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A NEW CRITERION FOR SUBDIVISION ITERATION
DETERMINATION OF GENERALIZED STRICTLY
DIAGONALLY DOMINANT MATRICES'

HUI SHI, XI CHEN*, QING TUO, LE WU

ABSTRACT. Generalized strictly diagonally dominant matrices have a wide
range of applications in matrix theory and practical applications, so it is
of great theoretical and practical value to study their numerical determi-
nation methods. In this paper, we study the numerical determination of
generalized strictly diagonally dominant matrices by using the properties
of generalized strictly diagonally dominant matrices. We obtain a new
criterion for subdivision iteration determination of the generalized strictly
diagonally dominant matrices by subdividing the set of non-prevailing row
indices and constructing new iteration factors for the set of predominant
row indices, new elements of the positive diagonal factors are derived. Ad-
vantages are illustrated by numerical examples.

AMS Mathematics Subject Classification : 15A57, 15A06.
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1. Introduction

The generalized strictly diagonally dominant matrices are widely used in many
fields such as eigenvalue estimation, economic mathematics, power system the-
ory and cybernetics in application. Whether a matrix is a generalized strictly
diagonally dominant matrix has become a hot issue for many scholars, because
many problems are attributed to the determination of generalized strictly diago-
nally dominant matrix. In [1], Fan Y S et al gave a set of criteria for subdivision
iteration of generalized strictly diagonally dominant matrix by subdividing the
non-dominant row index set of matrices and constructing progressive positive
diagonal factors. In this paper, we based on the research of reference [1], a new
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criterion of subdivision iteration for generalized strictly diagonally dominant
matrix is given by constructing a new positive diagonal matrix.
Let C™*™ be all n x n-order complex matrices, A = (a;;) € C™*",

N ={1,2,--,n}, Ay = Ai(A) = ai;| (3,5 € N).
J#i
Definition 1.1 ([3]). A matrix A = (a;;) € C™*™ is called a strictly diagonally
dominant matrix, if |a;;| > A;, for any i € N, and is denoted by A € D. A matrix
A is called a generalized strictly diagonally dominant matrix(ie. non-singular H-

matrix), if there exists a positive diagonal matrix, such that AX € D, and is
denoted by A € D*.

Definition 1.2 ([3]). A irreducible matrix A = (a;;) € C™*" is called a irre-
ducible diagonally dominant matrix, if for any ¢ € N, |a;| > A;, and at least
one strictly inequality holds.

Definition 1.3 ([3]). A matrix A = (a;;) € C"*" is called a diagonally dom-
inant matrix with nonzero element chains, if |a;;| > A;, for any ¢ € N, and at
least one strict inequality holds. There always exists nonzero element sequence
aijlajlh .. ‘a]‘pj, such |(ljj| > Aj, fOI‘ the 7 Of |a“| = Az

Lemma 1.4 ([4]). A irreducible diagonally dominant matriz A = (a;;) € C™*™,
A is called a non-singular H-matriz, and at least one strictly diagonally dominant
TOW exists.

Lemma 1.5 ([4]). A matrizc A = (a;;) € C™ " is called a non-singular H-
matriz, where A is a diagonally dominant matriz with nonzero element chains.

In this paper, we always set |a;;| # 0, A; #0, and > e =0. Let A = (a;;) €
{eo

nxn
aner,

le{iEN:0<|aii|<Ai}, NQZ{iENIO<|aii|:Ai},
Ny ={i € N:l|az| > A}, Z=1{0,1,2,---}, Z* ={1,2,--- }.
Obviously, N = Ny UN3 U N3, and A € D, if Ny UN; is empty. A ¢ D, if N3
is empty. Therefore, we always assumes that N1 U N5 is not empty, so as Nj.
Let A = (a;;) € C™*". Divide N; into Nl(l) U Nl(z) u---u Nl(m)( m is an
arbitrary positive integer), where

1
Nl(l) = {Z eEN :0< |CL“| < mAz},

k—1 k
Nl(k):{iGNllAi<|aii|<Ai}, k:273, ,m,
m m

and Nl(k) may be empty. We set:

k il . T
f(k)_i_m (ZGNl(k)7 k:1,2, ,m); T2 =

i =T A (i € N2),

3=
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_ _ <A1>
ro=1, 7 =max | — |,

1EN3 |a“|

SO Jaulm)+ X Janl@e+7 X au

k=1 e N tENS e Ng A
T = max : o] (leZh),
11
- (k)
o020 lailziy’) + X0 lawl@ae +71 D0 aid
_ F=1 e n® tEN, tE N3, t#i '
hiy1: = (i€ N3, l€Z).

|ail

In 2012, Fan Y S et al gave the following results :
Theorem 1.6 ([1]). Let A = (a;;) € C™*™, if there exist | € Z, make

m
_(k —_(k _ -
izl >3S0 ST Jaulzl) + 3 ez + D laielhuia
k=1 e N ot tEN tENs
GeN® k=12 m),

laii| T2 > Z( Z Iaitlfﬂf)) + Z |ait| T2 + Z |lait|hus1e (i € No),

k=1 tGNl(k) tEN2,t#i tEN3

then A € D*.

