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MULTIPLICITY RESULTS OF CRITICAL LOCAL EQUATION
RELATED TO THE GENUS THEORY

MOHSEN ALIMOHAMMADY, ASIEH REZVANI, AND CEMIL TUNC

ABSTRACT. Using variational methods, Krasnoselskii’s genus theory and
symmetric mountain pass theorem, we introduce the existence and mul-
tiplicity of solutions of a parameteric local equation. At first, we consider
the following equation

—div[a(z, |Vu|)Vu] = p(b(z)|u|*®) =2 — |u|"*)=2)y in Q,
u=20 on 02,

where Q@ C R¥ is a bounded domain, p is a positive real parameter, p, 7
and s are continuous real functions on Q and a(z,€) is of type |£|P(#) =2,
Next, we study boundedness and simplicity of eigenfunction for the case
a(z, |Vu)Vu = g(x)|Vu|P®) ~2Vu, where g € L*(Q) and g(x) > 0 and

p(x)—2

the case a(x, |Vu|)Vu = (1 + Vul?2)” 2 Vu such that p(z) = p.

1. Introduction

Let © € RN be a bounded domain. Our main result is focused on the
solutions for the following boundary value problem:

—divfa(z, |Vu|)Vu] = p(b(z)|ul* @2 = ju|"® =)y in Q,

1
) u=20 on 0,

where p > 0 and a(z,§) is of type |€|P®) =2 where p,r and s are continuous
real functions on Q in which

(2) 1 <s(x) <r(z) <p(x) <p*(z),

where p*(z) = I\ZIVEJISQ(Q) and p(z) < N for all z € Q, and b : Q — [0,00) is a
continuous function which satisfies in

3) b(z) D@ € LL(Q).
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Ap(z) denote the p(z)-Laplacian operator defined by
DApyz = div(|Vz|P®)—2v2).

We refer to [6,8,9,11, 14] for additional results in p(z)-Laplacian systems.

During the last two decades, p(z)-Laplacian problems have deserved the at-
tention of many researchers. Moreover, the field of partial differential problems
involving variable exponent condition is of interested topics of mathematician.

Recently, the study of the variable exponent Sobolov spaces has been an
interesting topic. Materials requiring this theory have been investigated ex-
perimentally since the middle of the last century when the preoccupation for
electrotech logical fluids arose. In [2], the authors investigated the following
Kirchhoff type problem

-M (/Q p(lx)IVuV’(w)dx) Apyu = f(z,u) in Q,
vy on 0S).

(4)

Based on the Krasnoselskii’s genus theory, they established the existence
and multiplicity of solutions.

We also refer to the work of Allali et al. [5] which extends the problem (4)
to biharmonic operator under Neumann boundary condition. Under the same
methods of [2] they obtained the existence and multiplicity of solutions for
problem (4). By using the mountain-pass theorem and the Nehari manifold
technique, the authors in [17] studied the existence of solutions for problem

(1).

It is studied in [1] that nonlinear eigenvalue problems for the p-Laplacian
operator subject to different kinds of boundary conditions on a bounded do-
main. In fact they considered Dirichlet problem, no-flux problem, Neumann
problem, Robin problem and Steklov problem and investigated the regularity
of the first eigenvalue.

The operator —div[p(z, |Vu|)Vu], when ¢(z,t) = [t|P®) =2 was studied by 1.
H. Kim and Y. H. Kim in [11], and many authors after it. For more details we
refer to [17] and [15].

In this paper, we find at least (I) pairs of different critical points for (1).
First introduce some basic preliminary results.

2. Preliminaries

First we recall some definition and the necessary functional framework for
the study of the problem (1), specially the Lebesgue and Sobolev spaces with
variable exponent are given.

Set

C(Q) :={s € C(Q) : min s(x) > 1}.

e
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For any s € C(1), set

s~ := inf s(x) and s :=sups(x).
e z€Q

Define

:={u: Q — R is measurable : / lul* @ da < 400 for s € O (Q)}
Q

uls(z) = inf{a>0:/ ‘M
0 [0

Ly (2)(€) is a separable and reflexive Banach space [7]. For more details about
these variable exponent Lebesgue space see into [11,15,17].

