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JOINT ESSENTIAL NUMERICAL SPECTRUM AND JERIBI

ESSENTIAL NUMERICAL SPECTRUM OF LINEAR

OPERATORS IN BANACH SPACES

Bouthaina Abdelhedi, Wissal Boubaker, and Nedra Moalla

Abstract. The purpose of this paper is to introduce the concept of joint
essential numerical spectrum σen(·) of q-tuple of operators on a Banach

space and to study its properties. This notion generalize the notion of

the joint essential numerical range.

1. Introduction

The study of the numerical range of an operator and their generalization
has along and distinguished history, see [4, 5, 9]. This subject is related and
has applications to many different branches of pure and applied science such as
operator theory, functional analysis, quantum physics. The numerical range is
very useful for studying linear operators acting on Hilbert and Banach spaces.

The notion of the numerical range has been generalized in different direc-
tions. In one direction, the joint numerical range was introduced to study the
behavior of set of operators. For a q-tuple of linear operators A = (A1, . . . , Aq)
on a Banach space, the joint numerical spectrum is defined by:

W (A) = {⟨Ax, x′⟩ = (⟨A1x, x
′⟩, . . . , ⟨Aqx, x

′⟩) : x ∈ D(Ak), k = 1, . . . , q,

∥x∥ = 1, x′ ∈ J(x)},

where J(x) = {x′ ∈ X ′ : ⟨x, x′⟩ = ∥x∥2 = ∥x′∥2} and X ′ is the dual of X.
For more details, we refer to [7, 21, 22]. In recent years, there have been many
interest and significant results concerning the essential joint numerical range

We(A) =
⋂

K∈Kq(X)

cl(W (A+K)),

where Kq(X) is the set of q-tuple of compact operators, for A = (A1, . . . , Aq)
and K = (K1, . . . ,Kq), (A+K) = (A1 +K1, . . . , Aq +Kq) and cl(S) denotes
the closure of a complex set S.
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In a Hilbert space, unlike the classical numerical range, the joint numerical
range is not always convex. Then, the set We(A) does not expect to be convex.
However, there are some results concerning the convexity of W (A) and We(A),
see [5,17,20] and their references. For example, in [18], C. K. Li and Y. T. Poon
proved that We(A) is closed and convex in the case of a q-tuple of self-adjoint
operators on a Hilbert space.

Due to the lack of an inner product, the classical numerical range of oper-
ators on a Banach space is not closed and convex. M. Adler, W. Dada and
A. Radl [2] introduced a new notion called the numerical spectrum σn(·). For
an unbounded operator A on a Banach space, the authors proved that σn(A)
is always closed convex and contains the spectrum. Later, B. Abdelhedi, W.
Boubaker and N. Moalla [1] extended this concept and introduced the essen-
tial numerical spectrum σen(A) of an unbounded linear operator on a Banach
space X. They proved that σen(A) is always closed convex and contains the
essential spectrum. This definition is closely related to the essential numerical
range, since in the case of bounded operators on a Hilbert space, the essential
numerical spectrum coincides with the essential numerical range We(A).

Recently, W. Boubaker, N. Moalla and A. Radl in [6], introduced a new
definition of the joint numerical spectrum, σn(A), of q-tuple of operators on
a Banach space. Motived by this new notion, we purpose in this paper to
describe the joint essential numerical spectrum. Our goal in this work is to
generalize the notion of the essential numerical spectrum of linear operator A
to the more general case of q-tuple of linear operators A = (A1, . . . , Aq) on a
Banach space. More precisely, we combine the definition of the joint essential
spectrum and the joint numerical spectrum to obtain a new notion, called the
joint essential numerical spectrum of a q-tuple of operators on a Banach space

σen(A) =
⋂

K∈Kq(X)

σn(A+K).

We prove that σen(A) is a closed convex set in Cq and satisfying some properties
of the joint essential numerical range on a Hilbert space. Our notion covers the
earlier definition of joint essential numerical range in the two cases of Hilbert
and Banach spaces, and generalises thein to the case of unbounded operators.
One of the most exciting development of the essential spectrum is the study of
the Jeribi essential spectrum, defined by

σj(A) =
⋂

F∈W∗(X)

σ(A+ F ),

where W∗(X) stands for each one of the sets W (X), the family of weakly
compact operator on X, and S(X), the family of strictly singular operator on
X. This notion has been previously studied by A. Jeribi in [11–14]. By analogy
of the notion of σj(A), we define the joint Jeribi essential numerical spectrum
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as

σjn(A) =
⋂

F∈W q
∗ (X)

σn(A+ F ),

where W q
∗ (X) is the family of q-tuple operator on W∗(X). We verify that the

joint Jeribi essential numerical spectrum satisfy some properties of the joint
essential numerical spectrum.

