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JOINT ESSENTIAL NUMERICAL SPECTRUM AND JERIBI
ESSENTIAL NUMERICAL SPECTRUM OF LINEAR
OPERATORS IN BANACH SPACES

BOUTHAINA ABDELHEDI, WISSAL BOUBAKER, AND NEDRA MOALLA

ABSTRACT. The purpose of this paper is to introduce the concept of joint
essential numerical spectrum oen (+) of g-tuple of operators on a Banach
space and to study its properties. This notion generalize the notion of
the joint essential numerical range.

1. Introduction

The study of the numerical range of an operator and their generalization
has along and distinguished history, see [4,5,9]. This subject is related and
has applications to many different branches of pure and applied science such as
operator theory, functional analysis, quantum physics. The numerical range is
very useful for studying linear operators acting on Hilbert and Banach spaces.

The notion of the numerical range has been generalized in different direc-
tions. In one direction, the joint numerical range was introduced to study the
behavior of set of operators. For a ¢g-tuple of linear operators A = (41,...,4,)
on a Banach space, the joint numerical spectrum is defined by:

W(A) = {{Ax,2’) = ((A1z,2"), ..., (Aqz,2")) : x € D(Ag), k=1,...,q,
el =1,2" € J ()},
where J(z) = {2/ € X' : (x,2') = ||z]|*> = ||2||*} and X’ is the dual of X.
For more details, we refer to [7,21,22]. In recent years, there have been many
interest and significant results concerning the essential joint numerical range
We(A)= () d(W(A+K)),
KeKa(X)
where K9(X) is the set of g-tuple of compact operators, for A = (44,...,4,)

and K = (Kq,...,K,), (A+ K) = (A1 + K,...,A; + K;) and cl(S) denotes
the closure of a complex set S.
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In a Hilbert space, unlike the classical numerical range, the joint numerical
range is not always convex. Then, the set W,.(A) does not expect to be convex.
However, there are some results concerning the convexity of W (A) and W, (A),
see [5,17,20] and their references. For example, in [18], C. K. Li and Y. T. Poon
proved that W.(A) is closed and convex in the case of a g-tuple of self-adjoint
operators on a Hilbert space.

Due to the lack of an inner product, the classical numerical range of oper-
ators on a Banach space is not closed and convex. M. Adler, W. Dada and
A. Radl [2] introduced a new notion called the numerical spectrum o, (+). For
an unbounded operator A on a Banach space, the authors proved that o, (A)
is always closed convex and contains the spectrum. Later, B. Abdelhedi, W.
Boubaker and N. Moalla [1] extended this concept and introduced the essen-
tial numerical spectrum o, (A) of an unbounded linear operator on a Banach
space X. They proved that o.,(A) is always closed convex and contains the
essential spectrum. This definition is closely related to the essential numerical
range, since in the case of bounded operators on a Hilbert space, the essential
numerical spectrum coincides with the essential numerical range W, (A).

Recently, W. Boubaker, N. Moalla and A. Radl in [6], introduced a new
definition of the joint numerical spectrum, o, (A), of g-tuple of operators on
a Banach space. Motived by this new notion, we purpose in this paper to
describe the joint essential numerical spectrum. Our goal in this work is to
generalize the notion of the essential numerical spectrum of linear operator A
to the more general case of g-tuple of linear operators A = (Ay,...,4,) on a
Banach space. More precisely, we combine the definition of the joint essential
spectrum and the joint numerical spectrum to obtain a new notion, called the
joint essential numerical spectrum of a g-tuple of operators on a Banach space

oen(A) =[] on(A+K).
KeKa(X)

We prove that 0., (A) is a closed convex set in C? and satisfying some properties
of the joint essential numerical range on a Hilbert space. Our notion covers the
earlier definition of joint essential numerical range in the two cases of Hilbert
and Banach spaces, and generalises thein to the case of unbounded operators.
One of the most exciting development of the essential spectrum is the study of
the Jeribi essential spectrum, defined by

oi(A)= ) o(A+F),
FeW,.(X)

where W, (X) stands for each one of the sets W(X), the family of weakly
compact operator on X, and S(X), the family of strictly singular operator on
X. This notion has been previously studied by A. Jeribi in [11-14]. By analogy
of the notion of o;(A), we define the joint Jeribi essential numerical spectrum



JOINT ESSENTIAL NUMERICAL SPECTRUM 1031

as
oin(A) =[] on(A+F),
FeWl(X)
where W (X) is the family of g-tuple operator on W, (X). We verify that the
joint Jeribi essential numerical spectrum satisfy some properties of the joint
essential numerical spectrum.

