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GEOMETRY OF GENERALIZED BERGER-TYPE

DEFORMED METRIC ON B-MANIFOLD

Abderrahim Zagane

Abstract. Let (M2m, φ, g) be a B-manifold. In this paper, we intro-

duce a new class of metric on (M2m, φ, g), obtained by a non-conformal
deformation of the metric g, called a generalized Berger-type deformed

metric. First we investigate the Levi-Civita connection of this metric.

Secondly we characterize the Riemannian curvature, the sectional curva-
ture and the scalar curvature. Finally, we study the proper biharmonicity

of the identity map and of a curve on M with respect to a generalized

Berger-type deformed metric.

1. Introduction

Let (Mm, g) be an m-dimensional Riemannian manifold, ∇ be the Levi-
Civita connection of g. This connection is characterized by the Koszul formula

2g(∇XY,Z) = Xg(Y,Z) + Y g(Z,X)− Zg(X,Y ) + g(Z, [X,Y ])

+ g(Y, [Z,X])− g(X, [Y,Z])(1)

for all vector fields X, Y and Z on M .
Let f be a smooth function on M , the gradient of f , denoted by gradf , is

defined by

g(gradf,X) = X(f)

and also, the Hessian of f , denoted by Hessf , is defined by

Hessf (X,Y ) = g(∇Xgradf, Y ) = X(Y (f))− (∇XY )(f)

for all vector fields X and Y on M .
A vector field X on M is said to be a Killing vector field if

g(∇Y X,Z) + g(Y,∇XZ) = 0

for all vector fields Y and Z on M . We say that a smooth function f on M
is a Killing potential if gradf is a Killing vector field. Then gradf is called a
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Killing gradient [10]. Moreover f is a Killing potential if and only if Hessf = 0
or equivalently ∇Xgradf = 0 for all vector field X on M .

Let ϕ : (Mm, g) → (Nn, h) be a smooth map between two Riemannian
manifolds. The map ϕ is said to be harmonic if it is a critical point of the
energy functional

E(ϕ,K) =
1

2

∫
K

|d(ϕ)|2 dvg

for any compact domain K ⊆ M . Here |d(ϕ)| is the Hilbert-Schmitd norm of
d(ϕ) and vg is the Riemannian volume form on M . Equivalently, ϕ is harmonic
if it satisfies the associated Euler-Lagrange equations given by the following
formula:

(2) τ(ϕ) = traceg∇dϕ.

Here τ(ϕ) is the tension field of ϕ. For more details see [14–16]. In recent years,
this theme has been widely developed even on the tangent bundle and on the
cotangent bundle has been done by many authors [5, 9, 12,13,19–21].

As a natural generalization of harmonic maps, biharmonic maps are defined
similarly, as follows. A map ϕ is said to be biharmonic if it is a critical point
of the bi-energy functional

E2(ϕ,K) =
1

2

∫
K

|τ(ϕ)|2 dvg

over any compact domain K. Equivalently, ϕ is biharmonic if it satisfies the
associated Euler-Lagrange equations:

τ2(ϕ) = −tracegR
N (τ(ϕ), dϕ)dϕ− traceg(∇ϕ)2τ(ϕ) = 0.(3)

Here
(∇ϕ)2τ(ϕ) = ∇ϕ∇ϕτ(ϕ)−∇ϕ

∇M τ(ϕ),

τ2(ϕ) is the bitension field of ϕ (see [3, 4, 6–8, 11, 12]). It is obvious to see that
any harmonic map is biharmonic, therefore it is interesting to construct proper
biharmonic maps (non-harmonic biharmonic maps).

In previous work [13], we introduced a new class of metric on Riemannian
manifold (Mm, g) defined by

G(X,Y ) = fg(X,Y ) + g(ξ,X)g(ξ, Y )

for all vector fields X, Y and ξ on M such that g(ξ, ξ) = 1 and ξ(f) = 0, where
f is a strictly positive smooth function on M . We searched some properties of
the Riemannian manifold with this metric.

Motivated by the above studies, we introduce a new class of metric on B-
manifold (M2m, φ, g), denoted by GBg, given by

GBg(X,Y ) = g(X,Y ) + fg(X,φξ)g(Y, φξ)

for all vector fieldsX, Y and ξ onM such that g(ξ, ξ) = 1 and φξ(f) = 0, where
f is a positive smooth function on M . We call GBg a generalized Berger-type
deformed metric.
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The Berger-type deformation idea with respect to a (1, 1)-tensor field such
as a complex or a paracomplex structure was introduced in [18] and developed
in [1] and [2].

