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APPLICATION OF CONTRACTION MAPPING PRINCIPLE
IN INTEGRAL EQUATION

AMRISH HANDA

ABSTRACT. In this paper, we establish some common fixed point theorems satisfying
contraction mapping principle on partially ordered non-Archimedean fuzzy metric
spaces and also derive some coupled fixed point results with the help of established
results. We investigate the solution of integral equation and also give an example to
show the applicability of our results. These results generalize, improve and fuzzify
several well-known results in the recent literature.

1. INTRODUCTION

George and Veeramani [14] modified the concept of fuzzy metric spaces introduced
by Kramosil and Michalek [21] with the help of continuous t-norm and defined the
Hausdorff topology of fuzzy metric spaces. In [20], Istratescu introduced the concept
of non-Archimedean fuzzy metric space.

In [15], Guo and Lakshmikantham introduced the notion of coupled fixed point
for single-valued mappings. Using this notion, Gnana-Bhaskar and Lakshmikan-
tham [4] established some coupled fixed point theorems by defining mixed mono-
tone property. After that, Lakshmikantham and Ciric [22] extended the notion of
mixed monotone property to mixed g—monotone property and established coupled
coincidence point results using a pair of commutative mappings, which generalized
the results of Gnana-Bhaskar and Lakshmikantham [4]. For more details one can
consult [1, 6 — 13, 16, 19, 28].

This manuscript is divided into three sections. In first section of this research
article, we prove some unique common fixed point theorems satisfying contraction

mapping principle on partially ordered non-Archimedean fuzzy metric spaces and
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also give an example to validate our results. In second section of the article, we
formulate some coupled fixed point results with the help of the results established
in the first section. In the end, we investigate the solution of integral equation
to demonstrate the fruitfulness of the established results. We generalize, extend,
improve and fuzzify the results of Alotaibi and Alsulami [2], Alsulami [3], Gnana-
Bhaskar and Lakshmikantham [4], Harjani et al. [17], Harjani and Sadarangani [18],
Lakshmikantham and Ciric [22], Luong and Thuan [23], Nieto and Rodriguez-Lopez
[24], Ran and Reurings [25], Razani and Parvaneh [26], Su [28] and many other

famous results in the literature.

2. PRELIMINARIES

Definition 2.1 ([27]). A binary operation * : [0, 1] x [0, 1] — [0, 1] is a continuous

t-norm if it satisfies the following conditions:
(1) % is commutative and associative,
(2) * is continuous,
(3) ax1=a for all a € [0, 1],
(4) axb < cxd whenever a < c and b < d with a, b, ¢, d € [0, 1].
A few examples of continuous t-norm are

a*xb=ab, axb=min{a, b} and a xb=max{a+b—1, 0}.
Definition 2.2 ([14]). The 3-tuple (X, M, ) is called a fuzzy metric space if X is an

arbitrary non-empty set, * is a continuous t-norm and M is a fuzzy set on X? x [0,

o0) satisfying the following conditions: forall x,y, z € X and t, s > 0,

(FM —1) M(x, y, t) >

(FM —2) M(z, y, )—11ﬂ”$fy,

(FM —=3) M(z, y, t) = M(y, z, t),

(FM —4) M(z, z,t+s) > M(x, y, t) « M(y, 2, s),
(FM —5) M(z, y, -):[0, c0) — [0, 1] is continuous.

Remark 2.1. If in the above definition (FM-4) is replaced by
(NAFM —4) M(z, z, max{t, s}) > M(x, y, t)*x My, z, s)
or equivalently,
(NAFM —4) M(z, z, t) > M(z, y, t)* M(y, z, t),

then (X, M, %) is called a non-Archimedean fuzzy metric space [20]. It is easy to
check that (NAFM-4) implies (FM-4), that is, every non-Archimedean fuzzy metric

space is itself a fuzzy metric space.
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Example 2.1 ([14]). Let (X, d) be a metric space. Define t-norm by a * b = ab and

M(z, y, t) for all z, y € X and t > 0.

t
Ct+d(x, y)
Then (X, M, x) is a fuzzy metric space. We call this fuzzy metric M induced by the

metric d the standard fuzzy metric.

