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TRANSVERSAL LIGHTLIKE SUBMERSIONS FROM
INDEFINITE SASAKIAN MANIFOLDS ONTO
LIGHTLIKE MANIFOLDS

SHIV SHARMA SHUKLA AND VIPUL SINGH

ABSTRACT. In this paper, we introduce and study two new classes of
lightlike submersions, called radical transversal and transversal lightlike
submersions between an indefinite Sasakian manifold and a lightlike man-
ifold. We give examples and investigate the geometry of distributions
involved in the definitions of these lightlike submersions. We also study
radical transversal and transversal lightlike submersions from an indef-
inite Sasakian manifold onto a lightlike manifold with totally contact
umbilical fibers.

1. Introduction

In 1966, O’Neill [14] initiated the study of Riemannian submersions and
Gray [8] further continued it. Let 7 : (My,g1) — (Ma,g2) be a smooth map,
where (M1, ¢1) and (Ms,g2) are Riemannian manifolds. Then 7 is called a
Riemannian submersion if 7 has maximal rank and 7, preserves the length of
horizontal vectors. In [2], Chinea studied almost contact metric submersions
between manifolds equipped with different structures. Most of the research on
Riemannian submersions can be found in the book [7]. In [20], Sahin introduced
slant submersions from almost Hermitian manifolds onto Riemannian manifolds
as a generalization of almost Hermitian and anti-invariant submersions. Follow-
ing this research, Kiipeli Erken and Murathan [13] studied slant Riemannian
submersions from Sasakian manifolds. In [18], Sahin introduced screen con-
formal lightlike submersions from lightlike manifolds onto semi-Riemannian
manifolds.

On the other hand, it is known that when M; and M5 are Riemannian man-
ifolds, then fibers of m are Riemannian manifolds. But when M; and M are
semi-Riemannian manifolds, then the fibers of m may not be semi-Riemannian.
In view of this fact, O’Neill [15] introduced the notion of semi-Riemannian
submersions between semi-Riemannian manifolds, and Sahin [19] introduced
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screen lightlike submersions from lightlike manifolds onto semi-Riemannian
manifolds. Also, Sahin and Giindiizalp [21] studied lightlike submersions from
semi-Riemannian manifolds onto lightlike manifolds. Some recent studies on
the geometry of lightlike submersions can be seen in ([10-12,16,17,22]). The
geometry of totally umbilical lightlike submanifolds of semi-Riemannian man-
ifolds was studied by Duggal and Jin [4]. Radical transversal and transversal
lightlike submanifolds of indefinite Sasakian manifolds were defined and studied
by Yildirim and Sahin [25]. They also studied totally contact umbilical radical
transversal and transversal lightlike submanifolds of indefinite Sasakian man-
ifolds. Later, Wang and Liu [24] introduced generalized transversal lightlike
submanifolds of indefinite Sasakian manifolds. The above theories motivated
us to study some new classes of lightlike submersions. In the present paper, we
introduce the notions of transversal and radical transversal lightlike submer-
sions from indefinite Sasakian manifolds onto lightlike manifolds. We also study
radical transversal and transversal lightlike submersions between an indefinite
Sasakian manifold and a lightlike manifold with totally contact umbilical fibers.
The paper is organized as follows. In Section 2, we collect basic definitions and
formulae as needed for this paper. In Section 3, we define radical transversal
lightlike submersions, provide two examples and discuss the integrability and
geodesic foliations of distributions on a fiber of such lightlike submersions. We
also prove a necessary condition for the induced connection to be a metric con-
nection. In Section 4, we study the geometry of radical transversal lightlike
submersions with totally contact umbilical fibers. We also obtain an existence
(non-existence) theorem for radical transversal lightlike submersions from in-
definite Sasakian space forms with totally contact umbilical fibers. In Section
5, we introduce transversal lightlike submersions, give two examples and study
the geometry of distributions.

2. Preliminaries

In this section, we recall several definitions and results which will be required
throughout the paper.

A smooth semi-Riemannian manifold (M, g) of dimension 2m + 1 is said to
have an almost contact structure (¢,&,n) if it carries a (1, 1) tensor field ¢, a
vector field ¢ called characteristic vector field and a 1-form n on M, satisfying

(1) P*=—-I+n®¢ nE =1 ¢=0, nop=0,

where I denotes the identity tensor.
If a semi-Riemannian manifold (M, g) has an almost contact structure sat-
isfying

(2) 9(¢X,9Y) =g(X,Y) —en(X)n(Y), VX,Y € (TM),

then (¢,&,n,g) is called an (e)-almost contact metric structure on M [6, 23],
where e = —1 or 1 according as ¢ is timelike or spacelike. From (1) and (2), we
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get
(3) 9(5,5)26, W(X):€9(X7§)7 g(X7¢Y)+g(¢X7Y):O'

An (e)-almost contact metric structure (¢,&,7,9) on M is an indefinite
Sasakian structure if and only if

(4) (Vx9)Y =g(X,Y)§ —en(Y)X
for all X,Y € I'(TM), where V denotes the Riemannian connection for g
[6, Theorem 7.1.6].

A semi-Riemannian manifold M equipped with an indefinite Sasakian struc-
ture (¢,&,7,g) is called an indefinite Sasakian manifold and it is denoted by
(M,$.€,1,9). Setting ¥ = ¢ in (4), we get
(5) Vx€=—-edX, VX el(TM).

In this paper, we assume that the characteristic vector field £ is spacelike.

Example 2.1 ([5]). Let (Rggﬂ,g) be a semi-Riemannian manifold with its

usual contact form
1 n
n=5 <dz — él yidx¢> .

The characteristics vector field ¢ is given by 2% and its semi-Riemannian
metric g and tensor field ¢ are given by

1 I -
g77®77+4<Zldxl®d:cl+dyz®dyl+Z+1da:z®dxl+dyi®dyl>,
1= 1=q

¢<Z (Xiaixi +Yia%l_) +Z§Z> =Y (Yié% —Xiaiyi) +;yiyiaaz,

i=1

where (z;,y;,2) (i =1,2,...,n) are the Cartesian coordinates on Rgg“. This

gives a contact metric structure on R27+1!,
Now, it can be proved that (Rg;’“, ®,&,m, g) is an indefinite Sasakian man-

ifold. The vector fields E; = 28%_, E.ii= 2(% + yl%) and & form a ¢-basis
for the contact metric structure.

Let (M, g) be areal m-dimensional smooth semi-Riemannian manifold. Then
Rad T,M ={V € T,M : g(V,X) =0,X € T,M} is a subspace of T,M called
the radical subspace with respect to g. Suppose dim(RadT,M) = r. Then the
mapping Rad TM : p € M — Rad T, M is said to be the radical distribution
of rank r» on M. The manifold M is said to be an r-lightlike manifold [3] if
7> 0.