Our paper consists of three section organized as follows: Section 2 is dedi-
cated to introduce the new concept of joint essential numerical spectrum, joint
Jeribi essential numerical spectrum and develop their properties. In particular,
we are interested, which results from the case of a single operator carry over
to the case of ¢ > 1. In Section 3, we prove several equivalent formulation
of joint essential numerical spectrum and joint Jeribi essential numerical spec-
trum. More precisely, we obtain a description of ¢, (A) and o, (A) in terms
of a perturbation of one of the components of A. Also, we obtain an analog
result of the separation theorem for a convex set. In Section 4, we applies the
obtained results to investigate the joint multiplication operators of a g-tuple of
multiplication operators.

2. The joint essential numerical spectrum

At the beginning of this section, we introduce some notation and preliminary
results which will be used thought this paper.
For a = (a1,...,a4) € C? with [ja| := 3°{_, lag|?)2 =1 and for w € R, we
denote by H ;‘ . the open hyperplane
H;:w = {A€C9:Re(a.\) >w} CC,

where a.A = Y7 | @;\; and @; is the complex conjugate of a;. Its complement

is Hy, == C\HJ . Let C, := {z € C: Re(z) > w}, the distance between
a.X A€ Hf , and p € 9C, is defined as

q
d(a.),0C,) ==1inf {| > @\ — pl : p € 9C,}.
i=1

For a g-tuple of operators A = (A1,...,4,) and a = (a1,...,aq), we define
the operator a.A = >7 ,a;4; and we denote p(a.A) the resolvent set and
R(a.\,a.A) = (a.A] — a.A)™! the resolvent operator if a.\ € p(a.A). In [6,
Definition 2.1 page 348], W. Boubaker, N. Moalla and A. Radl defined the
notion of the joint numerical spectrum o, (-) of g-tuple of operators on a Banach
space as:

Definition 2.1. Let (A = (A1,...,Ay), D(A)) be a g-tuple of linear operators,
where A; is closed and densely defined linear operator and A,,..., A, are
bounded linear operators on a Banach space X. Then z € C? belongs to the
joint numerical resolvent set p,(A) of A if there exist a € C? with ||a]| = 1 and
w € R such that
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(i) z € H;w,

(i) Co C p(a.4),
(lll) ||R(a)\, aA) || S m for all A € H;:w.

The complementary set
on(4) = C\pr(4)

is called the joint numerical spectrum of A.

For the reader’s convenience, we recall some properties of the joint numerical
spectrum proved in [6, Corollary 2.4, page 349].

Proposition 2.2. Let (A = (Ay,...,A,),D(A)) be a g-tuple of linear opera-
tors, where Ay is closed and densely defined linear operator and As, ..., A, are
bounded linear operators on a Banach space X. Then \ € p,(A) if and only if
there exists a € ) such that a.X € py(a.A), where Q = {c € C?: |c|| =1}.

We consider, the following definition of the joint spectrum of a g¢-tuple of
linear operators as (see [4,10]).

Definition 2.3. Let A = (A;,...,A4,) be a g-tuple of linear operators on a
Banach space X, the joint spectrum is defined as

o(A) =01(A)Uo.(4),

where the left (resp. right) joint spectrum o;(A) (resp. o-(A)) of A is defined
as the set of all A € C? such that for all g-tuples of bounded operators B =
(B1,...,By) wehave Y 7| B;(\;—A;) # Ton D(A) (vesp. >.1_;(N\i—A;)B; # 1
on X).

The following properties summarize some basic results of the joint numerical
spectrum established in [6, Proposition 2.6 and Properties 2.8].