Remark 2.2 ([14]). In fuzzy metric space (X, M, %), M (z, y, -) is non-decreasing
for all z, y € X.

Definition 2.3 ([14]). Let (X, M, %) be a fuzzy metric space. A sequence {z,, }, in
X is called Cauchy if for each € € (0, 1) and each ¢t > 0 there is ng € N such that

M(xyn, Tm, t) > 1—ec whenever n > m > ny.

We say that (X, M, x) is complete if every Cauchy sequence is convergent, that is,
if there exists y € X such that lim M (z,, y, t) =1, for all ¢t > 0.
n—oo

Definition 2.4 ([4]). Let F : X? — X be a given mapping. An element (z, y) € X?
is called a coupled fized point of F if F(x, y) =z and F(y, ) = y.

Definition 2.5 ([4]). Let (X, <) be a partially ordered set and F : X? — X be a
given mapping. We say that F' has the mized monotone property if for all x, y € X,

we have

x1, 2 € X, r1 1wy = F(x1, y) < F(x2, y),

y, y2 € X, 1 2y = F(z, 1) = F(z, y2).

Definition 2.6 ([22]). Let F : X? — X and g : X — X be given mappings. An
element (x, y) € X2 is called a coupled coincidence point of the mappings F' and g

if F(z,y) =gz and F(y, x) = gy.

Definition 2.7 ([22]). Let F : X? — X and g : X — X be given mappings. An
element (z, y) € X2 is called a common coupled fized point of the mappings F and

gifz=F(z,y) =gz and y = F(y, x) = gy.

Definition 2.8 ([22]). Mappings F : X?> — X and g : X — X are said to be
commutative if gF (z, y) = F(gz, gy), for all (z, y) € X2,

Definition 2.9 ([22]). Let (X, <) be a partially ordered set. Suppose F : X? — X
and g : X — X are given mappings. We say that F' has the mired g—monotone
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property if for all z, y € X, we have

x1, x2 € X, gr1 X gre = F(x1, y) 2 F(22, v),
v, y2 € X, gpn 2gy2 = F(z, y1) = F(z, y2).

If g is the identity mapping on X, then F' satisfies the mixed monotone property.

Definition 2.10 ([4, 13]). A partially ordered metric space (X, d, <) is a metric
space (X, d) provided with a partial order <. An ordered metric space (X, d, <) is
said to be non-decreasing-reqular (respectively, non-increasing-regular) if for every
sequence {x,} C X such that {z,} — = and z,, < x,41 (respectively, z, > Tn11)

for all n > 0, we have z,, < = (respectively, z,, = x) for all n > 0. (X, d, <) is said

to be regular if it is both non-decreasing-regular and non-increasing-regular.

Definition 2.11 ([13]). Let (X, <) be a partially ordered set and o, §: X — X
be two mappings. We say that « is (3, <)—non-decreasing if ax =< ay for all z,
y € X such that Sx =< By. If 3 is the identity mapping on X, we say that « is

= —non-decreasing.

Definition 2.12([5]). Let (X, M, %) be a partially ordered fuzzy metric space.
Two mappings F, G : X — X are said to be compatible if

lim M(FGz,, GFx,, t) =1,

n—oo

provided that {z,} is a sequence in X such that

lim Fz, = lim Gz, € X.

n—oo n—o0

Definition 2.13 ([19]). Let F : X? — X and g : X — X be two mappings. We say
that the pair {F, g} is compatible if

JLIEOM(F(QZ‘M gyn)a g(F(l‘na yn)7 F(yna $n))a t) = 1,
JLH;OM(F(gyna gl’n), Q(F(yna mn); F(xna yn))a t) = 1,

whenever (z,,) and (y,,) are sequences in X such that

lim gz, = lim F(x,, y,) =z € X,
n—oo n—oo
lim gy, = lim F(y,, z,) =y € X.
n—oo n—oo

Definition 2.14 ([19]). Let X be a non-empty set. Mappings F' : X? — X and
g : X — X are called weakly compatible if F(z, y) = gr and F(y, x) = gy imply
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that g(F(z, y), F(y, z)) = F(gz, gy) and g(F(y, x), F(z, y)) = F(gy, gz), for all
z,y € X.

