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ON LIFTING C,{-STRUCTURES
YEON SOO YOON

ABSTRACT. In this paper, we study some properties about C’,{-
structures and obtain a sufficient condition to be lifting C,{ -structure,
and using the above result, we can obtain a Stasheff’s result about
to be lifting H-structure as a corollary.

1. Introduction

J. Stasheff [16] obtained a result about a sufficient condition to be
lifting an H-structure. In [1], Aguade introduced a T-space as a space
X having the property that the evaluation fibration QX — X% Y Xis
fibre homotopically trivial. It is easy to show that any H-space is a T-
space. We [7] introduced the concept of Ci-spaces for any integer k£ > 1
and k£ = oo which is located at an intermediate stage between H-spaces
and T-spaces, where Co-space is an H-space and C-space is a T-space.
We [7] also generalized the concept of Ci-spaces to the concepts of C,{ -
spaces for a map f : A — X. In this paper, we obtain a result if X
is a C’l{—space with a C’,{—S‘crueture F:PFQOX)x A — X and X' is a
C’,f/—space with a Cg,—structure F' . PF(QX') x A’ = X’ and a map
(m,l): f— f"is a Cy-map from F to F’, then there is a C,f—structure
F : P*QE,,) x E; — E,, for E,, such that a map (pn,p) : f — f
is a Cp-map from F to F. Taking k = oo, we know, from the fact
PF(QX) ~ X and eX ~ 1: X — X, that any Cs, map from F to F'
is just an H-map from F to F’. Thus we have a Stasheff’s result which
is if X is an H7-space with an H/-structure F : X x A — X and X’
is an H/'-space with an H/'-structure F’ : X’ x A’ — X’ and a map
(m,1) : f — f"is an H-map from F to F', then there is an H/-structure
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F: E, x E, - E,, on E,, such that a map (p,,p) : f — f is an
H-map from F to F as a corollary. Throughout this paper, space means
a space of the homotopy type of 1-connected locally finite CW complex.
We assume also that spaces have non-degenerate base points. All maps
shall mean continuous functions. All homotopies and maps are to respect
base points. The base point as well as the constant map will be denoted
by *. For simplicity, we use the same symbol for a map and its homotopy
class. Also, we denote by [X,Y] the set of homotopy classes of pointed
maps X — Y. The identity map of space will be denoted by 1 when it
is clear from the context. The diagonal map A: X — X x X is given
by A(x) = (x,z) for each x € X and the folding map V: X VX — X is
given by V(z,*) = V(x,z) = x for each 2 € X. ¥X denote the reduced
suspension of X and 2X denote the based loop space of X. The adjoint
functor from the group [XX, Y] to the group [X, QY] will be denoted by
7. The symbols e and ¢’ denote 7! (1gy)and 7(1xx) respectively.

2. C,{-spaces

In [1], Aguade introduced a T-space as a space X having the property
that the evaluation fibration X — X5 — X is fibre homotopically
trivial. It is easy to show that any H-space is a T-space. We [7] intro-
duced the concept of C-spaces for any integer k > 1 and k = oo which is
located at an intermediate stage between H-spaces and T-spaces, where
Coo-space is an H-space and Cj-space is a T-space. We [7] also gener-
alized the concept of Cy-spaces to the concepts of C,f -spaces for a map
f:A— X. Let f: A— X be amap. A based map ¢g: B — X is said
to be f-cyclic [14] if there exists a map ¢ : B x A — X such that the
diagram

BxA % Xx

d dl
BvA 2 xvx
is homotopy commutative, where j : BV A — B X A is the inclusion and
V:XVX — X is the folding map. We call such a map ¢ an associated
map of an f-cyclic map g. Clearly, g is f-cyclic if and only if f is g-
cyclic. A based map ¢g: B — X is said to be cyclic [17] if g is 1x-cyclic.
The Gottlieb set denoted by G(B, X) is the set of all homotopy classes
of cyclic maps from B to X. We denote the set of all homotopy classes
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of f-cyclic maps from B to X by
G(B; A, f,X) = G/(B,X) C [B, X]

which is called the Gottlieb set for a map f: A — X [21]. If f = 1x :
X — X, then we recover the set

G(B,X)=G(B;X,1x,X) = G'*X(B, X).

