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REMARKS ON THE GRADIENT FLOW OF o ENERGY
POTENTIAL ON THE LINE

HyojuNn AN AND HYUNGJIN HUH

ABSTRACT. We are interested in the gradient flow of a energy potential.
We provide basic estimates and study asymptotic behaviors for the case
N=2,...,5

1. Introduction

In this work, we study the gradient flow of the following « energy potential
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25@2— Z §log|xi—xk|2 for a =0,
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where z; € R and X = {z1,29,...,2N}.

The log-gas system [11] is given by the following Hamiltonian
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HL—Z2pi+Z2xi Z 210g|a:2 xE|?,
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where (21,72,...,2x) and (p1,p2,...,pn) = (G, G2, ..., %) are positions

and momenta of N particles, respectively. The particles in the log-gas system
are described via a logarithmic interaction potential and confined in a harmonic
trap. The Hamiltonian of the Calogero-Moser system [4—6,10] is given by

H _i12 Nl?
cM = 2}%—#22@—1— Z
=1

i=1 i 1<i<k<N

1

lzi — ;]2

[N

Received December 19, 2022; Accepted March 8, 2023.

2020 Mathematics Subject Classification. 34D05, 34D23, 34E10.

Key words and phrases. Gradient flow of o energy potential, asymptotic behaviors.

H. Huh was supported by the National Research Foundation of Korea(NRF) grant funded
by the Korea government(MSIT) (2020R1F1A1A01072197).

(©2023 Korean Mathematical Society

1091



1092 H. AN AND H. HUH

Here we consider the initial value problem of the gradient flow associated
with the potential V,:

dX
(2) o —VxV.(X), X(0) = X, t>0,
which can be rewritten as
dxi 1
= B , =1,2,....N
7;(0) = 2,

where we denote Zk# fe=f+-+fie1+ fix1+--+ fn. It is enough to
consider the case of 2§ < 2§ < -+ < 2%,.

We investigate asymptotic behaviors of the solution to (3). Note that the
study of Hy, and Hgjpy leads us to the second order differential equations while
(3) is the system of first order ODEs. Moreover, a energy potential (1) gener-
alizes the potentials of Hy, (o« = 0) and Heops (o = 1). Some special solutions
of (3) with a = 0 were studied in [2,3,12]. In particular, it was proved in [3]
that the ODEs (3) with o = 0 admit unique global solutions.

In Section 2, we prove Propositions 2.1 and 2.2. The estimate (5) and
Proposition 2.1 exclude the possibility of |xg+1(t) — zx(t)] — 0 as t — o
for some k and ¢y > 0. Therefore the solution to (3) exists for all ¢ > 0.

Proposition 2.2 tells us that the center of mass M (t) := Zi\; x;(t) converges
to 0 exponentially and M (t) = 0 is an invariant space. In Sections 3 and 4,
we study the case of N =2,...,5 and investigate the asymptotic behaviors of

solutions more precisely.

2. Basic properties and results

First of all, we will show that a collision of particles does never happen for
the initial data 29 < 23 < --- < 2%;. For the solution of the gradient flow (2),
it is easy to check that

(4) Va(X)(t) < Va(X)(0).

Then we can derive from (4), for a > 1,

1
5 P — 2a t > —_—
5) e e 220) 2 s
which excludes the possibility of |zk11(t) — zk(t)] — 0 as t — to for some k
and tg > 0.

For a = 0, we have

—log (Il <;ck<n|z; — zk|) < Va(X)(0),
which implies that

Mi<icran|mi — k| > e Va X0,
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In this case, we can not exclude the possibility of |zxy1(t) — 2x(¢)] — 0 as
t — to for some k and tg > 0. We define
e(t) == k=1mlrjlv_1(.rk+1 —x1) ().

yeeny

Proposition 2.1. Let x; be the solution of (3) with & = 0. For the initial
data satisfying 29 < 29 < --- < 2%, we have z1(t) < w2(t) < -+ < xn(t) for
all t > 0. More precisely, we obtain

de(t) 4
> t).
dt EORR
Therefore, we have % > 0 when e(t) \/Lﬁ
Proof. Let e(t) = mir]lv 1(9ck+1 — ) (t) = i1 — x; for some i. Then we
have o
d
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Then we arrive at

#0225 (1 5) e ()
0 (=)
1

> (v) -0

We have (211 — z;) = 9% > 0 when £(t) < ﬁ Therefore it is impossible
to have xpy1(t) — 2x(t) — 0 as t — o for some k and tg > 0. O

Let us consider the center of mass M(t) = + Ziv=1 x;(t).