Definition 2.15 ([28]). An altering distance function is a function ¢ : [0, +00) — [0,
+00) which satisfies the following conditions:

(iy) 1 is continuous and non-decreasing,

(i) (t) = 0 if and only if t = 0.

3. FIXED POINT RESULTS

In this section we formulate some unique common fixed point theorems for map-
pings a, 5 : X — X in a partially ordered non-Archimedean fuzzy metric space (X,
M, <), where X is a non-empty set. Let 8 : X — X be a mapping, we shall denote
B(x) by Bz where x € X.

Theorem 3.1. Let (X, <) be a partially ordered set and (X, M, %) be a non-
Archimedean fuzzy metric space. Suppose av, 8 : X — X are two mappings satisfying

(1) « is (B, X)-non-decreasing and a(X) C B(X),

(13) there exists xg € X such that fzy < ax,

(7i1) there exist an altering distance function v and a right upper semi-continuous
function ¢ : [0, +00) — [0, +00) such that

1 1
st ~) <o larm o 1)

for all x, y € X with x = By, where (t) > (t) for allt > 0 and ¢(0) = 0. Also
assume that, at least, one of the following conditions holds.

(a) (X, M) is complete, o and 3 are continuous and the pair («, 3) is compatible,

(b) (B(X), M) is complete and (X, M, <) is non-decreasing-reqular,

(¢) (X, M) is complete, (B is continuous and monotone non-decreasing, the pair
(a, B) is compatible and (X, M, <) is non-decreasing-regular.

Then « and B have a coincidence point. Moreover, if

(iv) for every x, y € X there exists z € X such that oz is comparable to ax and
ay, and also the pair (a, B) is weakly compatible.

Then « and B have a unique common fized point.

Proof. Let xy € X be arbitrary. By (i), we have a(X) C 5(X), there exists 21 € X
such that Sz; = axg. Then, by (i), we have By < axg = fz1. As o is (5, <)-non-
decreasing and so azy < axj. Now ax; € a(X) C 3(X), so there exists zo € X such
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that fxo = ax;. Then fr1 = axy =< axy = fxe. Since « is ([, <)—non-decreasing,
azy = ars. Continuing in this manner, we get a sequence {x, }n>0 such that {fz,}

is =-non-decreasing, Bx,+1 = Ty X axpt1 = BTpte and
(3.1) Bxni1 = ax, for all n > 0.
First, we claim that {M(Bxy, Bxnt1, t)} — 1. Let
1
3.2 =
( ) Cn <M(ﬂxn7 6xn+17

Now, by using the contractive condition (iii), we have

—1), for all n > 0.
t)

1 1

w <M(ﬁxn+la ﬁ$n+2a t) a 1) - w <M(a$na ATLn41, t) a 1>
1

S 4 (M(/an, /6xn+17 t) B 1) .

Thus, by (3.2), we have

It follows, by the fact 1(t) > ¢(t) for all ¢ > 0, that ¢ ({u41) < ¥ (), which, by
the monotonicity of ¢, implies (,+1 < (. This indicates that the sequence {Cn}nzo

is a decreasing sequence of positive numbers. Then there exists ( > 0 such that

. ) 1
o0 Y v ) B

We shall now prove that { = 0. Suppose, to the contrary, that ¢ > 0. Taking n — oo

n (3.3), by using the property of 1, ¢ and (3.4), we obtain

$(Q) < lim P(Gur1) < lim 9(Ga) < 9(0),

which contradicts the fact ¢(t) > ¢(t) for all t > 0 and so ¢ = 0. Thus, by (3.4), we
get

1
lim ¢, = lim -1)=0,
n—>ooC n—oo <M(B-’Ena B$n+1a t) )
that is,

(3.5) M(Bzp, Brpi1, t) — 1 asn — .