Let f: (M1, 1) = (Ma, g2) be a smooth submersion from a semi-Riemannian
manifold M; onto an r-lightlike manifold Ms. Then kernel of f, at p € M; and
its orthogonal complement are given by Kerf,, = {X € T,M; : f,,X = 0},
and (Kerf.p)t ={Y € T,M; : 1(Y,X) = 0,X € Kerf.p,}, respectively. As
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T,M, is a semi-Riemannian vector space, Ker f, may not be complementary to
(Kerf.)*. We now consider the case when A, = Kerf., N (Kerf.,)® # {0}
with 0 < dim A < min{dim(Kerf.),dim(Kerf.)*}, then A and Kerf, are
radical and lightlike distributions on f~!(z), respectively. Thus, there exists an
orthogonal complementary distribution to A in Ker f, which is non-degenerate
and we denote it by S(Ker f.). Therefore we have Kerf, = A L S(Kerf.). Us-
ing the last reasoning again for (Kerf,)*, we get (Kerf,)t = A L S(Kerf,)™*,
where S(Kerf,)* is a complementary distribution to A in (Kerf.)*.

Let {V;} be any local basis of A. Then there exists a local null frame {N;}
of smooth sections with values in the orthogonal complement of S(Kerf,)*
in (S(Kerf.))* satisfying ¢1(Vi, N;) = &;; and g1(N;, N;) = 0. The vector
bundle locally spanned by Ny, Ns,..., N, is called a lightlike transversal vector
bundle and it is denoted by ltr(Kerfi) ([3, page 144]). Consider the vector
bundle tr(Kerf.) = ltr(Kerf.) L S(Kerf.)*, which is complementary (but
not orthogonal) vector bundle to Kerf. in TMi[f-1(,). Then we get

TMi|f-1(z) = Kerf. @ tr(Kerf.),
TMi|p-1(s) = S(Kerf.) L [A@ltr(Kerf.)] L S(Kerf.)".

It should be noted that ltr(Kerf,) and Kerf. are not orthogonal to each
other. Next, we will denote V = Kerf,, the vertical space of T,M; and H =
tr(Kerf), the horizontal space. Therefore we get

TMy =H&V.
Also, we have V, = T, f~!(x), where p € f~1(z).

Definition ([21]). A submersion f : M; — M from a semi-Riemannian man-
ifold (Mj, g1) onto an r-lightlike manifold (Ma, g2) is called an r-lightlike sub-
mersion if
(a) dim A = dim{(Kerf.) N (Kerf.)*} =r, 0 < r < min{dim(Kerf,),
dim(Kerf.)*}.
(b) f« preserves the length of horizontal vectors, i.e., g1(X,Y) = g2(f. X,
fY) for XY e TH.

We now have the following particular cases:
(i) If dimA = dim(Kerf,) < dim(Kerf,)*, then we get V = A and
H = S(Kerf,)* Lltr(Kerf,) and f is called an isotropic submersion.
(i) If dim A = dim(Kerf,)* < dim(Kerf,), then we have V = S(Kerf,)
1 A and H =ltr(Kerf,) and f is called a co-isotropic submersion.
(iii) If dimA = dim(Kerf.)* = dim(Kerf.), then we get ¥V = A and
H =ltr(Kerf,) and f is called a totally lightlike submersion.
As we know, the geometry of Riemannian submersions is characterized by
O’Neill’s tensors T and A. Therefore, Sahin and Giindiizalp [21] defined these
tensors for a lightlike submersion as

(6) TxY = hV,xvY + vV, xhY, AxY =vVpxhY + hV,xvY,
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where h : TM; — H and v : TM; — V denote the natural projections and V
be the Levi-Civita connection of g;.

We now study the induced geometric objects on a fiber of lightlike sub-
mersions. Let f : (Mi,g1) — (Ma,g2) be a lightlike submersion from an
(m + n)-dimensional semi-Riemannian manifold M; onto an n-dimensional
lightlike manifold Ms. Then by definition, Ker f, is an m-dimensional lightlike
distribution on f~1(z). Also, we denote the induced metric on f~!(x) by g.
Then for any U,V € T'(Kerf,) and X € T'(tr(Kerf.)), using (6) we have

(7) VoV =VuV + TV,

(8) VuX =TuX + Vi X,

where ViV = vV V and Vi, X = hVy X. Further we note that {@UV, TuX}
and {TyV, Vi X} belongs to T'(Kerf,) and T'(tr(Kerf.)), respectively. Here
V and V! are linear connections on f~!(x) and tr(Kerf.), respectively.

Let S(Kerf.)" # 0, that is, f is either an r-lightlike submersion or isotropic
submersion. Next, we denote the projection of tr(Kerf,) on ltr(Kerf,.) and
S(Kerf.)* by L and S, respectively. Then (7) and (8) take the following form
(9) VoV =ViV + THV + TEV,

(10) VuX =D, X + Dy X + Tu X,

where T}V = L(TyV), T3V = S(TyV) and DL X = L(VLX), DiX =
S(VEX). T' and T* are called the lightlike second fundamental form and
the screen second fundamental form of a fiber of f, respectively. We also note
that the differential operators D' and D* define two Otsuki connections on

tr(Kerf.) with respect to the vector bundle morphism L and S, respectively.
Now, for any U € I'(Ker f,) we define the following differential operators

(11) Vi T(itr(Kerf.)) — T(ltr(Kerf,)); V(LX) = DL (LX),
and
(12) U D(S(Kerf.)") = T(S(Kerf.)"); Vi (SX) = Dy (SX),

where X € I'(tr(Kerf.)). By a simple calculation, it follows that both V! and
V¢ are linear connections on ltr(Kerf,) and S(Kerfy), respectively. These
connections are called the lightlike and the screen transversal connection on

=),

Further, we define mappings
(13) D' :T(Kerf,) xT(S(Kerf.)) — T(itr(Kerf.)); D' (U, SX) = DL (SX)
and
(14) D* :T(Kerf)xD(ltr(Kerf,)) = T(S(Kerf)*) : D*(U, LX) =D (LX),
where U € I'(Kerf.) and X € T'(tr(Kerf.)). Now using (10)-(14), we get
(15)  VuX =TyX + VL LX +V§SX + DU, SX) + D* (U, LX).
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In particular, when X = N € T'(ltr(Kerf,)) and X = W € T'(S(Kerf.)")
then from (15), we obtain

(16) VuN =TyN + VN +D*(U,N),

and

(17) VoW = TuW + Vi W + DHU, W).
Now using (9), (17), (16) and metric connection V, we get
(18) g (TEV,W) + g1 (V, D' (U, W) + §(ToW, V) =0,
(19) 91(D*(U,N), W) + g1(N, TuW) = 0.

