KYUNGPOOK Math. J. 63(2023), 451-461
https://doi.org/10.5666 /KMJ.2023.63.3.451
pISSN 1225-6951 eISSN 0454-8124
© Kyungpook Mathematical Journal

Some Results on Generalized Asymptotically Nonexpansive
Mappings in p-Hadamard Spaces

KAEWTA JUANAK, AREE VARATECHAKONGKA AND WITHUN PHUENGRATTANA*
Department of Mathematics, Faculty of Science and Technology, Nakhon Pathom
Rajabhat University, Nakhon Pathom 73000, Thailand
e-mail : ams_24130@hotmail.com, aree@upru.ac.th

and withunph@webmail .npru.ac.th

ABSTRACT. In this paper, we study the fixed point property for generalized asymptoti-
cally nonexpansive mappings in the setting of p-Hadamard spaces, with p > 2. We prove
the strong convergence of the sequence generated by the modified two-step iterative se-
quence for finding a fixed point of a generalized asymptotically nonexpansive mapping in
p-Hadamard spaces.

1. Introduction

Let (X,d) be a metric space and 2,y € X. A geodesic joining x to y is a map
~ from the closed interval [0,d(z,y)] C R to X such that v(0) = z,vy(d(z,y)) =y
and d(vy(t1),v(t2)) = [t1 — ta] for all ¢;,ty € [0,d(z,y)]. The image of v is called
a geodesic segment joining x and y. When it is unique, this geodesic segment is
denoted by [z, y] and we write ax @ (1 — )y for the unique point z in the geodesic
segment joining from x to y such that d(z, z) = (1 —a)d(z,y) and d(y, z) = ad(z,y)
for a € [0,1]. The space (X, d) is said to be a geodesic metric space [2] if every two
points of X are joined by a geodesic, and X is said to be uniquely geodesic if there
is exactly one geodesic joining z and y for each z,y € X.

A geodesic triangle A(x1,x2,x3) in a geodesic metric space (X, d) consists of
three points z1, 22,23 in X and a geodesic segment between each pair of vertices.
A comparison triangle for the geodesic triangle A(xy1,z9,23) in X is a triangle
A(w1,79,73) = AN(T1,%2,73) in R? such that dg: (7;,Z;) = d(z;,2;) for i,j €
{1,2,3}. Let A be a geodesic triangle in X and A be a comparison triangle for A
in R2. Then A is said to satisfy the CAT(0) inequality if for any x,y € A and their
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comparison points z, 7 € A, the following holds,
d(.’lﬁ, y) < d]R2 (ja g)

A geodesic metric space (X, d) is said to be a CAT(0) space if all geodesic triangles
satisfy the CAT(0) inequality. It is well known that any complete, simply connected
Riemannian manifold having nonpositive sectional curvature is a CAT(0) space; see
more details in [2]. Other examples include Euclidean spaces, Hilbert spaces, the
Hilbert ball 7], R-trees [17], and many others.

In 2017, Khamsi and Shukri [9] introduced the concept of CAT,(0) spaces based
on the idea that comparison triangles belong to a general Banach space instead of
the Euclidean plane as follows:

Definition 1.1. Let (E,|| - ||) be a Banach space. A geodesic metric space (X,d)
is said to be a CATg(0) space if for any geodesic triangle A in X, there exists a

comparison triangle A in [E such that the comparison axiom is satisfied, i.e., for all
x,y € A and all comparison points T,y € A, we have

d(z,y) < l|lz — 9.
IfE =1, for p> 1, we say X is a CAT,(0) space.

It is obvious that CAT5(0) space is exactly the classical CAT(0) space, which
has been extensively studied.

