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SOME CLASSES OF OPERATORS RELATED TO
(m,n)-PARANORMAL AND (m,n)*-PARANORMAL
OPERATORS

SHINE LAL ENOSE, RAMYA PERUMAL, AND PRASAD THANKARAJAN

ABSTRACT. In this paper, we study new classes of operators k-quasi
(m,n)-paranormal operator, k-quasi (m, n)*-paranormal operator, k-qu-
asi (m,n)-class Q operator and k-quasi (m,n)-class Q* operator which
are the generalization of (m,n)-paranormal and (m,n)*-paranormal op-
erators. We give matrix characterizations for k-quasi (m, n)-paranormal
and k-quasi (m,n)*-paranormal operators. Also we study some proper-
ties of k-quasi (m,n)-class Q operator and k-quasi (m, n)-class Q* oper-
ators. Moreover, these classes of composition operators on L? spaces are
characterized.

1. Introduction and preliminaries

Let B(H) be the algebra of all bounded linear operators defined on an infi-
nite dimensional complex separable Hilbert space H. For T' € B(H), N(T) and
R(T) denote the null space and range of T, respectively. An operator T' € B(H)
is said to be hyponormal if TT* < T*T, paranomal if | Tx|]? < ||T?%z||||z|, *-
paranomal if | T*z||?> < ||T?z]||||x||, n*-paranomal if | T*z||™ < || T™z||||x|"*
for all x € H and class Q if T**T? — 2T*T + 1 > 0 ([3,4,14]). An op-
erator T € B(H) is called a class Q* operator if 7272 —2TT* +1 > 0
[16]. Tt is well known that all paranormal operators are of class Q and all x-
paranormal operators are in class Q*. For m € RY, n > 1, T € B(H) is called
(m,n)-paranomal if |Tz||"* < m|| T z|/||z||™ for all x € H and (m,n)*-
paranomal if ||T*x||" 1 < m||T™ z||||z||™ for all z € H ([2]). As an extension
of (m,n)-paranomal and (m,n)*-paranomal the authors studied (m, n)-class Q
and (m,n)-class Q* operators ([12]). An operator T is called (m,n)-class Q

2

if |Tz|* < % ([T z||> 4+ n||z||?) for every & € H, and (m,n)-class Q*
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if [|[T*x|? < M ([T z||> + n||z||?) for every & € H ([12]). The following
inclusion holds

hyponormal C paranormal C (m, n)-paranormal C (m,n)-class Q,

(m,n)*-paranormal C (m,n)-class Q*

see ([2,4,12]).

Let (X, A, 1) be a o-finite measure space. A transformation 7T is said to be
measurable if T=1(B) € A for every B € A. If T is a nonsingular measur-
able transformation on (X, A, 1) and the Randon-Nikodym derivative d“zzl
denoted by h, is essentially bounded, then the composition operator Cr on
L?(u) is defined by Crf = foT, f € L*(u) [15]. Let L>(u) denote the space
of all essentially bounded complex valued measurable functions on X. For
7 € L>®(u), the multiplication operator M, on L?(u) is given by M, f = 7 f,
f € L?(u). The weighted composition operator W on L?(X, A, i) induced by
T and a complex valued measurable function 7 is given by

W =n(foT)

for f € L%(u1). Let mj, denote m(m o T)(mw o T?)--- (7w o T*~1). Then, W¥*(f) =
7, (f o T)* [11]. More details on general properties of (measure based) com-
position operators can be found in [10,15]. The conditional expectation oper-
ator E(:|p-1 A)) E(f) is defined for each non-negative function f € LP(u),
1 < p < o0 and is uniquely determined by the conditions

(i) E(f)is T~'(A) measurable.
(ii) If B is any T~'(A) measurable set for which [, fdu converges, then
fB fdp=[ s E(f)d
The conditional expectation operator E satisfies the following:
For f,g € L2(p),

(i) E(g) = g if and only if g is T~ (A) measurable.

(ii) If g is T71(A) measurable, then E(fg) = E(f)g.