Suppose S(Kerf.) # 0 and o denotes the projection of Kerf, on S(Kerf,).
Then for U,V € T'(Kerf,) and Z € T'(A) we have

(20) VuaV = VoV + TioV,
(21) VuZ =TiZ +ViZ,

where {V},0V, T Z} and {T;;oV, Vit Z} belongs to T'(S(Kerf.)) and T'(A), re-
spectively. Here V* and V*! are induced metric linear connections on S(Ker f.)
and A, respectively. From (9), (21), (16) and (20) we obtain

(22) 9(TGoV, 2) + §(oeV, T Z) = 0,
(23) g1(TgoV,N) + g(TuN,oV) =0,
(24) gl(TéZ,Z):O, TZ*ZZ()a

where U,V € T'(Kerf.), Z € T'(A) and N € I'(lir(Kerf.)).
As V is a metric connection on M, using (9) we get

(25) (Vog)(V, W) = gu(TEV. W) + gu(TEW, V).

Finally, we obtain the Gauss equation for fibers of an r-lightlike submersion.
By using (11) and (12), we define the following covariant derivatives

(26) (VoTHV, W) = VoW =T, W = TyVoW,
(27) (VoT)V.W) = Vi TEW = T¢ W = TeVoW,
for any U V,W eT'(Kerf,). Let R and R denote the curvature tensors of V
and V, respectively. Then by using (9), (16), (17), (25) and (26 ), we derive
RU V)W = RU, V)W + ToTeW — Ty TEW + ToTgW
~TVTEW + (VuTH(V,W) = (Vv T(U, W)
+ DU, TgW) = DV, TgW) + (VuT*)(V, W)
(28) — (VyT*) (U, W) +D*(U, Ty W) — D*(V, T, W)
for U, V,W € T'(Kerf,).
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3. Radical transversal lightlike submersions

In this section, we introduce radical transversal lightlike submersions from
indefinite Sasakian manifolds onto lightlike manifolds such that the structure
vector field £ is tangent to fiber. Also, we provide examples and study the
geometry of such lightlike submersions.

Definition. Let (M1, ¢, ¢, 1, 91) be an indefinite Sasakian manifold and (M, g2)
be a lightlike manifold. Suppose that f: (M1, $,&,1,91) — (Ma, g2) is a light-
like submersion with the characteristic vector field ¢ tangent to f~1(x), i.e., £
belongs to S(Kerf,). Then, f is called a radical transversal lightlike submer-
sion if

(i) ¢(A) = ltr(Ker f.),

(ii) there exists a non-degenerate subbundle D of S(Kerf,) such that

¢(D) =D, where S(Kerf,) =D L ().

A radical transversal lightlike submersion is said to be proper if D # 0. Now,
we construct some examples of proper radical transversal lightlike submersions.

Example 3.1. Consider an indefinite Sasakian manifold as given in Example
2.1 form =4 and q =1, i.e., (R), ¢, &,n,91). Let (R*, g2) be a lightlike mani-
fold, where g = é{(dag)2 + (da4)2} and a1, az, a3, as are the usual coordinates
on R%. Define a map f : R) — R?* by

f(xh332,%37%4791,31273/3#4,2) = (1‘1 — X2,T3 — T4,Y1 +Y2,Y3 — 94)-

After some computations, we have Kerf, = Span{Vl = FEs+ Eg,Vo = E7 +
Eg, V3 = El*EQ, V4 = E3+E4, ‘/5 = Eg = 5}7 (K@Tf*)l = Span{Vl, Vg, W1 =
E; — Eg, Wy = E3 — E4} with A = Kerf, N (Kerf.)*: = Span{Vl, Vg} which
implies S(Kerf.,) = D L (£), where D = Span{Vg,Vz;} and S(Kerf.)t =
Spcm{Wl, WQ}. Now, we obtain ltr(Kerf.) = Span{N1 = f%(E57E6),N2 =
f%(El + Eg)} Then it is easy to see that f is a 2-lightlike submersion. More-
over, we have ¢(V1) = 2Na, ¢(V3) = —2Nq, ¢Vo = —Vy, ¢(Vy) = Vo which im-
plies ¢(A) = ltr(Kerf,) and ¢(D) = D. Thus f is a proper radical transversal
2-lightlike submersion.

Example 3.2. Consider an indefinite Sasakian manifold as given in Example
2.1 form=>5and ¢ =1, i.e., (R, 0,&,1,91). Let (RS, g2) be a lightlike mani-
fold, where g = %{(dag)z+2(da3)2+(da5)2+2(da6)2} and a1, a9, as, as, as, ag
are the usual coordinates on RS. Define a map f : Rit — RS by

f(@1, @2, 03, 4, 5, Y1, Y2, Y3, Ya, Y5, 2) = (T1+ T4, T2+ 5, T3, Y1 — Y4, Y2+ Y5, Y3)-
Then by direct calculations, we get Kerf, = Span{V1 =FEg— Eg, Vo = By —
B9, Vs = Ey + By, Vi = By — B, Vs = By = £}, (Kerf.)" = Span{V1, V3,
W1 = E7 +E107W2 = E&Wg = E2 +E5,W4 = Eg} with A = K@Tf* N
(Kerf.)*+ = Span{Vl,Vg} which implies S(Kerfi) = D L (£), where D =
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Span{Vg,V;;} and S(Kerf,)t = Span{Wl,W27W3,W4}. Next, we obtain
ltr(Kerf,) = Span{N1 = —%(E(; + Ey), Ny = —%(El - E4)}. Now it is
easy to see that f is a 2-lightlike submersion. Further we have ¢(V;) = 2Ny,
p(V3) = —2N1, Vo = —Vy, ¢(Vy) = Vo which implies ¢(A) = ltr(Ker f,) and
¢(D) = D. Therefore f is a proper radical transversal 2-lightlike submersion.

Theorem 3.3. There does not exist radical transversal 1-lightlike submersions
between indefinite Sasakian manifolds and lightlike manifolds.

Proof. Let f : (My,6,&,1n,91) = (Ma, g2) be a radical transversal 1-lightlike
submersion from an indefinite Sasakian manifold M; onto lightlike manifold
Ms. Then we have A = span{V'}, which implies ltr(Kerf.) = span{N}. Now
using (1)-(3), we derive g1 (¢V, V) = g1(¢*V, ¢V) = —g1(V, oV )4+n(V)g1(§, 9V)
which gives g1(¢V, V) = 0.

Also, from the definition we have ¢V = N. Therefore, we get g1 (¢V,V) =
91(N,V) = 1, which is a contradiction. Thus, we deduce that f can not be a
radical transversal 1-lightlike submersion. O

Let f be a radical transversal lightlike submersion from an indefinite Sasakian
manifold M; onto a lightlike manifold M5. Then, we have the following re-
marks: (i) dim(A) > 2, (ii) dim(S(Kerf.)) # 2m, m > 1, (iii) Any proper rad-
ical transversal lightlike submersion from an 11-dimensional indefinite Sasakian
manifold onto a 6-dimensional lightlike manifold must be 2-lightlike.

