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C*-ALGEBRA-VALUED EXTENDED QUASI »-METRIC SPACES
AND FIXED POINT THEOREMS WITH AN APPLICATION

QusuAYy H. ALQIFIARY * AND JUNG RYE LEE®*

ABSTRACT. In this paper, we introduce the concept of C*-algebra-valued quasi b-
metric space and prove some existence and uniqueness theorems. Furthermore, we
prove the Hyers-Ulam stability results for fixed point problems via C*-algebra-valued
extended quasi b-metric space.

1. INTRODUCTION AND PRELIMINARIES

In 2014, Ma et al. [8] introduced the concept of C*-algebra-valued metric spaces
by replacing the range of real numbers with an unital C*-algebra-valued metric
space. In 2015, Ma et al. [7] introduced a generalized C*-algebra-valued metric
space. For more information about C*-algebra, see [4]. Many researchers have
obtained fixed point theorems in C*-algebra-valued metric spaces (see [2, 6, 10, 14]).
Samet et al. [13] introduced a-U-contractive mappings in metric spaces and then
developed in b-metric spaces [12]. Many authors have introduced several results
related to a-admissible and a-W-contractive mappings [3, 5, 9].

In this paper, we present the notion of an extended quasi-b-metric space in C*-
algebra and obtain some new results associated with the fixed point theorem and
application to the Hyers-Ulam stability.

Suppose that €2 is a unital C*-algebra with a unit 1o, a partial ordering < on 2
as a X bif b—a = Og, where O means the zero element in  and Q" = {z € Q :
X t OQ}.

Definition 1.1 ([8]). Let X be a nonempty set. A mapping ¢ : X x X — Q is called
a C*-algebra-valued metric on X if it satisfies the following: For all a,b,c € X,
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(1) q(a,b) = 0q and g(a,b) = Oq if and only if a = b;
(2) q(a,b) = q(b,a) ;
3) q(a,b) = [q(a, c) + q(c,b)].

Then the triplet (X, €, ¢q) is said to be a C*-algebra-valued metric space.
In 2015, Ma et al. [11] introduced the notion of C*-algebra-valued b-metric space.

Definition 1.2 ([11]). Let X be a nonempty set. A mapping g : X x X — Q is called
a C*-algebra-valued b-metric on X if it satisfies the following: For all a,b,c € X,
(1) g(a,b) = 0q and g(a,b) = Oq if and only if a = b;
(2) q(a,b) = q(b, a);
(3) qla,b) = slg(a,c) +q(c, b)].
Then the triplet (X, €, q) is said to be a C*-algebra-valued b-metric space.

In 2020, Asim and Imdad [1] introduced the following definition of C*-algebra-

valued extended b-metric space.

Definition 1.3. Let X be a nonempty set and i : X x X — Q7 be a mapping. A
mapping L, : X x X — Q is called a C*-algebra-valued extended b-metric on X if it
satisfies the following: For all a,b,c € X,

(1) L,(a,b) = 0q and L,(a,b) = Oq if and only if a = b;

(2) Ly(a,b) = Lu(b,a) ;

(3) Lu(a,b) = p(a,b)[Lu(a,c)+ Lu(c,b)].
Then the triplet (X, €, L,) is said to be a C*-algebra-valued extended b-metric space.

In this paper, we introduce another type of generalized C*-algebra-valued metric
space, which is called a C*-algebra-valued extended quasi b-metric space (in short,

C*-avEqgbms) as follows:

Definition 1.4. Let X be a nonempty set and i : X x X — Q7 be a mapping. A
mapping L, : X x X — Qis a C* -avEqbm on X if it satisfies the following: For all
a,b,ce X,

(1) Lu(a,b) = 0q and L,(a,b) = Oq if and only if a = b;

(2) Lu(ab) < pla,b)[Ly(a,c) + L, (c,b)].
Then the triplet (X, 2, L,,) is said to be a C*-algebra-valued extended quasi b-metric

space.
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Remark 1.5. Observe that if p(a,b) = s = 1g, then (X,Q,L,) is a C*-algebra-

valued extended quasi b-metric space.