Properties 2.4. Let (A = (A1,...,4,),D(A)) be a q-tuple of linear opera-
tors, where A; is closed and densely defined linear operator and As, ..., A, are
bounded linear operators on a Banach space X. Then
(i) o(A) C o,(4).
(ii) on () ={(1,..., D}
(iii) 0,(A) = 0,(UTTAU) for all isometric isomorphisms U on X, where
U—YAU is defined as UYAU = (U7 A U, ..., U1A,U).
(iv) on(A) = 0n(A"), where A" = (A1, ..., A}) is the adjoint of A.
(v) on(aA+ BI) = aoc,(A)+ B for alla € C and = (B1,...,04) € CY,
where aA = (aAy,...,ady) and BI = (B, ..., B4I).

There are several types of joint essential spectrum in the literature. In this
paper, we will consider the joint essential spectrum of a g-tuple of operators
A= (A1,...,A,) defined in [15]

Uess(A): ﬂ U(A+K)

KeKa(X)
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Analogously to the previous definition, we introduce the notion of the joint
essential numerical spectrum and the joint Jeribi essential numerical spectrum.

Definition 2.5. Let (A = (A1,...,A4,), D(A)) be a g-tuple of linear operators,
where A; is closed and densely defined linear operator and As,..., A, are
bounded linear operators on a Banach space X.

(i) The joint essential numerical spectrum o, (A) of A is defined by

oen(A) =[] on(A+K).

KeKa(X)

(ii) The joint Jeribi essential numerical spectrum o, (A) of A is defined
by

oin(A) =[] on(A+F).
FeWl(X)

In the sequel, o4, (A), where v € {e, j}, stands for each one the set of o;,(A)
and oep,(A).

Remark 2.6. (i) As a first observation, we note that o, (A) is an intersection
of closed convex sets, hence it is closed and convex, which is not true for the
essential spectrum ogs(A).

(ii) We note that oess(A) C 0en(A) and oj(A) C 0jn(A), since o(4) C
on(A).

(iii) If A is a g-tuple of bounded linear operators on a Banach space X, it
follows from [6, Corollary 2.10, page 354] that 0,(A) = cl(co(W(A))), then
Oen(A) coincides with the joint algebraic essential numerical range V. (A4). In
particular, in the case X =1,, 1 < p < 0o and Int(ce,(A4)) # @, there exists
K € K(X)% such that oe,(A) = 0, (A+ K), (see [19, Corollary 2.14, page 40]).

(iv) We note that since K (X) C W, (X), we have 0j,,(A) C gen(A).

In what follows, we give some properties of the joint essential numerical
spectrum of a given g-tuple of linear operators.

Properties 2.7. Let (A = (A1,...,4,),D(A)) be a q-tuple of linear opera-
tors, where Ay is closed and densely defined linear operator and As, ..., A, are
bounded linear operators on a Banach space X, we have the following asser-
tions.
(i) oen(A+ K) = 0en(A) for all K € KUX), and 0jn,(A+ F) = 0j,(A)
for all F € Wi(X).
(ii) oyn(A") C oyn(A), where A" = (Al ..., A)) is the adjoint of A.
If X is a reflexive Banach space, then o, (A) = oyn(A’).
(iii) oyn(A) = 04 (UL AU) for all isometric isomorphisms U on X, where
U—TAU = (U A U,..., UTAD).
(iv) oyn(aA+BI) = aoyn(A)+ foralla € C and B = (b1, ..., 5,) € C9,
where aA = (@A, ...,aAy) and BI = (B, ..., B.I).
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Proof. We sketch only the proof of properties for o.,(A) since the proof is
exactly the same in the case of 0, (A).

(1) This property follows immediately from the definition of o, (-).

(ii) It follows from Properties 2.4(iii) of the joint numerical spectrum that,
for all K € K9(X), 0p,(A+ K) = 0,(A" + K'). Hence,

oen(A)= () ou(A+K)D [\  on(A +H)=0en(4).

KeKa(X) HeK4(X')

Therefore oen(A) C 0en(A4). If X is a reflexive Banach space, the second
inclusion derives immediately, since A" = A.

