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ABSTRACT. An examination is conducted on the multinomial coefficients derived from
generalized quantum deformed algebras, and on their recurrence relations. The R(p, q)-
deformed multinomial probability distribution and the negative R(p, ¢)-deformed multino-
mial probability distribution are constructed, and the recurrence relations are determined.
From our general result, we deduce particular cases that correspond to quantum algebras
considered in the literature.

1. Introduction

The g-deformations of the Vandermonde formula, the Cauchy formula and the
univariate discrete probability distributions were investigated in [2]. Their limiting
distributions were derived, the g-deformed multinomial coefficient was defined, and
recurrence relations for these coefficients were deduced. Then, in [3], the g-deformed
multinomial and negative g-deformed multinomial probability distributions of the
first and second kind were presented [3].

Now, let p and ¢ be two positive real numbers such that 0 < ¢ < p < 1. We
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consider a meromorphic function R defined on C x C by [7]:

o0

(1.1) R(u,v) = Z rouvt,

s, t=—1

with an eventual isolated singularity at the zero, where rs are complex numbers,
1 e NU{0}, R(p™,¢") > 0,Yn € N, and R(1,1) = 0 by definition. We denote by
Dg the bidisk

2
DR = HDRJ
=1
= {6:(61,62)€C2I|6J“<Rj},

where R is the convergence radius of the series (1.1) defined by Hadamard

formula[12]:
limsup *%/|rs:|R§ R = 1.

s+t—00

We denote by O(Dg) the set of holomorphic functions defined on Dg.
The R(p, q)-deformed numbers are given by [7]

(1.2) )R (p,q) = R(P",q"), n €N,
by which the R(p, ¢)-deformed factorials are defined as

]! . 1 for n=0
NIR(p,q) = R(p,q)---R(P",q") for n>1,

and the R(p, ¢)-deformed binomial coefficients as

!
[ m ] = [m] R(p’q)' , (m,n) e NU{0}; m>n.
" xpa  Realm =R,

The linear operators on O(Dg) are defined by

Qo — Qu(z) == p(qz)
P o Pp(z) == p(pz),

and the R(p, q)-deformed derivative given as

pP—q pP—4q
OR,p,q = 3p,qu(P, Q)= mik(pP, 4Q)p.q;

where 0, 4 is the (p, ¢)-derivative

p(p2) — plez)

Op,g 2 ¢ — Op qp(z) = P
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We spoke of the quantum algebra associated with the R(p, ¢)-deformation. It is a
quantum algebra, Ag(p ), generated by the set of operators {1, A, At N} satisfying
the following commutation relations [8]:

AAT = [N + l]ﬂi(p,q)’ ATA = [N]R(pyq)
(1.3) [N, A] = —A, [N, AT] = AT

Its realization on O(Dg) is given by
Al =z, A= 0xp,q)s N := 20,

where 0, = 8% is the usual derivative on C. Let us recall some notions useful in
this paper.

The model deformation structure functions 7,7 € {1,2}, depending on the
deformation parameters p and g were introduced in [5].

For a,b € N, the R(p, q)-deformed shifted factorial is defined by [5]:

n

H (aﬁl*l + ngfl), with  (a @ b)
i=1

0 Pp—
R(p,q)

n

R(pya) L.

(a & b)
Analogously,

n
n

(a o b):R(p 0= H (a Tli_l - bTé_l), with (a o b);(p 0= 1.
i=1
Furthermore, the R(p, ¢)-deformed factorial of a of order r is defined by[6]:

r

(1.4) [a]%(p,q) = H[a —i+1rpg, TEN,

i=1

and the following relations hold :

(1.5) [alxp-1g1) = (m7) " [alxepe):
(1.6) [alrp-1.0-1)! = (172)" ) [alzpg)s
and

—ar+("tt
(1.7) (@l r(p-1.g-1) = (11 72) "8 [a], -

The R(p, q)-deformed of orthogonal polynomials and basic univariate discrete dis-
tributions of probability theory were defined and discussed by Hounkonnou and
Melong [5]. Relevant R(p, ¢)-deformed factorial moments of a random variable and
associated expressions of mean and variance established, and recurrence relations
for the probability distributions were derived, recovering known results as particular
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cases. Furthermore, the multivariate probability distributions (Pélya, inverse Pdlya,
hypergeometric and negative hypergeometric) of the generalized quantum deformed
algebras were constructed. Their corresponding bivariate probability distributions
and properties were derived and determined [11].

Our aims are to construct the multinomial coefficients, the multinomial prob-
ability distribution and properties corresponding to the R(p, ¢)-deformed quantum
algebras [8].

This paper is organized as follows: Section 2 is focussed on multinomial coef-
ficients associated to R(p, ¢)-deformed quantum algebras. Alternate presentations
and their recurrence relations are derived. In Section 3, we contruct the R(p, q)-
deformed multinomial probability distributions of the first and second kinds. Sec-
tion 4 is dedicated to particular cases of our results corresponding to known quantum
algbras. We make some concluding remarks in Section 5.