Theorem 3.4. Let f be a radical transversal lightlike submersion from an
indefinite Sasakian manifold (M, ¢,&,m,g1) onto a lightlike manifold (Ma, g2).
Then, the screen transversal distribution S(Kerf.)* is invariant with respect

to .

Proof. Let f: (M1,¢,&,m,91) = (Ma, g2) be a radical transversal lightlike sub-
mersion. Then, for any U € T'(S(Kerf.)),V € T(A) and W € T'(S(Kerf.)*),
using (3) we get g1 (9W. V) = —g1 (W, V) = 0 and g1 (W, U) = g1 (W, ¢U) =
0. This imply that ¢(S(Kerf.)t)NA = {0} and ¢(S(Kerf.)t)NS(Kerf,) =
{0}. Similarly, for N € T'(itr(Kerf.)), we obtain g, (¢W,N) = —g1 (W, ¢N) =
0 which implies that ¢(S(Kerf.)t) Nltr(Kerf.) = {0}. Thus the proof is
completed. O

Let f be aradical transversal lightlike submersion from an indefinite Sasakian
manifold M; onto lightlike manifold Ms. Suppose that @ and P denote the
projections of Kerf, on A and D, respectively. Then for U € T'(Kerf.), we
write

(29) U=QU+ PU+n(U),
where QU € T'(A) and PU € IT'(D). On applying ¢ to (29), we get
(30) oU = ¢QU + ¢PU.
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If we set pQU = wU and ¢PU = 7U, then (30) becomes
(31) oU = wU + 17U,

where 7U € T'(D) and wU € I'(ltr(Kerf.)).
From (4), we have

(32) J(UV)E—n(V)U =VyeV — ¢(VyV),

where U,V € T'(Kerf.). Now using (32), (31), (9) and (16), we obtain

GUVIE = (VU = VurV + TErV + TErV + TuwV + VhwV + D (U,wV)
—7(VuV) = w(VuV) = $(THV) = (T3 V).

Then, equating the tangential, screen transversal and lightlike transversal parts
of the above equation, we get

(33) (Vur)V = ¢(TEV) = TowV + (U, V)E — n(V)U,
(34) T§TV + DS(U, wV) — ¢(T§V) =0,
(35) TETV + VLWV —w(VyV) = 0.

Lemma 3.5. Let f be a radical transversal lightlike submersion from an in-
definite Sasakian manifold (M, ¢,£,m,91) onto a lightlike manifold (Ma, g2).
Then for U,V € I'(Kerf. — (£)), we have

(i) 9(VuV,€) = g1(V,¢U),
(ii) 9([U,V],€) = 29:(V, ¢U).

Proof. Let f : (M1,6,&,1m,q1) — (Ma,g2) be a radical transversal lightlike
submersion. As V is a metric connection, for any U,V € I'(Ker f. — (§)), using
(9) and (5), we get

(36) 9(VuV,€) = i(V,¢U).
Since V is a symmetric connection, from (36) and (3) we have (ii). O

As the induced connection on a fiber of a lightlike submersion is not a metric
connection, we now find a necessary condition for V to be a metric connection.

Theorem 3.6. Let f be a radical transversal lightlike submersion from an
indefinite Sasakian manifold (My, ¢,&,m,g1) onto a lightlike manifold (Ma, g2).
If the induced connection V on f~1(x) is a metric connection, then TydV has
no components in D for any U € T(Kerf.) and V € T(A).

Proof. We know that the induced connection V on f ~1(x) is a metric connec-
tion if and only if ViV € T'(A) for U € T(Kerf,) and V € T'(A) [1, Theo-
rem 4]. Let f : (My,¢,&,1,91) = (Ma,g2) be a radical transversal lightlike
submersion and V be a metric connection. Then, for any W e I'(D) using
(9), we get g1(VyV,W) = 0. From the last equation and (2), we obtain

g1 (6VuV,oW) 4+ n(VyV)n(W) = 0, which implies that g1(¢VyV, oW )=0.
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Next, using (4) and (16), we derive g1(Ty¢V,¢W) = 0. Therefore Ty ¢V has
no components in D. O

Theorem 3.7. Let f be a radical transversal lightlike submersion from an
indefinite Sasakian manifold (M, ¢,£,m,g1) onto a lightlike manifold (Ms, g2).
Then, D L () is integrable if and only if T;7V = TL7U for any U,V € T(D L
(€))-

Proof. Let f : (M1,6,&,1m,q1) — (Ma,g2) be a radical transversal lightlike
submersion. Suppose that U,V € T'(D L (£)). Then (35) becomes

(37) TErV —w(VpV) = 0.

On interchanging the role of U and V in (37), we get

(38) TLrU — w(VyU) = 0.

Now from (37) and (38), we derive

(39) TerV — TirU — wlU, V] = 0.

Then the proof follows from (39). O

Corollary 3.8. Let f be a radical transversal lightlike submersion from an
indefinite Sasakian manifold (My,¢,&,n,91) onto a lightlike manifold (Ma, go).
Then the distribution D is not integrable.

Proof. Suppose that D is integrable. Then for any U,V € I'(D), using Lemma
3.5 we have, 2¢;(V,¢U) = ¢([U,V],€) = 0. This is a contradiction to the fact
that D is non-degenerate distribution of f~1(x). O

Theorem 3.9. Let f be a radical transversal lightlike submersion from an
indefinite Sasakian manifold (My, ¢,£,m,g1) onto a lightlike manifold (Ma, g2).
Then, A L (§) is integrable if and only if TywV — TywU = n(U)V — n(V)U
for any U,V € T(A L (§)).

Proof. Let f : (My,$,£,m,g1) — (Maz,g2) be a radical transversal lightlike
submersion. Suppose that U,V € T'(A L (£)). Then (33) becomes

(40) T(VuV) = TowV +n(V)U = ¢(TEV) — §(U, V).

Interchanging the role of U and V in (40), we obtain

(41) T(VvU) = TywU +n(U)V = ¢(TyU) = (V. U).

Sine V is a symmetric connection, using (40) and (41), we get

(42) 7([U,V]) = TywV — TywV + (VU — n(U)V.

Then the proof follows from (42). O

Corollary 3.10. Let f be a radical transversal lightlike submersion from an
indefinite Sasakian manifold (M, ¢,&,m,g1) onto a lightlike manifold (Ms, g2).
Then A is not integrable.
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Proof. Suppose that A is integrable. Then for any U,V € T'(A), from Lemma
3.5 we have, 2¢1(V,¢U) = g([U,V],&) = 0. Since we know that for any U €
T'(A), there exists V' € T'(A) such that g1 (U, ¢V) # 0 as ¢(A) = ltr(Kerf).
Thus we derive a contradiction. O

Theorem 3.11. Let f be a radical transversal lightlike submersion from an
indefinite Sasakian manifold (My, ¢,£,m,g1) onto a lightlike manifold (Ms, g2).
Then A L (&) defines a totally geodesic foliation if and only if §(Ty pQV, pW) =
n(Vn(VNuW) for any U,V € (A L (€)) and W € T'(D).