(iii) Let U be an isometric isomorphisms on X. By using Properties 2.4, we
have

oen(UTTAU) = (| on(U A+ UKU )
KeK1(X)
= () on(A+UKU™") = gen(A).
KeKi(X)

(iv) First, we discuss the case o = 0. From Properties 2.4, we have o, (81 +
K) = 0n(K) 4 B. Then 0en(BI) = Ngexa(x) on(K) + B = 0en(0) + 8. Hence
oen(BI) = B. Second, if a # 0, then oe,(ad + BI) = ﬂKGKq(X) on(a(A+
a~tK)+pI). Using Properties 2.4 we have o, (a(A+a 1K)+ BI) = ao,(A+
a 1K)+ 3. Thus

oen(@A+ ) =a () ou(A+K')+8
K'eKi1(X)

= aoen(A) + B. O

In the following, we prove a compactness result of the joint essential numer-
ical spectrum for a ¢-tuple of bounded linear operators.

Proposition 2.8. Let A = (Ay,...,Ay) be a g-tuple of bounded linear opera-
tors. Then we have

(1)
gen(A) C{A € CT: A < [|A]le},
where ||Alle = infgerax)|A+ K|, and |[A+ K|| = (L, [|Ai +
Ki|?)7.
(2)
ain(A) C{A € CT: A < [[Allw},
where | Al = intpews e 1A + K1, and A + F]|
F;|2)2 (for more details, we can refer to [11-14]).

(i I1Ai +
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Proof. (1) Let A € 0en(A) = Nxea(x) on(A+ K). Then for all K € K9(X),
A€ o,(A+ K). Tt follows from [6] that for all K € K4(X), ||A\|| < ||[A+ K|
Hence,

< nt A K = 4l

(2) The proof follows exactly as above. O

The following result establish a relationships between the sets 0.,(A) and
o (A), which generalizes a well known result for the joint numerical range of ¢-

tuple of self-adjoint bounded linear operators on Hilbert space, see [17, Theorem
5.2].

Proposition 2.9. Let (A = (Ay,...,A,),D(A)) be a g-tuple of linear opera-
tors, where Ay is closed and densely defined linear operator and As, ..., Ay are
bounded linear operators on a Banach space X. Then

Oyn(A) = 0,(A) if and only if Ext(c,(A)) C oyn(A4),
where Ext(o,(A)) = {\ € 0,(A) such that Vo, 8 € 0,(A), X ¢]a, B[}

Proof. We give only the proof of the case of the joint essential numerical spec-
trum since the joint Jeribi essential numerical spectrum follows by the same
argument. The first implication is immediate. Conversely, if Ezt(o,(A4)) C
0en(A). Using the convexity of the set oe,(A), we obtain co(Ext(o,(A))) C
en(A) C 0,(A). Then we have the equality, since o,(A4) C co(Ext(o,(A))).

(I

In the sequel, we extend the notion of joint spatial essential numerical range
of a ¢-tuple of bounded linear operators on a Banach space (see L. T. Mang
[19, Definition 1.4, page 24]) to a g-tuple of unbounded linear operators.

Definition 2.10. Let (A = (A4,...,4,),D(A)) be a g-tuple of linear oper-
ators, we define the set N.(A) by the set of all complex numbers A € C4
with the property that there are nets (z,) C D(A), (z),) C X' such that

lzall = 1,2, € J(2z4) for all a, z, — 0 weakly and (Az,,z)) — A

Remark 2.11. If X is a Hilbert space, N¢(A) can be defined by weakly null
sequence (r,) C X of unit norm, see [18, Theorem 2.1]. If X is a Banach
space, we use the notion of nets which guaranties that N.(A) is not empty,

however this set can be empty if we use a weakly null sequence (z,) C X of
unit norm.

The following theorem relates the joint essential numerical spectrum oey, ()
to the set N ().