Our paper consists of three section organized as follows: Section 2 is dedi-
cated to introduce the new concept of joint essential numerical spectrum, joint
Jeribi essential numerical spectrum and develop their properties. In particular,
we are interested, which results from the case of a single operator carry over
to the case of q > 1. In Section 3, we prove several equivalent formulation
of joint essential numerical spectrum and joint Jeribi essential numerical spec-
trum. More precisely, we obtain a description of σen(A) and σjn(A) in terms
of a perturbation of one of the components of A. Also, we obtain an analog
result of the separation theorem for a convex set. In Section 4, we applies the
obtained results to investigate the joint multiplication operators of a q-tuple of
multiplication operators.

2. The joint essential numerical spectrum

At the beginning of this section, we introduce some notation and preliminary
results which will be used thought this paper.

For a = (a1, . . . , aq) ∈ Cq with ∥a∥ := (
∑q

k=1 |ak|2)
1
2 = 1 and for ω ∈ R, we

denote by H+
a,ω the open hyperplane

H+
a,ω :=

{
λ ∈ Cq : Re

(
a.λ

)
> ω

}
⊂ Cq,

where a.λ =
∑q

i=1 aiλi and ai is the complex conjugate of ai. Its complement

is H−
a,ω := Cq\H+

a,ω. Let Cω :=
{
z ∈ C : Re(z) > ω

}
, the distance between

a.λ, λ ∈ H+
a,ω and µ ∈ ∂Cω is defined as

d(a.λ, ∂Cω) := inf
{
∥

q∑
i=1

aiλi − µ∥ : µ ∈ ∂Cω

}
.

For a q-tuple of operators A = (A1, . . . , Aq) and a = (a1, . . . , aq), we define
the operator a.A =

∑q
i=1 aiAi and we denote ρ(a.A) the resolvent set and

R(a.λ, a.A) = (a.λI − a.A)−1 the resolvent operator if a.λ ∈ ρ(a.A). In [6,
Definition 2.1 page 348], W. Boubaker, N. Moalla and A. Radl defined the
notion of the joint numerical spectrum σn(·) of q-tuple of operators on a Banach
space as:

Definition 2.1. Let (A = (A1, . . . , Aq), D(A)) be a q-tuple of linear operators,
where A1 is closed and densely defined linear operator and A2, . . . , Aq are
bounded linear operators on a Banach space X. Then z ∈ Cq belongs to the
joint numerical resolvent set ρn(A) of A if there exist a ∈ Cq with ∥a∥ = 1 and
ω ∈ R such that
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(i) z ∈ H+
a,ω,

(ii) Cω ⊆ ρ(a.A),
(iii) ∥R

(
a.λ, a.A

)
∥ ≤ 1

d(a.λ,∂Cω) for all λ ∈ H+
a,ω.

The complementary set

σn(A) = Cq\ρn(A)

is called the joint numerical spectrum of A.

For the reader’s convenience, we recall some properties of the joint numerical
spectrum proved in [6, Corollary 2.4, page 349].

Proposition 2.2. Let (A = (A1, . . . , Aq), D(A)) be a q-tuple of linear opera-
tors, where A1 is closed and densely defined linear operator and A2, . . . , Aq are
bounded linear operators on a Banach space X. Then λ ∈ ρn(A) if and only if
there exists a ∈ Ω such that a.λ ∈ ρn(a.A), where Ω = {c ∈ Cq : ∥c∥ = 1}.

We consider, the following definition of the joint spectrum of a q-tuple of
linear operators as (see [4, 10]).

Definition 2.3. Let A = (A1, . . . , Aq) be a q-tuple of linear operators on a
Banach space X, the joint spectrum is defined as

σ(A) = σl(A) ∪ σr(A),

where the left (resp. right) joint spectrum σl(A) (resp. σr(A)) of A is defined
as the set of all λ ∈ Cq such that for all q-tuples of bounded operators B =
(B1, . . . , Bq) we have

∑q
i=1 Bi(λi−Ai) ̸= I onD(A) (resp.

∑q
i=1(λi−Ai)Bi ̸= I

on X).

The following properties summarize some basic results of the joint numerical
spectrum established in [6, Proposition 2.6 and Properties 2.8].

Properties 2.4. Let (A = (A1, . . . , Aq), D(A)) be a q-tuple of linear opera-
tors, where A1 is closed and densely defined linear operator and A2, . . . , Aq are
bounded linear operators on a Banach space X. Then

(i) σ(A) ⊂ σn(A).
(ii) σn(I) = {(1, . . . , 1)}.
(iii) σn(A) = σn(U

−1AU) for all isometric isomorphisms U on X, where
U−1AU is defined as U−1AU = (U−1A1U, . . . , U

−1AqU).
(iv) σn(A) = σn(A

′), where A′ = (A′
1, . . . , A

′
q) is the adjoint of A.

(v) σn(αA+ βI) = ασn(A) + β for all α ∈ C and β = (β1, . . . , βq) ∈ Cq,
where αA = (αA1, . . . , αAq) and βI = (β1I, . . . , βqI).

