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ON GRADED (m,n)-CLOSED SUBMODULES

Rezvan Varmazyar

Abstract. Let A be a G-graded commutative ring with identity and

M a graded A-module. Let m,n be positive integers with m > n. A

proper graded submodule L of M is said to be graded (m,n)-closed if
amg · xt ∈ L implies that ang · xt ∈ L, where ag ∈ h(A) and xt ∈ h(M).

The aim of this paper is to explore some basic properties of these class
of submodules which are a generalization of graded (m,n)-closed ideals.

Also, we investigate GCm
n − rad property for graded submodules.

1. Introduction

Throughout this paper G is a group, A is a G-graded commutative ring
with identity and M is a graded A-module. If a ∈ A, then a can be written
uniquely as Σg∈Gag, where ag is the component of a in Ag. Also, we write
h(A) =

⋃
g∈G Ag. Let I be an ideal of A. For g ∈ G, let Ig = I ∩ Ag. Then I

is a graded ideal of graded ring A if I = ⊕g∈GIg.
An A-module M is a G-graded A-module (or graded A-module) if there

exists a family of subgroups {Mg}g∈G ofM such thatM = ⊕g∈GMg (as abelian
groups) and AgMh ⊆ Mgh for all g, h ∈ G. Also, AgMh denotes the additive
subgroup of M consisting of all finite sums of elements agxh with ag ∈ Ag and
xh ∈ Mh. Also, we write h(M) =

⋃
g∈G Mg and the elements of h(M) are

called homogeneous.
A submodule N ⊆ M is called graded if N is generated by homogeneous

elements. We follow [6, 7] for definitions and information on graded rings and
graded modules. A proper graded submodule P of a graded A-module M is
called graded prime if whenever agxr ∈ P , where ag ∈ h(A) and xr ∈ h(M),
either xr ∈ P or ag ∈ (P :A M). For more results of graded prime submodules
one may refer to [3] and [9].

A proper graded submodule L of a graded A-module M is called graded
semiprime if amg · xt ∈ L implies that ag · xt ∈ L, where ag ∈ h(A) and
xt ∈ h(M). The concept of semiprime submodules and graded semiprime
submodules has been studied in many papers (see, [1], [5], [8] and [10]). It
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was shown that every graded prime submodule is graded semiprime, but the
converse is not true in general (see [4]).

(m,n)-closed ideals in a commutative ring with nonzero identity have been
introduced and studied in [2].

Let m,n be positive integers with m > n. A proper graded ideal I of
A is called a graded (m,n)-closed if amg · bw ∈ L implies that ang · bw ∈ L,
where ag, bw ∈ h(A). We define L to be a graded (m,n)-closed submodule of a
graded A-module M if amg ·xt ∈ L implies that ang ·xt ∈ L, where ag ∈ h(A) and
xt ∈ h(M). On the other hand, L is called a graded (m,n)-closed submodule
of M if ImK ⊆ L implies that InK ⊆ L, where I ⊆ h(A) and K ⊆ h(M).
Clearly, every graded (m, 1)-closed submodule is graded semiprime.

In this paper, we characterize graded (m,n)-closed submodules, which are a
generalization of graded (m,n)-closed ideals.

A graded (m,n)-closed submodule L of a graded A-module M is said to be
graded minimal if whenever K ⊆ L and K is a graded (m,n)-closed submodule
of M , K = L.

Two graded submodules L, K of a graded A-module M are called graded
coprime whenever K + L = M , see [11].

A graded A-module M is called a graded multiplication module if L = (L :A
M)M for every graded submodule L of M , see [4].

