (.
First of all, we use the lines of Case 1 to get (40). By (40) and (42) we have

No

(43) 0< |3 Hop(z)C0m0 () (' (z1)) 0 -+ (¢ () )0

p=1



1666 X. M. LI AND Y. X. LI

g (= 5)lnl (/37)In]

. N1 n i
< e(1+51)60|yz\60 (Z Cl,p|> H ‘(10g Zl)k (1 + 0(1)) 1

p=1 k=1

3

+ eFen) ™l (Z |e2 p|) 1T ‘ (log 21)" (1 + o(U)‘m elf2l (== 8 )l (/3r) 12!

p=1 k=1

Ny n T .
R R A < |(t,p> H ‘ 10gzl 1+ 0(1))’ g eut|(575)|yl|(‘ /o)1l

p=1

as | = +o0o. By (34) and the equality in (42) we deduce
(44) H (z1)az, (21, ¢(21),¢' (1), -, (7 (1))

No
= Z Ho,p<2:l)€i0'p’° (Zl)(cl(zl))iOwPJ R (C(m)(zl))io,p,m

P;Ol
= Y Hop(z)bop(21)
10];0
= Y Hopl(z)cop(1+o(1))

with
(45)  bop(z) = ¢ (z) (¢ ()0t -+ (CU™ () 0™ = co,p(1 4 0(1))

as | — +oo. For a large fixed positive integer I, by (28) and (44) we can see
that Z;V:"l Hy ,(2)bo p(z1) is an entire function in z € C. Moreover, it follows
by (42), (44) and (45) that

No
(46) > Hop(z0)bop(z1) #0,
p=1
which implies that
No
(47) ZHO,p(Z)bO7P(Zl) #0 in C

p=1
By (47) we can see that there exists an integer mg and there exists a finite
non-zero complex number Ay such that Agz™° (Z;L“l bo’p(zl)Hoﬁp(z)) is an
entire function in z € C and such that

No
(48) lim Agz™° (Z bO,p(Zl)HO,p(Z)> =1
p=1

z—0
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and
No

(49) Az <Z bo7p(zl)H0,p(zl)> # 0,00
p=1

for the large positive integer I. By (48), (49), Lemma 2.4 and the obtained
result that Agz™o (Z;V:‘)l bo7p(zl)H07p(z)) is an entire function in z € C, we

can see that for the large positive integer [ and a small positive number ¢
satisfying 0 < e < %, we have for R = 2|z that

No
(50) log |Agz"™ (Z boyp(zl)Hoyp(zl)>’
p=1
3e o
> — <2+1og > log M <26R7 Apz™0 (Z bo,p(zl)Hovp(z)>>
2e =
for the large positive integer I. By (35), (45), (49) and (50) we deduce
(51) lo ! +lo = — my log|z]
g No g A, 010g |z
>~ bop(21)Hop(21)
p=1
1
=1
og o
Aoz™ | 2 boplat) Hop (1)
p:

IN

p=1

No
| Ao||z2[™ (Z |2¢0,| M(2¢R, H)))

p=1

IN

IN

IN
/\/\/\/;3\/\/\
+
—
@]
o
w‘w
) [0 M| ®
— N 0 ~ ~— 0
o}
o

No
log <|Ao||zl|mo (Z [bo.p(20)| M (2eR, Hoyp)> )

No
5
|Ao|[z|™ (6(25}%) > |200,p|)>
p=1
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Ny
3
(2 + log QE) log <|Ao||zl|m0 (e(4821)50 Z 120, >>

p=1

3 3
(2 + log QZ) (4e|z|)% + |mo| (2 + log 22) log|z| + O(1)

for the large positive integer I. By (39) and (51) we have
1

52) 1
(52) 08 T

bo,p(21)Ho,p(21)
1

p=

3 3
(2 + log 2;) (4e|zl|)5° + |mo] (3 + log 2Z> log|z| + O(1)

IN

IN

3e 3e
(2+mg%)<%V%1+afwm@+—ma(3+bg%)kgwﬂ+ou>

= Bl\yl|‘50 + Bslog|z| + Bs

for the large positive integer [. Here Bj is a sufficiently large positive constant,
B; and Bs are also positive constants that satisfy

3e

B = (241080 ) () (142" and B = ol (3+ ot ).
€ €

respectively. By (52) we have
1

< 633‘Zl|32631|y"50
No -
> bo.p(z1)Hop(21)
p=1

(53)

for the large positive integer [.
By dividing two sides of the second inequality of (43) by
No

> bop(z)Hop(z1)

p=1
we have by (53), the second equality of (44) and the result 0 < §y < 1 that

)

N n i1k ks
glbten®lnl® (21 |Cl,p|> knl )(long)lc (1+ 0(1))‘ " 6‘11‘(6_5)‘1”‘(\/ 2r)! 1
1< > -

No
2 bo,p(z1)Hop(21)

ik e‘[g\(67%)|yz|( /27r)|12\

p=1
o N. n
e(1+e0)’0ly|% <ZQ ICQ,p> 11 ‘(logzl)k (14 0(1))
p=1 k=1
+ N

> bop(a)Ho ()
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. . Ny n it, x
elieul™ (Z |ct,pl> IT (108 )" (1 +-o(1))[ " et~ )l (21
p=1

+
Z bo,p(21)Ho,p(21)

N1 n %
< eyl <Z|c1,p) H‘ (log )" (1 +o(1))|
p=1 k=1

633\Zl|BzeBlly"50

+ e1+en) 0yl <Z |02p> H ’ logZI (1+0(1))

k=1

" el (= 5)lnl (/2 0l

2=~ )l (/3

x B[Pl

S < |c:, p|) H ‘(log z) (1+ 0(1))’1M e\1t|(67%)|y,|(v 2m)lt!