We now claim that {8z, },>0 is a Cauchy sequence in X. Suppose, to the contrary,
that {f8z,} is not a Cauchy sequence. Then there exists an ¢ > 0 for which we can
find two sequences of positive integers {m(k)} and {n(k)} such that for all positive

integers k, and

M(BTpys BTmy, t) <1 —¢, for n(k) > m(k) > k.
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Assuming that n(k) is the smallest such positive integer, we have

M(Brpr)-15 BTmmy, t) >1—¢.
By (NAFM-4), we have
l—e > (/an(k ﬁl‘ (k)» )
M(BZnky, BTnk)—1, t)* M(Brpmy—15 BTmp), t)
> (ﬁxn(k)7 ﬁxn(k)—h ) * (]‘ - 8)'

Letting k — oo in the above inequality, by using (3.5), we have

Y

By using (NAFM-4), we have

M(Brpky+1s BTmky+1, t)
> M(BTn)y+1, BTnr), ) * M(BTpwys BTmays t)* M(BTpky, BTmp)+1,> T)-

Letting k — oo in the above inequalities, using (3.5) and (3.6), we have

(3.7) im M (BZpk)+1, BTmk)+1, t) =1 —¢.

k—o0
As n(k) > m(k), Bnk) = BTmx) and so by using contractive condition (iii), we

have

1 1
g 1) = o -1)
M (Brk)y+15 BTmk)+1> t) M (axy @y, aTpm), t)

1
S —
Letting K — oo in the above inequality, by using the property of @ZJ, ¢ and (3.6),

(3.7), we have
€ €
1#(1_5) S¢<1_8>,

which is a contradiction due to € > 0. This shows that {fz,}n>0 is a Cauchy

sequence in X.

Meanwhile, we claim that o and 8 have a coincidence point distinguishing be-
tween cases (a) — (c).

First suppose that (a) holds, that is, (X, M) is complete, a and /3 are continuous
and the pair (a, () is compatible. Since (X, M) is complete, there exists z € X
such that {8z,} — x and (3.1) follows that {ax,} — =. As a and [ are continuous
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and so {afz,} — ax and {B0z,} — [z. Furthermore the pair («, ) is compatible,

=)
lim M(afz,, fax,,t) = 1.

n—oo

Thus

M(ax, Pz, t) = nleroloM(aﬁxn, BBxny1, t) = nhﬂngo M(afBzy, fax,, t) =1,
that is, x is a coincidence point of a and (.

Now suppose that (b) holds, that is, (5(X), M) is complete and (X, M, <) is
non-decreasing-regular. Since {fx,} is a Cauchy sequence in the complete space
(B(X), M), there exists y € f(X) such that {fz,} — y. Let x € X be any point
such that y = Bz, then {8z,} — Bz. As (X, M, <) is non-decreasing-regular, {3z, }
is < —non-decreasing converging to Sz and so Gz, = [z for all n > 0. Applying the

contractive condition (iii), we have

1 1
¥ (M(anﬂ, ax, t) 1) =¥ (M(om:n, ax, t) 1>

1
< —-1).
=7 <M(ﬂazn, Bz, 1) >
Taking n — oo in the above inequality, by using the properties of v, ¢ and the fact

{Bxn} — Bz, we get M(Bz, ax, t) = 1, that is, x is a coincidence point of « and /.

In the end, suppose that (¢) holds, that is, (X, M) is complete, § is continu-
ous and monotone non-decreasing, the pair (a, ) is compatible and (X, M, <)
is non-decreasing-regular. As (X, d) is complete, so there exists x € X such that
{Bzy} — z and (3.1) follows that {ax,} — z. Since [ is continuous, {80z,} — [z.