In this paper, we introduce a generalized Berger-type deformed metric on
B-manifold (M2m, φ, g) by non-conformal deformation of g and study its geom-
etry. Firstly, we establish the Levi-Civita connection of this metric (Theorem
2.2). Secondly, we study the curvature tensor (Theorem 3.1 and Corollary
3.2) and characterize the sectional curvature (Theorem 3.3, Corollary 3.4), the
Ricci tensor (Theorem 3.6 and Corollary 3.7), the Ricci curvature (Theorem
3.8 and Corollary 3.9) and the scalar curvature (Theorem 3.10, Corollary 3.11
and Corollary 3.12). In the last section, we study the proper biharmonicity of
the identity map between Riemannian manifolds (Theorem 4.4 and Theorem
4.8), where one manifold is equipped with a generalized Berger-type deformed
metric. Finally, we study the proper biharmonicity of a curve in Riemannian
manifold equipped with a generalized Berger-type deformed metric (Theorem
5.4).

2. Generalized Berger-type deformed metric

LetM be a 2m-dimensional Riemannian manifold with a Riemannian metric
g. An almost paracomplex manifold is an almost product manifold (M2m, φ),
φ2 = id, φ ̸= ±id, such that the two eigenbundles TM+ and TM− associated
to the two eigenvalues +1 and −1 of φ, respectively, have the same rank.

In order that an almost paracomplex structure φ be integrable, it is necessary
and sufficient that we can introduce a torsion free linear connection ∇ such
that ∇φ = 0. On the other hand, the integrability of an almost paracomplex
structure φ is equivalent to the vanishing of the Nijenhuis tensor,

Nφ(X,Y ) = [φX,φY ]− φ[φX, Y ]− φ[X,φY ] + [X,Y ]

for all vector fields X and Y on M .
Let (M2m, φ) be an almost paracomplex manifold. A Riemannian metric g

is a B-metric if

g(φX,φY ) = g(X,Y )(4)

for any vector fields X, Y on M [17], or equivalently (purity condition)

g(φX, Y ) = g(X,φY )(5)

for all vector fields X and Y on M . If (M2m, φ) is an almost paracomplex
manifold with B-metric g, we say that (M2m, φ, g) is an almost B-manifold. If
φ is integrable, we say that (M2m, φ, g) is a B-manifold [17].

The purity conditions for a (0, q)-tensor field ω with respect to the almost
paracomplex structure φ given by

ω(φX1, X2, . . . , Xq) = ω(X1, φX2, . . . , Xq) = · · · = ω(X1, X2, . . . , φXq)

for any vector fields X1, X2, . . . , Xq on M [17].
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It is well known that if (M2m, φ, g) is a B-manifold, the Riemannian curva-
ture tensor R is pure [17]. Moreover R has the following properties:{

R(φY,Z) = R(Y, φZ) = R(Y,Z)φ = φR(Y, Z),
R(φY, φZ) = R(Y, Z)

(6)

for any vector fields Y and Z on M .

Definition. Let (M2m, φ, g) be an almost B-manifold and f : M → [0,+∞[
be a positive smooth function on M . We define a generalized Berger-type
deformed metric of g on M , say GBg, by

GBg(X,Y ) = g(X,Y ) + fg(X,φξ)g(Y, φξ)(7)

for all vector fields X, Y and ξ on M such that g(ξ, ξ) = 1,
(φξ)(f) = 0,
∇ξ = 0,

(8)

where ∇ denote the Levi-Civita connection of (M2m, φ, g).

Note that we have 
g(φξ, φξ) = 1,

g(X,φξ) =
1

1 + f
GBg(X,φξ),

X(f) = GBg(X, gradf),
Hessf (X,φξ) = 0

(9)

for any vector field X on M .

Lemma 2.1. Let (M2m, φ, g) be a B-manifold. Then we have

XGBg(Y,Z) = GBg(∇XY,Z) + GBg(Y,∇XZ) +X(f)g(Y, φξ)g(Z,φξ)(10)

for any vector fields X, Y and Z on M .

We shall calculate the Levi-Civita connection ∇̃ of (M2m,GBg) as follows.

Theorem 2.2. Let (M2m, φ, g) be a B-manifold. Then the Levi-Civita con-

nection ∇̃ of (M2m,GBg) is given by

∇̃XY = ∇XY +
1

2(1 + f)

(
X(f)g(Y, φξ) + Y (f)g(X,φξ)

)
φξ

− 1

2
g(X,φξ)g(Y, φξ)gradf(11)

for any vector fields X and Y on M .

