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SELF-MAPS ON M(Zy,n+2)V M(Zg,n+ 1)V M(Zg,n)
Ho Won CHol

ABSTRACT. When G is an abelian group, we use the notation M (G, n)
to denote the Moore space. The space X is the wedge product
space of Moore spaces, given by X = M(Zq,n+2)V M (Zq,n+1)V
M(Zg,m). We determine the self-homotopy classes group [X, X]
and the self-homotopy equivalence group £(X). We investigate the
subgroups of [M;, M}] consisting of homotopy classes of maps that
induce the trivial homomorphism up to (n + 2)-homotopy groups
for j # k. Using these results, we calculate the subgroup Sfim(X)
of £(X) in which all elements induce the identity homomorphism
up to (n + 2)-homotopy groups of X.

1. Introduction

For a based, finite CW-complex X, we denote by [X, X]| the set of
homotopy classes of self-maps on X and by £(X) the group of homotopy
classes of self-homotopy equivalences of X. Furthermore, if X is either
an H-space or co-H-space then [X, X] has the group structure. For
surveys of the known results and applications of £(X), see [2] and [7].
The subgroup Efierr (X) of E(X) consist of self-homotopy equivalences
which induce the identity homomorphism on the homotopy groups of
X in dimensions < dim X + r. Many authors have studied 5§lim+r (X)
and so see [3], [4] and [6]. When G is an abelian group, we let M (G, n)
denote the Moore space. The space X is the wedge product space of
Moore-spaces such that X = M(Zq,n+2)VM(Zg,n+1)V M(Zg,n). In
this paper, we study [X, X], £(X) and 5§1im(X). We determine [X, X]
and £(X). By Lemma 1, we have

(X, X] = @ k=1,2,3[M;, My].
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By Theorem 3, £(X) is the isomorphic to

E(My) @ [Mz, My] © [M3, M]
S[My, M) @ E(Mz) & [Ms, Mo)
0 @ [M27M3] S 5(M3)

Depending on ¢, [X, X] and £(X) may appear differently. By Remark 1
and 3, we calculate special cases. Now, we calculate €ﬁdim(X ). First of
all, we investigate the subgroups Z§‘+2[Mj,Mk] of [Mj, My)] consisting
of homotopy classes of maps that induce the trivial homomorphism up

to (n 4 2)-homotopy groups for j # k. By Remark 4 and Lemma 2, we
have

gisodd | g=2 (mod4) | ¢ =0 (mod 4)
ZPP My, M) | Zg 0 0
Zﬁ”” (M3, My)] Z, 0 0
Zﬁn-i—? [Ml, Mg] 0 Zo Lo ® 7o
Z7 42 [ Ma, Mp] 0 0 0
ZﬁnJrQ [My, M3] | Zgoa)y | Zg2a) D Zo Lg,24) ® Lo

Using this result, we have determined Sglim(X ). By Theorem 4, we
see that

| ey

q : odd ZLq ® (Z(q7g4)) D Zq

2 (mod 4) Lo @ (Z(q724) ® Z2) ® Zo

0 (mod 4) | Zy & (Zg 1) P Lo) & (Lo & Zo)

2. Preliminaries

In this section, we present some propositions to use.

PROPOSITION 1
(1) mp(M(Zg,n)) f all q.

~ if ¢ is odd,
(2) T2 (M(Zg,m)) = { 1f q is even.

if ¢ is odd,
if ¢ =2 (mod 4),
Zs EBZQ if ¢ =0 (mod 4).

IIZ

(3) 7Tn+2 Zq, n
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Z(q724) if q is Odd,
(4) 7Tn+3(M(Zq, n)) = Z(q724) DZy ifqg=2 (mod 4),
Z(q724) @©Zy if ¢ =0 (mod 4).

ProposITION 2 ([1]).
(1) [M(Zg,n — 1), M(Zg¢,n)] = Z, for all q.
Zyg if ¢ is odd,
(2) [M(Z(b n)v M(Z!b TL)] = ZQ‘I if q= 2 (mOd 4)7
Zgq®Zo if =0 (mod 4).