2. R(p, q)-deformed Multinomial Formulae

In this section we investigate the multinomial coefficients, multinomial formula
and negative multinomial formula in the framework of the R(p, ¢)-deformed quan-
tum algebras. The recurrence relations are also determined.

Theorem 2.1. The R(p, q)-deformed multinomial coefficient

- [l']r1+r2+~~+rk R(p,a)
2.1 T1,72," Tk = : ’
(2.1) rirsiom ]y(p’q) Mz relrwa! - FelRp0)!

satisfies the recurrence relation

_ - -1
[r1, 5 ]R(p&) = 7" [rl?{-wlrk]ﬁ(p,q) ™ [7’1*13’6”27"' vrk‘]?(p,q)
(2.2) + T§7m2 [rl,rzgi_l}--- Tk } R(p,q) o

T—Mmp z
+ 75 [7’17"'2:“' 7Tk_1]93(177q)
Or, equivalently,
a: Sk z—1 r—my z—1
[7'17'“77%](}{(137(]) T2 [rl,"',Tk]:R(p,q) +T1 [7"1_177"2""77”’“]91(%’1)
r—msa __S1 z—1 .
(2.3) + o e vrk]ﬂ(p,q) +
T—mg _Sk—1 z—1
+ 7 Ta [rl,mw- ’Trl]fR(p,ll)

where r; € N and j € {1,2,--- , k}, with m; = Zf:j ri and s; = 23:1 ;.

Proof. Since

[2s,%(p,0) = [Z]R(ps0) [2 — Usi—1,%(p,0)

[z — 1]Sk7:R(p;Q) =[z— Hs;rl,?(p,q) [z — Sk]CR(p,Q)
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and

[ZlRp,g) = 71" (2 — Sklrpg) 72 7" [Sk]R(p0)-

Then, the R(p, g)-deformed factorials of  of order s = Zle T satisfies the re-
currance relation

(2.4) [@]sp Rp.a) = 1% (2 — sy R(p) T ZTQ T]]fR(P o 12— s —1.Rp.0)-
Jj=1

Multiplying both sides of the relation (2.4) by 1/[r1]xrp.q) ! [r2lrm.a)! [Tk]R(p.q)!
and using the R(p,q)-deformed multinomial coefficient (2.1), we obtain rela-
tion (2.2). Similarly, the R(p, ¢)-deformed number can be expressed as

[@]R(p,q) = 2" [ = Sk]R(p,q) +ZTZ "y [rj]R(p.0)

and the R(p, ¢)-deformed factorial of x of order sy satisfies the recursion relation

(2.5) [x}Sk,IR(Pﬂ) =7" [z~ 3k7 (»,9) +ZT$ " SJ ' J]fR(p,q) [x_l}wc—l,ﬂ%(znq);

Dividing the both sides of the relation (2.5) by [r1]x(p.q)!["2]lRp.a)! "~ [Pkl R(p.q)!
and using (2.1), the relation (2.3) is readily derived and the proof is achieved. [

Remark 2.2.

(i) From the relations (1.5), (1.6) and (1.7), we obtain the R(p~1, ¢ !)- deformed
multinomial coefficients in the simpler form:

T — k_ ri(z—m; x
(2.6) [?”17"“ TR ]R(P“:q*l) = (172) 2 il J)[Tl"“ Tk ]R(P#I)
or

xX — k r;i(r—s8,
(2.7) [T17"';Tk}ﬂ{(p*1,q*1) = (1172) =171l J)[n, ,m]gz(p Q)
where s; = Zzzl ri, and m; = Zl ;1iy for ry € N, j € {1,2,--- ,k} and
keN.
Indeed, by replacing R(p, ¢) with R(p~%, ¢~ 1) in relation (2.1), and using the
formulae

—xr+ rti

2]z p-1,4-1) = (172) () [2]r,%(p.0)

and

[rl®p-1,4-1)! = (7172)(2) LWETTR
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(i)

(iii)

(iv)
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we obtain,
—TSk+ A
[ z ] = (T17'2) s )[w}r1+rz+'“+’“k>y(p*q)
T2 TR [R(p1,gml) T _ 1?71 T
(T172) = () Mz lrelzea! - [Felze.o!
st (ki +E{?= "5 T
= (nm) " (e (1) [rwzw-ﬂ‘k]ﬂ%(pﬂ)'
Moreover,
k—1 k
o 41 Y\ T +1 Tj
—x8k+< 2 >+Z(2>__x8k+zrjmj+l+z<( 2 "2
j=1 J=1 =t
x k
:72711'(517*7”3)—7 rj(@ = s5)
i=1 =t

Relations (2.6) and (2.7) follow.