2. Graded (m,n)-closed submodules

By definition, every graded semiprime submodule of a graded module is a
graded (m,n)-closed submodule, but the converse is not true in general. Let
n > 2 be a positive integer. Consider the set Z of all integers. Take G = (Z,+)
and A = (Z,+, ·). Define Ag = Z, where g = 0, and Ag = 0 otherwise. Then
each Ag is an additive subgroup of A and A is their internal direct sum. In
fact, 1 ∈ A0 and AgAh ⊆ Ag+h. Hence A is a G-graded ring. Now, consider
the graded A-module M = Z2n . Then the graded submodule L = 0 of M is
not graded semiprime, because 2t · 2̄n−t = 0 but 2 · 2̄n−t ̸= 0. But L is a graded
(m,n)-closed submodule of M for every m > n.

Proposition 2.1. Let L be a graded (m,n)-closed submodule of a graded A-
module M . Then (L :A M) is a graded (m,n)-closed ideal of A.

Proof. Let amg · bw ∈ (L :A M), where ag, bw ∈ h(A). Therefore amg (bwM) =
(amg bw)M ⊆ L and L graded (m,n)-closed implies that ang (bwM) ⊆ L. Thus
ang bw ∈ (L :A M), as needed. □

The converse of Proposition 2.1 is not true in general. Consider the graded
(Z,+, ·)-module M = Z × Z with M0 = Z × 0 and M1 = 0 × Z. Let m > 2.
Then L = (5mZ, 0) is not a graded (m,n)-closed submodule of M for every
n < m. But (L :A M) = 0 is graded prime and so a graded (m,n)-closed ideal
of A.
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Theorem 2.2. Let M be a graded multiplication A-module and L be a proper
graded submodule of M . Then, L is a graded (m,n)-closed submodule of M if
and only if (L :A M) is a graded (m,n)-closed ideal of A.

Proof. This is enough to show that if (L :A M) is a graded (m,n)-closed ideal
of A, then L is a graded (m,n)-closed submodule of M . Let ImN ⊆ L, where
I ⊆ h(A) and N ⊆ h(M). Then Im(N :A M) ⊆ (ImN :A M) ⊆ (L :A M) and
(L :A M) graded (m,n)-closed implies that In(N :A M) ⊆ (L :A M). Hence
In(N :A M)M ⊆ (L :A M)M , that is, InN ⊆ L. □

Proposition 2.3. Let L be a proper graded submodule of a graded A-module
M and m,n be positive integers with m > n. Then the following statements
hold.

(i) If L is a graded (m,n)-closed submodule, then L is a graded (p, n)-closed
submodule for every p ≥ m.

(ii) If L is a graded (m,n)-closed submodule, then L is a graded (m, p)-closed
submodule for every p ≥ n.

(iii) If L is a graded (m,n)-closed submodule, then L is a graded (p, q)-closed
submodule for each p ≥ m and q ≥ n.

Proof. (i) Let L be a graded (m,n)-closed submodule of M and p ≥ m. Let
apg · xt ∈ L, where ag ∈ h(A) and xt ∈ h(M). Hence amg (ap−m

g · xt) ∈ L, and

L graded (m,n)-closed implies that ang (a
p−m
g · xt) ∈ L. If n + p − m ≤ m,

then amg · xt ∈ L and L graded (m,n)-closed implies that ang · xt ∈ L. Assume

that n+ p−m > m. So, ang (a
p−m
g · xt) = amg (ap+n−2m

g · xt) ∈ L and L graded

(m,n)-closed implies that ang (a
p+n−2m
g ·xt) ∈ L. By this way we get avg ·xt ∈ L,

where v ≤ m. Therefore amg · xt ∈ L and L graded (m,n)-closed implies that
ang · xt ∈ L, as needed.

(ii), (iii) The proofs are similar to the proof of (i). □

By Proposition 2.3(i), it is clear that graded (m,n)-closedness is equivalent
to graded (n+ 1, n)-closedness.

Proposition 2.4. Let L1, L2, . . . , Lt be graded (m,n)-closed submodules of a
graded A-module M . Then

(i) L1 ∩ L2 ∩ · · · ∩ Lt is a graded (m,n)-closed submodule of M .
(ii) If {Li}i∈Zt

is totally ordered (by inclusion) and L1 ∪L2 ∪ · · · ∪Lt ̸= M ,
then L1 ∪ L2 ∪ · · · ∪ Lt is a graded (m,n)-closed submodule of M .