(iii) E(fgoT) = (E(f))(goT) and E(E(f)g) = E(f)E(9)-

(iv) E(1) = 1, E is the identity operator in L?(p) if and only if T=(A) = A,
and E is the projection operator from L?(p) onto C(L2(p)).

We refer the reader to [1,8,9,13] for more details on the properties of con-
ditional expectation.

In this paper, we introduce new classes of operators, k-quasi (m, n)-class Q
and k-quasi (m,n)-class @*. In ([2]) P. Dharmarha and S. Ram introduced
(m,n)-paranomal and (m,n)*-paranomal operators and studied some of its
properties. Here we consider k-quasi (m,n)*-paranomal operators which in-
clude (m,n)*-paranomal operators. Note that k-quasi (m,n)*-paranomal op-
erators are k-quasi (m,n)-class Q* operators.
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2. k-quasi (m,n)*-paranormal operators and k-quasi
(m, n)-paranormal operators

In this section we study some properties of k-quasi (m, n)*-paranormal op-
erators and k-quasi (m,n)-paranormal operators. Also we give matrix charac-
terizations of these classes of operators.

Definition 2.1. An operator T' € B(H) is said to be k-quasi (m, n)-paranormal
if
|TT*2||" T < m|| T TF2 ||| T || for all z € H.

From the definition, it is clear that every (m,n)-paranormal operators are
k-quasi (m,n)-paranormal operators. The reverse inclusion need not be true
in general. For example, if ' = ({ }), then T is a k-quasi (m,n)-paranormal
operator for k > 2. But T is not (25, 3)-paranormal operator.

Definition 2.2. Let m € R* and n,k € N. An operator T' € B(H) is said to
be k-quasi (m,n)*-paranormal if

|T* T || "t < m|| T k||| T 2 ||" for all 2 € H.

In particular if £ = 0 and m = 1, then this class of operators coincides
with the class of n*-paranormal operators [14]. If £k = 0 and m = n = 1, then
k-quasi (m,n)*-paranormal operators coincide with s-paranormal operators.
The following example shows that there is an operator which is k-quasi (m, n)*-
paranormal but not (m,n)*-paranormal, That is, the class of k-quasi (m,n)*-
paranormal operators is larger than the class of (m,n)*-paranormal operators.

0 0
T = (1 0).
If £ > 2, then T is a k-quasi (m,n)*-paranormal operator. But 7 is not
(25, 3)*-paranormal.

Example 2.3. Let

Now, we give some properties of k-quasi (m, n)*-paranormal operators.
Theorem 2.4. Let T € B(H). Then T is k-quasi (m,n)*-paranormal if and
only if
(2.1) mmr TRt it lph _ (n 4 1) a"TFTT*Th 4 m 51 n o™ TTF > 0
for all a > 0.

Proof. Suppose that T is a k-quasi (m, n)*-paranormal operator. Then by the
definition,
mAT (| T 2T g, Tra) =1 (Thz, TFa) =47 > (|T* 2T 2, T"2), Vo € H.
By the generalized arithmetic-geometric mean inequality, it follows that
1
n+1

(a="mT | T 2R, Th) + Z C{a maTTr, Trz)
n
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(a_”mn%l|T"+1|2Tkx,Tkx>%+l (a mn%lT’fx’Tkx}#l

= mtT (T2 Tr Tkgg)ﬁ (T*z, TF) =

Y

> (| T PT 2, T ).

Thus,
7?—_:1 m%Jrl(T*kT*”“T"HTkx,x} + nL—fl mn%l(T*ka%@
—(T**TT*T*z,x) > 0.