Another recurrence relations can be obtained by replacing R(p, ¢) by R(p~*, ¢~ 1),
and using the expression (2.6), respectively. Thus, the recursion relations
(2.2) and (2.3) take the following forms:

B r—1
[m,'?' Tk ]IR(p,q) = T2m1 [7”1,1'“}7% ] R(p,q) T Tgw [”71?2’"' Tk ] R(p,q)
—1
(2.8) A PR PYSS S
+ Tf [ T1,T2970:1>Tk—1 ] R(p,q)
and
B - -1
[re ]R(p,q) = [rﬁ-}m]ﬂ%(pﬂ) o [7'1_19’67'2"" ’T"]R(Pﬂ)
(2.9) + [m,rzgfl}-~ ,m]ﬂi(p,q) +
— —1
+ Tér Sk I:Tl,‘?',rk—l}fR(P,q).

The g-multinomial coefficients and formula given in [3, eq (2.1)] can be re-
covered by taking R(x,1) = (1 — ¢)~!(1 — z) involving 71 = 1 and 75 = ¢.

Taking k& = 1, we obtained the R(p,q)-deformed binomial coefficients and
related relations of [5, p.3].

Let us generalize the multinomial formulas to the general framework of the R(p, q)-
deformed quantum algebras.

Theorem 2.3. For n a positive integers, x,p, and q real numbers, the following
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relation holds:
k ’VL ’7‘7 T‘J‘
CRLOES S IR N | EE e
Jj=1 ™ Tk R(ZD»CI)] 1

(2.10) x (T{‘ S gyl T 1)

Sj—1

R(p,q)’

where r; € {0,--- ,n}, j € {1,--- ,k}, with Zle ri <nand s; = 25:1 75, o = 0.
Proof. Setting

n ry ("57)_(3)
sp(T1,- ,o130,9) = E:{ﬁ - } HxJTl 2
) )

R(p,q) j=1

s Sj—1
% (Tln T @y T 1)91( )
P,q

and using

i [ ] L L L L
" R(p,q) T2 R(p,q) Tk R(p,q) Tt Tk R(p,q)

we get:

k n—sj-1 n—r; T
n—=S;_ . J J
Sn(xla”' 7-'L'k7p7Q) = I | ( § : |: T,J ! :| x;JTl( ’ )7-2(2)>
J

X
—
\sl)
SY
8
<
w
N

From the R(p, q)-deformed binomial formula, the j*"-sum is

N—Sj—1

TL—SJ'71 n_S'fl
1) _ :
(o) = > |7

;=0 ] R(p:9)

where j € {1,2,--- ,k}. Moreover,

n—sj—1 e, Sj—1 n
l@x) (T" T @y, T 1) = (1@%) ;
( ') R(p.q) ! 72 R(p.q) ) R(p,a)

with j € {1,2,--- ,k}. Thus

k
sn(l'la"' sy Tk Py q H 1@$] R(pq)
j=1
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Theorem 2.4. Let n be a positive integers, p and q real numbers. Then,

K koo (759) (3)
n -+ S — 1 fL'J ’7—1 T2
IT(om)h, -3 | |1
et (p.9) TLT2 TR LR e (

Sk—Sj—1"

™ D 47'”)
1 772
R(p,q)

Equivalently, H?:l (le xj);(p,q) -

. x’r}—"_Sk_sj71Tl(n;"‘j)/rz(n+5k,;5jf1)+7‘j

H J

:| R(p,q) j=1 (7'1” &) xj7;>

Sk—Sj—1

R(p,q)

Z n+s,—1
T1,°0 Tk

r; €N

where j € {1,2,--- ,k}, with s; = 25:1 r; and sg = 0.

Proof. Consider the multiple sum defined as follows:

koo (757) (9)

o0
Sn(x T )_Z n+sp—1 i 2
n\41, y Tks Dy 4 T, T2, Tk ? J N N Sk—8j—1
r;=0 (P.9) j=1 T @ %75
R(p,q)

and using the relation (2.11), with n + s — 1 instead of n, we obtain:

o () ()
. _ n— S —Sj_1 } Ty Ty Ty )
SpT1, T3P, 4) = . .
W =1 [ B -

j=1 “Nr;=0
R(p,q)

From the negative R(p, ¢)-deformed binomial formula:

("2") ()

(i N = ntk—1 T Ty X
H (7'1 +xT7y ) = Z i — g
i=1 k=0 R(p.g) (T B T;)y(p,q)
we get:
oo ry ("27) (%)
— 5L — §s e A n
(212)Y [ n Skr- $j-1 } i Siisjil = (1@xj)
;=0 J R(p,q) (7-1" ® :UjTQ”) R(a)
R(p,q)
and so

n

R(p,g)

k
Sn(mla"' 7xk;p7Q) = H (1 EB:EJ)
j=1

An equivalent formula can be derived by putting p =p~,¢ = ¢ ", 2; = =
R(p,q) = R(p~ " g7 ).
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Theorem 2.5. Let x;,j € {1,2,--- ,k+ 1}, p, and q real numbers. For n positive
integer, the following result holds.

n - n
(1o Ak)y(p,q) - TjZ_Q { T1, T2, Tk ]R(p,q)
k i _
(213) X H 'r;’LiS] (1 S ‘rj)ﬂg(p,q) (1 S xk+1)jR(;;,Z)’
j=1

where r; € {0,--- ,n}, j € {1,--- ,k}, with Ele ri <nands; = Egzl ri, 8o = 0,
and Ay, =[]} x;.