There are several types of joint essential spectrum in the literature. In this
paper, we will consider the joint essential spectrum of a q-tuple of operators
A = (A1, . . . , Aq) defined in [15]

σess(A) =
⋂

K∈Kq(X)

σ(A+K).
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Analogously to the previous definition, we introduce the notion of the joint
essential numerical spectrum and the joint Jeribi essential numerical spectrum.

Definition 2.5. Let (A = (A1, . . . , Aq), D(A)) be a q-tuple of linear operators,
where A1 is closed and densely defined linear operator and A2, . . . , Aq are
bounded linear operators on a Banach space X.

(i) The joint essential numerical spectrum σen(A) of A is defined by

σen(A) =
⋂

K∈Kq(X)

σn(A+K).

(ii) The joint Jeribi essential numerical spectrum σjn(A) of A is defined
by

σjn(A) =
⋂

F∈W q
∗ (X)

σn(A+ F ).

In the sequel, σγn(A), where γ ∈ {e, j}, stands for each one the set of σjn(A)
and σen(A).

Remark 2.6. (i) As a first observation, we note that σγn(A) is an intersection
of closed convex sets, hence it is closed and convex, which is not true for the
essential spectrum σess(A).

(ii) We note that σess(A) ⊂ σen(A) and σj(A) ⊂ σjn(A), since σ(A) ⊂
σn(A).

(iii) If A is a q-tuple of bounded linear operators on a Banach space X, it
follows from [6, Corollary 2.10, page 354] that σn(A) = cl(co(W (A))), then
σen(A) coincides with the joint algebraic essential numerical range Ve(A). In
particular, in the case X = lp, 1 ≤ p < ∞ and Int(σen(A)) ̸= ∅, there exists
K ∈ K(X)q such that σen(A) = σn(A+K), (see [19, Corollary 2.14, page 40]).

(iv) We note that since K(X) ⊂ W∗(X), we have σjn(A) ⊂ σen(A).

In what follows, we give some properties of the joint essential numerical
spectrum of a given q-tuple of linear operators.

Properties 2.7. Let (A = (A1, . . . , Aq), D(A)) be a q-tuple of linear opera-
tors, where A1 is closed and densely defined linear operator and A2, . . . , Aq are
bounded linear operators on a Banach space X, we have the following asser-
tions.

(i) σen(A+K) = σen(A) for all K ∈ Kq(X), and σjn(A+ F ) = σjn(A)
for all F ∈ W q

∗ (X).
(ii) σγn(A

′) ⊂ σγn(A), where A′ = (A′
1, . . . , A

′
q) is the adjoint of A.

If X is a reflexive Banach space, then σγn(A) = σγn(A
′).

(iii) σγn(A) = σγn(U
−1AU) for all isometric isomorphisms U on X, where

U−1AU = (U−1A1U, . . . , U
−1AqU).

(iv) σγn(αA+βI) = ασγn(A)+β for all α ∈ C and β = (β1, . . . , βq) ∈ Cq,
where αA = (αA1, . . . , αAq) and βI = (β1I, . . . , βqI).
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Proof. We sketch only the proof of properties for σen(A) since the proof is
exactly the same in the case of σjn(A).

(i) This property follows immediately from the definition of σγn(·).
(ii) It follows from Properties 2.4(iii) of the joint numerical spectrum that,

for all K ∈ Kq(X), σn(A+K) = σn(A
′ +K ′). Hence,

σen(A) =
⋂

K∈Kq(X)

σn(A
′ +K ′) ⊃

⋂
H∈Kq(X′)

σn(A
′ +H) = σen(A

′).

Therefore σen(A
′) ⊂ σen(A). If X is a reflexive Banach space, the second

inclusion derives immediately, since A
′′
= A.

(iii) Let U be an isometric isomorphisms on X. By using Properties 2.4, we
have

σen(U
−1AU) =

⋂
K∈Kq(X)

σn(U
−1(A+ UKU−1)U)

=
⋂

K∈Kq(X)

σn(A+ UKU−1) = σen(A).

(iv) First, we discuss the case α = 0. From Properties 2.4, we have σn(βI +
K) = σn(K) + β. Then σen(βI) =

⋂
K∈Kq(X) σn(K) + β = σen(0) + β. Hence

σen(βI) = β. Second, if α ̸= 0, then σen(αA + βI) =
⋂

K∈Kq(X) σn(α(A +

α−1K)+βI). Using Properties 2.4 we have σn(α(A+α−1K)+βI) = ασn(A+
α−1K) + β. Thus

σen(αA+ βI) = α
⋂

K′∈Kq(X)

σn(A+K ′) + β

= ασen(A) + β. □

In the following, we prove a compactness result of the joint essential numer-
ical spectrum for a q-tuple of bounded linear operators.