Hence,

mAT TRtk (4 1) " THRTT*TF 4 mait n o™ T > 0
for all @ > 0. Conversely, suppose that (2.1) holds. Let x € H with
(T*Fpsntipntirhy ) = 0. From (2.1),

maT n a(T**T*z, 2) — (n 4+ I(T**TT*T*z, x) > 0.
Letting a — 0, we get (T**TT*T*z,z) = 0. Hence
maT ([T 2 Th g, TRg)wt (Tha, TF2) =4 > (|T* 2T 2, T*x).
For z € # with (T**T*" 1T +1Tky 2) > 0, by taking
(T*kpentipntlpky 5 mh
“= ( (T*k Tk, x) )

in (2.1), we get
mAT (T 2Th g, Tha) vt (Tha, Tra) w1 > (| T* 2T, T ).
Hence, T is k-quasi (m,n)*-paranormal. O

Theorem 2.5. Let T € B(H) be a k-quasi (m,n)*-paranormal operator and
M be a closed subspace of H which is invariant under T. Then T|am is a
k-quasi (m,n)*-paranormal operator.

Proof. Let B = T |y and P be the orthogonal projection on to M. Then
TP = PTP. Hence, B¥BJ = PT*JTJP for all j € N. Since T is a k-quasi
(m,n)*-paranormal operator, we have

mt Bk pgrntligntlgk _ (n+1) «"B**BB*B* + mT "t Bk Bk
= PT*F(mm3 T AT _ (n 4+ 1)a"TPT* + mana™ ' 1) TFP
> PT*F(ma 1 T+ — (n 4+ 1)a"TT* + m=rina™ 1 1)TFP > 0.
Hence, T'|aq is a k-quasi (m,n)*-paranormal operator. O

Theorem 2.6. Let T € B(H).

(i) IfT is a (k+1)-quasi (m,n)*-paranormal operator, then T is a k-quasi
(m,n + 1)-paranormal operator.
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(ii) If T is a k-quasi (m, n)*-paranormal operator, then T is a (k+1)-quasi
(m,n)*-paranormal operator.
Proof. (i) Suppose that T'is a (k+1)-quasi (m, n)*-paranormal operator. Then
|T*TE | < m|| TP TR ||| T 2 || for all = € H.
Now,
HTk+1$C||2n+2 _ <T*Tk+1l‘ Tk:L‘>n+1
< ‘lT*Tk+1l‘||n+1||Tk$”n+1
< T T T

Thus, |[TT*z||"*? < m|| T 2T ||| T z|"** for all z € H. Hence, T is a
k-quasi (m,n + 1)-paranormal operator.
(ii) Assume that T is a k-quasi (m, n)*-paranormal operator. Then

|T* T || "t < m|| T Tk ||| T*z||" for all 2 € H.
Then for x = Tu, we get
| T TR || < || TR L[| T L™ for all u € H.

Hence, T is a (k + 1)-quasi (m, n)*-paranormal operator. O

The following theorem gives matrix representation for k-quasi (m,n)*-para-
normal operators in terms of (m,n)*-paranormal operators.

Theorem 2.7. Let T € B(H) and R(T*) # H. If T is a k-quasi (m,n)*-
paranormal operator, then

T (g‘ g) on R(TF) & N (™),

where A is an (m,n)*-paranormal operator on R(T*), C* = 0 and o(T) =

o(A)U{0}.
Proof. Assume that T is a k-quasi (m, n)*-paranormal operator. Then
|T*T*z||" T < m|| TP T ||| T 2| for all z € H.
Put T*z = z in the above equation we get
172"+ < m| T2

Since R(T*) is not dense in H, T = (4 B) on R(T*) & N(T**), where A =
T |zzizwy- Therefore, |A*2]|" Tt < m||A"FLz||||z]|™ for all z € R(T*). Hence, A
is an (m, n)*-paranormal operator on R(T*). Let x € N'(T**). Then
i B Ak Zf:ol AiBCk—1-i 0 -
T(a:)—(o ok . € R(T*F).

By ([6, Corollary 7]), C* = 0. Also o(T) = o(A) U{0}. O
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Now we give some characterizations of k-quasi (m, n)-paranormal operators.

Theorem 2.8. Let T' € B(H). Then T is k-quasi (m,n)-paranormal if and
only if

(2.2) maT TR Itk (n 4 1) oM TR T T  4m i1 n o™ T TR > 0
for alla > 0.