Furthermore, since the pair («, ) is compatible, we have
lim M(BBxnt1, afxy, t) = im M(Baz,, afz,, t)=1,
n—00 n—00
and the fact {80z,} — Sz suggests that {afz,} — [z.
Since (X, M, <) is non-decreasing-regular and {fz,} is <-non-decreasing and

converging to x, Bx, = x, which, by the monotonicity of 3, implies 86z, = fx for
all n > 0. Applying the contractive condition (iii), we get

1 1
—-1] < —-1].
(e Y) = (gm0 Y
Taking n — oo in the above inequality, by using the properties of ¥, ¢ and the
fact {6px,} — Bz and {afzx,} — [z, we get M(fz, ax, t) = 1, that is, x is a

coincidence point of a and 3.
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Thus the set of coincidence points of o and [ is non-empty. Let x and y be two
coincidence points of o and (3, that is, ax = Bz and ay = By. Now, we claim that
Bx = By. By the assumption, there exists z € X such that az is comparable with ax
and ay. Put zp = z and choose z; € X so that 5z9 = az;. Then, we can inductively
define the sequence {fz,} where (2,41 = az, for all n > 0. Hence ax = [z and
az = azg = [z are comparable. Suppose that 8z; =< Gx. We claim that 8z, < Bz
for each n € N. In fact, we will use mathematical induction. Since §z; =< Bz, our
claim is true for n = 1. Now, suppose that 3z, < Bz holds for some n > 1. Since «
is f—non-decreasing with respect to <, we get Bz,4+1 = az, = axr = [z, and this
proves our claim.

Let
(3.8) & = (1 - 1> , for all n > 0.

M(Bzn, Bz, t)

Now, by using the contractive condition (7i7), we have

1 1
v <M(ﬁzn+1, Br, ) 1) =Y <M<azn, ar, ) 1)

1
=@ (M(ﬂzn, Bz, 1) 1) !

Thus, by (3.8), we have

(3.9) ¢(§n+1) < Qp(gn)

It follows, by the fact 1(t) > @(t) for all ¢ > 0, that ¢ ({,41) < ¥ (&), which, by
the monotonicity of ¥, implies §,+1 < &,. This shows that the sequence {,},> is
a decreasing sequence of positive numbers. Then there exists £ > 0 such that

. . 1
1 o= Jo (g 1) =

Now, we claim that £ = 0. Suppose, to the contrary, that £ > 0. Taking n — oo in

(3.9), by using the property of ¥, ¢ and (3.10), we obtain

9O < m (6 < lim p(€) < 0(6).
which contradicts the fact 1(¢t) > ¢(t) for all ¢ > 0 and so £ = 0. Thus, by (3.10),

we get
. . 1
s 6= fin (g 1) =0
that is,
(3.11) lim M(Bz,, Bz, t) =1.
n—oo
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Similarly, one can obtain that

(3.12) lim M(Bz,, By, t) = 1.
Hence, by (3.11) and (3.12), we get
(3.13) Bx = Py.

Since ax = Pz, by weak compatibility of & and 3, we have afx = Sax = BFz. Let
z = fx, then az = Bz, that is, z is a coincidence point of o and 3. Then from (3.13)
with y = z, it follows that Sx = [z, that is, z = az = 8z. Hence z is a common fixed
point of & and (. To prove the uniqueness, assume that w is another common fixed
point of o and . Then by (3.13) we have w = fw = [z = z, that is, the common
fixed point of o and [ is unique. O

If we take 9 (t) = t and ¢(t) = kt with & < 1 in Theorem 3.1, we get the following
result:

Corollary 3.2. Let (X, <) be a partially ordered set and (X, M, %) be a non-
Archimedean fuzzy metric space. Suppose o, B : X — X are two mappings satisfying
conditions (i) and (ii) of Theorem 3.1 and
() there exists k < 1 such that
1 1
M(az, ay, t) b=k <M(ﬂﬂf7 By, t) 1> ’
for all x, y € X with Bxr =X By. Also assume that, at least, one of the conditions
(a) — (¢) of Theorem 3.1 holds. Then « and [ have a coincidence point. Moreover,
if condition (iv) of Theorem 3.1 holds. Then a and [ have a unique common fized

point.