On this basis, this paper obtained a new positive diagonal matrix by con-
structing a new iterative factor, and gave a new criterion for determining the
subdivision iteration of generalized strictly diagonally dominant matrices, which
finally extended the main results of reference in [1].

For convenience, we employ the following notations.

k koo ail . k A
o = GEN k=12 m), m = o (€ ),
m (k‘)
o020 lailzy)+ >0 aul+ X lai]wse
=1 e N tENS t£i tENs '
Toi = (1 € Na),
|aii

’I”():l,

m

k

SO Y awlel) + X lales +r Y Jailra

k=1 tENl(k> tENo tEN3, t#i

Tl4+1 = Mmax
1€N3 |aii|zsi

(I €Z),
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m

SO lael) + X falrac+r X ailas

k=1 ;e N (B tEN> tEN3, L
hiy1: = . i€N;, l€EZ
+1,2 |aii|$3i ( ’ )a
m
k
Y (X o)+ T lawlea+ X Jaslwachi
k=1 e N tEN, tEN3 t£i
firr: = (i € N3, l € Z),
|aii|
- (k)
Y020 ailzyy) + >0 law|wa:
5 k=1 4N tEN, (e 7
j+1 = max .
T iEN, laiil fiere — D0 laulfie
tE N3, t#i

2. Main results

Theorem 2.1. Let A = (a;;) € C™*", if there exists lo € Z*, make

m
k k
ety > >0 30 aulel?) + Y lailwa + 001 > lailfigs1s
R=1 e N () 4 teN, teN3
(Z S Nl(k)’ k = 1727"' 7m)7
thenA € D*, where for any i € N, existing t € N3 to make |a;| # 0.
Proof. 0 < xglf) < 1 is established, for any i € Nl(k), k=1,2,---,m ; and
0 < x3; < 1, for any i € N3. According to the theorem conditions and definition
of xy;, we have 0 < w9; < 1, for any i € No; rg = 1, x3; = ﬁ, for any i € N3,
we get
A = laii| s,

m
Z( Z |ait|$§]§)) + Z |ait|zae + 10 Z |ait|zse < Ai = |agi|2s;,

k=1 1N () teN, tE N3, t£i

then

S (k)

Y202 lailzyy’) + 20 lawlwae +10 Do ai]zae

k=1 teNl(k) tENo tENg,t;éi

<1.
|aii|Ts
From definitions of hy ;, 71, we also get
hl,igrl <rg=1 (/LENJ) (]_)

By (1) and rq, then

ST aulel) + N Jaitleae 1Y awlwse < Ai = laglzs,  (2)

k=1 e N tEN, tENs t£i
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T E |ait|z3s < E lait| 3. (3)
tE N3, t#1 tENg,t#1
Based on (2), (3), ho, and rg, then
hgﬂ' <rs <ri <1 (Z € Ng)

We assume hgq1 < 71541 <7y <1, when [ = s, then

m

STOST aal®) + 3 Jailwae + o >0 awlwse < Ai = lagilrs,  (4)

k=1 (e N () teEN, tEN3 t£i

m

ST aal) + D Jaulwa +ren D awlrse < A = laglzsi, (5)

k=1 e () tEN tEN3, t#£i

rest Y lailrse <ve Y0 ailza (6)

tE N3, t#1 tEN3g,t#1

We obtain hsy2; < repo < 7gp1 < 1 stem from the above findings, for any

© € N3. Therefore, it can be known from Mathematical Induction,
hig1i <mpr <m <. <ri<rg=1(i€Ns, l€ZT). (7)
By 741, iy, fis1,, (7), we have

hit1ix3; < rp1xs; <1 (i € N3, 1 € Z), (8)
fieri < hig s < rixs; <rag < - <ras; <1 (i € N3, L€ Z7),

husii <hgi < <hy;<1(i€Ns, l€ZT), (9)
then
fari < fri << fri<awsi <1(i€Ns, l€ZT). (10)
As fi41; defined and (8), we also get
0<as(ry—hy;)<1(i€Ns, 1€ZT),

and for any ¢ € N3,

m
k
Qi | J1+1,6 — it Ji,t = At |T1q At | T2t
il frei — Y laalfe =30 > laulels) + > laxl
te N3 t#i k=1 e N tEN,
> _ lait|zar(rr — hit)
n Z |ait‘teN3,t;£z (11)
tENs, t#£i |zl