Proof. Suppose that T is a k-quasi (m,n)-paranormal operator. Then by the
definition,

mA T (| T 2T g, TF ) w1 (Th2, Tra) =47 > (|T|2T 2, T*z), Vo € 1.
By the generalized arithmetic-geometric mean inequality, it follows that
1

n+1
Hence,

m%ﬂT*kT*n+1Tn+1Tk _ (TL + 1) anT*kT*TTk + mﬁ n a’I’LJrlT*ka Z 0
for all @ > 0. Assume that (2.2) holds. Let x € H be such that
(ThEentipntiphy oy — 0.

(a~"m T T2 Th g, Ty 4 o m T e, Th) > (|TPT 2, T ),
n

Then from (2.2),
maT n o(T*T e, 2) — (n + D)(T*T*TT 2z, 2) > 0
for every a > 0. Letting a — 0, we get (T**T*TT*x,z) = 0. Hence
AT (| T 2T, TR ) &7 (Thg, TFe) 71 > (T2, TF2).

Now, let z € H be such that (T**T** 17 +1Tkg 2) > 0. Put

_1
. <T*kT*n+1Tn+lTk{,C,ZL'> n+l
B (T*k Tk, x)

in (2.1), we get

mAT (| T 2T g, TF ) = (Tha, Tra) =41 > (|T)2T 2, TFz).

Hence, T is k-quasi (m,n)-paranormal. O

The following theorem gives matrix characterizations for k-quasi (m,n)-
paranormal operators in terms of (m,n)-paranormal operators.

Theorem 2.9. Let T € B(H) and R(T*) is not dense in H. The following
are equivalent:

(1) T is a k-quasi (m,n)-paranormal operator.
(2) T = (4 E) on R(T*) & N(T**), where A is an (m,n) paranormal
operator on R(T*), C* =0 and o(T) = o(A) U {0}.
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Proof. Assume that T is a k-quasi (m,n)-paranormal operator. Since R(T*)
is not dense in H, T = (4 B) on R(T*) & N(T**). Since T is a k-quasi
(m,n)-paranormal operator, we have

((mﬁT*"HT”'Irl —(n+1)ad"T*T + maT n a" Nz, x)

= ((mﬁA*"HA"+1 —(n+1)a"A"A+ meT a" M N, z) >0

for all x € R(T*). Hence, A is an (m,n)-paranormal operator on R(T*). Let
x € N(T**). Then

o= (§ B2 () e

Hence, C* = 0. By ([6, Corollary 7]), o(T) = o(A) U {0}. Conversely, let
T =(45)onR(TF) & N(T**), where A is an (m, n)-paranormal operator on
R(T*) and C* = 0. Thus

Tk _ Ak Zfz_ol At BOk-1-i
0 0

kopxk k—1 4i k—1—i/x~k—1 4i k—1—iy*
and TkT*k — AT A Jrz,;zo A'"BC (Zi:o A'BC ) 8) = (‘38), where

0
S = AkAk 4 Zf:ol AiBC”“_l_i(Zf;()l A'BCk=1=9)* Since A is an (m,n)
paranormal operator, we have
TR (ma T (4 1)a" T T + ma T g™ 1) T

_ (S(mnilA*”*lA"*l —(n —|—Ol)a"A*A + mTTna" )8 8) > 0.

Let D = T*(mm= T — (n 4 1)a"T*T + m71na" ' I)T*. Then
TFDT** > 0. Let + € H. Then 2 = y + 2, where y € R(T**), 2 € N(T*).
Since y € R(T*F), there exists a sequence (1,,) in H such that T*%(xz,) — y.
Since z € N(T*), Dz = 0 and (Dz,x) = (Dy,y) > 0. Hence, T is a k-quasi

(m,n)-paranormal operator. O

3. k-quasi (m,n)-class Q and k-quasi (m,n)-class Q* operators

In this section, we study some extensions of k-quasi (m,n)-paranormal and
k-quasi (m,n)*-paranormal operators namely k-quasi (m,n)-class Q and k-
quasi (m,n)-class @*. In ([12]), the authors studied (m,n)-class Q and (m,n)-
class Q* operators. It is evident that these classes are independent.