Proof. Let f : (M1,6,€,1m,91) — (Ma,g2) be a radical transversal lightlike
submersion. Then, A L (£) defines a totally geodesic foliation if and only if
VoV e T(A L (€)) for U,V € T(A L (€)). Since V is a metric connection,
using (9) for any U,V € T(A L (€)) and W € T'(D), we get §(VyV,W) =
—g1(V,VuW). Next, from (2), (4), (9) and (29) we derive §(VyV,W) =
—g1(6QV, VW) — n(V)n(VyW). Then from (20) and (23), we obtain

(43) VeV, W) = §(TudQV, oW) — n(V)n(VyW).

Thus, our assertion follows from (43). O

Theorem 3.12. Let f be a radical transversal lightlike submersion from an
indefinite Sasakian manifold (M, ¢,&,m,g1) onto a lightlike manifold (Ms, g2).
Then, S(Kerf.) defines a totally geodesic foliation if and only if T;¢N has no
components in D for any U € T'(S(Kerf,)) and N € T'(ltr(Kerf.)).

Proof. Let f : (M1,$,&,1m,91) — (Ma,g2) be a radical transversal lightlike
submersion. Then, S(Kerf.) defines a totally geodesic foliation if and only if
VuV € S(Kerf.) for U,V € T'(S(Kerf.)). Using (9) and (2) for any U,V €
D(S(Kerf,)) and N e D(ltr(Kerf,)), we get g1(VuV,N) = g1(¢VyV, dN).
Now from (4), (9) and (22), we obtain

(44) 91(VuV,N) = —g§(¢PV, Ty ¢N).
Then the proof follows from (44). O

4. Radical transversal lightlike submersions with totally contact
umbilical fibers

In this section, we introduce radical transversal lightlike submersions from
indefinite Sasakian manifolds onto lightlike manifolds with totally contact um-
bilical fibers such that the structure vector field £ is tangent to fiber. We also
study the geometry of such lightlike submersions.

Definition. Let (M, ¢, &, n, g1) be an indefinite Sasakian manifold and (Ma, g2)
be a lightlike manifold. Suppose that f: (M1, $,&,1,91) — (Ma, g2) is a light-
like submersion with the characteristic vector field ¢ tangent to f~1(x), i.e., &
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belongs to S(Kerf.). Then, f is called with totally contact umbilical fibers if
for any U,V € I'(Kerf.), we have

(45) TV =9 V) = n@)n(V)]Bi + n(U) TV + n(V)Tis,

(46) T5V = [9(U, V) =nU)n(V)]Bs + n(U) T +n(V) T8,

where f; € T'(itr(Kerf,)) and B, € T(S(Kerfl)).

Theorem 4.1. Let f be a radical transversal lightlike submersion from an
indefinite Sasakian manifold (My,$,&,n,91) onto a lightlike manifold (Ma, g2)

with totally contact umbilical fibers. Then, B, = 0 if and only if S(kerf,) is
integrable.

Proof. Let f : (My,$,€,1m,91) — (Ma,g2) be a radical transversal lightlike
submersion with totally contact umbilical fibers. Then, using (9), (4) and (2)
for any U,V € I'(D) and N € I'(ltr(Ker f.)), we obtain

(47) 91(TG6V.oN) — g1 (Ty¢U, 6N) = g1 ([U, V], N).

From (45), we have

(48) ThoV = TyoU = §(U, ¢V) By — §(V, ¢U)Br.

Now using (47), (48) and (3), we derive

(49) 9i([U, V], N) = 24(U, 6V ) g1(B1, pN),

which completes the proof. O

Theorem 4.2. Let f be a radical transversal lightlike submersion from an
indefinite Sasakian manifold (My,$,&,n,91) onto a lightlike manifold (Ma, g2)
with totally contact umbilical fibers. Then, B; = 0 if and only if T;¢V =0 for
any U,V € I'(D).

Proof. Let f : (M1,6,€,1m,91) — (Ma,g2) be a radical transversal lightlike
submersion with totally contact umbilical fibers. Now from (4), (9) and (31)
for any U,V € I'(D), we get

VooV — ¢(THV) = g(U,V)E = TLoV — T3V + VoV +wVyV + 6(TEV).
Then for any Z € T'(A), we have

(50) 7n(VuV,0Z) = i (&(T5V), 7).

Using (50), (20), (2) and (45), we obtain

(51) 91(Tg oV, ¢Z) = g(U,V)g1(B1, Z).

Then, our assertion follows from (51). O

Theorem 4.3. Let f be a radical transversal lightlike submersion from an
indefinite Sasakian manifold (My,$,&,n,91) onto a lightlike manifold (Ma, g2)

with totally contact wmbilical fibers. If the induced connection Vv on fHx)isa
metric connection, then Tu¢pZ =n(U)Z for any U € T'(Kerf.) and Z € T'(A).
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Proof. Let f : (My,$,£,m,g1) — (Ma,g2) be a radical transversal lightlike
submersion with totally contact umbilical fibers. Also, suppose that V is a
metric connection. Then, from (4), (9), (16), (45), (46) and (31) we get

(52) TudZ + Vo Z+D* (U, $Z) =1V Z+wVp Z+n(U)(TEE)+n(U)d(TEE).

Equating tangential components of (52), we get

(53) TuoZ =1V Z + $(THEn(U).
Also, using (5) and (9) we have
(54) Tz = —¢Z.

Now, from (53) and (54) we obtain
TooZ =1VuZ — $*Zn(U) = 7V Z +n(U)Z
which imply that Ty¢Z = n(U)Z. O

Theorem 4.4. Let f be a radical transversal lightlike submersion from an
indefinite Sasakian manifold (M, ¢,&,m,g1) onto a lightlike manifold (Ma, g2)
with totally contact umbilical fibers. If A is parallel, then Tz, ¢Zs = (bTle Zs
for any Z1,Z> € T(A).