Proof. (i) Let amg · xq ∈ L1 ∩ L2 ∩ · · · ∩ Lt, where ag ∈ h(A) and xq ∈ h(M).
Then for every i ∈ Zt, a

m
g · xq ∈ Li. Now, Li graded (m,n)-closed implies that

ang · xq ∈ Li. Therefore, a
n
g · xq ∈ L1 ∩ L2 ∩ · · · ∩ Lt, as needed.

(ii) ∪Li ̸= M and {Li}i∈Zt totally ordered by inclusion implies that ∪Li is a
proper graded submodule of M . Let bmg ·up ∈ L1∪L2∪· · ·∪Lt, where bg ∈ h(A)
and up ∈ h(M). Hence bmg · up ∈ Li for some i ∈ Zt. Thus b

n
g · up ∈ Li, and so

bng · up ∈ L1 ∪ L2 ∪ · · · ∪ Lt, as needed. □
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Note that, if M is a G-graded A-module and N is a graded A-submodule
of M , then M/N is a G-graded A-module by (M/N)g = (Mg + N)/N for all
g ∈ G.

Lemma 2.5. Let L1, L2 be graded submodules of a graded A-module M with
L1 ⊆ L2. Then L2 is a graded (m,n)-closed submodule of M if and only if
L2/L1 is a graded (m,n)-closed submodule of M/L1.

Proof. Let L2 be a graded (m,n)-closed submodule of M and amg (xq + L1) ∈
L2/L1, where ag ∈ h(A) and xq ∈ h(M). Then, amg · xq ∈ L2 and L2 graded
(m,n)-closed implies that ang · xq ∈ L2. Therefore, ang (xq + L1) ∈ L2/L1, as
needed.

Conversely, let amg · xq ∈ L2, where ag ∈ h(A) and xq ∈ h(M). Then
amg (xq+L2) ∈ L2/L1 and L2/L1 graded (m,n)-closed implies that ang (xq+L1) ∈
L2/L1. Hence ang · xq ∈ L2 as needed. □

Corollary 2.6. Let L1, L2 be graded submodules of a graded A-module M with
L1 + L2 ̸= M and at least one of Li is graded (m,n)-closed. Then L1 + L2 is
a graded (m,n)-closed submodule of M .

Proof. Let L2 be graded (m,n)-closed. By the second isomorphism theorem
for modules (L1+L2)/L1

∼= L2/(L1∩L2). The result holds by Lemma 2.5. □

Proposition 2.7. Every graded (m,n)-closed submodule of a graded A-module
M contains a minimal graded (m,n)-closed submodule.

Proof. Let L be a graded (m,n)-closed submodule of M and Ω be the set of
all graded (m,n)-closed submodules K of M such that K ⊆ L. Hence L ∈ Ω
and ⊆ is a partial order on Ω. Let ω be a non-empty subset of Ω which is
totally ordered by ⊆. Therefore by Proposition 2.4(i), ∩K∈ωK is a graded
(m,n)-closed submodule of M . Thus, the result holds by using the Zorn’s
lemma. □

Note that, if M1,M2 are G-graded A-modules, then M = M1 × M2 is a
G-graded A-module by Mg = (M1)g × (M2)g for all g ∈ G.

Proposition 2.8. Let A = A1 × A2 be a G-graded ring and M = M1 × M2

be a graded A-module, where Mi is a graded Ai-module for i ∈ Z2. Let Li be
a proper graded submodule of Mi. If Li is a graded (m,n)-closed submodule of
Mi for i ∈ Z2, then L1 × L2 is a graded (m,n)-closed submodule of M .