Definition 3.1. Let m € R™ and n,k € N. An operator T' € B(H) is said to
be a k-quasi (m,n)-class Q operator if

T+ (m%T*"“T"+1 —(n+ DT +m™T 7 I) T+ > 0.
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In particular if £ = 1, then T is said to be a quasi (m,n)-class Q operator. If
m = n = 1, then this class of operators coincides with k-quasi class Q operators
[5].
Definition 3.2. Let m € R* and n,k € N. An operator T' € B(H) is said to
be a k-quasi (m,n)-class Q* operator if

T+ (mn%T*”“T"“ — (n+ D)TT* +m#T n 1) Tk > 0.

In particular if £ = 1, then T is said to be a quasi (m,n)-class Q* operator.
Now we give some characterizations of k-quasi (m,n)-class Q operators.
Theorem 3.3. Let T € B(H). Then T is a k-quasi (m,n)-class Q operator if

2

and only if ";T (| TF |2 4 n||T*z||?) > |TF || for all x € H.

Proof. Let T be a k-quasi (m,n)-class Q operator. By definition, we have
(T (mn%T*”“T“H —(n+ D)TT +m™ 1) Tkg,z) > 0V € H.
Therefore,
marT (T*k+n+1Tk+"+1x,x> —(n+1) (T*kHT’“Hm,x}

+meT (T**T*z,2) >0

_2
if and only if "f::ll ([ TF |2 4+ n||T*z|?) > |TFH |2 for all z € H. O

Theorem 3.4. Let T € B(H). Then Aw+iT is a k-quasi (m,n)-class Q oper-
ator, for all A > 0 if and only if T is k-quasi (m,n)-paranormal.

Proof. Let AT be a k-quasi (m,n)-class Q operator, for all A\ > 0. Then,
by definition, we have

(AT [m* AT T Z\THFIT) . — (n 4 DATH T*T + marin I}
(AFIT)* >0, A > 0.
Then
(\FHE Yk [mT ATImEALpRL (g DATE T + m#nf]
T >0, A>0
& WA (A T (o DAFE T 4 a2 |
TF >0, A>0

2m 2m

& Tk [mn%T*nHT"H — (n+ 1)(ARFOT*T + mt p(Anr )n+1f]

T >0, A>0

o T [mn%T*"“T”“ — (n+ 1)a"T*T + m%ﬂnanﬂf} TF >0, a>0
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if and only if T is a k-quasi (m, n)-paranormal operator. O

Theorem 3.5. Let T' € B(H) be a quasi (m,n)-class Q operator and A € B(H)
be an isometric operator such that AT = TA. Then TA is a quasi (m,n)-
class @ operator.

Proof. Let S =TA. Since AT =TA, A*A=1Tand T is a quasi (m,n)-class Q
operator, we have

Mt G2 (4 1)§°282 4 mait p §*9
= M2 (AT 2T A — (n+ 1)(A*T)X(TAP? +ma1 n AT*TA
_ m%ﬂT*"HT”J’Q _ (n + 1)T*2T2 + m%ﬂ nT*T > 0.
Hence S = T'A is a quasi (m, n)-class Q operator. O

Theorem 3.6. Let T € B(H) be a quasi (m,n)-class Q operator and T is
unitarily equivalent to an operator B € B(H). Then B is a k-quasi (m,n)-
class Q operator.

Proof. Since T is unitarily equivalent to B, there exists a unitary operator
U € B(H) such that B =U*TU.
Now

B (m%ﬂB*““B"“ —(n+1)B*B+m™ n I) B*
— UT*U [mT U Y (4 1)USTTU + m nU*U] UrTE U
— UT*U [U* (m%T*”HT"+1 — (n+ )TT + mT nl) U] UTEU
= T (m%ﬂT*"“T”“ — (n+ D)T*T +m# n I) Tk,
Since T is a quasi (m,n)-class Q operator, we get
Uk (m#T*"HT”+1 — (n+ D)T*T +m# n I) U > 0.