Proposition 2.8. Let A = (A1, . . . , Aq) be a q-tuple of bounded linear opera-
tors. Then we have

(1)

σen(A) ⊂ {λ ∈ Cq : ∥λ∥ ≤ ∥A∥e},

where ∥A∥e = infK∈Kq(X) ∥A + K∥, and ∥A + K∥ = (
∑q

i=1 ∥Ai +

Ki∥2)
1
2 .

(2)

σjn(A) ⊂ {λ ∈ Cq : ∥λ∥ ≤ ∥A∥w},

where ∥A∥w = infF∈W q
∗ (X) ∥A + K∥, and ∥A + F∥ = (

∑q
i=1 ∥Ai +

Fi∥2)
1
2 (for more details, we can refer to [11–14]).



JOINT ESSENTIAL NUMERICAL SPECTRUM 1035

Proof. (1) Let λ ∈ σen(A) =
⋂

K∈Kq(X) σn(A+K). Then for all K ∈ Kq(X),

λ ∈ σn(A+K). It follows from [6] that for all K ∈ Kq(X), ∥λ∥ ≤ ∥A+K∥.
Hence,

∥λ∥ ≤ inf
K∈Kq(X)

∥A+K∥ = ∥A∥e.

(2) The proof follows exactly as above. □

The following result establish a relationships between the sets σγn(A) and
σn(A), which generalizes a well known result for the joint numerical range of q-
tuple of self-adjoint bounded linear operators on Hilbert space, see [17, Theorem
5.2].

Proposition 2.9. Let (A = (A1, . . . , Aq), D(A)) be a q-tuple of linear opera-
tors, where A1 is closed and densely defined linear operator and A2, . . . , Aq are
bounded linear operators on a Banach space X. Then

σγn(A) = σn(A) if and only if Ext(σn(A)) ⊆ σγn(A),

where Ext(σn(A)) = {λ ∈ σn(A) such that ∀α, β ∈ σn(A), λ /∈]α, β[}.

Proof. We give only the proof of the case of the joint essential numerical spec-
trum since the joint Jeribi essential numerical spectrum follows by the same
argument. The first implication is immediate. Conversely, if Ext(σn(A)) ⊆
σen(A). Using the convexity of the set σen(A), we obtain co(Ext(σn(A))) ⊆
σen(A) ⊆ σn(A). Then we have the equality, since σn(A) ⊆ co(Ext(σn(A))).

□

In the sequel, we extend the notion of joint spatial essential numerical range
of a q-tuple of bounded linear operators on a Banach space (see L. T. Mang
[19, Definition 1.4, page 24]) to a q-tuple of unbounded linear operators.

Definition 2.10. Let (A = (A1, . . . , Aq), D(A)) be a q-tuple of linear oper-
ators, we define the set Ne(A) by the set of all complex numbers λ ∈ Cq

with the property that there are nets (xα) ⊂ D(A), (x′
α) ⊂ X ′ such that

∥xα∥ = 1, x′
α ∈ J(xα) for all α, xα → 0 weakly and ⟨Axα, x

′
α⟩ → λ.

Remark 2.11. If X is a Hilbert space, Ne(A) can be defined by weakly null
sequence (xn) ⊂ X of unit norm, see [18, Theorem 2.1]. If X is a Banach
space, we use the notion of nets which guaranties that Ne(A) is not empty,
however this set can be empty if we use a weakly null sequence (xn) ⊂ X of
unit norm.

The following theorem relates the joint essential numerical spectrum σen(·)
to the set Ne(·).

Theorem 2.12. Let (A = (A1, . . . , Aq), D(A)) be a q-tuple of linear opera-
tors, where A1 is closed and densely defined linear operator and A2, . . . , Aq are
bounded linear operators on a Banach space X. Then we have

cl(co(Ne(A))) ⊂ σen(A).
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Proof. For λ ∈ co(Ne(A)), we write λ as

λ =

p∑
i=1

βiλi, where ∀i = 1, . . . , p ; 0 ≤ βi ≤ 1;

p∑
i=1

βi = 1 and λi ∈ Ne(A).

For all i = 1, . . . , p, there exists nets (xiα) ⊂ D(A), (x′
iα
) ⊂ X ′ such that

∥xiα∥ = ∥x′
iα
∥ = ⟨xiα , x

′
iα
⟩ = 1, xiα → 0 weakly and ⟨Axiα , x

′
iα
⟩ → λi. Let

K ∈ Kq(X), we consider an open hyperplane H+
a,ω such that σn(A+K) ⊂ H−

a,ω

and a.(A+K) is the generator of a ω-contractive C0-semigroups. By the Hille-
Yosida and Lummer-Phillips Theorems [8], we have

Re(⟨a.(A+K)x, x′⟩) ≤ ω

for all x ∈ D(A), x′ ∈ X ′ such that ∥x∥ = ∥x′∥ = ⟨x, x′⟩ = 1. Hence

Re(a.λ) = Re
( p∑

i=1

βia.λi

)
= Re

( p∑
i=1

βi lim
α→+∞

⟨a.Axiα , x
′
iα⟩

)
=

p∑
i=1

βi

(
lim

α→+∞
Re(⟨a.(A+K)xiα , x

′
iα⟩)− lim

α→+∞
Re(⟨a.Kxiα , x

′
iα⟩)

)
.