Proof. From Kozul formula (1) and (10), we have

2GBg(∇̃XY, Z) = XGBg(Y, Z) + Y GBg(Z,X)− ZGBg(X,Y ) + GBg(Z, [X,Y ])

+ GBg(Y, [Z,X])− GBg(X, [Y,Z])

= GBg(∇XY,Z) + GBg(Y,∇XZ) +X(f)g(Y, φξ)g(Z,φξ)
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+ GBg(∇Y Z,X) + GBg(Z,∇XY ) + Y (f)g(Z,φξ)g(X,φξ)

− GBg(∇ZX,Y )− GBg(X,∇ZY )− Z(f)g(X,φξ)g(Y, φξ)

+ GBg(Z,∇XY )− GBg(Z,∇Y X) + GBg(Y,∇ZX)

− GBg(Y,∇XZ)− GBg(X,∇Y Z)− GBg(X,∇ZY )

= 2GBg
(
∇XY,Z) +X(f)g(Y, φξ)g(Z,φξ)

+ Y (f)g(Z,φξ)g(X,φξ)− Z(f)g(X,φξ)g(Y, φξ).

Using (9), we get

2GBg(∇̃XY, Z) = 2GBg
(
∇XY,Z)+

X(f)

1+f
g(Y, φξ)GBg(Z,φξ)

+
Y (f)

1+f
g(X,φξ)GBg(Z,φξ)−g(X,φξ)g(Y, φξ)GBg(Z, gradf).

This completes the proof. □

Using (9) and (11), we obtain the following:

∇̃Xgradf = ∇Xgradf +
|grad f |2

2(1 + f)
g(X,φξ)φξ,(12)

∇̃X(φξ) =
X(f)

2(1 + f)
φξ − 1

2
g(X,φξ)gradf(13)

for any vector field X on M .

3. Curvatures of generalized Berger-type deformed metric

We shall calculate the Riemannian curvature tensor R̃ of (M2m,GBg) as
follows.

Theorem 3.1. Let (M2m, φ, g) be a B-manifold. Then the Riemannian cur-

vature tensor R̃ of (M2m,GBg) is given by

R̃(X,Y )Z = R(X,Y )Z +
1

2
g(Z,φξ)

(
g(X,φξ)∇Y gradf − g(Y, φξ)∇Xgradf

)
+

1

4(1 + f)
g(Z,φξ)

(
X(f)g(Y, φξ)− Y (f)g(X,φξ)

)
gradf

+
1

2(1 + f)

(
Hessf (X,Z)g(Y, φξ)−Hessf (Y,Z)g(X,φξ)

)
φξ

− Z(f)

4(1 + f)2
(
X(f)g(Y, φξ)− Y (f)g(X,φξ)

)
φξ(14)

for any vector fields X, Y and Z on M , where ∇ and R denotes, respectively,
the Levi-Civita connection and the curvature tensor of (M2m, φ, g).

Proof. For any vector fields X, Y and Z on M , we have

R̃(X,Y )Z = ∇̃X∇̃Y Z − ∇̃Y ∇̃XZ − ∇̃[X,Y ]Z.(15)
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Using (11), (12) and (13), we obtain

∇̃X∇̃Y Z = ∇X∇Y Z +
X(f)

2(1 + f)
g(∇Y Z,φξ)φξ +

(∇Y Z)(f)

2(1 + f)
g(X,φξ)φξ

− 1

2
g(X,φξ)g(∇Y Z,φξ)gradf − 1

2
g(Y, φξ)g(Z,φξ)∇Xgradf

+
( XY (f)

2(1 + f)
− X(f)Y (f)

4(1 + f)2
)
g(Z,φξ)φξ +

Z(f)

2(1 + f)
g(∇XY, φξ)φξ

−
( Y (f)

4(1 + f)
g(Z,φξ) +

Z(f)

4(1 + f)
g(Y, φξ)

)
g(X,φξ)gradf

+
( XZ(f)

2(1 + f)
− X(f)Z(f)

4(1 + f)2
)
g(Y, φξ)φξ +

Y (f)

2(1 + f)
g(∇XZ,φξ)φξ

− 1

2

(
g(∇XY, φξ)g(Z,φξ) + g(Y, φξ)g(∇XZ,φξ)

)
gradf

− |grad f |2

4(1 + f)
g(X,φξ)g(Y, φξ)g(Z,φξ)φξ.(16)

In fact, by substituting X by Y into the ∇̃X∇̃Y Z, we get

∇̃Y ∇̃XZ = ∇Y ∇XZ +
Y (f)

2(1 + f)
g(∇XZ,φξ)φξ +

(∇XZ)(f)

2(1 + f)
g(Y, φξ)φξ

− 1

2
g(Y, φξ)g(∇XZ,φξ)gradf − 1

2
g(X,φξ)g(Z,φξ)∇Y gradf

+
( Y X(f)

2(1 + f)
− Y (f)X(f)

4(1 + f)2
)
g(Z,φξ)φξ +

Z(f)

2(1 + f)
g(∇Y X,φξ)φξ

−
( X(f)

4(1 + f)
g(Z,φξ)− Z(f)

4(1 + f)
g(X,φξ)

)
g(Y, φξ)gradf

+
( Y Z(f)