If we put 8 = I (the identity mapping) in Theorem 3.1, we get the following
corollary.

Corollary 3.3. Let (X, <) be a partially ordered set and (X, M, %) be a complete
non-Archimedean fuzzy metric space. Suppose o : X — X is a non-decreasing
mapping for which there exist an altering distance function v and a right upper

semi-continuous function ¢ : [0, +00) — [0, +00) such that

1 1
)<yt
7“[}<M(oar, ay, t) > _¢<M(:ﬂ, ys t) >
for all z, y € X such that x <y where Y(t) > @(t) for allt > 0 and p(0) = 0. If

there exists xog € X such that o = axg, then a has a fixed point.
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If we put § = I (the identity mapping) in the Corollary 3.2, we get the following

corollary.

Corollary 3.4. Let (X, <) be a partially ordered set and (X, M, %) be a complete
non-Archimedean fuzzy metric space. Suppose o : X — X is a non-decreasing

mapping satisfying

1
. S Y (S —
M(az, ay, t) =~ <M(:U, y, t) >
for all x, y € X such that x = y and k < 1. If there exists xg € X such that
To = axg, then a has a fixed point.

Example 3.1. Suppose that X = [0, 1], equipped with the usual metricd : X x X —
[0, +00) with the natural ordering of real numbers < and # is defined by a * b = ab,
for all a, b € [0, 1]. Define

t

M )=—

, forall z, y € X and t > 0.

Clearly (X, M, *) is a complete non-Archimedean fuzzy metric space. Let «, 3 :

X — X be defined as

2

az‘:% and Bz = 22, for all z € X,

Define
_ | t/2, fort #1,
P(t) =t, fortz()andgo(t)—{ 3/4 fort = 1.
Then % and ¢ have all the required properties and the contractive condition of
Theorem 3.1 is satisfied for all z, y € X. Furthermore, all the other conditions of

Theorem 3.1 are satisfied and z = 0 is a unique common fixed point of a and 3.

4. CouPLED FIXED POINT RESULTS

Next, we deduce two dimensional version of Theorem 3.1. Given n € N where
n > 2, let X™ be the n'" Cartesian product X x X x ... x X (n times). For partially
ordered non-Archimedean fuzzy metric space (X, M, <), let us consider the partially
ordered non-Archimedean fuzzy metric space (X2, Mz, C), where M; : X2 x X2 x [0,
00) — [0, 1] is defined by

Ms(V, W, t) = min{M(z, u, t), M(y, v, t)}, VV = (z, y), W = (u, v) e X2,
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and C is defined by
WCVezrr-uandy=<v, foral W= (u, v), V= (z, y) € X°.

It is easy to check that Mjy is a non-Archimedean fuzzy metric on X?2. Let F : X2 —
X and G : X — X be two mappings. Define the mapping ®, ¥ : X? — X2, for all
V = (z, y) € X2, as follows:

(V) = (F(x, y), Fly, x)) and ¥(V) = (Gz, Gy).

Lemma 4.1 ([17]). Let (X, =) be a partially ordered set and (X, M, *) be a non-
Archimedean fuzzy metric space. Let F, G : X?> — X and ®, ¥ : X2 — X? be
mappings, then the following properties hold.

(1) (X, M) is complete if and only if (X2, M) is complete.

(2) If (X, M, =) is reqular, then (X?, Mg, C) is also regular.

(8) If F is M —continuous, then ® is Ms—continuous.

(4) F has the mized monotone property with respect to = if and only if ® is
C-non-decreasing.

(5) F has the mized G—monotone property with respect to < if and only if then
® is (¥, C)-non-decreasing.

(6) If there exist two elements xq, yo € X with Gzg < F(xg, yo) and Gyo = F(yo,
wo), then there exists a point Xo = (w0, yo) € X? such that ¥(Xg) C ®(Xp).