Since Kj is compact and xiα → 0 weakly, then limα→+∞⟨Kjxiα , x
′
iα
⟩ = 0.

Therefore

Re(a.λ) ≤
p∑

i=1

βiω = ω,

which implies that λ ∈ σn(A+K) for all K ∈ Kq(X). Hence cl(co(Ne(A))) ⊂
σen(A), since σen(A) is closed. □

Remark 2.13. (i) The result of the previous theorem generalizes the one estab-
lished in [19] in the case of joint algebraic essential numerical range of q-tuple
of bounded operators.

(ii) We emphasize that Theorem 2.12 is proved in [1] for the case q = 1.

3. Other description of σγn(·)

In this section, we establish several equivalent formulation of the joint es-
sential numerical spectrum. Due to the obtained results, we give more charac-
terization of σγn(·).

In the following result, we obtain a description of σγn(A) in terms of the
perturbation of one of the components of A.

Proposition 3.1. Let (A = (A1, . . . , Aq), D(A)) be a q-tuple of linear opera-
tors, where A1 is closed and densely defined linear operator and A2, . . . , Aq are
bounded linear operators on a Banach space X. Then



JOINT ESSENTIAL NUMERICAL SPECTRUM 1037

(1)

σen(A) =

q⋂
p=1

⋂
K∈K̃q

p(X)

σn(A+K),

where K̃q
p(X) = {0}p−1 ×K(X)× {0}q−p.

(2)

σjn(A) =

q⋂
p=1

⋂
F∈W̃∗

q

p(X)

σn(A+ F ),

where W̃∗
q

p(X) = {0}p−1 ×W∗(X)× {0}q−p.

Proof. (1) First, we observe that K̃q
p(X) ⊆ Kq(X) for all p ∈ {1, . . . , q}. Con-

sequently, we have

σen(A) ⊆
q⋂

p=1

⋂
K∈K̃q

p(X)

σn(A+K).

Second, let λ /∈ σen(A), then there exists K ∈ Kq(X) so that λ ∈ ρn(A+K). It
follows from Proposition 2.2 that there exists a ∈ Ω such that a.λ ∈ ρn(a.(A+
K)). Since ∥a∥ = 1, then there exists ap ̸= 0, p ∈ {1, . . . , q}, and if we let

K̃ = (0, . . . , 0, a.K
ap

, 0, . . . , 0) ∈ K̃q
p(X), we have a.λ ∈ ρn(a.(A+ K̃)). Applying

Proposition 2.2, we obtain λ ∈ ρn(A+ K̃) and consequently,

λ /∈
q⋂

p=1

⋂
K∈K̃q

p(X)

σn(A+K).

The proof of (2) follows by the same argument as above. □

In [6], Proposition 2.7, W. Boubaker et al. proved that σn(A) ⊆
∏q

i=1 σn(Ai).
Using the above proposition, we can show a similar result for the joint essential
numerical spectrum.

Corollary 3.2. Let (A = (A1, . . . , Aq), D(A)) be a q-tuple of linear opera-
tors, where A1 is closed and densely defined linear operator and A2, . . . , Aq are
bounded linear operators on a Banach space X. Then

σen(A) ⊆
q∏

i=1

σen(Ai).

Proof. For all j ∈ {1, . . . , q} and K ∈ K̃q
j (X), we have

σn(A+K) ⊂
j−1∏
i=1

σn(Ai)× σn(Aj +Kj)×
q∏

i=j+1

σn(Ai).
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Then ⋂
K∈K̃q

j (X)

σn(A+K) ⊆
j−1∏
i=1

σn(Ai)× σen(Aj)×
q∏

i=j+1

σn(Ai).

Using Proposition 3.1, we obtain

σen(A) ⊆
q⋂

j=1

j−1∏
i=1

σn(Ai)× σen(Aj)×
q∏

i=j+1

σn(Ai).

Since σen(Ai) ⊂ σn(Ai), we have the desired result. □

We are now able to prove how the joint essential numerical spectrum contains
more information than the joint essential spectrum. It is well know that, if K
is a q-tuple of compact operators on an infinite dimensional Banach space, then
σe(K) = {0Cq}. But the converse is not always true. We purpose to prove the
equivalence by using the notion of the joint essential numerical spectrum. For
this, we introduce the measure of non-compactness (see [3, 16,20]).

