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TRIGONOMETRIC GENERATED RATE OF CONVERGENCE
OF SMOOTH PICARD SINGULAR INTEGRAL OPERATORS

GEORGE A. ANASTASSIOU

ABSTRACT. In this article we continue the study of smooth Picard singular
integral operators that started in [2], see there chapters 10-14. This time
the foundation of our research is a trigonometric Taylor’s formula. We
establish the convergence of our operators to the unit operator with rates
via Jackson type inequalities engaging the first modulus of continuity. Of
interest here is a residual appearing term. Note that our operators are not
positive. Our results are pointwise and uniform.
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1. Introduction

We are motivated by [1], [2] chapters 10-14, and [3], [4]. We use a trigono-
metric new Taylor formula from [3], see also [4]. Here we consider some very
general operators, the smooth Picard singular integral operators over the real
line and we study further their convergencnce properties quantitatively. We es-
tablish related inequalities involving the first modulus of continuity with respect
to uniform norm and the estimates are pointwise and uniform. We provide a
detailed proof.

2. Results

By [3], [4], for f € C*(R) and a,x € R, we have by trigonometric Taylor
formula

f (@)~ (@) = [ (@)sin (z — a) +2/" (a) sin® (I ) ) - 1)

/Z (S @)+ () = (" (@) + f (a))] sin (z — 1) dt.

Received September 9, 2023. Revised October 12, 2023. Accepted October 13, 2023.
© 2023 KSCAM.

407



408 George A. Anastassiou

For r € N and n € Z*, we set

that is
ZO(J‘ = 1 (3)

Cy (R) denotes the space of uniformly continuous functions on R, and Cp (R)
denotes the space of bounded continuous functions on R.

Here we consider both f, f” € Cy (R) U Cp (R).

For z € R, £ > 0 we consider the Lebesgue integrals, so called smooth Picard
operators

Poe(f x) 25/ Za]f (x + jt) ef%‘dt, (4)
see [1]; P, ¢ are not in general positive operators, see [2].
We notice by
1 [ _u
i/_ooe dar—1, (5)
that
P,¢ (¢, z) = ¢, where ¢ is a constant, (6)
and

Pre(f,2) = f(2) 26 Z%/ Fla+it)— f@)e €dt|. (7)

Denote by
wi (f,6) == sup |f(z)—f(y)l, 6>0, (®)
z,ye€R
lo—y|<6
the first modulus of continuity of f.
We set

kA . -9
A ()= Prg (f,2) = f (2) = [ (2) Z];;ﬁ € €50, R (9)
j=0

We present our uniform approximation result.

Theorem 2.1. It holds

A ()] < A (@)l < Ewr (f + ,€) Zm\y G+1) | =4 £>0, z€R

(10)



Trigonometric generated rate of convergence of smooth Picard singular integral operators 409

And ||A (z)||, = 0, as & = 0. If f" (x) =0, then |P¢ (f,z) — f(x)] < A.
Proof. By (1) we get that

f(@+jt) = f () = f' (z) sin (jt) + 2f" () sin® (J;) +

x+7t
[ @ ) - @)+ falsn e - ds ()
or better
Flatt) = £ 2) = £ (@)sn () + 26" (@) snd (5 ) +
/ @)+ et 2) — (@) f @) sin(t— 2 ds (12)

Furthermore, it holds

Zaj (x+jt) = f(z)] =

T .
sin (7 " g2 (L
x)Zogsm(gt)—&—Qf (x)Zajbm (2>+
7=0 7=0
r jt

Sy [ U k)~ (1 @)+ S @]t - 2) bz (13
or better

Zaj (+t) — f (2)] =
) ZOéj sin (jit) + 2f" (z) Zaj sin? (J2t> +
j=0 j=0

S [ (7 @ )+ f (@t ju) = (7 (@) + £ @)]sing (¢ = w)du
(14)

_Z%J / o+ jw) + £ (o + jw) — (F" (2) + ()] sinj (¢ — w) duw,

4 t eR. (15)
Then, for ¢t > 0,
|R| <
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Zlajlj/o [(f" (@ + jw) + f (z + jw)) = (f" (x) + f ()| [sinj (£ — w)| dw <

Z|O‘JU/ '+ fijw) it —w)dw =

(€>0)

- . Ejw
\av|f <f” + f, ) (t —w)dw < (16)
jX_:OajIJle(f”H,&)/O (H@”) (t —w)dw =
wy (f//+f,€)2|aj\j2 [/Ol(t—w)dw—k2/()1w2_1(t—w)2_1dw] =

7=0
0 1
J 3
77141- —
]

t

T 2
("4 1,93 ey 7 [ o)