In general, G(B; X) C G/(B, X) C [B, X] for any spaces A, B, X and
any map f: A — X. It is known [21] that G(S°, S5 x S°) = 2Z @ 27 #
G (S5,5% x S5 2 2Z @7 # 75(S° x S°) 2 Z & Z. In 1934, Lusternik
and Schnirelmann [11] proposed the concept of category of a space and
proved that cat M is a lower bound for the number of critical points of
a smooth function on a smooth manifold M. For a space X, cat X =n
(11] if n = min{m | X C Uj_o Uk, Uy : open, iy ~ % : U, — X}, where
i : Uy — X is the inclusion. It is clear that cat X = 0 if and only
if X is itself contractible, and cat S™ = 1. A space X is called a T-
space [1] if the fibration QX — X9 ' X is fibre homotopically trivial.
There is a close connection between the concept of a T-space and the
Gottlieb set as follows. It is known [1] that X is a T-space if and only
if e : ¥QX — X is cyclic. Also, we showed [18] that X is a T-space if
and only if G(XB, X) = [£B, X] for any space B.

It is well known [8] that cat X <1 if and only if X is a co-H-space.
Thus we know that for any suspension space ¥B, cat B < 1. For any
space X, the space 2.X has the homotopy type of an associative H-space
and so by Milnor’s [12] and Stasheff’s results [16], we can consider X as
filtered by the projective spaces of 2X. ¥QX = PY(QX) — P2(QX) —

-« P®(QX) ~ X. For each k, let e, : PF(QX) — P®(QX) ~ X
be the natural inclusion. The following Ganea’s result is recovered by
Iwase [6].

DEFINITION 2.1. [7] A space X is called a Cjy-space if the inclusion
ex : PF(QX) — X is cyclic.

The property of the T-spaces is extended to the Cg-spaces using LS
category in the sense that the category of any suspension space YA
satisfies cat XA < 1.

PROPOSITION 2.2. [7] X is a C-space if and only if G(B, X) = [B, X|
for any space B with cat B < k.

It is clear, from the fact [3] that cat B < 1 if and only if B has the
homotopy type of a suspension, that X is a Ci-space if and only if X is
a T-space.
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DEFINITION 2.3. [20] A space X is called an Hf-space for a map
f:A— X if1x is f-cyclic, that is, there isamap F : X x A — X such
that Fj ~ V(1V f) which is called an H' -structure.

DEFINITION 2.4. [21] A space X is called a T -space for a map f :
A = X ifeX : ¥QX — X is f-cyclic, that is, there is a map F :
Y0X x A — X such that Fj ~ V(e V f) which is called a T7 -structure.

Any H-space X is an H7-space and any Hf-space X is a T7-space
for any map f: A — X. We showed [21] that the 2-dimensional sphere
5?2 is not an H-space nor a T-space, but it is an H"™-space and a T"2-
space for the Hopf map 7 : S — S2. We introduced the concepts of
C’,{ -spaces as intermediate stages between Hf-spaces and T/ -spaces for a
map f : A — X and showed that they were closely related with Gottlieb
sets for maps and LS-categories. In fact,H'-space is an H-space, and
T'-space is a T-space.

DEFINITION 2.5. [7] Let f : A — X be any map. A space X is
called a C’,{—space if the inclusion ey, : P*(QX) — X is f-cyclic, that is,
there is a map F : P*(QX) x A — X such that Fj ~ V(e V f), where
j: PF(QX)V A — P¥(QX) x A is the inclusion and V : X VX — X
is the folding map. If X is a C,f—space, then we call such a map F a
C’,{-stmcture for a space X.

We see that a C’,ix—space X is a Cj-space.

PROPOSITION 2.6. [7] Let f : A — X be any map.

(1) A space X is a C{—Space if and only if X is a T/-space.
(2) Any Cfn-space is a C’/;—space foroo>m >n > 1.