The modular of the L(,)(f) is defined by the mapping o, : L@ (Q) - R,
where

and the norm
s(z)

dxgl}.

Og(z)(u) == / Ju(z)|*@ d.
Q
Proposition 2.1 ([18]). (Ly)(Q),|ulsz)) is a separable, uniformly conver,
reflexive Banach space and its conjugate space is (Ly (5)(2), |uls (z)), where

1 1
—_t— =1 Q.
W@ @ b e

Moreover, for any u € Lg;)(2) and h € Ly 4)(2), we have

(5) ‘ / whda

Proposition 2.2 ([4]). If u,u, € Ly (), we have

1 1

(6) [uly(e) < 1= [ulie) < 00 (@) < Jull),
(7) [ulsga) > 1= [ul3a) < 0y () < Juli),
(8) [ulsz) < 1 (resp, = 1;> 1) & 0y (uw) <1 (resp, =1;> 1),
(9) [tn|s(z) —+ 0 (resp, — +00) & 05(q)(un) — 0 (resp, — +00),
(10) nll_}rr;o [un — ulsz) = 0 & nh—>Holo Og(z)(Un —u) = 0.

The Sobolev space W*(#)(Q) is defined by
W)(Q) = {u € Loy (Q) : [Vu| € Loy ()},

which is a separable reflexive Banach space. For more details, we refer to
[6,10,12,16].
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Whs@)(Q) is equipped with the norm [uly sy = |ulls) + [Vulls@). On
W@ (Q) we can consider the equivalent norms [16]:
WOI’S(I)(Q) is the closure of C§°(Q2) with the norm:

||u:inf{a>0:/ﬂ<’vz(x)8(z)> da:gl}.

It is well known that

Wo @ (@)= {usu| =0, ue L0(Q), |Vul e D)}

For more details, we refer to [7,17].

Proposition 2.3 (Sobolev Embedding [14]). If s,s" € C4.() and 1 < §'(z) <
s*(x) and x € Q, then we have the continuous embedding

1,s(x
Wy () < Ly ()
which is continuous and compact. There is a constant Cy > 0 such that
[unlls (z) < Collunll.

Proposition 2.4 (Poincare Inequality [6]). There is a constant C > 0 such
that

(11) |uls(z) < ClIVulls@)
for allu € Wol’s(x)(Q).

3. Existence results

Now we establish the existence of infinitely many weak solution to problem
(1).
Definition 3.1. Let U be a real Banach space. Set
R:={B cU — {0} : B is compact and B = —B}.
Let B € R and we define the genus of B as follows:
~v(B) :=inf{m > 1,3f € C(B,R™\ {0}) : f is odd}

and v(B) = oo if does not exist such a map f. (@) = 0 by definition. For
more details, we refer to [5].

(H1) a:Q x [0,00) — R is a continuous function such that
P72 < gz, t) < eptP@ 2

for all (t,z) €0, +00[x€Q, ¢1,c2 > 0 and p € C(Q) in which 1 < p(x) <
p*(z) < ]\I,V_plg?m)) for all z € Q.
(Hs) b:Q — [0,00) is a function in L>(Q).
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Definition 3.2. u € Wol’p(w)(Q) is called a weak solution of (1) if
/Qa(x, [Vu(x)|)Vu(x)Vh(x)dx
= M/Q[b(w)|U(fﬂ)|s(w)72u($)h($) = [u(@)[" ™~ 2u(@)h(z)]dx
for all h € W™ (Q). In what follows

Apo(z, 2) :z/ a(z, t)tdt,
0
and
A WP (Q) 5 R
by

Alu) = /QAo(gc,|Vu(x)|)dx.

Lemma 3.3 ([11]). If the condition (H,) is verified, then A€ Cl(Wol’p(m) (Q),R)
and we have

(A'(u),h) = /Qa(w, |Vu(z)|)Vu(x) - Vh(z)dz.

Definition 3.4. The mapping a’ is of type (Sy) if u, — u in Wol’p(m)(ﬂ)
as n — oo and limsup,,_, {a'(u,) — a(u),u, — u) < 0 implies u, — u in
WOI’S(I)(Q) strongly as n — oo.