Definition 3.3. Let A be a bounded linear operator on a Banach space X.
We define the semi-norm ∥ · ∥µ in B(X), called measure of non-compactness,
as:

∥A∥µ = inf{∥A|M∥ : M ⊂ X a subspace of finite codimension}.

We list some useful properties of the measure of non-compactness.

Lemma 3.4. Let A be a bounded linear operator on Banach space X. Then
we have

(i) ∥A∥µ = 0 if and only if A is compact.
(ii) ∥A∥µ is an algebra semi-norm in B(X), i.e., for all T, S ∈ B(X) and

α ∈ C, we have

∥T + S∥µ ≤ ∥T∥µ + ∥S∥µ,
∥TS∥µ ≤ ∥T∥µ · ∥S∥µ,
∥αT∥µ = |α|∥T∥µ.

Also, we will use the following characterization of co(Ne(A)) proved in [19,
Proposition 1.9].

Lemma 3.5. Let A be a q-tuple of bounded linear operators on a Banach space
X. Then

co(Ne(A)) = {(f(A1), . . . , f(Aq)) : f ∈ B},
where B = {f ∈ B(X)′, |f(R)| ≤ ∥R∥µ for all R ∈ B(X), f(I) = 1, f(K(X)) =
{0}}.

In the next we generalizes the result of [1] to the case of a q-tuple of operators.

Theorem 3.6. Let A = (A1, . . . , Aq) be a q-tuple of bounded linear operators.
Then σen(A) = {0Cq} if and only if A is a q-tuple of compact linear operators.
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Proof. If A is a q-tuple of compact linear operators, then

σen(A) ⊂ σn(0) = {0Cq}.
By Theorem 2.12, we have co(Ne(A)) ⊂ σen(A). Since co(Ne(A)) is not
empty, we obtain σen(A) = {0Cq}. For the converse, we consider A a q-
tuple of bounded linear operators such that σen(A) = {0Cq}. In particular
co(Ne(A)) = {0Cq}. Let i ∈ {1, . . . , q} and λ ∈ co(Ne(Ai)). Then there exists
f ∈ B such that λ = f(Ai). Using Lemma 3.5, we have

(f(A1), . . . , f(Ai−1), λ, f(Ai+1), . . . , f(Aq)) ∈ co(Ne(A)) = {0Cq}.
Then λ = 0 and co(Ne(Ai)) = {0}. On the other hand, we have

e−1∥Ai∥µ ≤ max{|λ| : λ ∈ co(Ne(Ai))} ≤ ∥Ai∥µ,
(see [3, page 5]). This implies that ∥Ai∥µ = 0 for all i ∈ {1, . . . , q}. Due to
Lemma 3.4, we deduce that A ∈ Kq(X). □

An immediate consequence is:

Corollary 3.7. Let A = (A1, . . . , Aq) be a q-tuple of bounded linear operators
and λ ∈ Cq. Then σen(A) = {λ} if and only if there exists K ∈ Kq(X) such
that A = λI +K.

We now characterize the joint essential numerical spectrum in terms of the
intersection of essential numerical spectrum of linear combinations of compo-
nents of A.

Proposition 3.8. Let (A = (A1, . . . , Aq), D(A)) be a q-tuple of linear opera-
tors, where A1 is closed and densely defined linear operator and A2, . . . , Aq are
bounded linear operators on a Banach space X. Then,

λ ∈ σγn(A) if and only if for all a ∈ Cq, a.λ ∈ σγn(a.A).

Proof. Let λ ∈ σen(A) and a ∈ Cq, we want to show that a.λ ∈ σen(a.A).
We discuss only the case a ̸= 0, since the result is hold for the case a = 0.
Due to Proposition 3.1 and Proposition 2.2, we have a

∥a∥ .λ ∈ σn(
a

∥a∥ .(A+K))

for all p ∈ {1, . . . , q}, K ∈ K̃q
p(X). By Properties 2.7(iv), we obtain a.λ ∈

σn(a.(A + K)) for all p ∈ {1, . . . , q}, K ∈ K̃q
p(X). Since (a1, . . . , aq) ̸= 0Cq ,

then there exists i ∈ {1, . . . , q} such that ai ̸= 0. So, for all Ki ∈ K(X) we have
a.λ ∈ σn(a.A+ aiKi). Let K ∈ K(X) and Ki =

K
ai
. Then a.λ ∈ σn(a.A+K).

We deduce that a.λ ∈ σen(a.A). For the converse, let λ ∈ Cq such that for all
a ∈ Cq, a.λ ∈ σen(a.A). We suppose that λ /∈ σen(A). Then from Proposition

3.1, there exist p ∈ {1, . . . , q} and K ∈ K̃q
p(X) such that λ ∈ ρn(A + K).