2(1 + f)
− Y (f)Z(f)

4(1 + f)2
)
g(X,φξ)φξ +

X(f)

2(1 + f)
g(∇Y Z,φξ)φξ

− 1

2

(
g(∇Y X,φξ)g(Z,φξ) + g(X,φξ)g(∇Y Z,φξ)

)
gradf

− |grad f |2

4(1 + f)
g(Y, φξ)g(X,φξ)g(Z,φξ)φξ.(17)

We also find

∇̃[X,Y ]Z = ∇[X,Y ]Z +
1

2(1 + f)

(
[X,Y ](f)g(Z,φξ) + Z(f)g([X,Y ], φξ)

)
φξ

− 1

2
g([X,Y ], φξ)g(Z,φξ)gradf.(18)

Substituting (16), (17) and (18) into (15) we find (14). □

Corollary 3.2. Let (M2m, φ, g) be a B-manifold. If f is a Killing potential,

then the Riemannian curvature tensor R̃ of (M2m,GBg) is given by
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R̃(X,Y )Z = R(X,Y )Z − Z(f)

4(1 + f)2
(
X(f)g(Y, φξ)− Y (f)g(X,φξ)

)
φξ

+
1

4(1 + f)
g(Z,φξ)

(
X(f)g(Y, φξ)− Y (f)g(X,φξ)

)
gradf

for any vector fields X, Y and Z on M .

Theorem 3.3. Let (M2m, φ, g) be a B-manifold. If K (resp., K̃) denote the
sectional curvature of (M2m, φ, g) (resp., (M2m,GBg)), then we have

K̃(X,Y ) =
1

1 + f(g(X,φξ)2 + g(Y, φξ)2)

(
K(X,Y )− 1

2
g(Y, φξ)2Hessf (X,X)

− 1

2
g(X,φξ)2Hessf (Y, Y ) + g(X,φξ)g(Y, φξ)Hessf (X,Y )

+
1

4(1 + f)

(
X(f)g(Y, φξ)− Y (f)g(X,φξ)

)2)
(19)

for any X and Y two vector fields orthonormal with respect to g.

Proof. For any vector fields V , W on M , x ∈ M such that Vx and Wx are
linearly independent, the sectional curvature of the plane spanned by Vx and
Wx is given by

(20) K̃(V,W ) =
GBg(R̃(V,W )W,V )

GBg(V, V )GBg(W,W )− GBg(V,W )2
.

First we calculate,

GBg(R̃(X,Y )Y,X) = g(R̃(X,Y )Y,X) + fg(R̃(X,Y )Y, φξ)g(X,φξ).(21)

From (9) and (14) with direct computation, we get

g(R̃(X,Y )Y,X) = g(R(X,Y )Y,X) +
2 + f

2(1 + f)
g(X,φξ)g(Y, φξ)Hessf (X,Y )

− 1

2
g(Y, φξ)2Hessf (X,X)− 1

2
g(X,φξ)2Hessf (Y, Y )

+
X(f)2

4(1 + f)
g(Y, φξ)2 +

Y (f)2

4(1 + f)
g(X,φξ)2

+
(2 + f)X(f)Y (f)

4(1 + f)2
g(X,φξ)g(Y, φξ),(22)

fg(R̃(X,Y )Y, φξ)g(X,φξ)

=
f

2(1 + f)
g(X,φξ)g(Y, φξ)Hessf (X,Y )− f

2(1 + f)
g(X,φξ)2Hessf (Y, Y )

+
fY (f)2

4(1 + f)2
g(X,φξ)2 − fX(f)Y (f)

4(1 + f)2
g(X,φξ)g(Y, φξ).(23)

On the other hand, we have
GBg(X,X)GBg(Y, Y )− GBg(X,Y )2 = 1 + f(g(X,φξ)2 + g(Y, φξ)2).(24)
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Substituting (22) and (23) into (21), we find

g(R̃(X,Y )Y,X) = g(R(X,Y )Y,X)− 1

2
g(Y, φξ)2Hessf (X,X)

− 1

2
g(X,φξ)2Hessf (Y, Y ) + g(X,φξ)g(Y, φξ)Hessf (X,Y )

+
1

4(1 + f)

(
X(f)g(Y, φξ)− Y (f)g(X,φξ)

)2
.(25)

Finally, substituting (24) and (25) into (20) we find (19). □

Corollary 3.4. Let (M2m, φ, g) be a B-manifold. If f is a Killing potential,

then the sectional curvature K̃ of (M2m,GBg) is given by

K̃(X,Y ) =
1

1 + f(g(X,φξ)2 + g(Y, φξ)2)

(
K(X,Y )

+
1

4(1 + f)

(
X(f)g(Y, φξ)− Y (f)g(X,φξ)

)2)
for any X, Y two vector fields orthonormal with respect to g.