Lemma 3.5 ([11]). Assume that (H1) hold. We can easily see that
AT W (@) = (W (@)
is strictly monotone and of (S) type.

Consider energy functional (1) by

7(u) :/QAQ(QJ,|VU|)CZ$—M/Q:Eg|u|s(z)dx+u/sz7ﬂ€@lu|r(x)dx.

From [11] and Lemma 3.2 in Chapter 3 of [15], 7(u) is well defined and C* on
Wol’p(w)(Q). We have

7'(u)(h) = /Qa(x, |[Vu(z)|)Vu(x) - Vh(z)dz
— it [ Mol @) - hia) + 1 [ Jula) o) - o)

for all u, h € Wy "™ (Q).
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Let Q CRY(N > 3) be a bounded domain. Let u be a positive real param-
eter, p,r, s continuous functions on 2 in which
1<s <s(x)<st<r <rx)<rt
(12) Ns(zx)
<p < <pt <p*(z) = —F,
p~ <plx) <p’ <p'(z) N —s@)

where p(r) < N for any x € Q.

Definition 3.6. The functional 7 is called that satisfies in the Palais-Smale
condition at level ¢, (PS). if for every sequence (uy,) C Wol’p(z)(Q) satisfying
T(un) — ¢ and 7’'(u,) — 0 as n — oo, there is a convergence subsequence of

Theorem 3.7 ([5]). Let T € C*(W,’ Pl (Q),R) and

(a) 7(u) satisfies the Palais-Smale condition, T(u) is even and bounded
from below;
(b) There exists a T € R such that v(T) = m and sup,cp 7(z) < 7(0).

Then problem (1) has at least m pairs of distinct critical points, and their
corresponding critical values are less than 7(0).

Theorem 3.8. Assuming that (Hy), (Hz2) and (12) hold. Then there are at
least m pairs of different critical point for (1).

Lemma 3.9. Under assumptions (Hy), (Hz) and (12), T is coercive on
W&’p(m)(Q) and bounded from below.

Proof. Considering w := s(z), v :=r(z), 7 := r(’;), e:=u(z) and 6 = 2553) in

the following inequality [15]

(13) olel* — nle]” < coL)ra
s

forany e € R, 0,7 > 0 and 0 < w < v, where C = C(w,v) > 0,
s(z)
2ub(z) \ @) —s@)

= I

@ @ @ ) | 35

r(z)
= (ZE) T ey

s(z)
()
. 2 ) T@—s@) @ . . .
since ( ) (r(z))™@=@ is bounded, so there is k1 > 0 in which

2pb(z)
s(x) ()

/(2u5())| j5(2) _W| |T(I>dx§k27

[ul"® < ke p(b()) T

||SCE
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where ko is a suitable positive constant. On W, L.p (x)(Q), we can consider the
equivalent norm |Vul,,) replace with [jul|. For any u € W Lp(e) (Q) by (Hy)

and (Hs),
1
J R e Ty e
QS

/Q /OIVul A(x,t)tdt] —u/ﬂség|u|s(z)dx+u/g 7ﬂ(17)|u|r(m)dx
A

|Vl
C/ @)=L gy d:r:—i—u/ bg ;u|9($)dﬂc
0

_ ()usz) LUT(I)Z‘
2“/ <>" d“‘/ <x>" !

If o (u) := fQ |u|p (#) by (11) we have two cases:
i) If op(x) > 1,

Y

C - MHb”OO s
ru) 2 il + =5l

Since (12), so 7 is coercive and bounded from below.
i) If op(z) < 1,

C oot o Mlbllos ot
7(u) > pj\IUH” + =l

since (12), so again 7 is coercive and bounded from below. (]

Lemma 3.10. 7 satisfies the (PS)¢c condition.