0
X eBS\zl|BQeBlly” —0 as | — +oo.
This is a contradiction.

Subcase 2.2. Suppose that the infinite sequence of {z;} is a zero-sequence
of the meromorphic function Hay,(z,¢,¢’,...,¢™)) at most finitely many ex-
ceptions of the points of {z} such that they satisfy (41). Without loss of
generality, we suppose that the infinite sequence of {z;} is a zero-sequence of
the meromorphic function Hay,(2,¢, ¢, ..., (™). Then,

(54) H(z)az, (21, (), ¢ (21), - . ¢ (2))
No
= Y Hop(z)¢0r0(2) (¢ (z1)) 00 -+ (¢ (z))0rm = 0.

p=1

By (54), the inequality of (30) and the uniqueness theorem of analytic functions
(cf. [1, p. 127]) we can see that there exists an infinite sequence of {%} C C,
and there exist two infinite decreasing sequences of positive numbers of {4;}
and {e;} such that

(55) 5 =0 and g — 0,
and
(56) H(z)ar, (2,¢(2). ¢ (21), ..., ¢"™ (%))

= Y Hop(2)¢ () (¢ (20))orr - (T (&) orm =0

p=1
as | — +oo, and such that

(57) 0< ‘2l72l| <5l,
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(58) H(z)ar, (2,¢(2),¢ (21), -, (™ (20))
No
= > Hop(2)C0m0 (&) (¢ () - () (@) onm # 0

p=1

and

(59) | (a) [T @)rs = o) [T )| < e
k=1

s

>
Il
=

with 0 < j <¢ 1 <p<Nj;and j,p € Z" U{0} for the large positive integer
. Moreover, by (34) and (59) we deduce for 0 < j < ¢, 1 < p < N; and
J,p € Zt U {0} that

(60) Ci“”o(21)(CI(21))ij’p’1 (C(m)(éz))i“’”” —¢jp as | — +oo.

Next we replace the infinite sequence of {;} instead of the infinite sequence
of {z}, and use (55)-(60) and the lines of the reasoning of Subcase 2.1, we can
get a contradiction. Therefore, we prove

(61) ary (2,6, ¢y, ™) =0

identically in C. By substituting (61) into (21), we can see that (21) can be
rewritten into

LIS O
(62) 0=ar (z,g,c’,...,g(m>)H<F) il
LIS NN
tag, (26.¢ ]‘[(F ) Pty

+ a’[t (Z7C7C17 s ,C(M)

identically in z € C.
By (62) and the supposition 0 = |Io| < |I1| < - -+ < |I¢| we deduce

n (k) il,k
©63)  0=ap (5¢¢ ) T (FF>

k=1
+ag, (2¢,¢,...,¢™ H() ri-inl .
( I (
n F(k) itk
+ay, (2,¢,¢, ..., ¢ H() rlel=1hl
( (5

identically in z € C. By (37) and (63) we deduce

n
kiy gk

61 0=ap, (2.0 C) (05 2)= " (14 0(1))
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> ki,
ar (56, ) (log 2= TR 4 0(1)) + -
52 ke,
tar, (2,6,¢ 0 ¢ (log 2)i5 T I(1 1 o(1)),
uniformly for any small € > 0 and for all z € C\ {z: |arg z — 7| < €} such that
z — 00.
Next we use (64) and the lines of the reasoning in Case 2 to deduce

(65) ar (5¢.¢0 ¢ =0
identically in C. By substituting (65) into (64) we have

(66) 0= ar, (Z7 C)CI7 (R 7€(m)) (log Z)kgl kiz‘kr|12|—\11\(1 + 0(1)) +e

Kiy,
ar, (2,6.¢ 0 ¢ (log 2)i= TR (1 1 o(1)),

uniformly for any small € > 0 and for all z € C\ {z: |arg z — 7| < &} such that
z — 00.

Next we use the supposition 0 = |Ip| < || < |I2] < -+ < |I] and the
above same argument to deduce that all the coefficients aj, (27 ¢, ... ,§(m))
with 2 < j <t in (66) are identically zero in C. This together with (61) and
(65) implies that all the coefficients ay, (z, ¢, ..., ((m)) with 0 < j <t and
j € Z in (20) are identically zero in C. Combining this with Lemma 2.9 and
the result that ar, (z,u0,u1,...,%y,) with 0 < j < ¢ is a polynomial in the
variables ug, uq, . . ., U, with coefficients being meromorphic functions of order
less than one, we deduce that all the coefficients ar, with0<j<tandjeZ
in (18) are identically zero. This implies that the polynomial P is identically
zero. Theorem 1.9 is thus completely proved.
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