(7) If F(X?) C G(X), then ®(X?) C ¥(X?).

(8) If F and G are commuting in (X, M, <), then ® and ¥ are also commuting
m (X2, M(;, E)

(9) If F and G are compatible in (X, M, <), then ® and ¥ are also compatible
in (X2, Ms, C).

(10) If F and G are weak compatible in (X, M, <), then ® and ¥ are also weak
compatible in (X2, Mg, C).

(11) A point (z, y) € X2 is a coupled coincidence point of F and G if and only
if it is a coincidence point of ® and V.

(12) A point (z, y) € X? is a coupled fized point of F if and only if it is a fived
point of .
Theorem 4.1. Let (X, <) be a partially ordered set and (X, M, %) be a complete
non-Archimedean fuzzy metric space. Assume F : X? — X and G : X — X are two
mappings such that F' has mized G—monotone property with respect to = on X for

which there exist an altering distance function v and a right upper semi-continuous
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function ¢ : [0, 4+00) — [0, +00) such that

(4.1) !

v (M(F(x, W, Flw, 0, 0 1)

1
< —1
=¥ <mm{M(ng, Gu, t), M(Gy, Gu, 1)} )
for all x, y, u, v € X with Gxr < Gu and Gy = Guv, where ¥(t) > ¢(t) for all

t > 0 and p(0) = 0. Suppose that F(X?) C G(X), G is continuous and monotone
non-decreasing and the pair {F, G} is compatible. Also suppose that either

(a) F is continuous or
(b) (X, d, =) is regular.

Assume that there exist two elements xqg, yg € X with
Gzo = F(zo, yo) and Gyo = F(yo, o).

Then F and G have a coupled coincidence point. Furthermore, suppose that for
every (x, y), (x*,y*) € X2, there exists a point (u, v) € X2 such that (F(u, v), F(v,
w)) is comparable to (F(x, y), F(y, x)) and (F(z*, y*), F(y*, *)), and also the pair
(F, G) is weakly compatible. Then F and G have a unique common coupled fized

point.

Proof. Let V = (z, y) and W = (u, v) € X? with ¥(V) C ¥(W). Then Gz < Gu
and Gy = Guv and so by using (4.1), we have

1 1

—1)] < —1].
v (M(F(% y), F(u, v), 1) > =7 (min{M(G% Gu, t), M(Gy, Gu, t)} )
Furthermore taking into account that Gy = Gv and Gz < Gu, (4.1) also guarantees

that

1 1
v (M(F(y, 7). Flo, w), ©) 1> sy (min{M(G:p, Gu, 1), M(Gy, Gv, D)} 1)'
Combining them, we get
1
e v <M<F<x, v), Flu, v), t) 1)’

1
M(F(y, ), Flo, w), ©) 1)

o

1
< — .
= ¢ (min{M(Ga:, Gu, 1), M(Gy, Gu, 0]} 1)

Since 1) is non-decreasing,
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max <M(F(m, Y),
(G

1
W e )
1
< —1]).
= ¢ (min{M(Gcz, Gu, 1), M(Gy, Go, D)} )
Thus, it follows from (4.2) that
1

(4.2)

v <M5<<1><v>, SW), 1) 1)

1
v <min{M<F(x, y), Flu, v), 8), M(E(y, @), F(v, 0), 8)} 1)

- (max{ (M(F(a:, y)l’le, 0, 1) 1) | (M R0 9})

v (min{M(Gw, Gu, t), M(Gy, Guv, t)} B 1)
1

<

=0 (Ma<w<v>, ), 0 1)'

It is only necessary to apply Theorem 3.1 with « = ® and 3 = ¥ in the partially

ordered metric space (X2, My, C) taking into account of all items of Lemma 4.1. [J

Corollary 4.2. Let (X, <) be a partially ordered set and (X, M, %) be a complete
non-Archimedean fuzzy metric space. Assume F : X?> — X has mized monotone
property with respect to < for which there exist an altering distance function v and

a right upper semi-continuous function ¢ : [0, +00) — [0, +00) such that

1

1
(e o) < e o 1)
for all x, y, u, v € X, with x 2 u and y = v , where P(t) > p(t) for all t > 0 and
©(0) = 0. Also suppose that either
(a) F is continuous or
(b) (X, d, X) is regular.