Proof. Let f : (My,6,£,m,91) — (Ma,g2) be a radical transversal lightlike
submersion with totally contact umbilical fibers. Suppose that A is parallel
distribution. Then, for any Z1, Zo € (A), using (4), (9), (16) and (31) we get

T2, 2o+ Ny 620 +D*(Z1,¢Z2) = TV 7, Zo +wN 2, Zo + §(T}, Z2) + ¢(T5, Zo).
On equating tangential parts of the above equation, we obtain
Tzlqng = 7'@21 Z2 + d)('Tle Z2)

As A is a parallel distribution, we have 7'@21 Z5 = 0. This completes the
proof. (I

Let (M, ¢$,£,7,9) be an indefinite Sasakian manifold. Then a plane section
in T, M is called a ¢-section if it is span by a unit vector U orthogonal to &
and ¢U, where U € T,M. A ¢-sectional curvature of M at p is defined as the
sectional curvature of M at p with respect to a ¢-section. If the ¢-sectional
curvature on M is constant for every ¢-section, then M is called an indefinite
Sasakian space form, denoted by M(c), where ¢ is the ¢-sectional curvature. In
[9], the curvature tensor R of an indefinite Sasakian space form M(c) is given
as follows:

rw.vyw = E g ww - gwwvy + ey
—en(V)n(W)U + g(U, W)n(V)§ — g(V, W)n(U)§
(55) + 9oV, W)U + g(eW, U)oV — 2g9(¢U, V)pW },

where U, V,W € T'(TM).
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At the last of this section, we investigate the existence (non-existence) of
radical transversal lightlike submersion from an indefinite Sasakian space form
onto a lightlike manifold with totally contact umbilical fibers. For this purpose,
we first prove some lemmas.

Lemma 4.5. Let f be a radical transversal lightlike submersion from an indef-
inite Sasakian manifold (M, ¢,€,1,91) onto a lightlike manifold (Ma, g2) with
totally contact umbilical fibers. Then, Bs = 0.

Proof. Let f : (My,6,£,m,91) — (Ma,g2) be a radical transversal lightlike
submersion with totally contact umbilical fibers. Then for U € I'(D), using
(4), (9) and (31), we get
VuodU + ToU + TgoU — VGV —wVuV — §(THV) — ¢(TgU) = §(U, U)E.
Equating the components on S(Kerf,)* in the above equation, we get
(56) TooU = ¢(TU).
Now, using (56) and (46) for W € T'(S(Kerf,)"), we obtain

9(U,U)g1(Bs, oW) = —g(U, ¢U ) g91(Bs, W),
which imply that §(U,U)gi(Bs, W) = 0. As S(Kerf,) and S(Kerf.): are

non-degenerate, we derive 55 = 0. (I

Lemma 4.6. Let f be a radical transversal lightlike submersion from an indef-
inite Sasakian manifold (My,$,&,n,g1) onto a lightlike manifold (Ma, g2) with
totally contact umbilical fibers. Then, for any U € T(D) and Z € T'(A), we
have

(57) TS o Z = —3(VuoU,6)¢Z,
(58) 7:;U£ =0,

(59) (U Nyu2) = —g1(TU, 2),
(60) §(¢U, Vi Z) = g1 (TeU, Z).

Proof. Let f : (My,6,£,m,91) — (Ma,g2) be a radical transversal lightlike
submersion with totally contact umbilical fibers. Then, using (5) and (9), we
obtain

VzE+TLE+TSE = -0 2.

Considering the components on ltr(Kerf.) in the above equation, we get

(61) Ti¢ = —9Z.
Also, from (45) we derive
(62) Te, o2 = n(VugU)THE.

Now, using (62) and (61), we get TémbUZ = —n(VyoU)pZ. Thus we have
(57).
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From (9), (5) and (1), we get
U=V + 7ZU§ + Toué,

which proves (58).
As V is a metric connection, we get

91(U,VeuZ) = —91(VeuU, Z).
Then, by using (9) we derive (59).
By a simple calculation, we obtain
91U, VuZ) = —q1(Vu U, Z).
Thus, from (9) we have (60). O

Lemma 4.7. Let f be a radical transversal lightlike submersion from an in-
definite Sasakian manifold (My,¢,&,m, g1) onto a lightlike manifold (Ma, g2).
Then, for any U € T'(D) we have

(63) §(VueU.€) = §(eU, ¢U),
(64) §(VeuU,€) = —4(U,U).
Proof. Let f : (My,6,£,m,91) — (Ma2,g2) be a radical transversal lightlike

submersion. Since V is a metric connection, we obtain

(65) g1 (VU¢U7 g) =01 (¢U7 VUé.)
Now, from (65), (9) and (5) we derive (63). Following similar steps as above,
we have (64). O

Theorem 4.8. There exists no proper radical transversal lightlike submersion
from an indefinite Sasakian space form (Mi(c), ¢,&,m,91) onto a lightlike man-
ifold (Ma, g2) with totally contact umbilical fibers and ¢ # —3.

Proof. Let f : My(c) — M be a proper radical transversal lightlike submersion
with totally contact umbilical fibers and ¢ # —3. Then for any U € I'(D) and
Z1,Z5 € T(A), using (28), (55), (46) and Lemma 4.5, we obtain

(66) 5400, 091 (671, 22) =1 (Vo TYOU, 22) ~ (Vo T)U, 21), Z2),
where

(67) (VuT)U, Z1) = Vi Tou 2y = T 21 = TouVu 2,

(68) (VouTHNU, Z1) = Vi T 21 — Tl o2 = ToNgu 2.

Using (45), (63), (61) and (3), we get

(69) e —4(oU, pU)$Z1.

voeuZ
From (45) and (58), we have

(70) TouNVuZy = §(oU,Vu Z1)B.
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By using (67), (69), (70) and (45), we obtain

(71) (VuT')(OU, Z1) = §(U, V)6 Z1 = (U, Vs Z1) 1.
From (45), (61), (3) and (64), we get
(72) TéWUZl =g(U,U)¢Z,.
Using (45) and (58), we have
(73) TiVouZy = §(U, Vv Z1)Br-
Next, from (68), (72), (73) and (45), we derive
(74) (Vou T, 21) = =4(U, U)d 2y = §(U, Vv Z1) -
Thus, from (66), (71) and (74), we get
(U0 (621, 2)

= 2§(U,U)g1(¢Z1, Zo) + §(U, Vv Z1)g1(B1, Z2) — §(8U, Vv Z1)g1(B1, Z2).
Now, using (59), (60) and the above equation, we have
1—c.
5 9(U, U)g1(dZ1, Z)
=20(U,U)g1(0Z1, Z2) — 1 (Tyu U, Z1)91(B1, Z2) + 91 (T 0U, Z1) 91 (B, Z2),
which imply that (3 + ¢)g(U,U)g1(¢Z1,Z2) = 0. As A @ ltr(Kerf,) and

S(Kerf.) are non-degenerate, we can choose Z1, Zo and U such that g(U,U) #
0 and ¢1(¢Z1, Z2) # 0. Thus, we have ¢ = —3, which is a contradiction. O

5. Transversal lightlike submersions

In this section, we study transversal lightlike submersions from indefinite
Sasakian manifolds onto lightlike manifolds such that the structure vector field
¢ is tangent to fiber.

Definition. Let (M, ¢, &, n, g1) be an indefinite Sasakian manifold and (Ma, g2)
be a lightlike manifold. Suppose that f: (M1, $,&,1,91) — (Ma, g2) is a light-
like submersion with the characteristic vector field ¢ tangent to f~1(x), i.e., &
belongs to S(Kerf,). Then f is called a transversal lightlike submersion if
(i) ¢(A) = ltr(Ker f.),
(ii) ¢(D) C S(Kerf.)*t, where D is a non-degenerate subbundle of S(Ker f.)
such that S(Kerf,) =D L (§).