Proof. Let Li’s be graded (m,n)-closed submodules of Mi and (ap, bq)
m(xv, yu)

∈ L1 × L2, where ap ∈ h(A1), bq ∈ h(A2), xv ∈ h(M1) and yu ∈ h(M2). So
(amp xv, b

m
q yu) ∈ L1 × L2, that is, a

m
p xv ∈ L1 and bmq yu ∈ L2. Thus by hypoth-

esis, anpxv ∈ L1 and bnq yu ∈ L2. Therefore, (ap, bq)
n(xv, yu) = (anpxv, b

n
q yu) ∈

L1 × L2, as needed. □

The following result is a generalization of Proposition 2.8.
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Corollary 2.9. Let A = A1 × A2 × · · · × As be a G-graded ring and M =
M1 × M2 × · · · × Ms be a graded A-module, where Mi is a graded Ai-module
for i ∈ Zs. Let Li be a proper graded submodule of Mi. If Li is a graded
(m,n)-closed submodule of Mi for i ∈ Zs, then L1 × L2 × · · · × Ls is a graded
(m,n)-closed submodule of M .

3. GCm
n − rad property

LetM be a graded A-module andK be a graded submodule ofM . The inter-
section of all graded (m,n)-closed submodules containingK is called the graded
closed-radical of K and is denoted by GCm

n − radM (K). If there is no graded
(m,n)-closed submodule containingK, then we writeGCm

n −radM (K) = M . It
is clear by Proposition 2.4(i) that for every graded submodule K of M , GCm

n −
radM (K) is graded (m,n)-closed, so that GCm

n − radM (GCm
n − radM (K)) =

GCm
n − radM (K); therefore

K ⊆ GCm
n − radM (K) = GCm

n − radM (GCm
n − radM (K)) = · · · ⊂ M.

The class of graded (m,n)-closed submodules of a graded A-module M is de-
noted by Cm

n (M). For a graded submodule L of M , we write:

GCm
n (L)M = {N ∈ Cm

n (M) |L ⊆ N}.

Also, we put

GMm
n
(L) = ∪ag∈h(A)(a

n
gM ∩ (L :M am−n

g ))

and the graded submodule of M generated by GMm
n
(L) is denoted by EMm

n
(L)

which is called graded (m,n)-envelope of L in M . Let yg ∈ EMm
n
(L). Then

yg = ang1xr1 + · · · + angtxrt , where agi ∈ h(A), xri ∈ h(M) and angixri ∈ (L :M
am−n
gi ) for i ∈ Zt. Let N ∈ GCm

n (L)M . Then, amgixri ∈ L ⊆ N and N
graded (m,n)-closed implies that angixri ∈ N . Therefore, yg ∈ N and we get
EMm

n
(L) ⊆ ∩N∈GCm

n (L)MN = GCm
n − radM (L).

We say that M has GCm
n − rad property if for every graded submodule L

of M ,

EMm
n
(L) = GCm

n − radM (L).

Proposition 3.1. Let L1 and L2 be graded submodules of a graded A-module
M with L1 ⊆ L2. Then

(i) E(M/L1)mn
(L2/L1) = EMm

n
(L2)/L1.

(ii) GCm
n − radM/L1

(L2/L1) = GCm
n − radM (L2)/L1.

Proof. (i) Let ag ∈ E(M/L1)mn
(L2/L1). Then ag = Σt

i=1a
n
gi(xqi + L1), where

agi ∈ h(A), xqi ∈ h(M), angi(xqi + L1) ∈ (L2/L1 :M/L1
am−n
gi ) for i ∈ Zt. So

amgi(xqi +L1) ∈ L2/L1, that is, a
m
gi · xqi ∈ L2. Thus Σ

t
i=1a

n
gi · xqi ∈ E(M)mn

(L2),

that is, ag = Σt
i=1a

n
gi(xqi+L1) = Σt

i=1a
n
gi ·xqi+L1 ∈ E(M)mn

(L2)/L1, as needed.
Now, let bg = Σr

i=1(b
n
gi · yqi) + L1 ∈ EMm

n
(L2)/L1, where bgi ∈ h(A), yqi ∈

h(M), bngi · yqi ∈ (L2 :M bm−n
gi ) for i ∈ Zr. Hence bmgi · yqi ∈ L2 implies that
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bmgi · yqi + L1 ∈ L2/L1. So bg = Σr
i=1(b

n
gi · yqi) + L1 = Σr

i=1b
n
gi(yqi + L1) ∈

E(M/L1)mn
(L2/L1).