(3) A space X is a Cgo—space if and only if X is an H7 -space.

(4) For p # 2, the lens space L3(p) is a Cy-space that means T-space,
but not a Csy-space.

PropoSITION 2.7. [7] Let f : A — X be any map. A space X
is a C’,{—space if and only if G/(B,X) = [B, X] for any space B with
cat B < k.

3. Lifting C’,f—structures

Let f:A—= X, ff: A - X 1:A—= A, m:X — X' be maps.
Then a pair of maps (m,!l) : (X, A) — (X', A’) is called a map from f
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to f" if the following diagram is homotopy commutative;

A%X

I

A —— X

It will be denoted by (m,l) : f — f’. Given maps f : A — X, f':
A" — X' let (m,l) : f — f’ be a map from f to f'. Let PX’ and PA’
be the spaces of paths in X’ and A’ which begin at * respectively. Let
ex : PX'— X" and ey : PA" — A’ be the fibrations given by evaluating
a path at its end point. Let p,, : E;, — X be the fibration induced by
m: X — X' from ex,. Let p; : B} — A induced by [ : A — A’ from
ex. Then there is a map f : E; — E,, such that the following diagram
is commutative

E - E,

pll pml
A % X,

where By = {(a,§) € A x PA'|l(a) = (&)} , Em = {(z,n) € X x
PX'Im(z) =e(n)}, f(a,§) = (f(a), [0 &), pm(z,n) =2, pi(a,§) = a.
DEFINITION 3.1. Given maps f : A — X, '+ A" = X', let (m,l) :
f — [’ be a map from f to f'. Assume that X is a C’,f—space with a
Cl{-structure F:PFQOX)x A — X and X' is a C’g/—space with a C,{/-
structure F' : PF(QX'")x A’ — X'. Then we say that (m,l): f — f' isa
Cr-map from F to F' if the following diagram is homotopy commutative;

PrOX)xA —1s X

Pk(Qm)xll ml
Prx) x A -2 x.
The following lemmas are well known results.

LEMMA 3.2. A map g : B — X can be lifted to a map B — E,, if
and only if mg ~ x.

LEMMA 3.3. [5] Given maps g; : A; = Ep,, it =1, 2 and g : A; X
Ay — E,, satisfying pmgla, ~ pmgi, @ = 1, 2, then there is a map
h: Ay x Ay — E,, such that pp,h = ppg and hla, ~ ¢i,i =1, 2.
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THEOREM 3.4. If X isa C’,{—space with a Cg—structure F: PF(QX)x
A— X and X' isa C’,fl—space with a C’,{l-structure F': PFQX)x A —
X" and a map (m,l) : f — f' is a Cy-map from F to F', then there
is a C,{—structure F : P¥QE,,) x E; — E,, for E,, such that a map
(pm,>p1) : [ — fis a Cx-map from F to F.

Proof. Since a map (m, 1) : f — f’is a Cy-map from F to F’, we have
that mF ~ F'(P¥(Qm) x 1). Thus we know that mF(P*(Qpm) x p;) ~
F'(PE(Q(mpm)) x (Ip)) ~ F'(x x %) ~ % : PK(QE,,) x E; — X'. From

Lemma 3.2, there is a lifting ' : P¥(QE,,) x By — Ey, of F(P*(Qpp,) x
p), that is, p,F = F(P*(Qpy) x p) : PFQE,) x B - X. We
see ef o PH(Qppm) ~ pm o ekEm by the naturality of the construction of

P*(QE,,) as is shown in the following homotopy commutative diagram:

k
PHQE,,) TP priqx)

ekEm l efl
E,, _bm X.