Definition 1.6. Let (X2, L,) be a C*-avEgbms. A sequence {y;} in X is said to
be

(1) convergent if for all ¢ € Q with C' > 0q, there exists a natural number

N = N(c) such that L,(y,yn) < ¢ and L,(yn,y) = c for all n > N;

(73) a left Cauchy sequence if for all ¢ € Q with C' > 0Oq, there exists a natural
number N = N(c) such that L, (yn,ym) = c for all n > m > N;

(7i7) a right Cauchy sequence if for all ¢ € Q with C = 0q, there exists a natural
number N = N(c¢) such that L, (ym,yn) = c for all n > m > N;

(iv) a Cauchy sequence if for all ¢ € Q with C' > 0Oq, there exists a natural
number N = N(c) such that L,(ym,yn) = c for all n,m > N.

Remark 1.7. We say that a C*-avEqbms (X,Q,L,) is a complete C*-algebra-
valued extended quasi b-metric space if every Cauchy sequence is convergent with

respect to 2.

Definition 1.8. Let X # 0 and ag : X x X — (Q)T be a mapping. A self
mapping 7' : X — X is called ag-admissible if for every (a,b) € X x X such that
aq(a,b) = 1g, aq(Ta,Tb) = 1q.

Definition 1.9. Let (X, (2, L,) be a complete C*-avEqbms. A mapping T': X — X
is said to have a generalized Lipschitz condition if there exists b € {2 such that ||b]| < 1
and Lo(Tz,Ty) <X b*La(z,y)b for all z,y € X.

Lemma 1.10. Let (X,Q,L,) be a C*- avEgbms. If L, is continuous, then every

convergent sequence has a unique limit.

2. MAIN RESULTS

Theorem 2.1. Let (X,Q, £,) be a complete C*-avEgbms with p: X x X — Q7.
Suppose that a mapping T : X — X satisfies the following:

(1) T is a generalized Lipschitz contraction;

(ii) T is continuous.

Then T has a unique fixed point.
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Proof. Let yp € X and define a sequence {y,} in X such that y, = T(y,—1) for all
n. If y, = yp+1 for some n, then y, is a fixed point for T. Assume that y, # Yn+1
for all n. Since T is a generalized Lipschitz contraction, we have

Lu(ynv yn-l—l) = Lu(Tyn—la Tyn) = b*Lu(yn—lv yn)b
= (b")*Lpu(Yn—2, Yn—1)b>

= (0")"Eu(yo, y1)b"
< (b*)nfrbn7
where T = L, (o0, y1)-

Now, we will show that {y,} is a Cauchy sequence. For n,m € N such that
n < m, we have

Lu(Yny ym) = 10(Yn, Ym) B (Uns Ynt1) + Lp(Unt1, ym)]
= (Y Ym) B Y Yns1) + 10n, Ym) (Y15 Ym) L (Ynt15 Ynr2)
A (Y Y ) (Ynr1s Ym) - 1 Ym—2, Ym) (Y15 Ym) B (Ym—15 Ym)
= 1Yy Ym) (65) T (0)™ + 1Y Yo ) (Y1, Ym) (0F) "L (B)™
+ o 1 Yn) B Yn 1 Ym) < B Yme2s Y)Yt Y ) (7)Y (D)™
= 1y Ym) (O LELZ (D) + (s Yo ) (Yt 1, Yo ) (0F)HILZ T ()
e 1Y) 8t 1 Yim) 1Y, Y)Yt o) (07 lr%’r%w)m—l
= u(ymym(wr%b")*(r%(b)") + 1Yy Y)Y 1, Y) (L2071 (T3 (0) 4L
e 1Y Yo s Yim) -+ 12 Yo ) 1t o) (2B (02 (B)™ )
= 1Y Y ) Y20 4 1Yy Y ) (Y1, Ym) | L 26
ot u(yn,ym)u(ynﬂ,ym) e u(ymfz, Y ) (Ym—1, ym)IT2bm "
=" raptap Hu (Yt ym) = Z TR | Hu (Yt Ym)

j=0 k=0 7=0 k=0
1 .

m—

J m—1 J
l . l .
= 1z 10" 12 T o gm) =02 0D 10 112 TT st ym)
=0 k=0 §=0 k=0

m—1 7
1 .
<0z Y 1 1P TT elwrs ym)-
7=0 k=0

<
I
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By the ratio test, we have

|4 12 THE )

lim < lim pu(ye, ym) | b 12< 1a.
j—o0

=0 || W |12 Tli—o 1Yk ym)