Theorem 2.12. Let (A = (A1,...,A4,),D(A)) be a g-tuple of linear opera-
tors, where Ay is closed and densely defined linear operator and As, ..., Aq are
bounded linear operators on a Banach space X. Then we have

cl(co(Ne(A))) C oen(A).
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Proof. For A € co(N.(A)), we write \ as

P P
A=) Bidi, where Vi=1,...,p;0< B <1; Y B =1and \; € Ne(A).
i=1 i=1
For all i = 1,...,p, there exists nets (z;,) C D(A),(z; ) C X' such that
|z || = Hx;aH = (x;., 2, ) =1, ;, = 0 weakly and (Ax;_ x‘a> — )\;. Let

[ » g

K € K%(X), we consider an open hyperplane H, , such that 0,(A+K) C H,,
and a.(A+ K) is the generator of a w-contractive Cy-semigroups. By the Hille-
Yosida and Lummer-Phillips Theorems [8], we have

Re({a.(A+ K)x,2')) <w
for all z € D(A), 2’ € X’ such that ||z|| = ||2'|| = (=, 2’) = 1. Hence

L ODLIEY

( lim (a.Az;_, )

tx—>+00 za>)
E_p: <aETOORe< (A+ K@)~ lm Re((aKw;,,7]))).

'Mﬁ HM@

a—+o00

Since Kj is compact and z;, — 0 weakly, then lim, o (K7, ,7; ) = 0.
Therefore

P
Re(a.\) < Zﬁiw = w,
i=1
which implies that A € 0,,(A + K) for all K € K9(X). Hence cl(co(N(A))) C
Oen(A), since o, (A) is closed. O

Remark 2.13. (i) The result of the previous theorem generalizes the one estab-
lished in [19] in the case of joint algebraic essential numerical range of g-tuple
of bounded operators.

(ii) We emphasize that Theorem 2.12 is proved in [1] for the case ¢ = 1.

3. Other description of o, (+)

In this section, we establish several equivalent formulation of the joint es-
sential numerical spectrum. Due to the obtained results, we give more charac-
terization of o, (-).

In the following result, we obtain a description of ¢,,(A) in terms of the
perturbation of one of the components of A.

Proposition 3.1. Let (A = (Ay,...,A,),D(A)) be a g-tuple of linear opera-
tors, where Ay is closed and densely defined linear operator and As, ..., Ay are
bounded linear operators on a Banach space X. Then
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DQ

Ten (A) = ﬂ On (A + K)y

1 KeKI(X)

p

where K4(X) = {0}P~ x K(X) x {0}97.
(2)

an(A) = O'n(A+F)a

(X)

1=

FEW.

where W, (X) = {03771 x W, (X) x {0}777.

Proof. (1) First, we observe that I?g(X) CKIX)foralpe{l,...,q}. Con-
sequently, we have

oen(A) ) (] on(A+K).

P=l KeK(X)

Second, let A ¢ 0¢,(A), then there exists K € K9(X) so that A € p,(A+K). It
follows from Proposition 2.2 that there exists a € € such that a.A € p,(a.(A+
K)). Since ||a|| = 1, then there exists a, # 0, p € {1,...,q}, and if we let

K =(0,...,0, %, 0,...,0) e [N(g(X), we have a.\ € p,(a.(A+ IN()) Applying
Proposition 2.2, we obtain A € p,, (A + IN() and consequently,

A¢ () () on(A+K).

P=l KeK{(X)
The proof of (2) follows by the same argument as above. O

In [6], Proposition 2.7, W. Boubaker et al. proved that o, (A) C [ o, (4;).
Using the above proposition, we can show a similar result for the joint essential
numerical spectrum.

Corollary 3.2. Let (A = (41,...,4,),D(A)) be a g-tuple of linear opera-
tors, where Ay is closed and densely defined linear operator and As, ..., Aq are
bounded linear operators on a Banach space X. Then

Uen(A) g H Jen(Ai)~
i=1

Proof. For all j € {1,...,q} and K € f(;’(X), we have

O'n(A-l-K) - ﬁan(Az) X O'n(Aj + KJ) X ﬁ Un(Az)

i=1 i=j+1
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Then
j—1 q
(N on(A+K)C [[on(A) x gen(A)) x ] onlA).
KEI?JQ(X) =1 i=7+1

Using Proposition 3.1, we obtain

q j—1 q
Oen(A m H on(A4;) X en(4;) X H on(A
j=11i=1 i=j+1
Since o¢n(4;) C 0, (A4;), we have the desired result. O

We are now able to prove how the joint essential numerical spectrum contains
more information than the joint essential spectrum. It is well know that, if K
is a g-tuple of compact operators on an infinite dimensional Banach space, then
0c(K) = {0cq}. But the converse is not always true. We purpose to prove the
equivalence by using the notion of the joint essential numerical spectrum. For
this, we introduce the measure of non-compactness (see [3,16,20]).