Proof. Set D(u) := [ I;Ez lul*@dz — [ T(lz)|u\r(””)dx‘ From now on set 7(u) :=

A(u) — pD(u). By Lemma 21 from Chapter 3 in [14] and Proposition 3.10 in
[17], D’ satisfies condition (S;). By using the compact Sobolev embeddings
WP (Q) < Ls@(Q) and Wy*™(Q) — Lr®(Q), b e L®(R), we can see
that D’ is compact. So for any (P.S).-sequence (uy,), in Wol’p(x); ie.,

7(up) — ¢ and 7'(u,) — 0 as n — oo,

from Lemma 3.5, we can see that A’ : Wol’p(m)(Q) — W) (Q) satisfies condi-
tion (S4), so 7/ satisfies condition (S, ). Since 7 satisfies condition (S, ) and
WOI’S(I) () is reflective, it is enough to show that {u,,} is bounded in W,’ -s(2) Q)
[17].

But 7 is coercive, so {u,} is bounded in W, ?")(). Therefore, 7 satisfies
the (PS)¢ condition. O
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Proof of Theorem 3.8. We have Wol’er Q) C Wol’p(w) (Q). Consider a Schauder
basis (ey,)22; for Wol’p+ (Q) [1,3,13]. Set

X, :=span{ey,ea, ..., em}.
Since X, € WeP @(Q) € Lyp)(Q), it implies X, C Ly (Q). Similarly,
Xm C Lr(w)(Q) Thus, the norms ||UH, ||u||p(m)7 HuHs(m) and HuHr(z) are equiv-

alent on X, since X, is finite dimension [2,3,13]. Consequently, there are
positive constants C, Cy and C3 in which

Chllul] < JJulls) for all u € Xy,
Collul|p(z) < |Jul| for all u € X,

and
C’3||u||p(w) < |lu|| for all u € X,,.

Wk

We use r*, s* in which “r* is v~ or r1”, “s* is s~ or sT” is for using which
depend on |u|, and |uls. Let u € X,,. Then by (H;) and (Hz), we obtain

7(u) = ax,ttdtJru/ dl’*p/—us(“’)dx
W= [ [ atwoparp [ B [ )
|Vu| r(z)
S/ a1/ @)1 gy d33—|—u/ [l dx—,u/ @|u|5(m)dx
Q 0 q r(z) o s(x)

bl
<2 [ jgupe + 2 [ e - e [,
P Ja T Ja $ Q

< g (Jlull” + Jull™) = Cllul”
< Jull*” (a2 (Nl =" + Jlul ™) =€),

such that a; > 0 and o = max{ %, 2=}. There exists r1 € (0,1) small enough

in which " < 1 and o
agrf_fs* + agrffs* < 7
Consider T':= 8" ={u € X,,, | |Ju|| =71}. Then
m(u) <7 (om“pf_s* Y C) YueT.

Hence,

T 2

Since S™ and S™~! are homomorphic so v(S™) = m.
T is even, so by Theorem 3.7, 7 has least m pairs of different critical points.
O

supr(u) < 1 <§ - C) S o=

Corollary 3.11. If (12) holds, then there are infinitely many solutions for

(1).
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Proof. Since m is arbitrary, so there are infinitely many critical points of 7. [

4. Regularity results on eigenfunctions

Lemma 4.1 ([1]).

(i) Letn >2. Then for any a,b € RN
(14) " > Ja]” + nla"~2a - (b — o) + K (n)la — b".

(ii) Let 1 <n < 2. Then for any a,b € RY,
19) el a5 a) + K ()
- (laf + [p[)2=n
(ii) For any a # b, n > 2,

o™ > |a|™ + nla]"2a - (b—a).

In this inequality K(n) is a constant depending only on n.

The following results show that nonnegative elements of W'?(Q) can be
approximated by a sequence of nonnegative functions in C'(Q)NW1?(£2). Hence
1 < p < o0 is constant.

Lemma 4.2 ([1]). For e € C(R) such that ¢’ € L>(R), we have
(a) u € WHP(Q) implies e ou € WHP(Q).
(b) u € WyP(Q) and e(0) = 0, implies e o u € W, P(Q).