Proposition 2.2. Let z; be the solution of (3). Then the center of mass M
satisfies
dM

(6) M=,

Proof. Adding (3) for i = 1,2,..., N and considering (xv_gci)mﬂ + (xk_wlv)hﬂ
= 0, we derive (6).

Remark 2.3. The equation (6) can be solved by M (t) = M(0)e *. So the
center of mass M (t) converges to 0 exponentially. Also we have an invariant

space M (t) = 0 which implies vazl x;(t) = 0 for the initial data satisfying
N o
Zi:l ‘Ti =0.
We introduce the diagonally dominant matrix and its properties. We refer
to [8] for more information.

Definition. A square matrix is said to be diagonally dominant if, for every
row of the matrix, the magnitude of the diagonal entry is larger than or equal
to the sum of the magnitudes of all the other (non-diagonal) entries in that
row. More precisely, the matrix A is diagonally dominant if

laii| > Z la;;| for all 4,
J#i
where a;; denotes the entry in the i-th row and j-th column. If a strict in-

equality (>) is used, this is called strictly diagonally dominant matrix.

It is known that a symmetric strictly diagonally dominant matrix with pos-
itive diagonal entries is positive definite. We can check that

1+(2@+1)Zk¢¢m for ¢ = j,
—(2OZ+1)W for Z#]

Therefore the Hessian of V,, is a strictly diagonally dominant matrix with pos-
itive entries on the diagonal. This implies that it is positive definite and thus

0:0;Va(X) =
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Ve is strictly convex. This implies that all the trajectories of its gradient flow
converge exponentially fast to the equilibrium. More precisely, we have, for
any solution z;(t), the following bound

[X(t) = Xe| < cre™®"[X(0) — Xl

where X, is the equilibrium point and ¢y, co are positive constants. By the
equilibrium point we mean the only one in each connected component of the
domain.

We finish this section by noting equilibrium points of (3). It is well known
that the equilibrium points of (3) with az = 0 are given by zeros of the Hermite
polynomials [7,9]. This one is the unique global minimizer of Vy(X) up to
symmetry and an asymptotically stable equilibrium point of the ODEs (3)
with o = 0. It is also known in [1] that zeros of the Hermite polynomials are
included in the equilibrium points of (3) with o = 1.

3. The cases of N =2 and N =3
We study the cases of N =2, 3 and investigate the asymptotic behaviors of
solutions more precisely.
3.1. N=2
The equations (3) read as for N = 2

oy 1
dt B (xl — .132)20‘+1 b
drz _ !
dt (w9 — mp)20t] 2
Then we have
d 2
(2 —21) = (22 —an)2ott (z2 — 21),

which is solved by
(2 — 21)2°2(1) = 2 + ((xg _ g0)2et2 2>67(2a+2)t.
Note that 23 — 9 > 0. On the other hand, we have from the equation (6)
(21 +@2)(t) = (2} +25)e™".

Then we have
2041 2a+1

21(t) = —27 2272 and x5(t) — 27 22

as t — oo.
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3.2. N=3
The equations (3) read as for N =3

dil'l - 1 + 1 0
dt — (x1 — 22)20FL T (zq — ag)20t] L
dl‘g 1 1

(7) At (2n —zy )20 + (g — z3)20+1 %
drs _ 1 v ! e
dt o (1’3 — $1)2a+1 ((Eg — Z2)2a+1 3

With the notation = z9 — 1 and y = x5 — 22, we can derive from (7)

dx . 2 1 N 1
- dat T g2o4l T g2ail T (g4 gy2atl)
dy 2 1 1

at Ty = y2a+l 2o+l + (z + y)2otl’
where we use x3 — r1 = y + x. Then we can derive
3(z20+1 — y20+1)
EnE

Note that (z —y)(t) = 0 is an invariant subspace of (9).
For the initial data satisfying 2(0) = y(0), the system (8) reduces to

dv (1 1
o T =T 9ear1 ) Jzar

from which we have x — (1 + 57 1) 2 ast — oo.

e
It is easy to show that (x — y)(t) # 0 if (x — y)(0) # 0. Without loss of
generality, we assume that (x — y)(¢) > 0. Since

=0.