Hence, B is a k-quasi (m,n)-class Q operator. O

Theorem 3.7. Let T € B(H) be a k-quasi (m,n)-class Q operator. If R(T*) =
H, then T is an (m,n)-class Q operator.

Proof. Let y € H. Since R(T*) = H, there exists a sequence (z;) in H such
that T*(x;) converges to y € H. Since T is a k-quasi (m, n)-class Q operator,

<[T*k (mn%T*"“T"H —(n+ D)T*T +m=7 n I) Tk] xx> > 0.
Then, ((m=1 T** 1T+ — (n 4 1)T*T + mw1 n I)T*2;, T*a;) > 0. Hence,

(a3 T+ (n 4+ O)T*T + mw1 n I)y,y) > 0. That is, T is an
(m,n)-class Q operator. O



1084 S. L. ENOSE, R. PERUMAL, AND P. THANKARAJAN

Theorem 3.8. Let T € B(H) be a k-quasi (m,n)-class Q operator and R(T*)
#H. If

T <g‘ g) on R(TF) @ N(T™),

then A is an (m,n)-class Q operator on R(T*), C¥ = 0 and o(T) = o(A)U{0}.
Proof. Since T is a k-quasi (m,n)-class Q operator, we have
ma (| TRy |12 4| TRy )%) > (n+ )Ty )12,
Let z = T*y. Then
maH ([T 2|2 4 nl|2]|2) > (0 + 1)[| T2 )%
Since A = Tlzzwy mAiT (JJ[A" 2] + n||2][?) > (n+ 1)||Az|* for all z €

TkY
R(T*). Hence, A is an (m,n)-class Q operator on R(T*). Let x € N(T**).

Then
5 B AR Zf:o AiBOk—1-i 0 -
T(ac)(o ok - € R(T*).
Hence, C* = 0. By ([6, Corollary 7)), we get o(T) = o(A) U {0}. O

Now we give some characterizations of k-quasi (m,n)-class Q* operators.

Theorem 3.9. Let T € B(H). T is a k-quasi (m,n)-class Q* operator if and

N
only 1 ";;rll (|7 |2 + n|| T2 ||?) > |[T*T 2|2 for all z € H.

Proof. The result follows by a similar argument as in Theorem 3.3. (|

Theorem 3.10. Let T € B(H). A\7t1T is a k-quasi (m,n)-class Q* operator,
for all X > 0 if and only if T is a k-quasi (m,n)* paranormal operator.

Proof. The result follows by a similar argument as in Theorem 3.4. O

It is clear that the following results hold for k-quasi (m,n)-class Q* opera-
tors.

(i) I T € B(H) is a quasi (m,n)-class Q* operator and A € B(H) is an
isometric operator such that AT = TA, then TA is a quasi (m,n)-
class Q@ operator.

(ii) If T € B(H) is a quasi (m,n)-class Q* operator and T is unitarily
equivalent to an operator B € B(#), then B is a k-quasi (m, n)-class Q*
operator.

(i) If T € B(H) is a k-quasi (m,n)-class Q* operator and R(T*) = H,
then T is an (m,n)-class Q* operator.
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4. k-quasi (m,n)-class Q and k-quasi (m,n)-class Q* composition
operators

In this section, we give measure theoretical characterizations of k-quasi
(m, n)-class Q and k-quasi (m,n)-class Q* composition operators on L?-spaces.
Study of these classes of operator in the view point of composition operator
helps to create more examples for the above classes of operators.

Proposition 4.1 ([1,7]). Let P be the projection from L*(X, A, u) onto R(Cr).
Then the following results holds for every f € L?(u)
(i) Cxf=h-E(f)oT 1.
(ii) Chf=foTk Cf=hE(f)oT "
(i) CrCrf=(hoT)Pf, C4Cr = hf.