Remark 3.5. Let {Ei}i=1,m such that E1 = φξ be a local orthonormal frame

on (M2m, φ, g). We define the orthonormal vector fields

(26) Ẽ1 =
1√
1 + f

φξ, Ẽi = Ei, i = 2, 2m.

Then {Ẽi}i=1,2m is a local orthonormal frame on (M2m,GBg).

Theorem 3.6. Let (M2m, φ, g) be a B-manifold. If Ricci (resp. R̃icci) denote
the Ricci tensor of (M2m, φ, g) (resp., (M2m,GBg)), then we have

R̃icci(X) = Ricci(X)− 1

2(1 + f)
∇Xgradf +

1

2(1 + f)
g(X,φξ)∇φξgradf

+
X(f)

4(1 + f)2
gradf +

( |grad f |2
4(1 + f)2

− ∆(f)

2(1 + f)

)
g(X,φξ)φξ(27)

for any vector field X on M .

Proof. Let {Ẽi}i=1,2m be a local orthonormal frame on (M2m,GBg) defined by

(26). By the definition of Ricci tensor, we have

R̃icci(X) =

2m∑
i=1

R̃(X, Ẽi)Ẽi

=
1

1 + f
R̃(X,φξ)φξ +

2m∑
i=2

R̃(X,Ei)Ei.(28)

From (6), (9) and (14) with direct computation, we get

1

1 + f
R̃(X,φξ)φξ =

1

2(1 + f)
g(X,φξ)∇φξgradf − 1

2(1 + f)
∇Xgradf
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+
X(f)

4(1 + f)
gradf,(29)

and
2m∑
i=2

R̃(X,Ei)Ei = Ricci(X)− ∆(f)

2(1 + f)
g(X,φξ)φξ

+
|grad f |2

4(1 + f)2
g(X,φξ)φξ.(30)

Substituting (29) and (30) into (28), we find

R̃icci(X) = Ricci(X)− 1

2(1 + f)
∇Xgradf +

1

2(1 + f)
g(X,φξ)∇φξgradf

+
X(f)

4(1 + f)2
gradf +

( |grad f |2
4(1 + f)2

− ∆(f)

2(1 + f)

)
g(X,φξ)φξ.

□

Corollary 3.7. Let (M2m, φ, g) be a B-manifold. If f is a Killing potential,

then the Ricci tensor R̃icci of (M2m,GBg) is given by

R̃icci(X) = Ricci(X) +
X(f)

4(1 + f)2
gradf +

|grad f |2

4(1 + f)2
g(X,φξ)φξ

for any vector field X on M .

Theorem 3.8. Let (M2m, φ, g) be a B-manifold. If Ric (resp. R̃ic) denote
the Ricci curvature of (M2m, φ, g) (resp., (M2m,GBg)), then we have

R̃ic(X,Y ) = Ric(X,Y )− 1

2(1 + f)
Hessf (X,Y ) +

X(f)Y (f)

4(1 + f)2

+
( |grad f |2
4(1 + f)

− ∆(f)

2

)
g(X,φξ)g(Y, φξ)(31)

for any vector fields X and Y on M .

Proof. Let {Ẽi}i=1,2m be a local orthonormal frame on (M2m,GBg) defined by

(26). By the definition of Ricci tensor, we have

R̃ic(X,Y ) = GBg(R̃icci(X), Y )

= g(R̃icci(X), Y ) + fg(R̃icci(X), φξ)g(Y, φξ).(32)

From the formula (27) and direct computation, we get

g(R̃icci(X), Y ) = Ric(X,Y )− 1

2(1 + f)
Hessf (X,Y ) +

X(f)Y (f)

4(1 + f)2

+
( |grad f |2
4(1 + f)2

− ∆(f)

2(1 + f)

)
g(X,φξ)g(Y, φξ),(33)

and

fg(R̃icci(X), φξ)g(Y, φξ) = f
( |grad f |2
4(1 + f)2

− ∆(f)

2(1 + f)

)
g(X,φξ)g(Y, φξ).(34)
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Substituting (33) and (34) into (32), we find

R̃ic(X,Y ) = Ric(X,Y )− 1

2(1 + f)
Hessf (X,Y ) +

X(f)Y (f)

4(1 + f)2

+
( |grad f |2
4(1 + f)

− ∆(f)

2

)
g(X,φξ)g(Y, φξ).

□

Corollary 3.9. Let (M2m, φ, g) be a B-manifold. If f is a Killing potential,

then the Ricci curvature R̃ic of (M2m,GBg) is given by

R̃ic(X,Y ) = Ric(X,Y ) +
X(f)Y (f)

4(1 + f)2
+

|grad f |2

4(1 + f)
g(X,φξ)g(Y, φξ)

for any vector field X on M .