EZ( Z |ait|x§]§)) + Z lagt| 2zt
k=1

teN® teN;
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By (11), x3;, and d;+1, we can obtain

0< §l+1 <1 (Z € N3, L € Z+) (12)

41 f141: <3 < 1 (i€ N3, L€ Z+). (13)

Since for the theorem conditions and xs; , (13), for any ¢ € Ny, then

jasilzai > D (Y fawlai) + Y laulwa + 01 Y lawlfire. (14)

k=1 tENl(k> tENa,t#1 tEN3

According to the above formula and theorem conditions, we can find Iy € ZT,
and a positive number € that can be sufficiently small, so that the following
results is true,

m
Jaalai? =320 D laulat))+ Y lauleatdnn Y laul i > e Y lawl,

k=1 1eN () 4z teN; teN3 teNs3

(15)

for any 7 € Nl(k)(k‘ =1,2,---,m), and

m
k

Jaiileai—[D 0 > a2+ Y aulratdn e D laulforrd > Y lail.

k=1 teNl(k) tENa,t#1 teEN3 tEN3

(16)
for any i € No. We construct a positive diagonal matrix X =diag(x1,za, - ,z,),
where
‘Tg]:)7 ZeNl(k)’k:1727am7
x; = § To;, 1€ NQ;

5lo+1flo+1,i +¢, 1€ Ns.
Let B = AX = (b;;). By (15), for any ¢ € Nl(k)(k =1,2,--- ,m), then

k - k
bii| — Ai(B) = |aii|$§i) - [Z( Z |ait|33gt)) + Z |ait| w2t

B=1 peN () 1 ren
+ Z lait| (01041 f1041,6 +€)] > 0.
teEN3

From (16) , for i € N3 , we have
bl = Ai(B) = asilwas — DY Jawlas)+ 3 lawlva
k=1 4N tEN, t#i

+ > il (G191 figr1e + )] > 0.
tEN3
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For any i € N3, |ai| > Ai(A) > > |ai|, € > 0, then

tE N3, t#i
ela| — Y laul) > 0. (17)
tE N3, t#i
We can obtain the following results by (10), (18), and (12), and d;41,
k
il +1 frorri— (DD Jaelali)+ 3 Jawlrae+0 D laul fidl >0,
k=1 teNl(k) tEN> tE N3, t#1

(18)

k
|aii|5lo+1flu+1,i*[2( Z Iaulargt))JrZ |@it|T2t+01,4+1 Z lait| fi,+1,6) > 0.

k=1 1N (® LEN, tENs, t#i
(19)
For any ¢ € N3
m
k
bisl = Ai(B) = Jaal Gt fiorni +) = [D_( Y laulely)
=1 e n(®
+ Z |ait|zae + Z lait| (0191 f1o+1,6 +€)]
tEN2 tEN3,t#i
m
k
= aisl0gs1 fiorri — DY laulel) + > Jaslwa
k=1 e N tEN>
o1 Y laalforral +eail = > lail) > 0.
tENg, t#i tENS, t#i
from (17) and (19). In summary, |b;| > A;(B), for any ¢ € N, ie. B € D, then
A€ D*. O

Remark 2.1. Assuming Ny = @, and > |ay| # 0 for any ¢ € N3, then
tE N, t£i

r3; <T1,whererg=1,l=1,and 7 = max (‘é\‘) Furthermore, by 0 < r; < 1,
1E€EN3 o

and (7), (12), ha, fo, 02, and Egﬂ‘, we can get

2, k U k _
S(Y Jawlzt) +r X ez D (X lawlel) +7 X

k=1 yeN(®) te N3 t#i k=1 e t€ N3, t#i

|aii |aii

f2.i < haws; < hay (i € N3),

d2foi < hoyxa; < Ez,i (i € N3).

To sum up, theorem 2.1 in this paper generalizes the main results of reference
[1], when Ny # &, [ = 1.
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Meanwhile, the main results of reference [6, 7] are also generalized. In theorem
2.1 we always have 0 < z9; < 1 for any positive integer m, when Ny # &. And
it is illustrated by numerical examples.

The criterion of Theorem 2.1 can be determined by computer using the fol-
lowing algorithm:

INPUT: A matrix A = (a;¢) € C™*™, and positive integer m, L.

OUTPUT: A € D*, X =diag(x1,xa, - ,Tp).

Stepl. Compute A;, Ny, No, N3, and x(llz), T35, 9.