By Proposition 2.2, there exists b ∈ Ω such that b.λ ∈ ρn(b.(A +K)). Hence
b.λ ∈ ρn(b.A+bpKp) which is a contradiction. The result is checked for σjn(A)
and the proof is similar of the previous proof. □

We give now the following result analog of the separation theorem for a
convex set.
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Proposition 3.9. Let (A = (A1, . . . , Aq), D(A)) be a q-tuple of linear opera-
tors, where A1 is closed and densely defined linear operator and A2, . . . , Aq are
bounded linear operators on a Banach space X. Then

(1) λ /∈ σen(A) if and only if there exist K ∈ K(X), c ∈ Cq and r > 0
such that for all (x, x′) ∈ A, Re⟨(c.(A− λ) +K)x, x′⟩ > r,

(2) λ /∈ σjn(A) if and only if there exist F ∈ W∗(X), c ∈ Cq and r > 0
such that for all (x, x′) ∈ A, Re⟨(c.(A− λ) + F )x, x′⟩ > r,

where A = A1

⋃
A2 and

• A1 = {(x, x′) ∈ X ×X ′ : x ∈ D(A) and x′ ∈ J(x)},
• A2 = {(x, x′) ∈ X ×X ′ : x ∈ D(A), x′ ∈ D(A′) such that there exists
λ ∈ C : (c.A+K)′x′ = λx and ⟨x, x′⟩ = 1}.

Proof. (1) Let λ /∈ σen(A). From Proposition 3.8, there exists c ∈ Cq such that
c.λ /∈ σen(c.A). Hence, there exists K ∈ K(X) such that c.λ /∈ σn(c.A +K).
Since the numerical spectrum is a convex set, by the separation theorem, there
exists r > 0 such that

(3.1) Re(c.λ) + r < Re d for all d ∈ σn(c.A+K).

Let (x, x′) ∈ A, it is easy to show that ⟨(c.A+K)x, x′⟩ ∈ W (c.A+K)∪σp((c.A+
K)′). Using the fact that, σn(c.A+K) = cl(coW (c.A+K))

⋃
σp((c.A+K)′)

(see [2]) and inequality (3.1), we deduce that

Re⟨(c.(A− λ) +K)x, x′⟩ > r, ∀(x, x′) ∈ A.

For the converse we argue by contradiction, we assume that there exist λ ∈
σen(A), K ∈ K(X), c ∈ Cq and r > 0 such that Re⟨(c.(A− λ) +K)x, x′⟩ > r,
∀(x, x′) ∈ A. Due to Proposition 3.8, c.λ ∈ σen(c.A). So, for all K ∈ K(X)
c.λ ∈ σn(c.A+K) = cl(co(W (c.A+K))

⋃
σp((c.A+K)′). On the one hand, if

c.λ ∈ cl(co(W (c.A+K)), then c.λ = limn→+∞ yn, where yn ∈ co(W (c.A+K)).
We write yn as yn =

∑p
i=1 αinzin , where

∑p
i=1 αin = 1 and zin = ⟨(c.A +

K)xin , x
′
in
⟩, (xin , x

′
in
) ∈ A1. By assumption we have Re zin > Re(c.λ) + r,

which implies that Re(c.λ) = limn→+∞ Re yn ≥ Re(c.λ) + r. Then r ≤ 0 and
this is contradiction. On the other hand, if c.λ ∈ σp((c.A + K)′), then there
exists (x, x′) ∈ A2 such that c.λ = ⟨(c.A + K)x, x′⟩. Therefore ⟨(c.(A − λ) +
K)x, x′⟩ = 0 > r, this contradict our supposition.

(2) The proof is similar of the previous proof. □

The next result shows that σen(A) can be expressed as the intersection of
half spaces. This result generalizes the one proved by C. K. Li and Y. T. Poon
[18, Theorem 4.2] in the case of joint essential numerical range of a q-tuple of
bounded self adjoint operators on a Hilbert space. It generalizes also the result
of L. T. Mang [19, Corollary 3.3, page 45] proved in the case of joint algebraic
essential numerical range of a q-tuple of bounded operators on a Banach space.

Theorem 3.10. Let (A = (A1, . . . , Aq), D(A)) be a q-tuple of linear opera-
tors, where A1 is closed and densely defined linear operator and A2, . . . , Aq are
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bounded linear operators on a Banach space X. Then

σγn(A) =
⋂
c∈Ω

{λ ∈ Cq such that Re(c.λ) ≥ minReσγn(c.A)}.

Proof. We give only the proof of the theorem in the case of the joint essential
numerical spectrum since the joint Jeribi essential numerical spectrum follows
by the same argument. Let λ ∈ σen(A). Due to Proposition 3.8, we have
c.λ ∈ σen(c.A) for all c ∈ Cq. Hence Re(c.λ) ≥ minReσen(c.A) for all c ∈ Cq.
Moreover,

σen(A) ⊂
⋂
c∈Ω

{λ ∈ Cq such that Re(c.λ) ≥ minReσen(c.A)}.