Now, for all m > 1, we have

n J
Su =Y 110 1P TT (s ym)
=0 k=0

and

00 J
S=> 101 T rlyrs ym)-
§=0 k=0
Thus we obtain
B (s ym) <0167 [ [Sn1 — Sn)-
So the sequence {y,} is a left Cauchy sequence in 2. Similarly, we prove that the
sequence {y, } is a right Cauchy sequence in 2. Hence it is a Cauchy sequence. Since
) is complete, there exists y € {2 such that
lim Lu(ymy) = lim Lu(%?/n) = 0gq.
n—oo n—oo
Now, we will show that y is a fixed point of T'. For every n € N, we have
Lu(Ty,y) 2 w(Ty, ) [Lu(Ty, yns1) + Lu(yni1,9)]
= M(Ty> y) [L/J«(Tya Tyn) =+ L}L(ynJrla y)]
= Ty, y) [0 Ly, yn)b + Lu(Ynt1,9)]

— 0q

as n — 0o.
Therefore, y is a fixed point of 7.
For the uniqueness, suppose that a,b € X such that Ta = a and Tb = b. Then

we have
L,(a,b) =L,(Ta,Tb) = b*L,(a,b)b
and so
[RIACAON It 1 PR CAON A
=I1 0 ]l Lua, b) |l
<[l £ula, b) | -

This is a contradiction. Hence a = b. That is. T has a unique fixed point . ]
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Definition 2.2. Suppose that A and B are unital C*-algebras with units 14 and
1, respectively. We say that a mapping I' : A — B is C*-algebra homomorphism if
for all a1,a2 € C and (,& € A,
(i) T(a1¢ + a28) = a1'(¢) + a2l'(§);
(if) T'(¢€) = D(OT(E);
(iii) T'(¢*) = T(€)";

) I(

(iv 14) =

Definition 2.3. Let ¥ be the set of positive functions I'g : QF — QF, which
satisfy the following:

(i) Tq is continuous and nondecreasing;

(ii) Tq(a) = 0q if and only if a = Og;

(iii) Y02, Th(a) < oo, lim F?z(a) for each a > 04;
(iv) the series > 7o 0b’“Fk( ) < oo for a > 04.

Remark 2.4. We can conclude the following;:
(1) Every C*-algebra homomorphism is contractive and hence bounded.

(2) Every C*-algebra homomorphism is positive.

Definition 2.5. Let (X,Q,L,) be a C*-algebra-valued Eqbms and T': X — X be
a mapping. Then we say that T is a a-I'g-contractive mapping if there exist two
functions o : X x X — QT and I'q € ¥q such that

a(a,b)L,(Ta,Tbh) < Tq(L.(a,b)),Va,b e X.

Theorem 2.6. Let (X,Q, L,) be a complete C*-algebra-valued Eqbms and T : X —
X be an a-I'g-contractive mapping satisfying the following conditions:

(a) T is a-admissible;

(b) there exists yo € X such that a(yo, Tyo) = 1o and a(Tyo, y0) = la;

(¢) T is continuous.

Then T has a fized point in X.

Proof. Let yp € X such that a(yo,Tyo) = 1, and define a sequence {y,} such that
Ynt1 = TYn , Vn € N.
If yp, = Yn41 for some n € N, then y, is a fixed point for T'.

Suppose that y,, # ynt1 for all n € N. Since T is a-admissible, we get

(2.1) a(yo,y1) = a(yo, Tyo) = 1o = a(Tyo, Ty1) = a(y1,y2) = la.
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By induction, we have
(2.2) a(Yn, Yn+1) = 1o, Vn € N,
By (2.1) and (2.2), we get

L,u(yna yn+1) = Lu(Tynfl’ Tyn) = a(ynfl’ yn)Lu(Tynfla Tyn) = FQ(L,u(ynfla yn)

By induction, we obtain

(2'3) Lu(ynv yn-i—l) = F%(Lu(yo, yl)

for all n € N.