Step2. Let ro = 1, l= 1, compute hl,,‘, T, flﬂ'.

Step3. Computehl+1,i, TI41, fl+1,i, 5[.._1.

Step4. If

\au‘\xglz) > Z( Z \ait|$§lz)) + Z |ait| w2t + G141 Z |it| fita,e,

k=1 e N (&) 4 teEN, teNs
for any 7 € Nl(k)(k: =1,2,---,m), and
Z ‘ait| 7é 07
tEN3

for any i € No, then A € D*. And output X =diag(zy, 2, - ,2,), STOP,
where

2 ie NP k=12, m;
Ti; = { Xo;, 1 € No;
0141 i+1,i, € Ns.
Otherwise, go to Stepb.

Step5. Set I = [+ 1, when I < L, and go to Step3. Otherwise, output
“failure”, STOP.

Similarly, we can generalize the criterion in the case of irreducibility and
non-zero element chain, from lemma 1.4 and lemma 1.5.

Theorem 2.2. Let A = (a;;) € C™*™ be a irreducible matriz, if there exists
lo € Z%, such that

m
k k
a2 > 300 Y0 aulel)) + D laulwa + 01 Y lairl fig e

k=1 e N () 4 teN, teNs
(ie NP, k=1,2,--- ,m),
And a strict inequality holds for at least one i € Nl(k) , then A € D*.
Theorem 2.3. Let A = (a;;) € C™*", if there exists lo € ZT, then

k k
il > 300 3" aulel?) + D laulwa + 01 Y laiel fiorre

k=1 e N gz teN; tEN3
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ieN® k=12 m),
and for i where the above equation holds, there always have monzero element
chain a;j, aj,j, - - a;, j, such that

k k
jajila$s >3S0 ST agela?) + 3 lajelwa + G Y lajel fosra

k=1 e N®) 4t teN, teNs

GeN® k=12 m),
then A € D*.

3. Numerical example

Example 3.1. Consider matrix

1.8 0 09 0 0 31
1 6 6 1 1 (0]
1 0 3 1 1 0
A= 1 1 1 19 1 2
0 0 1 1 20 1
1 1 0 1 0 50

Set m = 1, we get Ny = Nl(l) = {1,2}, N, = {3}, N3 = {4,5,6}. And

71 = 0.5500, 7.5 = 0.9286, T3 = 1. From 7o = 1,71 = ?61%;{%, 3 31- 5

S (Y laam)+ X el 7 Y al

k=1 e N (®) tEN, tEN3 t#£i
S o ez
and
n, k
SO Jaulm)+ X lawlTe+7 X Jau
_ k=1 teNlm tEN, tEN3, t#i )
hiyi: = (i € N3,l € Z),

|ai
it significantly that 0 < h;.1; < 1 (i € N3), and when i = 2, for any [ € Z, we
have
|a22|§§12) =5.57T14 < |a21|f(111) + |ags|Tas + |azalhutya + |azs|his1 s + |azs|hisie
= 6.55 + |aza|hit1,4 + |ass|his1 5 + |azs|his6-
Comparatively, it is impossible to determine that matrix A is a generalized

strictly diagonally dominant matrix by using the criteria of theorem 1 in reference
(1], [6],[7], where m = 1 for any | € Z. However, when we set m = 1, Iy = 1,

we can obtain (%) = 0.5500, 2} = 0.9286, 34 = 0.3158, z35 = 0.1500, 235 =
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0.0600, 293 = 0.3386, f1.4 = 0.1013, f1.5 = 0.0242, f1 6 = 0.0318, f4 = 0.1006,
f275 = 00238, f276 = 00317, 52 = 09981, and

|(111|ZL'§11) = 09900 > |a12\x(é)—|—\alg|x23+(52(|a14|f2,4+|a15\f2’5+|a16|f276) = 04027,

|a22|x§12) =5.5714 > |a21\xgll)+\agg|x23—|—§2(|a24|f2,4—|—|a25\f2,5+|a26|f276) = 5.0753.
Obviously, the matrix A satisfies the condition of theorem 2.1 in this paper, then
Ae D>
In fact, we construct a positive diagonal matrix
X =diag(0.5500,0.9286, 0.3386,0.1004, 0.0238,0.0316),
then

0.9900 0 0.3047 0 0 0.0979
0.5500 5.5714 2.0316 0.1004 0.0238  2.3695
0.5500 0 1.0158 0.1004 0.0238 0
0.5500 0.9286 0.3386 1.9084 0.0238 0.0632
0 0 0.3386  0.1004 0.4752 0.0316
0.5500  0.9286 0 0.1004 0 1.5797

It is easily to prove that AX € D*, namely A € D*.

AX =
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