Theorem 3.10. Let (M2m, φ, g) be a B-manifold. If σ (resp., σ̃) denotes the
scalar curvature of (M2m, φ, g) (resp., (M2m,GBg)), then we have

σ̃ = σ +
|grad f |2

2(1 + f)2
− ∆(f)

1 + f
.(35)

Proof. Let {Ẽi}i=1,2m be a local orthonormal frame on (M2m,GBg) defined by

(26). By the definition of the scalar curvature, we have

σ̃ =

2m∑
i=1

R̃ic(Ẽi, Ẽi)

=
1

1 + f
R̃ic(φξ, φξ) +

2m∑
i=2

R̃ic(Ei, Ei).

From the formula (31) and direct computation, we get

σ̃ =
1

1 + f

(
Ric(φξ, φξ)− 1

2(1 + f)
Hessf (φξ, φξ) +

(φξ(f))2

4(1 + f)2

+
( |grad f |2
4(1 + f)

− ∆(f)

2

)
g(φξ, φξ)2

)
+

2m∑
i=2

(
Ric(Ei, Ei)−

1

2(1 + f)
Hessf (Ei, Ei) +

Ei(f)
2

4(1 + f)2

+
( |grad f |2
4(1 + f)

− ∆(f)

2

)
g(Ei, φξ)

2
)

=
|grad f |2

4(1 + f)2
− ∆(f)

2(1 + f)
+ σ − ∆(f)

2(1 + f)
+

|grad f |2

4(1 + f)2

= σ +
|grad f |2

2(1 + f)2
− ∆(f)

1 + f
.

□
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Corollary 3.11. Let (M2m, φ, g) be a B-manifold. If f is a Killing potential,
then the scalar curvature σ̃ of (M2m,GBg) is given by

σ̃ = σ +
|grad f |2

2(1 + f)2
.

Corollary 3.12. Let (M2m, φ, g) be a flat B-manifold. Then (M2m,GBg) has
zero scalar curvature if and only if f is a solution of the following differential
equation:

∆(f) =
|grad f |2

2(1 + f)
.

4. The proper biharmonicity of the identity map

Lemma 4.1. The tension field of the identity map I : (M2m, φ, g)→(M2m,GBg)
is given by

τ̃(I) = −1

2
gradf.(36)

Proof. Let {Ei}i=1,2m be a local orthonormal frame on M . We compute the

tension field τ̃(I) of the identity map I : (M2m, φ, g) → (M2m,GBg):

τ̃(I) = traceg∇̃dI

=

2m∑
i=1

(
∇̃I

Ei
dI(Ei)− dI(∇Ei

Ei)
)

=

2m∑
i=1

(
∇̃dI(Ei)dI(Ei)−∇EiEi

)
=

2m∑
i=1

(
∇̃EiEi −∇EiEi

)
,

from Theorem 2.2, we have

τ̃(I) =

2m∑
i=1

(
∇Ei

Ei +
Ei(f)

1 + f
g(Ei, φξ)φξ −

1

2
g(Ei, φξ)

2gradf −∇Ei
Ei

)
= −1

2
gradf. □

From Lemma 4.1 we obtain:

Corollary 4.2. The identity map I : (M2m, φ, g) → (M2m,GBg) is harmonic
if and only if f is constant.

Theorem 4.3. The bitension field of the identity map I : (M2m, φ, g) →
(M2m,GBg) is given by

τ̃2(I) =
1

2
traceg∇2gradf +

1

2
Ricci(gradf)− 1

4
∇gradfgradf.(37)
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Proof. Let {Ei}i=1,m be a local orthonormal frame on (M2m, φ, g). The biten-

sion field of the identity map I : (M2m, φ, g) → (M2m,GBg) is given by

τ̃2(I) = −tracegR̃(τ̃(I), dI)dI − traceg(∇̃I)2τ̃(I).(38)

From Lemma 4.1, we have

τ̃(I) = −1

2
gradf.

Now, we compute the first term of (38), from Theorem 3.1, we have

−tracegR̃(τ̃(I), dI)dI =
1

2

2m∑
i=1

R̃(gradf, dI(Ei))dI(Ei)

=
1

2

2m∑
i=1

R̃(gradf,Ei)Ei

=
1

2
Ricci(gradf)− 1

4
∇gradfgradf +

|gradf |2

8(1 + f)
gradf.(39)

We also compute the second term of (38), from Theorem 2.2, we have

−traceg(∇̃I)2τ̃(I) =
1

2

2m∑
i=1

(
∇̃Ei∇̃Eigradf − ∇̃∇Ei

Eigradf
)

=
1

2
traceg∇2gradf − |gradf |2

8(1 + f)
gradf.(40)

Substituting (39) and (40) into (38), we find (37). □

Theorem 4.4. The identity map I : (M2m, φ, g) → (M2m,GBg) is proper
biharmonic if and only if the function f is non constant on M , and satisfying
the following

traceg∇2gradf +Ricci(gradf) =
1

2
∇gradfgradf.(41)

Example 4.5. Let M =]0,+∞[×]0, π[ be a B-manifold, equipped with the
almost paracomplex structure φ and the B-metric g in the polar coordinate
defined by

g = dr2 + r2dθ2,

φ∂r = sin 2θ∂r +
1

r
cos 2θ∂θ,

φ∂θ = r cos 2θ∂r − sin 2θ∂θ.