Theorem 4.2. Cr is a k-quasi (m,n)-class Q operator if and only if
m%ﬂ(hk.;_n-u +n hi) = (n+ 1)
Proof. By definition, Cr is a k-quasi (m,n)-class Q if and only if
(T O IR — (n 4 )OFFICE 4 m7T 0 CRFCR), f) 2 0
for every f € L?(u). Now
Crkntlohintl §  cokntl( g o phtnely
= hpsnir B(f o TR+ o = (ktntD)
= hgtnir f

Also, CZFICETLf = hy 1 f and C3FCEf = hyf. Hence, Cr is a k-quasi
(m,n)-class Q operator if and only if

m%“(hk+n+1 +nhg) > (n+ 1Dhgy. u
Theorem 4.3. C75 is a k-quasi (m,n)-class Q operator if and only if
M (hppnr © T o hy o TF) > (04 1)hgyy o THHL
Proof. By definition, C% is a k-quasi (m,n)-class Q if and only if
(AT CEF IO — (n 4 )OO £ mT 0 CRC L 1) 2 0
for every f € L?(). We have
Ol oehtntl p ot (hk+n+1E(f) o T—(k+n+1)>

= (hk;JrnJrl E(f) o T_(k+7b+1)) o Tk+7z+1
= hpgnp1 o T TLE(f)

= hjgngr 0 THIHLE,

Similarly, we get CETLCHFH f = hy ) o THHUf and CECHE f = hy, o T* f.
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Hence, C% is a k-quasi (m,n)-class Q operator if and only if
M (hyyngr 0 T 4 by o TF) > (4 1)hyyy o THHL 0
Example 4.4. Let X = NU{0}, A= P(X) and p be the measure defined by
p(A) =" my,

keA
where

my =

1 if k=0,
= ifk>1
Let T': X — X defined by

0 k=0,
T(k):{ k-1 k>2

Then for ¢ > 1, we have

o 9

Therefore, h(k) = “TT%’C}) — { :
Then, for ¢ > 1 we have

hq(k):{ 2444 gt k=0,

L k> 1.

If m > 2 and n = 3, then m2 (hg 4+ 3hg) > 4hg for k = 2. Hence Cr is a 2-quasi
(m,n)-class Q operator.

Theorem 4.5. Let Cr be the composition operator of T on L?(u). Then
(i) Cr is a k-quasi (m,n)-class Q* operator if and only if

AT (st +n hy) > (04 Dhypq o THTL
(ii) C% is a k-quasi (m,n)-class Q* operator if and only if
M (Bggpngr o T 4n by o TF) > (n 4 1)y
Proof. (i) Cr is a k-quasi (m, n)-class Q* operator if and only if
<(m%“0;k+n+10§+n+l — (n+ 1)CEH okt 4 mT C;kcég)f,f> >0
for every f € L?(u). Now
Cpftn L ghtntl p _ cultntl (o phtntly

= hjpsns1 E(f o THHn+1) o p=(ktntD)

= higns1f-
Similarly, we get C;¥CE f = hy. f. Also,

CEFLOakH1 f — Ok (hy  B(f) 0 T
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= (a1 B(f) o TH1) o TH1
= hgy1 0 THLf.
Hence, Cr is a k-quasi (m,n)-class Q* operator if and only if
M (hyygr 1 ) > (04 Vi o THH,
(ii) C% is a k-quasi (m,n)-class Q operator if and only if
((mT R CaF ! — (n+ OGO 4 m 0 GRS f) 2 0
for every f € L?(u1). Now,
C§+n+1c;k+n+1f _ Cécj—n—b—l <hk+n+1E(f) o Tf(k+n+1)>

= (hk+n+1 E(f) OTf(kJrnH)) o THHTH
= hgtnyr 0 T HLE(f)

= hk+n+1 o Tk+n+1f.
Similarly, we get CECxF f = hy, o T* f. Also,
CEHICHf = O (o)
= hps1 E(f o TFFTY) o 7= (k1)
== hk+1f.
Hence, C7 is a k-quasi (m,n)-class Q* operator if and only if
m% (hk+n+1 o Tk+n+1 +n hk o Tk) > (TL + 1)hk+1. O
Example 4.6. If we choose m > 2428 and n = 3 in Example 4.4, we see that
Cr is a 2-quasi (m, n)-class Q* operator.