Let x,y, 2z be in a CAT,(0) space X, with p > 2, and %ﬁy is the midpoint of
the geodesic [z, y]. Then the comparison axiom implies

coy\” _ 1 1 1
1.1 <= Py P P,
(1.1) d (z, 5 ) < 2d(z,ﬂc) + 2d(z,y) 2pd(av,y)
This inequality is the (CN,) inequality of Khamsi and Shukri [9]. Note that the
(CN,) inequality coincides with the classical (CN) inequality [4] if p = 2. Below are
some strong inequalities in a CAT,(0) space.

Lemma 1.2.([1, 5]) Let (X,d) be a CAT,(0) space, with p > 2. Then, for any
x,y,z in X and o € [0, 1], we have

(i) d(z,ar @ (1 —a)y) < ad(z,z) + (1 — a)d(z,y);
(ii) d(z,0z & (1 — )y)? < ad(z,2)? + (1 — a)d(z,y)? — sira(l — a)d(z, y)?.

Let C be a nonempty subset of a CAT,(0) space (X,d). A subset C of X is
said to be convex if C includes every geodesic segment joining any two of its points,
that is, for any x,y € C, we have [z,y] C C.

A complete CAT, (0) space is called a p- Hadamard space. Throughout our work,
we mainly focus on p-Hadamard spaces for p > 2.

Let T be a mapping of C into itself. An element x € C is called a fized point
of T if x = Tx. The set of all fixed points of T is denoted by F(T), that is,
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F(T)={xe€C:x=Tz}. Asequence {z,} in C is called approzimate fized point
sequence for T (AFPS in short) if lim,, ,~ d(zy, T2,) = 0.

The famous fixed point theorem for nonexpansive mappings in Banach spaces
have first studied by Browder [3]and Géhde [8] in 1965 as follows:

Theorem 1.3. Let X be a uniformly convexr Banach space and C be a nonempty
bounded closed convez subset of X. Then, each nonexpansive mapping T : C — C
has a fized point.

In 1972, Geobel and Kirk [6] extended their result to asymptotically nonex-
pansive mappings. Later in 2004, Kirk [10] obtained a similar result for complete
CAT(0) spaces. In 2013, Phuengrattana and Suantai [12] extended those result
to generalized asymptotically nonexpansive mappings and to complete uniformly
convex metric spaces as follows:

Theorem 1.4. Let (X,d) be a complete uniformly convex metric space. Let C' be
a nonempty bounded closed convex subset of X and T : C — C be a generalized
asymptotically nonexpansive mapping whose graph G(T) = {(z,y) e C x C : y =
Tz} is closed. Then, T has a fixed point.

In this work, we extend some known existence and convergence results for gen-
eralized asymptotically nonexpansive mappings in Hadamard spaces to the case of
p-Hadamard spaces, for p > 2.

2. Preliminaries

Let C be a nonempty subset of a CAT),(0) space (X,d) and T': C' — C be a map-
ping. A mapping T is said to be generalized asymptotically nonexpansive [12, 15]
if there exist sequences {k,} C [1,00) and {s,} C [0,00) with lim, ,oc k, = 1,
lim,, o0 S, = 0 such that

d(T"x, T"y) < kpd(x,y) + 5n,

for all z,y € C and n € N. In the case of s,, = 0 for all n € N, a mapping T is
called an asymptotically nonexpansive mapping. In particular, if k,, = 1 and s,, =0
for all n € N, a mapping T reduce to a nonezrpansive mapping.

Remark 2.1. If T is a generalized asymptotically nonexpansive mapping, it is
know that F(T') is not necessarily closed; see [13].

Recall that ¢ : X — [0,00) is called a type function if there exists a bounded
sequence {x,} in X such that

6(x) = limsup (e, ),
n—oo
for any z € X. A sequence {z,} in X is said to be a minimizing sequence of ¢
whenever
lim ¢(z,) = inf{¢(z) : x € X}.

n—oo
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Lemma 2.2.([9]) Let (X,d) be a p-Hadamard space, with p > 2. Let C be a
nonempty bounded closed convexr subset of X and ¢ be a type function defined on
C. Then any minimizing sequence of ¢ is convergent and its limit z is the unique
minimum point of ¢, i.e., p(z) = inf{p(x) : x € C}.