Assume that there exist two elements xg, yg € X with
zo =2 F(zo, yo) and yo = F(yo, o).

Then F' has a coupled fixed point.

In a similar way, we may state the results analogous to Corollary 3.2 for Theorem
4.1 and Corollary 4.2.
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5. APPLICATIONS

In this section, we give an application to integral equation of our results. Consider

the integral equation
T
(5.1) u(t) = / K(t, s, u(s))ds + h(t), ¢ € [0, T],
0
where T' > 0. We introduce the following space:
Cl0, T)={u:[0, T] — R : u is continuous on [0, T},
equipped with the metric

d(z, y) = sup |z(t) —y(t)|, for each z, y € C[0, T].
telo, T)

It is clear that (C[0, T], d) is a regular complete metric space. It is easy to check
that (C[0,T], M, %) is a complete non-Archimedean fuzzy metric space with respect
to the fuzzy metric

t

M )=—

, forall z, y € X and t > 0,

with * is defined by axb = ab, for all a, b € I. Furthermore, C[0, T'] can be equipped
with the partial order < as follows: for x, y € C|0, T1,

xSy <= x(t) <y(t), for each t € [0, T].
Now, we state the main result of this section.

Theorem 5.1. We assume that the following hypotheses hold:
(1) K:[0,T] x [0, T] x R - R and h: R — R are continuous,
(1) for all s, t, u, v € C[0, T] with v = u, we have

K(t, 5, v(s) < K(t, 5, u(s)),
(73t) there exists a continuous function g : [0, T] x [0, T] — [0, +00) such that

|z =y
2 b

‘K(tv 3, ‘T)_K(ta S, y)‘ Sg(t7 S)

forall s, t € C[0, T] and x, y € R with z > v,

. T 1
(iv) supyepo, 11 Jy 9(t, 5)%ds < T
Then the integral equation (5.1) has a solution u* € C[0, T.
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Proof. Define o : C[0, T] — C10, T by

T
au(t) = /0 K(t, s, u(s))ds+ h(t), for all t € [0, T| and u € C[0, T].

Assume that v < u. From (i7), for all s, t € [0, T, we have K (t, s, v(s)) < K(t, s,
u(s)). Thus, we get,

T T
a(t) = /O K(t, s, v(s))ds + h(t) < /0 K(t, 5, u(s))ds + h(t) = au(t).

Thus « is non-decreasing. Now, for all u, v € C[0, T] with v < u, due to (i7i) and

by using Cauchy-Schwarz inequality, we get
|au(t) — av(t)]

T
< /0 |K(t, s, u(s)) — K(t, s, v(s))|ds

g u(s) —v(s)|
< /0 g(t, s)- fds

([ o) ([ (25220 )
([ (=050 )
0

Taking (iv) into account, we estimate the first integral in (5.2) as follows:

IN

Thus

[NIE

(5.2) lau(t) — av(t)] < </0Tg(t, 5)2d5>

T , 3 1
(5.3) </ g(t, s) ds> < .
0 vT
For the second integral in (5.2) we proceed in the following way:
1
T _ 2 3
(5.4) (/ (’“(8) 5 U(S)|) ds> <VT- d(“é V).
0

Combining (5.2), (5.3) and (5.4), we conclude that
1
d(au, av) < id(u, v).

It yields

1
oy
M(au, av, t) 2\ M(u, v, t)
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for all u, v € C[0, T] with v < u. Thus the contractive condition of Corollary 3.4 is
satisfied with k = 1/2 € (0, 1). Hence, all hypotheses of Corollary 3.4 are satisfied.

Thus, a has a fixed point u* € C[0, T] which is a solution of (5.1). O
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