Definition 3.3. Let A be a bounded linear operator on a Banach space X.
We define the semi-norm || - ||, in B(X), called measure of non-compactness,
as:

|A]l, = inf{||Ala] : M C X a subspace of finite codimension}.

We list some useful properties of the measure of non-compactness.

Lemma 3.4. Let A be a bounded linear operator on Banach space X. Then
we have
(i) Al =0 if and only if A is compact.
(ii) ||A|l. is an algebra semi-norm in B(X), i.e., for all T, S € B(X) and
a € C, we have
1T+ Sl < 1Tl + 11515
1781, < 1T, 15
[Tl = lall| Tl

Also, we will use the following characterization of co(NN.(A)) proved in [19,
Proposition 1.9].

Lemma 3.5. Let A be a g-tuple of bounded linear operators on a Banach space

X. Then

co(Ne(A)) = {(f(A1),..., f(Aq)) : f € B},
where % = {7 € BOY, /() = IRl for LR & BX), () = 1, /K() =
0}}.

In the next we generalizes the result of [1] to the case of a g-tuple of operators.

Theorem 3.6. Let A= (A1,...,A4,) be a g-tuple of bounded linear operators.
Then cen(A) = {0cq} if and only if A is a g-tuple of compact linear operators.
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Proof. If A is a g-tuple of compact linear operators, then

O'en(A) C O'n(O) = {O(Cq}.
By Theorem 2.12, we have co(N¢(A)) C 0en(A). Since co(Ng(A)) is not
empty, we obtain o.,(A) = {Oc«}. For the converse, we consider A a ¢-
tuple of bounded linear operators such that o.,(A) = {Oce}. In particular
co(Ne(A)) = {0ce}. Let i € {1,...,q} and A € co(N.(A;)). Then there exists
f € B such that A = f(A4;). Using Lemma 3.5, we have

(f(A1>7 T f(Aifl)v )\a f(Ai+1>7 L] f(Aq)> € CO(Ne(A)) = {OC‘Z}'
Then A = 0 and co(N.(A;)) = {0}. On the other hand, we have
e Aill,, < max{[A] - X € co(Ne(A))} < [|Ail,

(see [3, page 5]). This implies that ||4;||, = 0 for all ¢ € {1,...,¢}. Due to
Lemma 3.4, we deduce that A € K9(X). O

An immediate consequence is:

Corollary 3.7. Let A= (Ay,...,Aq) be a g-tuple of bounded linear operators
and A € C1. Then o.n(A) = {A\} if and only if there exists K € K9(X) such
that A=\ + K.

We now characterize the joint essential numerical spectrum in terms of the
intersection of essential numerical spectrum of linear combinations of compo-
nents of A.

Proposition 3.8. Let (A = (A4y,...,4,),D(A)) be a q-tuple of linear opera-
tors, where Ay is closed and densely defined linear operator and As, ..., A, are
bounded linear operators on a Banach space X. Then,

X € 0y (A) if and only if for all a € C?, a.\ € 0,,(a.A).

Proof. Let A € 0gen(A) and a € C?, we want to show that a.\ € oepn(a.A).
We discuss only the case a # 0, since the result is hold for the case a = 0.
Due to Proposition 3.1 and Proposition 2.2, we have q2r.A € O’n(m.(/l + K))
for all p € {1,...,q}, K € I?g(X). By Properties 2.7(iv), we obtain a.\ €
on(a.(A+ K)) for all p € {1,...,q}, K € f(g(X). Since (aq,...,aq) # Oca,
then there exists i € {1,..., ¢} such that a; # 0. So, for all K; € K(X) we have
aX€op(a.A+a;K;). Let K € K(X) and K; = % Then a.) € o,(a.A+ K).
We deduce that a.A € e, (a.A). For the converse, let A € C7 such that for all
a € Cl al€ ogen(a.A). We suppose that A ¢ oc,(A). Then from Proposition
3.1, there exist p € {1,...,q} and K € I?g(X) such that A\ € p,(4 + K).
By Proposition 2.2, there exists b € Q such that b.A € p,(b.(4A + K)). Hence
b.A € pn(b.A+b,K,) which is a contradiction. The result is checked for o, (A)
and the proof is similar of the previous proof. O