The following results are needed for proving our convergence results.

Definition 2.3.([11]) A mapping T : C — C is said to be semi-compact if C is
closed and each bounded AFPS for T in C has a convergent subsequence.

Definition 2.4.([14]) A mapping T : C — C' is said to satisfy the condition (I) if
there exists a nondecreasing function p : [0, 00) — [0, 00) with p(0) = 0 and p(r) > 0
for all r € (0, 00) such that

d(x, Tx) = p(dist(z, F(T)))

for all z € C, where dist(z, F(T)) = inf{d(z,z) : z € F(T)}.

Definition 2.5.([13]) Let {x,} be a sequence in a metric space (X, d) and F C X.
We say that {x,} is of monotone type (I) with respect to F if there exists sequences
{6,,} and {7, } of nonnegative real numbers such that > > 6, < 00, > °° | v, < 00,
and

d(@pt1,2) < (L+6p)d(Tn, 2) + 0
foralln € Nand z € F.
Lemma 2.6.([13]) Let {x,} be a sequence in a complete metric space (X, d) and F C
X. If{z,} is of monotone type (I) with respect to F and lim inf,,_, o dist(z,, F) =0,

then lim,, o x,, = 2 for some z € X satisfying dist(z,, F). In particular, if F is
closed, then z € F.

Lemma 2.7.([18]) Let {a,}, {bn} and {c,} be sequences of nonnegative real num-
bers satisfying

ant1 < (1+by)a, +cn, n €N,

where Y07 1 b, <00 and Y7 | ¢ < 0o. Then lim,,_o a;, exists.

3. Existence Theorems

In this section, we study the existence theorems for a generalized asymptotically
nonexpansive mapping in p-Hadamard spaces.
We now state and prove our existence results.

Theorem 3.1. Let (X, d) be a p-Hadamard space, with p > 2. Let C be a nonempty
bounded closed convex subset of X and T : C — C be a generalized asymptotically
nonezpansive mapping whose graph G(T) = {(z,y) € C x C : y = Tx} is closed.
Then, T has a fized point.
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Proof. Fix x € C. Consider the type function ¢ generated by the bounded se-
quence {T"z}. Let z be the minimum point of ¢ which exists by using Lemma 2.2.
Therefore,
d (T"+mx, Tmz) < kmd(T 2, 2) + S,
for any n,m € N. Taking n — oo, we get
O(T™2) < kpe(2) + 8m = by inf{d(z) : x € C} + 51,
for any m € N. Taking m — oo, we get
lim ¢(T™z2) < inf{¢(z):x € C}.
m—o0

Since z is the minimum point of ¢, it implies that lim,, oo ¢(T2) = inf{d(z) : z €
C}. Thus, {T™z} is a minimizing sequence of ¢. By Lemma 2.2, we obtain that
T™z — z as m — 00, and so T(T™z) = T™ 1z — 2 as m — co. By the closedness
of G(T), we have Tz = z. This completes the proof. O

Theorem 3.2. Let (X,d) be a p-Hadamard space, with p > 2. Let C be a nonempty
bounded closed convex subset of X and T : C' — C be a generalized asymptotically
nonexpansive mapping whose graph G(T) = {(z,y) € C x C : y = Tx} is closed.
Then, F(T) is nonempty closed and convez.

Proof. By Theorem 3.1, F(T') is nonempty. To show that F(T') is closed, we let
{zn} be a sequence in F(T') such that lim,, . 2, = 2. By the definition of T, we
have

d(T"z,z) < d(T"z,2,) + d(zn, ) < (14 kp)d(zn, ) + Sn.