Now we study boundedness of eigenfunction of the problem (1) in typical
conditions. We consider the case a(z, |Vu|)Vu = g(z)|Vu[P®)~2Vu, where
g € L>*(Q) and g(x) > 0, that is

(16) —div(g(x) [ VelP® -2V = (@) |2 in 9,
u=20 on 0fL.
The pair (u,u) € Wol’p(m) x R is a weak solution of (16) if
(17) /g(x)\Vu\p(m)_QVu -Vhdz = ,u/m(x)|u|”(7‘)_2u - hdz, Yh € Wol’p(m)

for any continuous functions a : 2 — (0,00) and m : © — (0, 00). Denote by

g~ = inf g(x) and ¢" :=supg(x),

zeQ zEQ
m~ = inf m(z) and m" = supm(z),
z€EQ zeQ

in which g7 < gt < m~™ < m™. Let p(x) = p. Then the following theorem
asserts that the nonnegative eigenfunction (16) is in L>(€2).

Theorem 4.3. Let (u,u) € Wol’p x R be an eigensolution (of the weak form)
for (16). Then u € L>(2).
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Proof. By Proposition 2.3 it suffices to consider the case p < N. Let u > 0.
Set hp(e) := min{u(x), R} such that R > 0. Letting e(z) = = if z < R and
e(x) = R if x > R, by using Theorem 4.2, we have hg € Wy? N L>(Q). For
a > 0 define Z := hSP then VZ = (ap + 1)h$? - Vhr which it implies that
Z € WP N L°(). Let Z be a test function in (16), then we have

(ap+1) / 9(z)|Vul|P"?Vu - Vhg - hifdr = ,u/m(x)\u|p72u WP
Q

<p [ m@)lul @ 7da

or
ap+1 .
0t [ et e < [ mlul v,
since 1
ap + at1
1 h ha p— __~— h P.
(ep+1) [ a@)(Vhr)y = 225 [ ong
Then
ap+1 N N
W/ [9(@)|[ VRGP + m()|hGTHP] da
1
< (a+1)p %/ ha+1 Pdz.
< a7+ 2L Lo
Therefore,
0T
m o frontr e [ |h%“|pdm]
ap+1 :_ o _ N
= Eaﬂ)z g /IVhR“V’er /|hR+1|de]
ap+1) T N .
E(H 1)2 / 9(@)|VhG" [P dew + / m<x>|h;1pdw} .
Hence,
(ap—|— 1) - a+l|p - a+1|p
iy |9 ) IVhE g [P
o ap +1 o
< pm+/|u|( +1)P+mm+/|hR+l|pdm
SO

+ +
a+1)p (a+1)pm m (a+1)p
L R [ 8

By Proposition 2.3, there exists a constant K7 > 0 such that

Ihg ™ e < Kallhg -
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Takep*:NN—f;jifp<Nandp*:2pifp:N. Thus,

1
hrll @ < IRE1E

2 [ (et D)Pmt  mt e
There is a constant Ko > 0 such that

1

( (a + ]_)Pm+ m+) pvatl

< K, Ya > 0.
”(ap+1)g‘+g‘ =fn e

Thus

1

1
1hRll(@1)pe < K7 K o lull(a+1)p-

Approaching R — oo and by Fatou’s Lemma, we have

TR S
(18) [ull@rnype < BT K [[ull@tayp-

Choose «a; such that (a1 + 1)p = p*. Then from (18)

1 1
[l (g +1pr < E7EY T e
Next we choose ag such that (s + 1)p = (a1 + 1)p*. Then taking as = « in
(18),

1 R S
Qo +1 v/ ag+1
S K1a2+ K2 2

[l (@ +1)p+ l[ull(st1yp

L 1
= Kvlc¥2+1 K2 > Hu||(a1+1)p*'
Hence,

1 1
el o 1ypr < K2 K™ ull (1)

where the sequence {a,} is chosen so that (a, + 1)p = (ap—1 + 1)p*, ap = 0.
We see a1 = (£-)" and
n 1

AT g
||U||(ozn+1)p* < K, = Z+1K2 ' HUHP*'

As 1% < 1, there is K > 0 in which

llull(an+1)pr < Kllullps Vn €N,

where (ap41)p* — 00 as n — oo.

We aim to show that u € L*°(2).