(ii) It is clear by Lemma 2.5. □

Proposition 3.2. Let L1 and L2 be graded coprime submodules of a graded
A-module M . Then, GCm

n − radM (L2) = E(M)mn
(L2) if and only if GCm

n −
radL1

(L1 ∩ L2) = E(L1)mn
(L1 ∩ L2).

Proof. Since L1 + L2 = M we have M/L2
∼= L1/L1 ∩ L2. So, GCm

n −
radM (L2) = E(M)mn

(L2) if and only if GCm
n − radM (L2)/L2 = E(M)mn

(L2)/L2

if and only if GCm
n − radM/L2

(L2/L2) = E(M/L2)mn
(L2/L2) if and only if

GCm
n − radM/L2

(0) = E(M/L2)mn
(0) if and only if GCm

n − radL1/L1∩L2
(0) =

E(L1/L1∩L2)mn
(0) if and only if

GCm
n − radL1/L1∩L2

(L1 ∩ L2/L1 ∩ L2) = E(L1/L1∩L2)mn
(L1 ∩ L2/L1 ∩ L2)

if and only if GCm
n − radL1(L1 ∩ L2)/L1 ∩ L2 = E(L1)mn

(L1 ∩ L2)/L1 ∩ L2 if
and only if GCm

n − radL1
(L1 ∩ L2) = E(L1)mn

(L1 ∩ L2). □

The following result holds by the proof of Proposition 3.2.

Corollary 3.3. Let L1 and L2 be graded coprime submodules of a graded A-
module M . Then, GCm

n − radM (L1) = E(M)mn
(L1) if and only if GCm

n −
radL2(L1 ∩ L2) = E(L2)mn

(L1 ∩ L2).

Proposition 3.4. Let M be a graded A-module. If every graded submodule of
the graded factor A-module M/E(M)mn

(0) is graded (m,n)-closed, then M has
GCm

n − rad property.

Proof. Let L be a proper graded submodule ofM . Since E(M)mn
(0)⊆E(M)mn

(L),
we get E(M)mn

(L)/E(M)mn
(0) is a graded submodule of M/E(M)mn

(0). So
E(M)mn

(L)/E(M)mn
(0) is graded (m,n)-closed. Thus

E(M)mn
(L)/E(M)mn

(0) = GCm
n − radM/E(M)mn

(0)(E(M)mn
(L)/E(M)mn

(0))

= GCm
n − radM (E(M)mn

(L))/E(M)mn
(0).

Therefore E(M)mn
(L) = GCm

n − radM (E(M)mn
(L)). Also, L ⊆ E(M)mn

(L) im-
plies that GCm

n − radM (L) ⊆ GCm
n − radM (E(M)mn

(L)), that is, GCm
n −

radM (L) ⊆ EMm
n
(L). Now by the statement just prior to Proposition 3.1,

we have EMm
n
(L) ⊆ GCm

n − radM (L). Therefore, EMm
n
(L) = GCm

n − radM (L).
□

Proposition 3.5. Let M be a graded A-module. If M has GCm
n −rad property,

then E(M)mn
(E(M)mn

(L)) = E(M)mn
(L) for every graded submodule L of M .

Proof. Let L be a graded submodule of M . Hence EMm
n
(L) = GCm

n −radM (L).
Also, EMm

n
(EMm

n
(L)) = GCm

n −radM (EMm
n
(L)) for graded submodule EMm

n
(L)

of M . Therefore

EMm
n
(EMm

n
(L)) = GCm

n − radM (EMm
n
(L))
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= GCm
n − radM (GCm

n − radM (L))

= GCm
n − radM (L) = EMm

n
(L). □
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