Since lim,, o0 kn = 1 and lim, o0 8 = 0, we get lim, oo d(T"2,2) = 0. That is
T'z — x asn — 0o, and so T(T"x) = T" 'z — z as n — oo. By the closedness of
G(T), we have Tx = x. Hence x € F(T) so that F(T) is closed.

In order to prove F(T) is convex, it is enough to prove that *2¥ € F(T)
whenever z,y € F(T) with  # y. Set z = %ey. By the (CN,) inequality and the
definition of T, for any n € N, we have

P
(T2, 2)P = d (T”z, z f y)
< 1d(T”z x)P + 1cl(T”z: y)P — id(ac y)?
— 2 ) 2 ) 2p )

1 1 1
n n,.\P n m, \p p
f2d(1 2, T"x)?P + ,203(1 2, T"y)P — o d(z,y)

1 py 1 p_ 1 p
5 (knd(z,@) + 80)" + 5 (knd(z,y) + 52)" — S5 d(z,y)".

IN

By

Since z = 2%, we get that d(z,2) = 1d(z,y) and d(y,z) = 3d(z,y). So, we have

kn L |
ar s op < (Bawp +on) - ey
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By lim, o0 by, = 1 and lim, 00 5, = 0, we get lim, o d(T"2,2)P = 0. This
implies that Tz — z as n — oo, and so T(T"z) = T"*'z — 2z as n — oo. From
the closedness of G(T), we have Tz = z. Therefore, F(T) is convex. This completes
the proof. O

Next, we show that the existence of a fixed point of a generalized asymptotically
nonexpansive mapping in a p-Hadamard space is equivalent to the existence of a
bounded orbit at a point.

Theorem 3.3. Let (X, d) be a p-Hadamard space, with p > 2. Let C be a nonempty
closed conver subset of X and T : C — C be a generalized asymptotically nonez-
pansive mapping whose graph G(T) = {(z,y) € C x C : y = Tz} is closed. Then
F(T) # 0 if and only if there exists an x € C such that {T"x} is bounded.

Proof. The necessity is obvious. Conversely, assume that z is an element in C' such
that {T"x} is bounded. Consider the type function ¢ generated by {T"z}. By the
same step of the proof as in Theorem 3.1, we can conclude that F(T) # (. This
completes the proof. O

Remark 3.4.

(i) If T is generalized asymptotically nonexpansive, F(T') is not necessarily
closed. However, if G(T') is also closed, Theorem 3.2 guarantee that F(T') is
always closed.

(ii) If T is continuous, then G(T) is always closed. Therefore, Theorems 3.1,
3.2 and 3.3 are obtained for a class of continuous generalized asymptotically
nonexpansive mappings.

4. Convergence Theorems

In this section, we study the strong convergence theorems for a generalized
asymptotically nonexpansive mapping by the modified two-step iterative sequence
for finding fixed points of such mapping in p-Hadamard spaces. We now introduce
the modified two-step iterative sequence [16] as below:

Let C' be a nonempty closed convex subset of a p-Hadamard space (X, d) and
T : C — C be a generalized asymptotically nonexpansive mapping. We generate
the sequence {z,} in C by 1 € C and

(4.1) { Yn = ann @ (]— - ﬁn)Tnl'n»

Tpt1 = Wnlyn B (1 — ap)T"yn, n €N,
where {ay, } and {5, } are sequences in [0, 1].
Now we prove the strong convergence results.