Suppose that p is the orthogonal complementary subbundle to ¢(D) in
S(Kerf.)*, that is,

(75) S(Kerf.)" =¢(D) L p.

Then it is easy to see that p is invariant with respect to ¢. In view of the above
definition, we have the following result.
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Theorem 5.1. There does not exist transversal 1-lightlike submersion from an
indefinite Sasakian manifold (M1, ¢,€,m,g1) onto a lightlike manifold (Ms, g2).

A transversal lightlike submersion is said to be proper if S(Kerf.)* # 0
and D # 0. Let f be a transversal lightlike submersion from an indefinite
Sasakian manifold onto a lightlike manifold. Then we have: (i) dim(A) > 2,
(ii) Any proper transversal lightlike submersion from a 7-dimensional indefinite
Sasakian manifold onto a 2-dimensional lightlike manifold must be 2-lightlike.

Now, we give two examples of proper transversal lightlike submersions.

Example 5.2. Consider an indefinite Sasakian manifold as given in Example
2.1 form =6 and ¢ = 1, i.e., (R33 ¢,£,1m,91). Let (RS, g2) be a lightlike mani-
fold, where go = %{(dag)2 + (da3z)? + (das)? + (dag)z} and a1, as, as, as, as, ag
are the usual coordinates on RS. Define a map f : Ri? — RS by

.z, 155 Y6, 2) = (21 + 23, B2 — T4, 25+ 26, Y1 — Y3, Y2 + Y4, Y5 — Yo)-
After some computations, we have Kerf, = S’pan{Vl = F; — Ey, Vo = Eg +
E10,V3 = E11 — B2, Vy = By + E3, Vs = FEy — By, Vi = Es + Eg, V7 =
Ei3 = ¢}, (Kerf)*" = Span{V1,Vy,W1 = Eg — E19,Wa = E11 + E12, W3 =
Ey + Ey, W, = E5 — E6} with A = Kerf, N (Kerf.,)* = Span{Vl,W},
which implies S(Kerf,) = D L (&), where D = Span{Vg,Vg,V5,V6} and
S(Kerf.)* = Span{W1, WQ,Wg,W4}. Now, we get ltr(Kerf,) = Span{N1 =
—1(B7 + Ey),Ny = —3(E; — E3)}. Then it is easy to see that f is a 2-
lightlike submersion. Also, we have ¢(V1) = 2Na, ¢(Vy) = —2N7, pVy = —Ws,
p(Va) = =Wy, ¢(Vs) = Wy and ¢(Vs) = Wa, which implies ¢(A) = ltr(Ker f.)
and ¢(D) C S(Kerf.)*. Hence f is a proper transversal 2-lightlike submersion.

Example 5.3. Consider an indefinite Sasakian manifold as given in Example
2.1 form = 7 and ¢ = 1, ie., (R35,6,£,1,91). Let (R® g2) be a lightlike
manifold, where g» = §{(daz)* + (das)* + 2(das)? + (dag)* + (daz)* + 2(das)? }
and a1, as, as, a4, as, ag, a7, ag are the usual coordinates on R®. Define a map
R — R® by

flxe, w91, Y7, 2) = (21425, ¥a+ 26, T3+T4, T7, Y1 — Y5, Y2 — Y6, Y3 — Y4, Y7)-
Then by direct calculations, we get Kerf, = Span{V1 = FEg — F15,Vo = Fg —
Ey3,V3 = Eyo—E11, Vi = By +FE5, Vs = B+ Eg, Vo = Es+ Ey, Vo = Ey5 = £},
(Kerf*)l = Span{Vl,V4,W1 = FEg + E13,Wy = F1g+ E11, W3 = Fyy,Wy =
Ey—FEg, W5 = E3—FE,,Wg = E7} with A = Kerf.N(Kerf.)* = Span{Vl, V4}
which implies S(Kerf,) = D L (£), where D = Span{Vg,Vg,Vg),VG} and
S(Kerf.)* = Span{ Wy, Wa, W3, Wy, W5, Ws }. Thus, we obtain ltr(Kerf,) =
Spcm{N1 = —%(Eg-l-Eu), Ny = —%(El—E5)}. Now it is easy to see that f is a
2-lightlike submersion. Further we have ¢(V1) = 2N, ¢(Vy) = —2Ny, ¢(Va) =
~Wi, 6(Va) = —Ws,6(Vs) = Wy and ¢(Ve) = W, which implies ¢(A) =
ltr(Kerf.) and ¢(D) C S(Kerf.)*. Therefore f is a proper transversal 2-
lightlike submersion.
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Let f be a transversal lightlike submersion from an indefinite Sasakian man-
ifold M; onto a lightlike manifold M,. Also, suppose that @ and P denote the
projections of Kerf, on A and D, respectively. Then, for U € I'(Kerf.), we
write

(76) U=QU+PU+nU),

where QU € T'(A) and PU € T'(D). On applying ¢ to (76), we have
(77) oU = ¢QU + ¢PU.

If we set pQU = LU and ¢PU = SU, then (77) becomes

(78) oU = LU + SU,

where LU € T'(itr(Kerf.)) and SU € T'(S(Kerf.)*). Using (75), for W €
I'(S(Kerf.)*), we have

(79) oW = BW +CW,

where BW € I'(D) and CW € T'().

Now, using (4), (78), (9), (16), (17) and (79), for U,V € T'(Kerf.), we
obtain

(80) TuLV + TuSV — ¢TEV — BTEV = §(U, V)¢ — n(V)U,
(81) D*(U,LV) 4+ VSV — SV V = CTEV,
(82) VL LV +DYU,SV) = L(VyV).

Now, we discuss the integrability of distributions on a fiber of transversal
lightlike submersions.

Theorem 5.4. Let [ be a transversal lightlike submersion from an indefinite
Sasakian manifold (M1, $,&,m,91) onto a lightlike manifold (M, g2). Then,
A 1 (&) is integrable if and only if D*(U,LV) = D*(V,LU) for U,V € T(A L
()

Proof. Let f: (M1, $,&,1,91) — (Ma, g2) be a transversal lightlike submersion.
Suppose that U,V € T(A L (£)). Then, (81) becomes

(83) D*(U,LV) — SVyV — CTSV = 0.

Interchanging the role of U and V in (83), we get

(84) D*(V,LU) — SVyU — CTEU = 0.

As V is symmetric connection, using (83) and (84), we obtain

(85) D*(U,LV) —D*(V,LU) = S[U, V].

Then the proof follows from (85). O

Corollary 5.5. Let f be a transversal lightlike submersion from an indefinite
Sasakian manifold (My,®,&,m,91) onto a lightlike manifolds (Mas, g2). Then,
A is not integrable.
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The proof of the above corollary is similar as that of Corollary 3.10, so we
omit it.