j=1
Proof. From the R(p, ¢)— deformed binomial formula, we get

v [ ()G (Y
(IGAk)R(p’q) = ;{ , }gz(p,q)ﬁ > gy’ <7Ak) )
Using the relation

Z |: 7’Lr—17”

T1 =0

T1

.I?_T_Tl (1 o Il) —
R(p,q)

} R(p,q)

and interchanging the order of summation, we obtain:

n - n —r T
(1e Ak)ﬂ%(wz) - 2_:0 [ r1 Lz(p q)x? (e xl)iRl(p,q)
n—ri n—nr -
% Z |: n—mr :| 7_1( 2 )7_2(2)(_Ak)r~
r=0 " R(p,q)

By applying the R(p, g)-deformed binomial formula, we get:

n - n
(oM = 2 |

Tj =0

T1

n—ry ‘ k+1 )
q (o)) T (A= TLe )
b,q )

Lz(znq) i=1

and generally,

n—sj—1 k+1 n—=sj—1 [
i—1 i—1 n—3j-1 n—s; J
[I (Ti — [l ) = 2 [ y ] i J(lemj>ﬂz< )
i=1 vej ;=0 J R(p,a) P
n—s; k+1
X H (7’11_1 — H xj75_1>
i=1 v=j+1

for j € {1,2,--- ,k} with sp = 0. Applying the last expression, successively for
j€{1,2,--- ,k} and using the relation (2.11), the result is immediately deduced. O



472 Fridolin Melong

The results contained in the corollary below are the particular case of the relation
(2.13) by taking x4+ = 0.

Corollary 2.6. Let n be a positive integer. Then,

n k
s (1Fsg, —2n)
n n—s; sptsp—2n)
g T lox T 2
|: 1,79, Tk :| H J ( J)R(pﬂ) 1
r;=0 R(P:9) j=1
and
n
n n s sk(1+sk 2n)
Z 1,72, Tk HI 1@x] R(p.g) ’
;=0 e ’ R(p,q) j=1
k
where j € {1,--+ ,k}, with E ri <nandsj =3 1_,ri, so=0.
i=1

The generalization of the multinomial formula given by Gasper and Rahman [4]
can be determined as follows:

n k

. n S ) n n—=sk
(1 @Ak)gz(p 9 Z [ T1,T, Tk } H T (1 @mjfl)ﬁ(p,q)(l @xk)ﬂz(p»q)’
r;=0 R(p,9) j=1
k .
where j € {1,2,--- ,k}, with er <nands; =>71_,7.
i=1

3. R(p,q)-deformed Multinomial Distribution

In this section, we construct the multinomial and negative multinomial prob-
ability distribution of the first and second kind in the framework of the R(p,q)-
deformed quantum algebras. Moreover, the R(p, ¢)-deformed multiple Heine, Eu-
ler, negative multiple Heine, and negative Euler are obtained as limit of the above
probability distriburion as n — co. We use the following notations in the sequel:

0= (917027"' 79k)~

3.1. R(p, q)-deformed multinomial distribution of the first kind

We consider a sequence of independant Bernoulli trials with chain-composite
successes (or failures) and suppose that the odds of success of the j** kind at the
i*" trial is furnished by:

9]‘71‘:9]‘T11_i7'2i_1, 0<9j<00, (],Z)EN
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The probability of success of the j** kind at the i** trial is derived as

i—1
0; 75

3.1.1 =
( ) pj, -1 0; 7_5—1

Naturally, the probability of failure of the j*" kind at the i*" trial is deduced as

i—1
-

3.1.2 Gi= 177

( ) Js 7_{ 1 + ej 7_21 1

Note that, taking R(z,1) = %’;, we recover the following ¢-deformation of proba-

bilities (3.1.1)and (3.1.2) given in [3, eq. 3.2]:

o Hj qi_l d - 1
Pji =7 10,41 and  gj,i = 1160;¢ 1

We denote by Yj,j € {1,2,---,k} the number of successes of the j** kind in a
sequence of n independent Bernoulli trials with chain-composite failures, with the
probability of success of the j** kind at the i*" trial given by the relation (3.1.1).
The distribution of the random vector (Yl,Yg, e ,Yk) can be called the R(p, q)-
deformed multinomial probability distribution of the first kind with parameters
n,©,p, and q.