Lemma 4.1. Let (X,d) be a p-Hadamard space, with p > 2. Let C be a nonempty
bounded closed convex subset of X and T : C — C be a uniformly continuous
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generalized asymptotically nonexpansive mapping with sequences {k,} C [1,00) and
{sn} C [0,00) such that > o~ (k, —1) < 0o and Y .7 | s < 0. Let x1 € C' and
{zn} be a sequence in C defined by (4.1) where {a,} and {B,} are sequences in
(0,1) such that 0 < a < ay,, By < b < 1. Then, we have the following:

(i) there exit two sequences {3, } and {e,} of nonnegative real numbers such that
oo O <00, Yool i en < o0, and d(Tnt1,2) < (14 6,)d(zn, 2) + &, for all
neNand z € F(T);

(i) limy,_ o d(xy, 2) exists for all z € F(T);
(ii3) {xn} is an AFPS forT.
Proof. (i) : By the uniform continuity of T, we have G(T') is closed. It implies from

Theorem 3.1 that F(T') # (. Let z € F(T'). Since T is generalized asymptotically
nonexpansive, by Lemma 1.2(i), we have

A(Yn,2) < Bpd(n, 2) + (1 — Bp)d(T"zy, 2)
= Bpd(zp,2) + (1 - Bn)d(T”xn,T" )
< Bd(@n, 2) + (1 = By) (knd(2n, 2) + sn)
< (ﬁn (1 — Bn) n) (xna )+Sn

<£n +(1- Bn)) knd(xpn, 2) + $p.

Since 0 < 2—: + (1 = 5,) <1, we obtain
(4.2) d(yn, 2) < knd(zy, 2) + Sp-
This implies that

d(Zni1,2) < nd(Yn, 2) + (1 — an)d(T"yn, 2)
= apd(Yn,2) + (1 — an)d(T"ypn, T"2)
< and(yn, 2) + (1 = an) (knd(yn, 2) + sn)

Since 0 < 2—: + (1 —5n) <1, by (4.2), we have

A(Xp11,2) < knd(Yn, 2) + Sn
< kp(knd(xn, 2) + sp) + Sn
< K2d(xn,2) + knsp + sn
= (1+ (kn — 1))%d(20, 2) + (1 + (kn — 1))85 + sy,
=142k, — 1) + (kp — 1)) d(2n, 2) + (kn — 1)8, + 25,
= (14 0n)d(xn, 2) + Yn,
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where §,, = 2(k,, — 1)+ (k, —1)? and v, = (kn, —1)s,+2s,,. Since > 7 (k,—1) < 00

and Y07 | s, < 0o, it follows that D>, 4§, < co and Y .~ v, < co. Hence, we
obtain the desired result.

(#4) : By (i) and Lemma 2.7, we obtain that lim, o d(zn, 2) exists.
(#4i) : By Lemma 1.2(ii) and (4.2), we have

A(Tnt1,2)" < and(Yn, 2)" + (1 — an)d(T"yn, 2)" — wd@"yn,yn)p
<t (Budlan, 2+ (1= BT, 2 = ZC =P arm, )
an(l—ay)

+ (1 = an) (knd(yn, 2) + 50)° — op—1 d(T" Y Yn)*

< anBnd(Tn, 2)? + an(l — By) (knd(zn, 2) + sn)P
anﬁn(l - ﬁn)

2
+ (1 —ap)(kzd(xn, 2) + knsp + 5p)F — T

d(T"xp, x,)?

an(l—ay)

_ n P
(4.3) = A(T™Yn, yn)P.

Since k, > 1 and s,, > 0, we have
d(xn, 2) < knd(Tp, 2) + 8 < k2d(20,2) + knsp + Sp.

Then, by (4.3), we have

Qp On 1 - Mn n
d(xpy1,2)P < (k2d(xp, 2) + knsp + sp)F — %d(]ﬂ Ty Ty )P
Oén(l — an) n
- Td(T Yns Yn)"-
This implies that
2p—1 9
d(T"xp, x,)P < 2(1=0D) ((kpd(zn, 2) + knsp + sn)P — d(Tny1, 2)P)
and
2r—1

d(T" Y, yn)’ <

- a(l — b) ((kfbd(zna z) + kpsn + Sn)p — d(g(jn_,’_h z)P) )

By lim;, 00 b, = 1, lim,, o0 8, = 0 and lim,, o d(y, 2) exists, we conclude that

(44) nh—>ngo d(Tnl‘n, xn) = Oa
and
(45) lim d(Tny'm yn) =0.