We give now the following result analog of the separation theorem for a
convex set.
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Proposition 3.9. Let (A = (A;,...,A,),D(A)) be a g-tuple of linear opera-
tors, where Ay is closed and densely defined linear operator and As, ..., Ay are
bounded linear operators on a Banach space X. Then

(1) X ¢ oen(A) if and only if there exist K € K(X), c € C? and r > 0
such that for all (z,2") € A, Re{(c.(A =)+ K)z,z') > r,
(2) X ¢ gjn(A) if and only if there exist F € W, (X), c € C? and r > 0
such that for all (z,2") € A, Re((c.(A—X) + F)z,2') > r,
where A= A;|J A2 and
o A ={(z,2') e X x X' :x € D(A) and 2’ € J(z)},
o Ay ={(z,2') € X x X' : x € D(A),x’ € D(A’) such that there exists
ANeC:(cA+K)z' =Xz and (x,2") = 1}.

Proof. (1) Let A ¢ 0¢n(A). From Proposition 3.8, there exists ¢ € C? such that
cA ¢ oen(c.A). Hence, there exists K € K(X) such that c.A ¢ o,(c.A + K).
Since the numerical spectrum is a convex set, by the separation theorem, there
exists r > 0 such that

(3.1) Re(c.A) + 7 < Red for alld € o,,(c.A+ K).

Let (z,2') € A, it is easy to show that ((c.A+K)z,z') € W(c.A+K)Uo,((c.A+
K)'). Using the fact that, 0, (c. A+ K) = cl(coW (c.A+ K))Jop((c.A+ K)')
(see [2]) and inequality (3.1), we deduce that

Re{(c.(A =N+ K)x,2') >r, V(z,2') € A

For the converse we argue by contradiction, we assume that there exist A €
oen(A), K € K(X), c € C? and r > 0 such that Re{(c.(4A — ) + K)z,z') > r,
V(z,2’") € A. Due to Proposition 3.8, c.A € g.pn(c.A). So, for all K € K(X)
eX €op(c A+ K) = cl(co(W(c.A+ K)) | Jop((c.A+ K)'). On the one hand, if
e € c(coW(c. A+ K)), then c.\ = lim,_, y o Yn, where y,, € co(W(c.A+K)).
We write y,, as yn, = > o, a5, 2, where >0 a; =1 and z;, = ((c.A+
K)x;,,x; ), (zi,,2; ) € Ap. By assumption we have Rez;, > Re(c.\) + 7,
which implies that Re(c.A) = limy, 400 Reyn > Re(c.A\) + 7. Then r < 0 and
this is contradiction. On the other hand, if c.A € o,((c.A + K)), then there
exists (z,2’) € Ag such that e\ = ((c.A + K)z,z'). Therefore ((c.(A — \) +
K)x,2’) = 0 > r, this contradict our supposition.

(2) The proof is similar of the previous proof. O

The next result shows that o,(A) can be expressed as the intersection of
half spaces. This result generalizes the one proved by C. K. Li and Y. T. Poon
[18, Theorem 4.2] in the case of joint essential numerical range of a g-tuple of
bounded self adjoint operators on a Hilbert space. It generalizes also the result
of L. T. Mang [19, Corollary 3.3, page 45] proved in the case of joint algebraic
essential numerical range of a g-tuple of bounded operators on a Banach space.

Theorem 3.10. Let (A = (A1,...,4,),D(A)) be a g-tuple of linear opera-
tors, where Ay is closed and densely defined linear operator and As, ..., Aq are
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bounded linear operators on a Banach space X. Then

oyn(A) = ﬂ {A € CY such that Re(c.A) > minReo,,(c.A)}.
ceQ
Proof. We give only the proof of the theorem in the case of the joint essential
numerical spectrum since the joint Jeribi essential numerical spectrum follows
by the same argument. Let A € o0.,(A). Due to Proposition 3.8, we have
cA € gen(c.A) for all ¢ € C9. Hence Re(c.A) > minRe o, (c.A) for all ¢ € C.
Moreover,

en(A) C ﬂ {\ € C? such that Re(c.A) > minReoe,(c.A)}.
ceQ
On the other hand, let A € (.o {A € C7 such that Re(c.\) >minReoen(c.A)}.