Let f(r, θ) = r sin θ and ξ = sin θ∂r +
1

r
cos θ∂θ. Then we have

φξ = cos θ∂r −
1

r
sin θ∂θ , g(ξ, ξ) = 1 , (φξ)(f) = 0 , ∇ξ = 0.
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From this we find

grad f = sin θ∂r +
1

r
cos θ∂θ, |grad f | = 1,

from Lemma 4.1, the identity map I : (M2m, φ, g) → (M2m,GBg) is non har-
monic. By direct computations we obtain

Ricci(gradf) = ∇gradfgradf = traceg∇2gradf = 0.

So, thus the identity map I : (M2m, φ, g) → (M2m,GBg) is proper biharmonic,
where

GBg = g + r sin θ(cos θdr − r sin θdθ)2.

Lemma 4.6. The tension field of the identity map I : (M2m,GBg)→(M2m, φ, g)
is given by

τ̃(I) =
1

2(1 + f)
gradf.(42)

Proof. Let {Ẽi}i=1,2m be a local orthonormal frame on (M2m,GBg) defined by

(26). The tension field τ̃(I) of the identity map I : (M2m,GBg) → (M2m, φ, g)
is given by

τ̃(I) = traceGBg∇dI

=

2m∑
i=1

(
∇Ẽi

Ẽi − ∇̃Ẽi
Ẽi

)
,

from Theorem 2.2, we have

τ̃(I) =

2m∑
i=1

(
∇Ẽi

Ẽi −∇Ẽi
Ẽi −

Ẽi(f)

1 + f
g(Ẽi, φξ)φξ +

1

2
g(Ẽi, φξ)

2gradf
)

=
1

2(1 + f)
gradf.

□

Theorem 4.7. The bitension field of the identity map I : (M2m,GBg) →
(M2m, φ, g) is given by

τ̃2(I) = − 1

2(1 + f)
Ricci(gradf)− 1

2(1 + f)
traceg∇2gradf

+
3

4(1 + f)2
∇gradfgradf +

f

2(1 + f)2
∇φξ∇φξgradf

+ (
∆(f)

2(1 + f)2
− 3|gradf |2

4(1 + f)3
)gradf.(43)

Proof. Let {Ẽi}i=1,2m be a local orthonormal frame on (M2m,GBg) defined by

(26). The bitension field of the identity map I : (M2m,GBg) → (M2m, φ, g) is
given by

τ̃2(I) = −traceGBgR(τ̃(I), dI)dI − traceGBg(∇I)2τ̃(I).(44)
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From Theorem 4.6, we have

τ̃(I) =
1

2(1 + f)
gradf.

Using Theorem 3.1, we find that the first term of (44) is given by

−traceGBgR(τ̃(I), dI)dI = − 1

2(1 + f)
tracegR(gradf, dI)dI

= − 1

2(1 + f)

2m∑
i=1

R(gradf, Ẽi)Ẽi

= − 1

2(1 + f)
Ricci(gradf).(45)

To calculate the second term of (44) we use Theorem 2.2, we find

−traceGBg(∇I)2τ̃(I) = − 1

2

2m∑
i=1

(
∇Ẽi

∇Ẽi
(

1

1+f
gradf)−∇∇̃Ẽi

Ẽi
(

1

1+f
gradf)

)
=

3

4(1 + f)2
∇gradfgradf +

f

2(1 + f)2
∇φξ∇φξgradf

+ (
∆(f)

2(1 + f)2
− 3|gradf |2

4(1 + f)3
)gradf

− 1

2(1 + f)
traceg∇2gradf.(46)

Substituting (45) and (46) into (44), we find (43). □

Theorem 4.8. The identity map I : (M2m,GBg) → (M2m, φ, g) is proper
biharmonic if and only if the function f is non constant on M , and satisfies
the following

Ricci(gradf) + traceg∇2gradf

=
3

2(1 + f)
∇gradfgradf +

f

1 + f
∇φξ∇φξgradf

+ (
∆(f)

1 + f
− 3|gradf |2

2(1 + f)2
)gradf.(47)

5. The proper biharmonicity of curve in (M, g̃)

Let γ : J → M , t 7→ γ(t) be a differentiable curve in M , where J is an open
interval of R.