Theorem 3.1.1. The probability function of the R(p,q)-deformed multinomial
probability distribution of the first kind with parameters n,©,p, and q is

()

(3) P<Y1:y1a"'vyk:yk):|: n :| —n7:921
Y1,Y2, s Yk R(l’v‘])j:l (1@0 ) p]q)
and their recurrance relations are
[ zk: ] ﬁ 0 Tln yJTQyJPy
y+1
-1 k,R(p,q) j=1 y] + 1 R(p, (1 ® 9J>R(p,q)
3) ‘
with Py = H ———, where for j € {1,2,--- |k} we have y; € {0,1,--- ,n}

1
k j= (1@6]):’%(?‘?)
and 3 5y y; <n,s; = > i, 0<6; <1
Proof. The random variable Y; is defined on the sequence of n independent Bernoulli

trials with space w = {s1, f1}, follows the R(p, ¢)-deformed binomial distribution of
the first kind with probability function:

n—yi y1
991 ( 2 ) (2)
11 T2 5 y16{071a"' 771}.

n
P(Yi=y1) = A T2
( 1 Z/1> |:y1 :| (p,q) (l@el)y(p’q)



474 Fridolin Melong

In the same way, the random variable Yj is defined on the sequence of n — sp_1
independent Bernoulli trials, with conditional space w = {sg, fx}, obeys a R(p, q)-
deformed binomial distribution of the first kind with probability distribution:
SONCY
n— s 9Yr 7_( 2 )\
P(Yk:yk|Y1:y1a"'7Yk—1:yk—1):|: kl] kl—n,fk_l7
Yk R(p.a) (1® 0)

R(p,q)
where y, € {0,1,--- ,n — sx_1}. Then, from the relations (2.11) and the multi-
plicative formula for probabilities, the result follows. Using the R(p, ¢)-deformed
multinomial formula, we get:

Y PMi=y, Ye=wy) =1
The recurrence relation is obtained by simpler computation. O

We consider Tj,j € {1,2,---,k} the number of successes of the 4t kind until
the occurrence of the n' failure of the k** kind, in a sequence of Bernoulli trials
with chain-composite failures, with the probability of success of the j** kind at the
ith trial is given by the relation (3.1.1). The distribution of the random vector
(Tl, Ty, --- ,Tk) may be called the negative R(p, ¢)-deformed multinomial probabil-
ity distribution of the first kind with parameters n,©,p, and q.

Theorem 3.1.2. The probability function of the negative R(p, q)-deformed multi-
nomial distribution of the first kind with parameters n,©,p and q is given as

R GONE)

n—+sp—1 T T
4) P(Ti=t, - Ti=ty) = [ L } Lo 2
L2 otk L R(pg) jo1 (1 @gj)y(p,q)
and their recurrence relation by

n—tj tj
;1 Ty’ Py

1 [tj + 1}92(177(1) (1 S ej)ﬂi(p,q)

)

k
Jj=1 Jj=

Pt+1 = [n — Z tj:| k;7y(p7q) '

k T(g)

wiht Py = Hj:1 W, where for j € {1,2,--- ,k} we have t; € N and s; =
I R (p,a)

S i, 0< 05 <1,

Proof. From the multiplicative formula, we have:

PTy=ty, - Tr=t) = PTi=t1|To=ta,- ,Tp =tg)
X P(T2:t2|T3:t37~--,Tk:tk)“'P(Tk:tk).

The random variable T is defined on the sequence of n + s, independent Bernoulli
trials with space Q1 = {s1, f1}, obeys the negative R(p, q)-deformed binomial dis-



Multinomial Probability Distribution and Quantum Algebras 475

tribution of the first kind with probability function

n+sy—1 Htlf(wsgitl)r(u;)
P(letl|T2:t27"'aTk:tk:):[ y ] L n+s2k , tp €N,
1 R(p,a) (1 & 91)
R(p,q)
Then, given the occurrence of the event {T, = t;}, the random variable T} is

defined on the sequence of n + s — sp_1 = n + t; independent Bernoulli trials,
with conditional space Qj = {sk, i}, obeys the negative R(p, q)-deformed binomial
distribution of the first kind with probability distribution:

n+ sy —Sg—1 — 1 0zk7_1("+2“k)7_2(‘§)
P(Tk = tk) = { un :|:R( : (1 , Py —
P,q P )
g R(p,q)

where t;, € N. Then, multplying all the above probabilities and using the relation

{n—i—sk—l} ﬁ{n—«—sk—sjl—l
tl?t27'-')tk) (pq) j:l t]

:| 3 S0 = 0
R(p,q)

the result follows. Using the negative R(p, ¢)-deformed multinomial formula, we get

ZP(letl,...,Uk:tk):l.

O

Remark 3.1.3. We denote by V;,j € {1,2,...,k}, the number of failures of the
4t kind until the occurrence of the n'* success of the k** kind, in a sequence of in-
dependent Bernoulli trials with chain-composite successes and (Vl, Vo, -, Vk) the
random vector. The probability function of the negative R(p, ¢)-binomial distribu-
tion of the first kind is:

n+v-—1 1()()
©) P(V:v):{ v :|R(p7(1)(1€991)2n+v’ ven

R(p,q)

From the relation (5) and the steps used to get the (4), the probability function of
the random vector (Vl, Vo, --- ,Vk) is given by P(V1 =vy, -,V = ’Uk) =

(©) [ n+s,—1 }

N e'r_t+sk*8j717_1(u2j)7-2(n+5k;5j_1)+vj
n+sp—s;_1 ’

R(p,q) j=1 (1 ©0; )R(p q)