For n < m, we have

LW ym) = (Y Ym) B (Yns Ynt+1) + Lpu(Ynt1, ym)]
= (Y Ym) TG (Y05 1) + (s Ym) 1 (Ynt1 Ym) B (Ynt1, Ynt2) + Lp(Ynr2, Ym)]
= (Y Yr) TS (L (W0, y1) + 16, Y 1Yt Yo T (B0, 1) + -+
= TG Eu(yo, yO) [y, ym) (W2, Ym) - - - 16(Yn—1, Ym) 11 (Yn, Ym)
+ (Y1 Ym) (Y2, Ym) -+ 1Y Y)Yt 15 Ym) D (B (Yo, 1)) + -+
)

+ 1 (Y1, Y )iy, Y ) - - (yn,ym)u(ynﬂ,ym)---u(ymfl,ym)FS_"_l(Lu(ymw))]

(Yo, Y1) ZFJ "(Lu(yo,y1)) Hu (Yis Ym)-
=1

Since JL”;an(LN(yO’yl)) = 0, using Definition 2.3, we obtain nlingoLu(yn,ym) =0.
Thus {y,} is a left Cauchy sequence in X. Similarly, by taking a(Tyo,yo) = 1q for
M > n, we can prove that {y,} is a right Cauchy sequence in X. Hence {y,} is a
Cauchy sequence in X. Since (X,€Q,L,) is complete, there exists y € X such that
Yn — Yy as n — oo. From continuity of T, it follows that y,+1 = Ty, — Ty as
n — o0o0. By uniqueness of the limit, we get Ty = y, which is a fixed point of T. [J

To prove the uniqueness of the fixed point, we will consider the condition:

H: For all a,b € X there exists ¢ € X such that a(a,c) = 1g, a(b,c) = 1q or
a(c,a) = 1o, a(c,b) = 1o

Theorem 2.7. Suppose that (H) and all the assumptions of Theorem 2.6 hold.

Then we obtain the uniqueness of fized points of T.

Proof. Suppose that a and b are two fixed points of T'. From (H), there exists ¢ € X
such that a(a,c) > 1q and a(b,c) > 1g. Since T is a-admissible, we get



414 Qusuay H. ALQIFIARY & JUNG RYE LEE

ala,T™c) = 1g,a(b,T"c) »= 1q for all n € N. Then
Lu(a,T"c) = Lu(Ta, T(T"c)) < afa, T"c)Ly(Ta, T(T"c))
= TG (Hu(a,0))

for all n € N. Since I'§,(L,(a, ¢)) — 0q as n — oo, T"c = a. Similarly, T"c = b as

n — oo. The uniqueness of the limit gives a = b. O

3. APPLICATION OF FIXED POINT THEOREMS

Let (X,Q,L,) be a C*-algebra-valued Eqbms. and T': X — X be a mapping.

Let us consider the fixed point equation

(3.1) y="Ty.

We say that the fixed point problem (3.1) is Hyers-Ulam stable via C*-algebra-valued
extended quasi b-metric space if for each € > On and v € X satisfying

(3.2) L,(Tv,v) <,

there exists K > 0q and u € X satisfying the fixed point equation (3.1) such that
(3.3) L, (u,v) 2 Ke.

Theorem 3.1. Let (X,, L) be a complete C*-algebra-valued Eqbms. Suppose that

all the assumptions of Theorem 2.1 (resp., Theorem 2.7) hold. If p(u,v)a(u,v) = 1o
for all e-solutions u,v, then the fized point equation (3.1) is Hyers-Ulam stable.

Proof. By Theorem 2.1, we have a unique u* € X satisfying (3.1). Let ¢ > 0,
and v* € X be a solution of (3.2), that is, v* = Tw* and L,(Tv*,v*) < €. Since
L,(Tu*,v*) = L, (u*,u*) = oo = €, by hypothesis, we have a(u*,v*) = 1o. Thus
L,(u",v*) = L,(Tu*,v")
= pu(Tu*, v*)[L,(Tu*, Tv*) + L, (Tv",v")]
=< p(u*, v)a(u®, v* )L, (Tu*, Tv*) + p(u®, v*)e

PN

p(u®, v*)a(u®, v )L, (u*,v*) + p(u®, v")e.

So 1 — p(u*, v*)a(u*,v* )L, (u*,v*) 2 p(u*,v*)e. Thus we deduce

* * :u’(u*7v*)
L = -k
“(u ,U ) — (1 —M(U*,U*)Q(U*,U*)E 67
_ p(u* v*)
Where K = 17//,(1/,*,1)*)&(’!1«*,11*) b OQ |:|
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