n— oo
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By (4.4) and the uniform continuity of 7', we have
(4.6) lim d(T""x,,Tz,) = 0.

n—0o0

By the definitions of z,11 and y,, we obtain

d(xp, Tay) < d(Tn, 2pi1) + d(@pi1, T e yr) +d(T iy, TV 2y,)

+d(T" ', Tx,)

< (1 + kpg1)d(@n, Tpg1) + Sngt + d@npr, T )
+d(T" 2, Tx,)

< (1 + kp1)(@nd(@n, yn) + (1 — an)d(@n, T"Yn)) + Spt1
+ d(xpa1, T”+1xn+1) +d(T" M2, Tx,)

< A+ ko) (@nd(@n, yn) + (1 — an)(d(@ns yn) + d(Yns T"yn)))
+ Spnt1 + d(xp41, T"+1xn+1) + d(T"+1xn, Tx,)

< A+ k) (d(@n,yn) + (1 — an)d(Yn, T"Yn)) + Sn1
+d(xpyr, T" ) + d(T" e, Tay,)

< (X + k) (1 = Br)d(@n, T"2p) + (1 — ) d(Yn, T"yn))
+ spq1 +d(@ni, T" ey ) +d(T" ey, Txy).

Since limy, o0 kn, = 1, lim, 00 85, = 0, by (4.4), (4.5), and (4.6), we conclude that

lim d(x,,Tx,) = 0.

n—oo
Hence, we obtain the desired result. O

Now, we prove a strong convergence theorem for a generalized asymptotically
nonexpansive semi-compact mapping in p-Hadamard spaces.

Theorem 4.2. Suppose that X, C, T, {z,}, {an}, {Bn} are as in Lemma 4.1. If
T™ is semi-compact for some m € N, then {x,} converges strongly to a fixed point
of T.

Proof. By Lemma 4.1(iii), lim,, o, d(z,, Tx,) = 0. Fix m € N, we have
d(l‘n, men) S d(xna TJ?”) + d(Txn7 T2xn) + e + d(Tmilxn; men)-
Since T is uniformly continuous, we have

lim d(x,, T"z,) = 0.

n—roo

That is, {z,} is an AFPS for T™. By the semi-compactness of T™, there exist a
subsequence {z,, } of {z,} and z € C such that limy_,o 2, = z. Again, by the
uniform continuity of T', we have

d(Tz,z) <d(Tz,Txy,) + d(Txn,, Tn,) + d(Xn,,2) = 0 as k — 0.
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Then z € F(T). By Lemma 4.1(ii), lim,_, d(zy, z) exists, thus z is the strong
limit of the sequence {x,} itself. This completes the proof. O

Finally, we prove a strong convergence theorem for a generalized asymptotically
nonexpansive mapping which satisfies condition (I) in p-Hadamard spaces.

Theorem 4.3. Suppose that X, C, T, {x,}, {an}, {Bn} are as in Lemma 4.1. If
T satisfies condition (1), then {x,} converges strongly to a fized point of T.

Proof. By condition (I), there exists a nondecreasing function p : [0,00) — [0, 00)
with p(0) =0 and p(r) > 0 for all r € (0, 00) such that

d(xp, Tzy,) = p(dist(x,, F(T))).
It implies by Lemma 4.1(iii) that
lim p(dist(x,, F(T))) = 0.

n—oo
Then we have
lim dist(z,, F(T)) = 0.

n— 00
By Lemma 4.1(i), we obtain that the sequence {z,} is of monotone type (I) with

respect to F(T). This implies by Lemma 2.6 that the sequence {x,} converges
strongly to a point z € F(T'). This completes the proof. O

Remark 4.4. Any complete CAT(0) space is a 2-Hadamard space, therefore the
results in this paper can be applied to any complete CAT(0) space.
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