) oy to—yt

x2a+1 _y2a—1 (x_y) x2a+x2a—ly+.“+xy2a—l +y2a)

(zy)2o+1 - x2a+ly2a+1
1 1 1
~ =)+ S ey
= (z—y)P(1),
the equation (9) can be rewritten as
d

a(x—y) +(1+3P(@)) (z—y)=0.

Then we have
0< ((E _ y)(t) _ (x[) _ yO)e_ fU”(l—H’)P(s))ds
Noting that P(s) > 0, we have x —y — 0 as t — oo which implies that

r1 — 2x9 + 23 — 0.
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We also know from Proposition 2.2 that
T+ 2+ 23— 0 as t — oo.
Then we have, as t — o0,
z1+x3—0 and xo — 0.

Let us consider the case of 1 = —x3 and 25 = 0. Then the system (7) reduces
to

d$3 - 1 1
@ -\ et ) et
1
from which we have x5 — (1 + 22%) 2042 98 t — 00.

4. The cases of N =4 and N =5

For N = 2m, we consider the case of z, = —x9,,—p+1 for k =1,2,...,m.
Then (3) reduces to the system of ODEs consisting of 41, ..., Z2,. For N =
2m+1, we consider the case of v, = —xom—p2 for k=1,2,... ;mand 41 =
0. Then (3) reduces to the system of ODEs consisting of 42, . .., Tom,1-
4.1. N =4

We consider the cases of 1 = —xz4, o = —x3. Then (3) reduces to the
system of ODEs consisting of © = x3, y = x4.

dr 1 1 1
(10) [ T R P O
dy 1 1 1

R N T N O
Note that 0 < z < y. Then we have

d 2 1 1 1
%(y —1)= (y — z)20+1 T 5%t ya+l  pra+l | T (y —=).
Since y — x > 0, we have
d 2
P —_ < - _ R
P = a)tert (y — )
which implies
0< e(2a+2)t(y _ $>2a+2(t) < (y _ x)2a+2(0) + 26(2a+2)t —9.
Then we have0<y—x§2ﬁ as t — oo.

To study more precise behaviors of solutions to (10), we consider the case
of @ = 0. Then the equations (10) become

dx 1 + 1 1

— = — -z
(11) dt -y x4y 2z ’

@ 1 1 1

dt:y—m+m+y+@7y'
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To find equilibrium points, we have from the right hand sides of (11)
52% —y? =222 (2% — %) and 5y® — 2% = 2% (y* — 2?),
from which we derive
20 +9°) = (y* —2®)® and 3(y° —2?) = (v* — 2®)(v* + 2?).

Then we have y? + 22 = 3 and y? — 22 = v/6. Note that 0 < = < y. To study
the behaviors of y? + 22 and y? — 22, we can derive from (11)

%:6—2){,
. av _ax o
dt Y ’

where X = 22 +y? and Y = y? — 22. The solutions of (12) are given by
X(t) = e 2 (X(O) +3e2 3),

t
e'Y2(t) = Y3(0) —|—/ 8et* X (5)ds.
0
Then we can conclude that

X(t)—3 and Y(t) > V6 as t— oo.

4.2. N=5
We consider the cases of 1 = —x5, 29 = —x4 and 23 = 0. Then (3) reduces
to the system of ODEs consisting of x = x4, y = 5.
dx 1

1 1
A e TR (1 g ) g =

dy 1 1 1 1 1

dt (y — x)2a+1 + (z + y)2e+1 + + 22a+1 | g20+1 -Y

Note that 0 < 2 < y. For @ = 0, the equations (13) become

dz 1 1
+

3
Eix—y x+y+ﬂ7
@ 1 1 3

dt:y—m+x+y+@7y'

(14)

Then the equilibrium of (14) is a root of the following equations.
27 4+ 207 ) —?(a® —y?) =0,
3
29" + S0 —2%) — 2 (y* —2%) =0,
which implies
2(2° + %) — (a® —y*)* = 0,
5(2* —y?) = (@ = y*)(® +y?) = 0.
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Therefore we have 22 + y? = 5 and y? — 22 = v/10. We also derive from (14)

dX

— =10-2X
dt ’
dy 4X

— == _9Y,
dt Y ’

where X = 22 4+ y? and Y = 92 — 22. Then we can derive that
X({t)—5 and Y(t) = V10 as t— oo.
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