Suppose that v ¢ L°°(£2). Then there exist € > 0 and a set E of positive
measure in  such that |u(x)| > K||ul|,» + € = 0 for any = € E. Then

1

liminf [[ul),, > liminf (/ 5) " = liminf §|E
n—oo n—oo E n—oo

which is a contradiction. O

1
= B> klullp
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We set a(z, |Vu|)Vu = (1 + [Vul?) ™3

aola, ) = o [(1+ 1)

for all h € R™. We study the following problem

1]

)_
(19) —div (1+ |V ) * Vu = pm(x)ulP® 2y in Q,
u=20 on 0,

the pair (u, ) € Wl’p(w)

o) [ (@ va)

Similar for p(x) = p, the following theorem asserts that the nonnegative eigen-
function (19) is in L>(£2).

x RT is a weak solution of (19) if

)Vu Vh = u/m MulP@ =2y hdz, Yh € WEP@,

Theorem 4.4. Let (u,p) € Wol’p x RY be an eigensolution of the weak form
(19) but when p(x) = p. Then u € L>®(Q).

Proof. By Proposition 2.3 it suffices to consider the case p < N. Let u > 0.
Set hp(g) := min{u(x), R} such that R > 0. Letting e(z) = = if + < R and
e(x) = R if z > R, by using Theorem 4.2 we have hr € W,* N L>(Q). For
a > 0 define Z := h$?*", then VZ = (ap+1)hS - Vhz. Which it implies that
Z € WP N L>®(Q). Let Z be a test function in (19), then we have

(ap—|—1)/<(1+|Vu|) *) Vu Vg hgPdr = /m oulP = - B da

<p [ m(@)ul @7 da

or
(ap—|—1)/<(|Vu| ') V- Vhy - hPde

= (ap+1) / |Vu|pTi2Vu -Vhpg - hidx

< [ Julle vz,
then

+1
(ep1) [(haliy = 2 [ omgp
< um* / 0] D2y,

and then

(ap+1)

(a+ 1)P /|Vha“\p+|h““|”dx
«
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+1
< +y T / (et 1)p
< (i + ) f s

o (a + 1)1) a+1
e < (B 1) a2

By Proposition 2.3, there exists a constant K; > 0 such that
1 1
Ihg " lp- < Kallhg

Wetakep*:NN—z)ifp<Nandp*:2pifp:N. Thus

thus

1
Ihgll@rnp < IRE

1
1 (a+ 1)pm+ platT)
<K (pmtl 4 | (at1)p-
< w7 (W 1) s
Then, we can find a constant K5 > 0 such that

1
(a+1)Pm™ pVaTT
wromoo <K
(" (p+1) =

for any a > 0. Thus

1 1
PRl (1) < K77 K ull (ag1)p-

Approaching R — oo, Fatou’s Lemma implies that

S T
”uH(aJrl)p* S K1a+1K2 ot Hu”(aJrl)p-

Choose k; such that (a1 + 1)p = p*. Then we have

1 1
< KR Ju

[l (o +1)p+ P

Next we choose ag such that (as + 1)p = (a1 + 1)p*. Then taking as = a, we
have

1
L
o2 T g Vet
1 2

lull(ant1)pr < K ull (@a+1)p

1 1
= K—I(X2+1 K, > Hu”(al+1)p*'
Then )

1 -
[l 1) < B2 K [l 41y
where the sequence {ay, } is chosen such that (a, +1)p = (ap—1+1)p*, ap = 0.

And we see that a1 = (%)”. Hence,

o VR

||u||(an+1)p* < Kl 2

As pﬂ* < 1, there is K > 0 such that for any n =1,2,...

* .

[ell@ntypr < Kllullpe,
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with (a41)p* = 00 as n — 00. Then ||ullco < K|ullps- O

5. Linear relationship between u and h

Let us define the following quantities
f [ Ao(z, |Vu|)dz
uEWlp( D @\{o0} [ S(I)|u|9(f)dm+f )|u|T(f)dx

where Ag(z, 2) := [ a(z,t)tdt, and

*

pr=

[ A(z,|Vu|).|Vu|?dx
uew W) @0y J b(@)[ul*@dz + [ [u|"*)d

In [11] it is shown that u; is smallest eigenvalue.