Lemma 5.1. The curve γ : J → (M2m, g̃) is harmonic if and only if

∇γ̇ γ̇ = −g(γ̇, φξ)
( γ̇(f)

1 + f
φξ − 1

2
g(γ̇, φξ)grad f

)
◦ γ.(48)
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Proof. The tension field of the curve γ is given by

τ̃(γ) = ∇̃γ
d
dt

dγ(
d

dt
)− dγ(∇J

d
dt

d

dt
)

= ∇̃γ̇ γ̇

= ∇γ̇ γ̇ +
γ̇(f)

1 + f
g(γ̇, φξ)φξ ◦ γ − 1

2
g(γ̇, φξ)2grad f ◦ γ

= ∇γ̇ γ̇ + g(γ̇, φξ)
( γ̇(f)

1 + f
φξ − 1

2
g(γ̇, φξ)grad f

)
◦ γ.(49)

Then, the curve γ is harmonic if and only if τ̃(γ) = 0, i.e.,

∇γ̇ γ̇ = −g(γ̇, φξ)
( γ̇(f)

1 + f
φξ − 1

2
g(γ̇, φξ)grad f

)
◦ γ.

□

Corollary 5.2. If f is a constant, then γ is harmonic in (M2m,GBg) if and
only if γ is geodesic.

Corollary 5.3. If γ̇ is orthogonal to φξ, then γ is harmonic in (M2m,GBg) if
and only if γ is geodesic.

Now we suppose that γ̇ is orthogonal to φξ, i.e., gγ(t)(γ̇, φξ) = 0. Then

0 = γ̇g(γ̇, φξ) = g(∇γ̇ γ̇, φξ) + g(γ̇,∇γ̇φξ)

from (8), we get g(∇γ̇ γ̇, φξ) = 0, then there is a function λ : J → R such that

∇γ̇ γ̇ = λγ̇.(50)

We have the following theorem.

Theorem 5.4. The curve γ : J → (M2m,GBg) is proper biharmonic if and
only if

∇γ̇ γ̇ =
2at+ b

at2 + bt+ c
γ̇,(51)

where a, b, c ∈ R and (a, b) ̸= (0, 0) such that at2 + bt+ c ̸= 0 for all t ∈ J .

Proof. Using (49) and (50), we get τ̃(γ) = ∇̃γ̇ γ̇ = λγ̇. We compute the biten-
sion field τ̃2(γ) of γ : J → (M2m, g̃):

τ̃2(γ) = −traceR̃(τ̃(I), dγ)dγ − trace(∇̃γ)2τ̃(γ)

= −R̃(τ̃(γ), dγ(
d

dt
))dγ(

d

dt
)−

(
∇̃γ

d
dt

∇̃γ
d
dt

τ̃(γ)− ∇̃γ

∇ d
dt

d
dt

τ̃(γ)
)

= −R̃(λγ̇, γ̇)γ̇ − ∇̃γ
d
dt

∇̃γ
d
dt

(λγ̇)

= −∇̃γ
d
dt

(λ′γ̇ + λ∇̃γ̇ γ̇)

= −∇̃γ
d
dt

(λ′ + λ2)γ̇

= −(λ′′ + 3λ′λ+ λ3)γ̇.
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Now, the curve γ : J → (M2m, g̃) is biharmonic if and only if the function λ
satisfies the differential equation λ′′ + 3λ′λ+ λ3 = 0, i.e.,

λ(t) =
2at+ b

at2 + bt+ c
,(52)

where a, b, c ∈ R such that at2 + bt + c ̸= 0 for all t ∈ J . Furthermore, if
the function λ is non-null on J , i.e., (a, b) ̸= (0, 0), then the curve γ is proper
biharmonic in (M2m,GBg). □

Example 5.5. Let M = R∗ × R∗ be a B-manifold, equipped with the al-
most paracomplex structure φ and the B-metric g in the Cartesian coordinates
defined by

g = x2dx2 + y2dy2,

φ∂x =
x

y
∂y, φ∂y =

y

x
∂x.

Let ξ = 1√
2x
∂x − 1√

2y
∂y and f(x, y) = x2 + y2. Then we have

φξ = − 1√
2x

∂x +
1√
2y

∂y = ξ , g(ξ, ξ) = 1 , (φξ)(f) = 0 , ∇ξ = 0.

Consider the curve γ on (M,φ, g) defined by

γ(t) = (
t√
2
,

t√
2
).

Then we have

γ̇ =
1√
2
∂x +

1√
2
∂y,

gγ(t)(γ̇, φξ) = 0,

∇γ̇ γ̇ =
1√
2t
∂x +

1√
2t
∂y =

1

t
γ̇.

So, thus the curve γ : J → (M2m,GBg) is proper biharmonic, where

GBg = g +
x2 + y2

2
(xdx− ydy)2.
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