We argue by contradiction, we assume that A ¢ oe,(A4). By Proposition 3.9,
there exist K € K(X), ¢ € C? and r > 0 such that for all (z,2') € A

(3.2) Re((c.(A— X))+ K)z,2') > r.

We want to prove that min(Re(o,(c.A+ K))) > r+ Re(c.A). Let y € o, (c.A+
K) = c(coW(c. A+ K))Uop((cA+ K)). If y € cl(coW(c.A+ K)), then
y = limy, s 4 o0 Yn, where y,, € co(W(c. A+ K)). We write y, as yn = +_, q;, 2i,,
where Y37 o =1 and z;, = ((c.A+ K)xz;,,x; YeW(c.A+K), (2;,, 2] ) € A1

in

Using the inequality (3.2), we have Rez;, > Re(c.\) + . Hence,
(3.3) Rey = nll)l:r_loo Rey, >+ Re(c.\).

Ify € 0,((c.A+ K)'), then there exists (z,2’) € Az such that ((c. A+ K)z,2') =
y. Applying the inequality (3.2), we obtain

(3.4) Rey = Re((c.A+ K)z,2') > r+ Re(c.\).

We deduce from the inequalities (3.3) and (3.4) that for all y € 0,,(c.A + K),
Rey > r + Re(e.A). Furthermore, minReo,(c.A 4+ K) > r + Re(c.A). Since
Oen(c.A) C op(c.A+ K), then minReoe,(c.A) > 7+ Re(c.\). We assume
¢ # 0, since in the case ¢ = 0 we obtain immediately a contradiction. Us-
ing the fact that A € (). cq{A € C7such that Re(c.A) > minReoe,(c.4)}
together with the property (iv) of Properties 2.7, we deduce that Re(ﬁ./\) >
min Re aen(ﬁ.A) > = +Re(75.A). Thus, r» < 0 and this is contradiction. [

= 1lell flell”

4. Example

Let 2 be a locally compact space, we consider the Banach space X = Cy(2),
where

Co(Q2) :={f € C(Q) : Ve > 0 there exists compact K. C Q such that
If(s)] <e,Vs € QK}.
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Let ¢ : 2 — C be a continuous and bounded function verifying the following
hypothesis
(H): ¢ ' ({)\}) is a countable set, YA € p(Q).

We consider M, : Cy(2) — Co(R?), M,(f) = ¢f, the multiplication oper-
ator and My = (M, ..., M,) the g-tuple of multiplication operators, where
¢ = (p,...,p). It is proved in [6] that o, (My) = cl(co(¢(2))), where ¢p(2) =
{(¢(x),..., p(x));z € Q}. The case of essential numerical spectrum of multi-
plication operator has been previously considered by Abdelhedi et al. [1] in the
particular case of ¢ = 1. The following result generalize their result to g-tuple

of multiplication operators.

Proposition 4.1. Let ¢ satisfying the hypothesis (H) and ¢ = (p,...,p).
Then

Oen (qu) = Cl(CO((b(Q)))

Proof. On the one hand, we have o.,(My) C 0,(My) = cl(co(¢(£2))). On
the other hand, let A € co(¢(2)), then A = Y°F | Bi\;, where Y 7 8 =1
and Vi € {1,...,p}, \i = (o(x;),...,p(x;)) for some z; € Q. Let a € CY,
we have a.A = >0_, @ (327, Bip(xi)). Since Y37 Bip(w:) € co(p(?)), then
a.X € (327_,@j)co(p(92)). Using the result o, (M) = cl(cop(?)) given in [1]
together with property (iv) of Properties 2.7, we obtain

a.\ € (Z@)Uen(Mw) = Uen(ZTjMW)
j=1 Jj=1

= 0enla.My),Va € CI.

From Proposition 3.8, we deduce that A\ € gc,(My). Thus, we have the follow-
ing inclusion

co(p(2)) C 0en(My) C cl(cop(£2)).

Since ¢, (My) is closed, we can derive the desired result. ]
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