Theorem 5.6. Let f be a transversal lightlike submersion from an indefinite
Sasakian manifold (My,$,&,1,91) onto a lightlike manifold (Ms, g2). Then,
D L (£) is integrable if and only if D'(U,SV) = DYV, SU) for U,V € T'(D L
(&))-

Proof. Let f: (M1, $,&,1,91) — (Ma, g2) be a transversal lightlike submersion.
Suppose that U,V € I'(D L (£)). Then (82) becomes

(86) DYU,SV) = LV, V.
On interchanging the role of U and V in (86), we get
(87) DUV, SU) = LV U.

Now, from (86) and (87), we obtain
DYU,SV) — DNV, SU) = L|U,V].
Thus, the proof follows from the above equation. O

Theorem 5.7. Let f be a transversal lightlike submersion from an indefinite
Sasakian manifold (My,$,&,1,91) onto a lightlike manifold (M, g2). Then,
A L (&) defines a totally geodesic foliation if and only if D°(U,LV) = CT3V
for U,V e T(A L ().

Proof. Since we have, A L (£) defines a totally geodesic foliation if and only if
VoV e (A L (€)) for U,V € T(A L (€)). Using (81), for U,V € T(A L (£)),
we obtain D*(U, LV) — SVyV — CT3V = 0. Then, the proof follows from the
last equation. ([l

Theorem 5.8. Let f be a transversal lightlike submersion from an indefinite
Sasakian manifold (Mq,$,&,1,91) onto a lightlike manifold (Ma, g2). Then,
D L (£) defines a totally geodesic foliation if and only if D'(V,SU) = 0 for
UV eT(D L ().

Proof. As we have, D L (£) defines a totally geodesic foliation if and only if
VuV e (D L () for U,V € I(D L (¢)). By using (82), for U,V € I'(D L
(€)), we get DY(U, SV) = LVy V. Thus the proof is completed. O

Theorem 5.9. Let f be a transversal lightlike submersion from an indefinite
Sasakian manifold (My,$,&,1,91) onto a lightlike manifold (M, g2). Then,
the induced connection V on f~Y(x) is a metric connection if and only if
BD*(U, V) = n(VyV)E for U e T'(Kerf,) and V € T(A).

Proof. Let f: (M1, $,&,1,91) — (Ma, g2) be a transversal lightlike submersion.
Using (4), (9), (16), (78) and (79), for U € T'(Kerf.) and V € T'(A), we get

—VuV = LTuoV + STydV + ¢V oV + BD* (U, ¢V)
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+CD* (U, ¢V) — n(VuV)E+ TEV + T V.
Equating the tangential components of the above equation, we obtain
(88) —VuV = BD*(U,¢V) + ¢VioV — n(VyV)E.

Since we have, the induced connection V on f~'(z) is a metric connection if
and only if VgV € T'(A) for U € T'(Kerf.) and V € T'(A). Thus, the proof
follows from (88). O

Theorem 5.10. Let f be a transversal lightlike submersion from an indefinite
Sasakian manifold (M, $,£,n,g1) onto a lightlike manifold (Ms, go) with totally
contact umbilical fibers. If the induced connection V on f~1(x) is a metric, then

we have D*(U, ¢Z) = n(U)CTZE for U € T'(Kerf,) and Z € T(A).

Proof. Let f: (My,¢,&,m,q1) = (Ma, g2) be a transversal lightlike submersion

with totally contact umbilical fibers. Also, suppose that V is a metric connec-
tion. Then, using (4), (9), (16) and (78), for U € T'(Kerf,) and Z € T'(A), we
get

(89) TudpZ +Vy¢Z +D*(U,¢Z) — LNy Z — SNy Z — ¢THZ — §TEZ = 0.
From (89), (45), (46) and (79), we have

To¢Z +Viy¢Z + D (U, ¢Z) — LNy Z — SVuZ

—0(U)¢T€ — n(U)BTz¢ — n(U)CTz€ = 0.
Considering the components on S(Kerf,)" in the above equation, we obtain
(90) D*(U,¢Z) — n(U)CTzE = SVu Z.
Since ViyZ € I(A), from (90) we have D*(U, $Z) = n(U)CTZE. O

Now, we obtain a classification theorem for transversal lightlike submersions

between indefinite Sasakian manifolds and lightlike manifolds with totally con-
tact umbilical fibers.

Lemma 5.11. Let f be a transversal lightlike submersion from an indefinite
Sasakian manifold (My,$,€,m,91) onto a lightlike manifold (Ms, g2) with to-
tally contact umbilical fibers. Then, B = 0 if and only if D*(U,$Z) has no
components in ¢(D) for U € I'(D) and Z € T'(A).

Proof. Let f: (M1, ¢,&,m,q1) = (Ma, g2) be a transversal lightlike submersion
with totally contact umbilical fibers. Then, using (4) for U € I'(D) and Z €
I'(A), we get

(91) VuoU — ¢(VyU) = (U, U)E.
From (91), (9), (17), (78) and (79), we obtain
G(U,U)E = TuoU + DYU, ¢U) + V30U — LNyU — SVyU — ¢TEU
— BT3U — CT3U.
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Equating tangential parts in the above equation, we have

(92) §(U,U)¢ = TygU — BT3U — ¢TU.

Thus, we get

(93) 91(ToeU, 6Z) = 91(6T5U, ¢Z) = 0.

Now, using (93), (2), (45) and (19), we derive

(94) 91(D*(U,¢2),9U) + §(U,U)g1(B1, Z) = 0.

Since D is non-degenerate, our assertion follows from (94). O

Theorem 5.12. Let f be a transversal lightlike submersion from an indefinite
Sasakian manifold (M, ¢,&,m, 1) onto a lightlike manifold (Ma, g2) with totally
contact umbilical fibers and satisfying (D) = S(Kerf,)*. Then, Bs = 0 or
dim(D) = 1.

Proof. Let f: (My,0,&,m,91) = (Ma, g2) be a transversal lightlike submersion
with totally contact umbilical fibers. Then, for V' € I'(D), using (92), (79) and
(3), we get

(95) 9(TudU, V) = —g1(TFU, V).
Also from (18), we have
(96) 9(TuU,V) = —g1(TgV, oU).
From (95), (96) and (46), we obtain
(97) 9(U,U)g1(Bs, ¢V) = g(U, V) g1(Bs, ¢U).
On interchanging the role of U and V in (97), we obtain
(98) gV, V)g1(Bs, 0U) = G(V,U)g1(Bs, $V).
Now, using (97) and (98), we derive
9(U,V)?
S U = 7T T\ A/vr TN S U .
gl(ﬁ ¢ ) g([]vcf)g(Vi‘/)gl(ﬁ ¢ )
Since S(Kerf.)* is non-degenerate, we have either 3, = 0 or D is one dimen-
sional. (]
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