7=0

3
LT 18 Z\am xSl

Hence (t > 0)

r 2 43
[R] <wi (f"+ £,€) ) lay| 52 (17)
: 2 1ol [ 65]
Let now ¢t < 0, then
|R| <
D lasli /U [(f" (@ + jw) + f (@ + jw)) = (f" (z) + f (x))] sinj (t — )dw‘ <
§=0

zr:lajlj/tol(f"(ﬁjw)+f(17+jw))(f"(fl?)Jrf(x))HSinj(tW)ldwé
Zw.y/ wn (4 =) (w — ) duw =
;ajlj/t wi (f//+f7—Jw§>j(w—t)dw:

w1 (f”+f,€)j§i:0|aj|j2/to (1_2“’) (w—t)dw = (18)



Trigonometric generated rate of convergence of smooth Picard singular integral operators 411

T

wr (" + £, layl 5 [/to(w—t)dw+§/to(o—w)2—1 (w—t)2_1dw] _

§j=0
T _ 2 0 .

o (P4 1,6 S Jagl 2 | o) 2L o
j=0 2 t ¢6

2 (—t)?

54’] 6{ ]

2 (=t)?
5‘1‘] 6e 1 (19)

wi (f"+ £,6) Y lajl 5
j=0

We found that (¢ < 0)

IRl <wi (f"+ £, || 52

=0

Consequently, for ¢ € R, we obtain
RO < o1 (7 + 1.6 Z\am ERT LAY

So, we have

Zaj (x+jt) — f (z)]—Ff (m)Zaj sin (5t)—2f" (x)Zaj sin? (g) =R(t).
=0

§=0
(21)
Therefore, it holds

A () o= Prg (fr2) — Zajzg ([ sminear)

£ ZO‘J = (/ sin2 (ﬁ) eédt> = (22)
i/WR tye?

Hence we get

A (2)] < 25/ JeEdt <
[ee] T 2 . .
2%/ [wl (7" + 1,03 logl 7 [g + o |t|3]] ea (@)
= 2

(we use

© . [0, kodd,
[wt e * dt_{ 2kIEFHL )k even (24)
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[e'e] t2 . C
o (" + 1,€) Ziam [+‘7|t|3}e Lt
3=0 -0

T

- (fu+f,§)2|aj\y [415/ 2e —*dt+1;£2/ |t|3e‘2dt] (25)

Jj=0

" ¢ 3 _itt
(f +fa Z|a]‘] [ €3 éf2/ <£> e |§d§‘|
— o ("4 £.6) ; a1 52 [52 ve! /O ~ zsemz]

—an (1O Jagl [52 +52é6] — (P4 £.O Y gl € + €]

Jj=0 Jj=0

= wi (" + £,6) € (Z o] 52 (Hj)) -

j=0
We have proved that

A1 (2)] < Ewr (f" + £,€) (ZI%IJ J+1>; £>0,zcR (26)

Notice that Ay (x) — 0, as & — 0.
Next we simplify left hand side (22).
We observe that

oo t 0 t R t
/ sin (jt) e_%dt:/ sin (jt) e_%dt—l—/ sin (jt) e~ e . (27)
0

— 00 — 00

Notice —o00o <t <0 = 0o > —t > 0. So that

- / sin(j (— (—))) e~ (~t) = - / (—sin (j (~1)) e~ Fd(~t) = (28)

— 00 — 00

0 0 e’} .
/ sin j (—t) ef%d(—t) = / sin j (t) e dt = —/ sin (jt) e Edt.
— 00 oo 0
Therefore, it is

/ sin(jt) e Edt =0, j=0,1,..,r (29)

— 00

Furthermore, we have that

o it t > 't t
/ sin2 (32) e eat = 2/ sin? (2) e €dt, j=0,1,..,r.  (30)
—00 0
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The last follows by

0 . . 0 s 2 _: —
/ sin? (‘]Zt) et = —/ (— sin (]2t))> 6_%61(—15) = (31)
0 . s} .
7/ sin? (jz) e_‘ﬁi‘dz = sin? ( .
s} 2 0

Next, we calculate

(call é =z and & =:ay)
§/ sin? (ay2) e "dx = (32)
0
(by Wolfram Alpha Computational Inteligence)

5( 2a} > 5268
403 4+1)  2(j2€2+1)

<ot - R .
— dt = —>— =0,1,...,7r. 33
/_oosm (2>e j2§2+17 J ydy ey T ( )

Consequently, it holds

L[> o (jt) —u j2E .
— sin“ | = |e fdt=—F5=—= —0,as &£ =0, =0,1,...,7. (34
2 /_oo (2) 2(2€2 +1) A 3

Thus

Finally we obtain

—~ 1 (Gt - 5>
—2f" (x a<(/ sm2( )e ﬁdt)z—”x a;i—o—0 | €2
(35)
Clearly now it is A; (z) = A (z).
The proof of the theorem is finally completed. O

We finish with
Corollary 2.2. It follows (£ >0,z € R)

1Pre (fr2) = £ (@)llog Swr (F"+ £ [ D Nyl G +1) | €+ (36)
j=0

r 2
J
Hf//(‘r)Hoo Zlaﬂw 52—>O, GS£—>O
=0

Proof. Easy, by (9) and (10). O
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