Now we give characterizations for k-quasi (m,n)-class Q weighted composi-
tion operators on L2 ().

Proposition 4.7 ([1]). If W is a weighted composition operator induced by T
and m, then the following statements hold.
(i) W*W(f) = hE(|x|*) o T~(f),
(ii) WW*(f) = w(ho T)E(Tf),
(itt) W*W*(f) = hx By (Imp[?) o T (f) and
(iv) WEW*k f = mp(hy, o T*)E(7 f),
where m, = w(woT)(woT?) .- (roT* 1) and Ey is the conditional expectation.
For f € L?(n), let Ji f = hy, By (|my|*)oT =" (f) and Ly f = my,(hyoT*) E( f).

Theorem 4.8. Let W be the weighted composition operator induced by T' on
L2(u). Then W is a k-quasi (m,n)-class Q operator if and only if

m%ﬂ(t]k—i-n—i-l +77,Jk) Z (’ﬂ + 1)Jk+1.
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Proof. By definition, W is a k-quasi (m,n)-class Q operator if and only if
<(m%+1w*k+n+lwk+n+l _ (n+1)W*k+lwk+l + m%ﬂ n W*ka)f,f> Z O
for every f € L?(u1). Now,
Wkttt g — o Bt ([Tgngn [2) o T-RFn D £
= Jktnt1f-

Also, WHIWEHL £ = hy oy Bpyy (|mpga |2) 0T~ f = Ji g f and WHEWE f =
hi Ex(|mi|?) o T=%f = Jif. Hence, W is a k-quasi (m,n)-class Q operator if
and only if mﬁ(J;ﬁnH +ndr) > (n+1)Jgt1. O
Theorem 4.9. W* is a k-quasi (m,n)-class Q operator if and only if

m%"'l (Lktn+1 +nLly) > (n+1)Ligq.
Proof. W* is a k-quasi (m, n)-class Q operator if and only if
<(mﬁwk+n+lw*k+n+l — (n D)WL . WkW*k)f’f> >0
for every f € L?(p).

We have
WHERH WL f — 1 (B © TP E(@ i f) = Lk f-
Similarly,
WhHp L — o1 (P10 TkH)E(Wka) = Ly f

and

WHEW** f = 7 (hy o T*)E(t f) = L f.
Hence, W* is a k-quasi (m,n)-class Q operator if and only if

M (Liggngr +nLie) > (n+ 1)Lyt O

Theorem 4.10. Let W be the weighted composition operator induced by T on
L2(u). Then

(i) W is k-quasi (m,n)-class Q* if and only if
M (Jni1 + i) > (0 +1) Ly
(il) W™ is k-quasi (m,n)-class Q* if and only if
M (L1 +nLi) > (n+ 1) Jpy1.
Proof. (i) W is k-quasi (m,n)-class Q* if and only if
<(m#W*k+n+1Wk+n+1 — (n 4+ DYWL 4 me n W*ka)f,f> >0
for every f € L?(u). Now,
Wkl pyhantl e g B (g [2) 0 T 0D £

= Jk+n+1f~
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Similarly,
W*RWEf = by Ex(jmi|?) o TFf = Jif.
Also,
WHERW L f = 1 (hiegr o TM T E(egi f) = Lisa f-

Hence, W is a k-quasi (m,n)-class Q* operator if and only if

M (Jp i1 + ndg) > (n+ 1) Lyps.

(if) W* is k-quasi (m,n)-class Q* if and only if
<(m%+1wk:+n+1w*k+n+l _ (n 4 1)W*k+1wk+l 4 m"%-l n WkW*k)f,f> Z 0

for every f € L?(p). Also,

WhEnE ket f — it (Mg © T MY E(@ i1 f) = Lkt f-

Similarly,

WHEW*k f = mp(hy o TF)E (7 f) = Lif.
Also, W*FHI Wkl — by By (|mpgr]?) o T-FFD f = Jip1 f. Hence, W*
is a k-quasi (m,n)-class Q* operator if and only if mﬂ%l(LHnH +nLg) >
(n + 1)Jk+1. O
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