U1,V2," ",V

J
where v; € N,s; =Y v;,0 < 6; <1, and j € {1,2,--- ,k}.

i=1
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Remark 3.1.4. The R(p, ¢)-deformed multinomial distributions (3) and (4) can
be approximated by the probability function of the R(p, ¢)-deformed multiple Heine

distributions (7) and (8). In fact, setting p; = —— and using 0 < ¢ <p <1, we
have:
. n 1
lim . = k Yi
n—soo [ Y1,Y2, » Yk R(p,q) Hj:l (7’1 — 7'2) ; [yj]gg(;mq)!
and
lim (1 @ w;i(m — T ))nﬂjil 1
1 i(T1 — T2 =—.
n—ro0 ! R(pa)  €R(pq) (—H5)
Thus,

k 9% (n_ayj) (yzj) Yj (yzj)

k
1 T2 ﬂj Ta
H n—s;j—1 H 92(paQ) :

n
(7)) lim [ ]
n=oe | 91 Uk g 1 (10 6k [yﬂmp,q)!

Similarly, we get:

(8)

) n—t; ty . ty
i { n+sp—1 ] b 91&"771( : )72(2) ﬁ By (— L&))
n—oo |t 1tk R(p:q) j=1 (1 ®0; )7911-6::) o Jj=1 " [tj]ﬂz(pﬁq)!

3.2. R(p,q)-deformed multinomial distribution of the second kind

We consider a sequence of independent Bernoulli trials with chain-composite
successes(or failures) and suppose that the conditional probability of success of the
4t kind at any trial, given that i — 1 successes of the j kind occur in the previous
trials, is given by:

(3.2.1) pii=1—-0;7""m', 0<6;,<1, (ji) €N,

We denote by X; the number of failures of the 4t kind in a sequence of n in-
dependent Bernoulli trials with chain-composite successes, where the conditional
probability of success of the j** kind at any trial, given that i — 1 successes of the
4" kind occur in the previous trials, is given by (3.2.1).

Theorem 3.2.1. The probability function of the R(p, q)-deformed multinomial dis-
tribution of the second kind with parameters n,©,p and q is determined by:
(3.2.2)

n—s;

n Tj
P(X1 =z, -, Xg Zl‘k) - [ T1,To, Tk Lz( H9 <169 )R(p,q).

P,q) Jj=1
The recurrence relation for the R(p,q)-deformed multinomial distribution of the
second kind is given by:

: £ 0;(1065) ) . - n
Pog1 = [n—z Leﬂ%(pq H—P with Py = H (1@9]')91(1741)'

j=1 R(p q) j=1
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k J

where z; € {0,1,--- ,n},Za:j <n,s; = Zwi,O <0;<1,and je{1,2,--- k}.
j= i=1

Remark 3.2.2.

(i) Taking k = 1, we deduced the R(p, g)-deformed binomial distribtuion of the
second kind ([5], Definition 3.5 in page 9).

(i) The multinomial probability distribution presented in ([13], eq 1 in page 18)
is recovered by putting R(p, q) = 1.

Corollary 3.2.3. The recursion relation for the q-deformed multinomial distribu-
tion of the second kind is deduced as :

k k -
Por1 = [ ij} H 1—qﬂ” 1 e

]:1 :

Proof. By taking R(z,1) = }_fz in the general formalism. o
Remark 3.2.4. We denote by Yj,j € {1,2,---,k}, the number of usccesses of
the j* kind in a sequence of n independent Bernoulli trials with chain-composite
failures, where the conditional probability of success of the j** kind at any trial,
given that i — 1 successes of the j** kind occur in the previous trials, is given by
the relation (3.2.1).

Using the same procedure to derive the relation (3.2.2), the probability function
of the random vector (Yl, Yy, - ,Yk) is obtained as:

k

HQ;L v (199 )R(p q)’

"]
Uk R(p,a) j=1

32.3) P(Yi=y1, -, Yi = yi) =
323) PG = Ymm) = | "

k J
where y; € {0,1,--- ,n},Zyj <n,s; = Zyi,O <#;<1,and j €{1,2,--- Kk}
j=1 i=1
Let W;,j € {1,2,...,k} be the number of failures of the j** kind until the occur-
rence of the n'" success of the k** kind, in a sequence of n independent Bernoulli
trials with chain-composite successes.