Then pm o F|pr(a,.) ~ Flprx) o P*(Qpm) ~ € o PH(Qpm) ~ pmoey™
and py, o Flg, ~ Flaop, ~ fop, = pmo f. Thus we have, from
Lemma 3.3, that there is a map F : P¥(QE,,) x E; — E,, such that
pmF = pmﬁ = F(Pk(me) X py) and F_|Pk(QEm) ~ ekEm, F|El ~ f.
Thus F : P*(QE,,) x E; — E,, is a C,f—structure for E,, such that

a map (pm,m) : f — fis a Cp-map from F to F. This proves the
theorem. O

Let X be an H/-space with an H/-structure F : X x A — X and X’
an H' -space with an H' -structure F’ : X’ x A’ — X’. Then a map
(m,l) : f — fis called a H-map from F to F' [21] if the following
diagram is homotopy commutative;

XxA Iy x

mxll mJ{
X' x A o x
Taking k = oo, we know, from the fact P>®°(QX) ~ X and eX ~ 1 :

X — X, a Cy-map from F to F' is just an H-map from F to F’. Thus
we have the following corollary.
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COROLLARY 3.5. [20] If X is an Hf-space with an H/-structure F :
XxA— X and X' is an H' -space with an H! -structure F' : X' x A’ —
X" and amap (m,l) : f — f'is an H-map from F to F', then there is an
H/-structure F : E,, x E; — E,, on E,, such that a map (ppm,p1) : f — f
is an H-map from F to F.

Taking f = 1x, f' = 1x» and | = m, we can obtain the following
Stasheff’s result as a corollary.

COROLLARY 3.6. [16] If X is an H-space with an H-structure F' :
X x X — X and X' is an H-space with an H-structure F’ : X' x
X' — X' and m : X — X' is an H-map, then there is an H-structure
F:E,, xE,, — E,, on E,, such that a map py, : F — X is an H-map.

In 1951, Postnikov [15] introduced the notion of the Postnikov system
as follows; A Postnikov system for X ( or homotopy decomposition of
X ) {Xn,in,pn} consists of a sequence of spaces and maps satisfying
(1) 4, : X = X,, induces an isomorphism (i,)x : m(X) — m(X,) for
i < n. (2) pp: X, — X,_1 is a fibration with fiber K(m,(X),n).
(3) pnin ~ ip—1. It is well known fact [13] that if X is a 1-connected
space having a homotopy type of CW-complex, then there is a Postnikov
system { X, in, pn} for X such that p,11 : Xp41 — X, is the fibration
induced from the path space fibration over K (m,+1(X),n+2) by a map
k2 X, — K(mpp1(X),n+2).

THEOREM 3.7. Let A and X be spaces having the homotopy type of
1-connected countable CW -complexes, and { A, i, pl,} and { Xy, in, pn}
be Postnikov systems for A and X respectively. If X is a C’,{ -space with
C’,{—structure F: P*(QX) x A — X, then for each n > 2, there exists
a C’,{"—structure F, : Pk(QXn) x A, — X, for X,, such that a map
(P, D)) & fro = fn—1 is a Cx-map from F,, to F,,_1, where f, and F,, are
induced maps from f and F respectively.

Proof. 1t is known [2, Proposition 27.9] that if X is simply connected
so is each P*(QX). Clearly {P*(QX,,)x A, P*(Qiy,) xi’, P*(Qpy,) xpl,}
is a Postnikov system for P¥(QX) x A. Then we have, by Kahn’s result
[9,Theorem 2.2], that there are families of maps f, : A4, — X, and
F, : P*(QX,) x A, — X, such that p, f, = fn_1p}, and i, f ~ fuil,, and
puFn = F_ 1 (P*(Qpy) xpl,) and i, F ~ Fy,(P*(Qiy,) xi!,) forn = 2,3, - -
respectively. Since F'|pr(qx) ~ e? and F|a ~ f, we know, from Kahn’s
another result [10, Theorem 1.2], that F,, prax,) = (Flpr@x))n ~ e?”

and F,q, = (F|A)n ~ fn. Thus there exists a C’,{"—structure F,
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P*(QX,) x A, — X, for each stage X,, such that

Fp
PH(QX,) x A, —— X,
Pk(Qpn)Xp;l pnl
k Fn—l
P (QXn—l) X An—l — Xn—l;
where f,, and F;, are induced maps from f and F' respectively. O
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