0 if ¢ is odd,
(3) (M (Zg,n+ 1), M(Zg,n)] = Zo ® Zo if ¢ =2 (mod 4),
Zo @ Zo D Zo 1fq50(m0d4)
Lq,24) if ¢ is odd,

(4) [M(Zq,n+2), M(Zg,n)] = Lo ® Lo @ ZLg4) if ¢ =2 (mod 4),
Zio ® Ly B Zo B Z(q’24) if q= 0 (mod 4)

PROPOSITION 3 ([3]). If X is (k—1)-connected, Y is ({—1)-connected
and, further, if k,¢ > 2 and dim P < k 4+ ¢ — 1, then the projections
XVY — X and X VY — Y induce a bijection :

[P,XVY]— [P, X]®[PY].
THEOREM 1 ([3]). Let M(G,n) be a Moore space. Then
EX(M(G,n)) = &L,
where r is the rank of G and s is the number of 2-torsion sums of G.
THEOREM 2 ([3]). Let M(G,n) be a Moore space. Then
MG, ) = EX(M(G,n))
TN M(Gn)) = 1, ifn>3.

For any non-negative integer n, .AQZ(X ) consists of homotopy classes
of self-map of X that induce an automorphism from m;(X) to m;(X) for
i=0,1,---n. .Aé“(X) is a submonoid of [X, X] and always contains
E(X). If n = oo, we briefly denote A (X) as Ay(X). If k& < n, then
AY(X) C Alﬁf (X); thus, we have the following chain by inclusion:

E(X) C A(X) C ... CANX) C AY(X) = [X, X].

DEFINITION 1 ([5]). The self-closeness number of X is the minimum
number n such that A}(X) = £(X), and is denoted by NE(X). If the

minimum number n does not exist such that A} (X) = £(X), then we
write NE(X) = oo.
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PROPOSITION 4 ([5]). NE(M(G,n)) =n forn > 3.

Let f be a map from X to Y.

o mi(f) : mp(X) — m(Y) is a homomorphism from k-dimensional
homotopy group of X to k-dimensional homotopy group of Y.

o m<i(f): m<k(X) = m<k(Y) are homomorphisms up to k-dimensional
homotopy group.

e Hi(f): Hy(X) — H(Y) is a homomorphism from k-dimensional
homology group of X to k-dimensional homology group of Y.

o f1:[V,Z] - [X,Z] for any Z.

3. Self-maps on M(Zg,n+2)V M(Zg,n+ 1)V M(Zg,n)

For n > 5, we let X = M(Zq,n+2)V M(Zg,n+ 1)V M(Zg,n). We
determine the groups [X, X]|, £(X) and Efim(X).
From now on, we set My = M(Zg,n+2), My = M(Zg,n+ 1), M3 =
M(Zq,n) and X = My V My V Ms.
LEMMA 1. [X, X] = @j7k:1,2,3[MjaMk]~
Proof. By Proposition 3, we have [X, X| = ®; p—1,2,3[M;, My]. O
Now, we introduce a notation
[X,X] = [Ml,Ml]@[MQ,Ml]@[Mg,,Ml]
S[My, Ma] & [Ma, Ma] & [Ms, M)
©[My, M3] © [Ma, M3] ® [Ms, Ms].

Since [M3, My] =0,
[XvX] = [Mlle]@[M%Ml]@O
®[My, Ma] & [Ma, Ma] & [Ms, M,
@[MlaMZ’J 2] [M27M3] %) [M37M3]‘

REMARK 1. Let ¢ be an odd. By Proposition 2, we have
(X, X] = Z;®Z;y®0
PODZy ® Zy
©Zg24) © 0 DB Zy.
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Let 7,k € {1,2,3} and f € [X, X].

e i; : M; — X is the inclusion.

® pi : X — My is the projection.

o frj:J — K where fi; =pio foij.

PROPOSITION 5. The function 6 which assigns to each f € [X, X],
the 3 x 3 matrix

Ju fiz O
O0(f)= | fa foo fos ],
fa1 fa2 f33
where fi; € [M;, My] is bijective. In addition,
(1) 6(f+g) = 6(f)+6(g), so 8 is an isomorphism [X, X| = @; p=1.2,3[M;, My].
(2) 0(f og) = 0(f)0(g) where f o g denotes composition in [X, X] and
0(f)0(g) denotes matrix multiplication.
(3) If a, : mp(M1) & mp (M) & mp(Ms) — m(My vV My V Ms) and
B : m(MyV My V Ms) — 7 (My) @ 7 (Ma) @ 7 (M3) are the homomor-
phism induced by the inclusions and projections, respectively. then By o
T (f) 0 ar(@,y, 2) = (m(f11) (2) + 7 (f12)(y) + 7k (f13)(2), 7Tr(for)(@) +
Tr(f22) () + mi(f23)(2), mi(f31)(@) + mi(fa2)(y) + mk(f33)(2)) for = €
T (M1), y € mi(Ms) and z € 7 (Ms).
Proof. By Lemma 1, [X, X| = ®; 1—1,2.3[M;, Mi]. The rest of proofs
are straightforward and hence omitted. O

By Proposition 3, we have the following proposition.
PROPOSITION 6. 7y (X) = m (M) & m(Ma) & m(Ms) for k < 2n.