Theorem 3.2.5. The probability function of the negative R(p, q)-deformed multi-
nomial distribution of the second kind with parameters n,©,p and q is furnished
by:

(3.2.4)

k
—1 w n+sk—s
P, ::P(lewl,--- 7Wk:wk) = |: glf.élf’wk :|£R( ) ”9;](199) +p1;) ],
p.9) j=1
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J
where w; € N, s; = Zwi,o <0; <1, and j € {1,2,--- k}. Furthermore, their
i=1
recursion relations are given by:
kg; (1606)) k

R(p.q) : _
Fuor1 = ["‘Z Lm(uq)H [wj+ﬂik(l71;)q Pu, with Py =[] (166;)5, )

j=1 j=1
Remark 3.2.6. The limit of the R(p, ¢)-deformed multinomial distribution of the
second kind (3.2.2), as n — oo is the R(p, ¢)-deformed multiple Euler distribution:

k Tj

k
H 9;” (1 60, ) ’ H R(p, q) "lj’j

. n
lim [ } :
n—7>r00 T1,X2, " , Tk R(p,q) j=1 [‘/EJ]:R(ZE‘])

Moreover, the limit of the R(p, ¢)-deformed multinomial distribution of the second
kind (3.2.4), as n — oo is the R(p, ¢)-deformed multiple Euler distribution:

k w;
. n+s,—1 } ntsk—s; Hi_
lim 07 (10 9 Ex( .
n—o0 |: Wy, W2, -, Wk R(p,q) Jl_‘[L ( R( a) H (7.9) [ j]:R(PaQ)

Remark 3.2.7 Several kind of the R(p, g)-deformed multivariate absorption dis-
tribution are also attracted our attention. Replacing R(p,q) by R(p~1,¢71), 6; by
7 "7y for j € {1,2,--- ,k} in the relation (3.2.1), the probability of successes is
reduced as:

pia=1—m T 0 cmy <00, je{L,2,... .k}, ie{L,2--,[m]}.
Using the relation (2.6) and the R(p, ¢)-deformed factorial, the probability function
(3.2.2) takes the following form:

k
=Y wi(my —n+s))

" (TlTQ) J=1

P(Xi=a1, Xy = 1) = [w

» Tk Lz(p,q)
k
H " — 7—2 [mj]n_s_j,ﬂz(p,q)'

Furtermore, from (2.6), the probability function (3.2.3) can be rewritten as:

k

= (mj —yy)(n—s;)
(rim2) /=1

n
PYi=y, - Ye=yr) = [1/1 Y2, ykh( )
» Y2, ’ R(p.q

k
H = T2 ]ijfR(pr)'

J=1
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4. Particular Cases of Multinomial Distribution
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In this section, we derive particular multinomial coefficient and multinomial
probability distribution induced by the quantum algebras known in the literature.

(i) Taking R(z,y)

z—y
p—q’

we obtain the results from the Jagannathan-

Srinivassa algebra [10]: the (p, ¢)-deformed multinomial coefficients

[x}T‘1+T2+-“+Tk7P7q

[7‘1 77'271.“ )Tk }p7q =

satisfy the recursion relation:

[ x
T1,72, "

and alternately,

[ x
T1,72, "

T ]p,q

Tk ]p,q

r—1

m—mQ[
r1ra—1,

T ]p,q
z—1 ]
T2, Te— 1 p g

p
q
q

+ o+

T—my [

_ sk[ r—1
= 47 | rira,e

r—mso S1 [

p q

Tk ]p,q

rz—1

XT—Mp  Sk—1 rz—1
A P

+ o+

Sk r—1 ] xfml[ r—1
[Tlﬂ"z,'" Tk Ip.q +4q ri—1,ra,.-

T—11
" i

Tr—1

[r1]p.g!r2lp.a! - [Tkl p,q!

) pa

r—1 ]
Tk dp,q

r1,r2 =1, Tk ]p7q +

]p,q'

Moreover, the (p~!, g~!)-deformed multinomial coefficients provided by

obey the recursion relations

[ xT
T1,72,

and

[TI;T2?:'" Tk ]p7q

T ]p7q

— mi [ z—1
= 4 rira,e

r—1

m3
S A P

= pz [Tlﬂ’ij'l'

3Tk :Ip,q + qusl [

xr—So x—1
+ g |:7’177'2_17"'77'k}p7q

_ (pCI) i1 J)[r r

Tk ]p,q +q™ [Trlg,cr;l---

T
Tk th +- +p [7”117"27"' sThk—1

ri—1,rg,

o T

— k ri(z—m; x
_ (pQ) 2= J)[

[reratee ]
T1,72," Tk lp—1 g—1 -

T1,T2w'w7“k]p,q

1,72, Tk ]p’q

Tk ]p,q
rz—1 ] .
p.q

rx—1 ]

Tk Ip,q
z—1 ]

Tk—11p,q°

where r; € Nand j € {1,2,--- ,k}, with m; = Ef:j r; and s; = 23:1 5.
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For n a positive integers, x,p, and ¢ real numbers, the following relation
holds:

k

H(l ® Z‘j)Z’q =

j=1
k
n T4 nTri TJ n—Ss;i_ o M—Sj_
2[12,@} TLy 80304 (51 @ a2

P4 j=1

Sj—1
pa
where r; € {0,--- ,n}, j € {1,--- ,k}, with Zle ri <nand s; = Zgzl Ty,

and sg = 0.