On the other hand, let λ ∈
⋂

c∈Ω{λ ∈ Cq such that Re(c.λ)≥minReσen(c.A)}.
We argue by contradiction, we assume that λ /∈ σen(A). By Proposition 3.9,
there exist K ∈ K(X), c ∈ Cq and r > 0 such that for all (x, x′) ∈ A

(3.2) Re⟨(c.(A− λ) +K)x, x′⟩ > r.

We want to prove that min(Re(σn(c.A+K))) > r+Re(c.λ). Let y ∈ σn(c.A+
K) = cl(coW (c.A + K))

⋃
σp((c.A + K)′). If y ∈ cl(coW (c.A + K)), then

y = limn→+∞ yn, where yn ∈ co(W (c.A+K)). We write yn as yn=
∑p

i=1αinzin
where

∑p
i=1αin =1 and zin =⟨(c.A+K)xin , x

′
in
⟩∈W (c.A+K), (xin , x

′
in
) ∈ A1.

Using the inequality (3.2), we have Re zin > Re(c.λ) + r. Hence,

(3.3) Re y = lim
n→+∞

Re yn ≥ r +Re(c.λ).

If y ∈ σp((c.A+K)′), then there exists (x, x′) ∈ A2 such that ⟨(c.A+K)x, x′⟩ =
y. Applying the inequality (3.2), we obtain

(3.4) Re y = Re⟨(c.A+K)x, x′⟩ ≥ r +Re(c.λ).

We deduce from the inequalities (3.3) and (3.4) that for all y ∈ σn(c.A +K),
Re y ≥ r + Re(c.λ). Furthermore, minReσn(c.A + K) ≥ r + Re(c.λ). Since
σen(c.A) ⊂ σn(c.A + K), then minReσen(c.A) ≥ r + Re(c.λ). We assume
c ̸= 0, since in the case c = 0 we obtain immediately a contradiction. Us-
ing the fact that λ ∈

⋂
c∈Ω{λ ∈ Cq such that Re(c.λ) ≥ minReσen(c.A)}

together with the property (iv) of Properties 2.7, we deduce that Re( c
∥c∥ .λ) ≥

minReσen(
c

∥c∥ .A) ≥ r
∥c∥+Re( c

∥c∥ .λ). Thus, r ≤ 0 and this is contradiction. □

4. Example

Let Ω be a locally compact space, we consider the Banach space X = C0(Ω),
where

C0(Ω) := {f ∈ C(Ω) : ∀ε > 0 there exists compact Kε ⊂ Ω such that

|f(s)| < ε,∀s ∈ Ω\Kε}.
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Let φ : Ω → C be a continuous and bounded function verifying the following
hypothesis

(H) : φ−1({λ}) is a countable set, ∀λ ∈ φ(Ω).

We consider Mφ : C0(Ω) → C0(Ω), Mφ(f) = φf , the multiplication oper-
ator and Mϕ = (Mφ, . . . ,Mφ) the q-tuple of multiplication operators, where
ϕ = (φ, . . . , φ). It is proved in [6] that σn(Mϕ) = cl(co(ϕ(Ω))), where ϕ(Ω) =
{(φ(x), . . . , φ(x));x ∈ Ω}. The case of essential numerical spectrum of multi-
plication operator has been previously considered by Abdelhedi et al. [1] in the
particular case of q = 1. The following result generalize their result to q-tuple
of multiplication operators.

Proposition 4.1. Let φ satisfying the hypothesis (H) and ϕ = (φ, . . . , φ).
Then

σen(Mϕ) = cl(co(ϕ(Ω))).

Proof. On the one hand, we have σen(Mϕ) ⊂ σn(Mϕ) = cl(co(ϕ(Ω))). On
the other hand, let λ ∈ co(ϕ(Ω)), then λ =

∑p
i=1 βiλi, where

∑p
i=1 βi = 1

and ∀i ∈ {1, . . . , p}, λi = (φ(xi), . . . , φ(xi)) for some xi ∈ Ω. Let a ∈ Cq,
we have a.λ =

∑q
j=1 aj(

∑p
i=1 βiφ(xi)). Since

∑p
i=1 βiφ(xi) ∈ co(φ(Ω)), then

a.λ ∈ (
∑q

j=1 aj)co(φ(Ω)). Using the result σen(Mφ) = cl(coφ(Ω)) given in [1]

together with property (iv) of Properties 2.7, we obtain

a.λ ∈ (

q∑
j=1

aj)σen(Mφ) = σen(

q∑
j=1

ajMφ)

= σen(a.Mϕ),∀a ∈ Cq.

From Proposition 3.8, we deduce that λ ∈ σen(Mϕ). Thus, we have the follow-
ing inclusion

co(ϕ(Ω)) ⊂ σen(Mϕ) ⊂ cl(coϕ(Ω)).

Since σen(Mϕ) is closed, we can derive the desired result. □
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