REMARK 2. By [4, Remark 3.1], there is the following table.
k<n+2|k=n+2
0 Zg {i1}

T (M)
THEOREM 3.
E(X) = E(Mp)® My, My]®0
®[My, Ma] @ E(My) @ [M3, Mo
®[My, M3) @ [Ma, M3) ® E(M3).

Proof. For any f € [X,X], f € £(X) if and only if Hy(f), Hpt+1(f)
and Hy42(f) are isomorphism if and only if H,(f11), Hnt1(f22) and
H, +1(f33) are isomorphism.

By Proposition 4, NE(M (Zq, L)) = NE(M (Zg, L)) = ¢, f € E(X) if and
only if f11 S 5(M1), f22 € S(MQ) and f33 € E(Mg,) O
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REMARK 3. By [7, Theorem 2.1], E(M(Zg, k)) = Z2,q) X Zy where
Zy 1s the automorphism group of Z4 for k > 3. By Proposition 1 and

Theorem 3, let ¢ be 2. Then
EX) =2 (Zo®Z3)®DZy®0
D(Zo @ ZL2) © (L2 @ L3) © Lo
D(Zo © Lo @ Lgoa)) ® (Za © L) © (L © Z3).

We define the subgroup Zf[Mj, My] = { fr; | m<k(frj) = 0} of [

M, My].

From now on, we determine Zé“[Mj,Mk] for j, k=1,2,3 and j # k.

REMARK 4. By [6, Theorems 3.4 and 3.5], we have

gisodd|g=2 (mod4)|q=0 (mod4)
ZP Mo, M) | Zg 0 0
ZPV M, M) | Zg 0 0
Z7H2 [ My, Mo 0 Zs Zo ® 7o
Z3+2 [ Ma, Mp] 0 0 0

It sufficiently determines that Zﬁ”H [Ms, M;].

LEMMA 2.

qisodd|qg=2 (mod4)|q=0 (mod4)

Z§1+2 [My, Ms] | Zg,04) Z(qr,24) S L Z(q,24) D Ly

Proof. Consider the mapping cone sequence of My,

qn+2 q qn+2 i M, 1 qn+3 q gn+3

This sequence induces the following exact sequence:

u ﬁ
[S""'?’,Mg} [S"+3 Mg] [Ml,MS] [S"+2 MS]

By Propositions 1 and 2, we have the split exact sequence

ﬁ ﬁ
0 — [S"F3, M3] — [My, M3] —— ker(q) — 0.

Thus [My, Ms] = 7} ([S"+3, M3]) @ (i}) ! (ker(q)).

— [S"F2) M3).

By Remark 2 and properties of split exact sequence, w1 o i3 = Ci
and ((iﬁ)*l(ker(q)))(il) = ig((iﬁ)*l(ker(q))) = ker(q) where C, is the
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constant map. We have Z§‘+2[M1,M3] = 77%([5”+3,M3]). Since wg is
-

monomorphism, ZQH'Q[MI,M;))] =[S M O
THEOREM 4.
g
q: Odd Zq D (Z(q724)) &) Zq
q= 2 (mod 4) ZQ D (Z(q724) ) Zg) D Z2
g=0 (mod 4) | Zo® (Z(q724) @ Zo) D (Za ® Zo)
Proof. For any f € Efim(X ), by Propositions 5 and 6, we have
i, o (M) . 0 0
H(Wﬁdim(f)) = e(idﬂgd,-m(X)) = 0 Zdﬂ§n+2(M2) ‘ 0
0 O Zdﬂ.gn+2(M3)

Thus f11 € Eﬁ"H(Ml), foo € SgLJrQ(Mg) and f33 € E;H(Mg). Further-
more, T<gim(frj) = 0 for k # j. By Theorems 1 and 2, it is implies
that

EMM(X) = EA(My) @ 2] My, My] @0

DZLT My, Mo] © 1 ® Z 2 [ M3, My

@Z;” (M7, M3] ® Z;L“[MQ, M) @ 1.

The proof is completed by Theorem 2, Remark 4 and Lemma 2. O
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