Furthermore, for n be a positive integers, we have

k k mip("5) (%)
n Z n+ s, —1 ;P q
I |1 (1 @xj)pyq - [ T1,T2, .k.. JTh } H . Sk—8j-1"
j=

Pq j=1 (P" S5 zjq”)

Pq
Equivalently,
k
H(l @ 117]‘):7(1 =
j=1
> { n+sp—1 ] : $?+Srsj71p(n_2”)q(n“’“z_‘gj*l)“a‘
o=t T, T, Tk Pl (p” o qun):quisj_l ,
J
where j € {1,2,--- ,k}, with s; = Zri, sp = 0.
i=1

Let zj,5 € {1,2,--- ,k + 1}, p, and ¢ real numbers. For n positive integer,
the following result holds:

n k
ton), =3 |, 0 | Tl aew)y,aomn),™
0

- P j=1
where r; € {0,---,n}, j € {1,--- ,k}, with Zle ri <nand s; = Zgzl i
So = O’ Ak‘ = Hkill Ij.

For n a positive integer, we have:

n k (tsp,—2n)
n n—s; rs Sk sp—2n
> [[« (o)), =
T1,T2, Tk ) p:q
r;=0 P, j=1

and

n k (45, —2n)
n r n—s; Sk s —2n
E |Ixj7(1@$j) ‘=p 2 )
T1,72, Tk p.q

P.q j=1
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k
where j € {1,--- ,k}, with er <nands;=>"7_,7, s =0.
i=1
The (p, q)-deformed of the multinomial formula given by Gasper and Rah-
man [4] can be determined as follows:

n k
(T S [N I ) E (T AN (Rt
;=0 e P j=1
k .
where j € {1,2,--- ,k}, with er <nands; =>71_ r.
i=1

(a) The probability function of the (p, ¢)-deformed multinomial distribution
of the first kind with parameters n, (91, O, Hk),p and q is presented
by:

k Qy] mj) q(yzj)

n
P(Yi=y1, Ve =) = b AR
i=wu k= Ur) L/l,yz,“ 7yqu]Hl (o0,

T o \m—Sj_1

and their recursion relations as:

k
y+1 |: Zyj:|k:pq

j=1 j=1

p(3)

with Py = H?=1 W, where for j € {1,2,--- ,k} we have y; €

ﬁ 0; p" Yig¥i P,

+1pe(1®0),

{0,1,---,n}, and ijl Yy <n,s; = Zgzl y; for 0 < 6; < 1.
(b) The probability function of the negative (p,q)-deformed multinomial

distribution of the first kind with parameters n, (91, Os, - ,Gk),p and
q is given as follows:

_ koogui p("51) ()
P(Tl—t1,~-~,Tk—tk)—[n+Sk 1] H i'p q

n+sp—s;—1"’
botey il jo (1@065) ) 77
and their recurrence relation by:
k k prti gt
j q7 P
ror= -3, T
R (1@6)5')1774

p(%)

with Py = H] 1W where for j € {1,2,---,k} we have t; € N
7 p,q

and s; = S27_, t; for 0 < 0; < 1.
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The probability function of the (p,¢)-deformed multinomial distribu-
tion of the second kind with parameters n, (91792, e ,Hk),p and ¢ is
determined by:

He% (1o6,) .~

P.q j=1

P(Xy=ay, Xp = 21) = Ll ! Ik]

and the recurrence relation
0,0120),,

k
" N T pa
Forr = [ Z j} k,p,q (25 + 1]pq

j=1 Jj=

x

with Py = H§:1 (1o Gj)zq where x; € {0,1,--- ,n}, 2?21 z; <n and
Sj =2 i1 Ti-

Another (p, ¢)-deformed multinomial distribution of the second kind

k
p(y1 =y, , Y5 :yk) = [ y1,y2,7~l-~ ” } Hay—sj@@&j)iq
P9 j=1

k j
where y; € {0,1,--- ,n},Zyj < mn,s; = Zyi,O <§; <1, and j €

j=1 i=1

{1,2,--- ,k}.

The probability function of the negative (p,q)-deformed multinomial
distribution of the second kind with parameters n, (91, Oy, Hk) ,p and

q is furnished by:
P(Wl =Wi, - 7Wk :wk) =
n-+s 1 k +
k — w; \ntsk—s;
PO, }He (1o,
Furthermore, their recursion relations are given as follows:

(1e6;) k

k k
Py = [n ij} H Jna P with Py =] (1065),,

=1 7177‘1]:1 j=1

J
where w; € N, s; :Zwi,0<9j <1,and j € {1,2,---,k}.

i=1

(ii) Putting R(z,y) = —2%—, we obtain the multinomial distribution and prop-

(p~t—q)x>

erties corresponding to the Chakrabarty and Jagannathan algebra [1].



Multinomial Probability Distribution and Quantum Algebras 483

(iii) The multinomial distribution and properties associated to the Hounkonnou-

Ngompe generalized ¢-Quesne algebra [9] can be deduced by putting
R(z,y) = ooty
) (

qa—p~1y-

5. Concluding Remarks

The multinomial coefficients and the multinomial probability distribution and

the negative multinomial probability distribution from the R(p, ¢)-deformed quan-
tum algebras have been examined and discussed. Particular cases have been de-
duced. The numerical interpretation of these probabilitu distributions is in prepa-
ration.
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