In this section we will show for problem (16) and (19) that the first eigenvalue
w1 is simple and only eigen functions associated whit u; denote change sign.
Let us denote the quantity of the problem (16).

1) N B

wewy P @\foy [ ’Z((;’“’)) |u[P(®) da

H1 =

The smallest eigenvalue of problem (16) is
(22) = inp LI@IVude
uEWl P(w)(Q N\{0} f m \u|p(”)dx

We denote the quantity of the problem (19),

()
fﬂﬁ{ + [Vul? )p 1} dx
(23) p* = in .
ueX\{0} Jo 2 fu|p ) day
The smallest eigenvalue of problem (19) is
V P(l) v 2d
(24) = i Jollt] “‘ [V do
weX\{0} Jo m(x)|ulP@ dx

For special case p(x) = p, we consider the followmg theorems.

Lemma 5.1 ([1]). Let u be an eigenfunction associated with p1. Then either
u>0oru<0inf.

Theorem 5.2. The principal eigenvalue py of problem (16) is simple, i.e., if
u and h are two eigenfunctions associated with py, then w = Kh, where K s
a constant.

Proof. By Lemma 5.1, we can assume that v and h are positive in €. Let

n = % and 0 = %, where ¢ is a positive parameter.
Then , ,
+t +t
Vn =<1 -1 PV — P=lyh,
n={1+ 0= D ve- i)
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since u and h are bounded. From Theorem 4.3, Vi € LP(Q2) and thus n €
WLP(Q). By symmetry, § and V6 have a similar expression when u and h
interchanged.
Set uy = u +t and hy = h +t. We have
p_ P

P_hP hy —
ul/m(x)u”*l%—m/ m(z)hp~ L1
Q Uy Q

e
uPt hp—1
i [ o) | = | ot
Q

Uy - hf%
ht \p P Yt \p p
= [ 9@)[{1+ = DEDPHTwP + {1+ (0~ DTl | do
Q Ut V¢
h
- / g(z) [p(t)ff'—lVutv’—?vut.wwr p(W)P—lvmw—?vm-vut}
Q Ut hy
= /g(:c)(uf - M) (| VIn w? — |[VIn hy|P)dz
Q
—p/ g(x)hP|VIn w P2V In u(Vin hy — Vin wy)da
Q

—p/ g(x)ul|VIn u P2V 1In hy(Vin u; — Vin hy)de.
Q

Set x1 = wVIn hy, y1 = wVIn wg, zo = iVIn wy, yo = hyVIn h; and
viceversa, inequality (15) in Lemma 4.1 implies that

L, = /g(x)(uf =AY (|[VIn wl? — |Vin h|?)dz
Q
—p/ g(x)A?|VIn u P72V 1In u(Vin hy — Vin wuy)da
Q

fp/ g(x)ul|VIn u P2V 1In hy(Vin u; — Vin hy)de > 0.
Q

Dominated convergence theorem implies that
: L
(25) tl_l}l'(I)L ,IJ/]_/Q |:uf_1 — hi)_1:| (Ut — ht)dx =0.

Theorem 4.3 of [1] implies that u and h are in C1:®(2). For the case p > 2,
from to inequality (14) in Lemma 4.1 we have

1 1
0< K(p)/ < + p> [heVu, — u Vhy|Pdx
Q

N2
hy U

L / [upl hpl}( ¢ —hi)d
< < —_— — —— | (uy — x
> L S H1 0 uf_l hf_l t t

for every ¢t > 0. Recalling (25), for ¢ — 07, from Fatou’s Lemma we have

lim htVut - Ucht =0 a.e, in Q
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thus
hVu = uVh a.e, in Q.

We obtain immediately that V() = 0, which shows u = Kh, where K is a
constant. O

Conclusion

Here we obtained the existence and multiplicity of solutions for problem (1),
by using the symmetric mountain pass theorem via genus theory. Moreover, we
studied regularity results, the simplicity and boundedness of the eigen functions
for problems (16) and (19).
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