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ABSTRACT. In this present work, we inaugurated subclasses of analytic
functions which are associated with generalized Mittag Leffler Functions.
Inclusion implications and integral preserving properties under the Bernardi
integral operator are investigated. Some consequences of these findings are
also illustrated.
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1. Introduction

Ma and Minda [11] gave a comprehensive and unified treatment of the classes
S* and C of starlike and convex functions, respectively. They considered the
class ® of analytic univalent functions ¢(z) with Re ¢(z) > 0 and for which ¢(U)
is symmetric with respect to the real axis and starlike with respect to ¢(0) such
that ¢’(0) > 0. They initiated the following classes of functions that generalized
and unified many known subclasses of S:

51(0) = {rea: T <o}

and
(2f'(2))

repRlell

C(o) = {f € A:
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where A is the class of analytic functions f(z) of the form
oo
f() =2+ ap" (1)
n=2

in an open unit disc U.

n
In particular, for ¢(z) = (%fi) ,n € (0,1], we have the classes of strongly

starlike ( denote by S*(7n)) and strongly convex ( denoted by 6’?77)) functions,
respectively. These classes have analytic characterization:

5 = {r e as g T < 2 2)
T @fealm(e ) o

were first introduced by Brannan [4] and Stankiewicz in [21]. Later, Mocanu

—_—

[14] showed that C(n) C S*(8), where the relation between n and § were given
by transcendental equation. This result were further improved by Nunokawa in
[16] by using the Nunokawa’s Lemma. For recent work on analytic functions
associated with strongly starlike functions, see [2, 5, 6, 10, 15, 17].

Among one of the most applicable special functions is the Mitag-Leffler func-
tions (MLF) given by

el n

z
E = _— . 4
. (2) ngzor(an+1), a,z€C, Rea>0 (4)

This function was introduced and studied by Mittag-Leffler [12, 13] in relation
with his method of summation of some divergent series. In recent years, in-
terest in MLF is considerably increasing in engineering and sciences due to its
wide applications in many applied problems, such as fluid flow, probability and
statistical distribution theory. As a result, this functions has witnessed many
generalizations and modifications, ranges from two-parametric MLF to three-
parametric MLF, which was further extended by Srivastava and Tomovski [20]
and recently generalized by Jain et al [9].

Corresponding to (4), Elhaddad et al [7] initiated the Mittag-Leffler linear
operator EZL; f: A+— A given by

m, R 4 ()¢ S R Y2V
Ea,[?f(z)_z+7lz::2 F(Oé(’l’b—l)—‘rﬁ)

where m € NU{0}, A > 0,a,8 € C,Rea > 0,Re, 5 > 0. For different choices of
a,  and m, the operator reduces to Al-Oboudi operator [1], Salagean operator
[18] and the operator studied in [19]. It is easy to see that the identity relation
associated with (5) is given by

EP M f(2) = (1— NEDS f(2) + A=(ET2 f(2))- (6)

anz" (z € U), (5)
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Motivated with the work presented in [7] by Elhaddad et al and the above

P

mentioned work linked to the classes C(a) and S*(«), we introduce and study
the following classes of analytic functions:

Definition 1.1. Let p > 0,y > 0 and suppose that

Em,)\ P P Em-&-l,)\ . Em’)\ - p—1
L2 D) = (1 -7) (“’if( )> +7< =5 N )>< e I )> .

(7)

Then f € /H;nﬁ)‘;(n) if

jang (£23(rp N(E)| < Tne me (0,11 ®)

In particular, we have the fOHOWiIlg classes of functions:
< 77
-2

(i) For m = a =0,\ =1, we have

o ((22) [ (75 -1)])

(ii) Form=a=0,A=1,7 =1, we have
2f'(2) (f(2)\” ™
< =
arg( 1) < 2 =27
(iii) For m = a=0,\=1,p =1, we have
f(z T
arg ((1 - 7)% +7f'(2) || < 5m
Definition 1.2. Let f € A. Then f € ST";(n) if and only if EI f(2) € 5* ().
Similarly, f € CTOT[’;\(n) if and only if E’;’ﬁ)‘f(z) € C/’Eh/)

H,(n) = {f €A

Ho(n) = {f €A:

H(n) = {f € A:

For m = o« = 0,A = 1,7 = 0, Definition 1.2 reduce to the classes of strongly
starlike and strongly convex functions of order 1 introduce by Brannan [4] and
Stankiewicz in [21], respectively.

We are set to present the main theorems of this work. As such, we need the
following Nunokawa’s Lemma.

Lemma 1.3. [16] Let a function p(z) = 1+ c12 + c22% + c323 + ... be analytic
inU and p(z) # 0 (z € U). If there exists a point zg € U such that

Jarg(p(2))] < 30 (|2 < Jz0]) and [arg(p(z0))] < 50 (0 <y < 1),

then

= ikn,
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where

1 1 T
> —_ —_ = —
k> 5 (a + a) (When arg p(zo) 217)

[\]

k< — % ( ) When argp(zo) = -z ) )
and (p(2))" = +ia(a > 0),

2. Main results

Theorem 2.1. Let f € H." )"7(771 (n2)), where

a,B,p
2 ~vAno sin (5(1 —172))
Ay _ 2
’ = 1)9+— arctan .
) =ty {P(l —12) 2 (1772) (1 4 15) 2 (1512) 4y Ay cos (5 (1 — 1))
Then \ ,
E}5f(2) T
arg (’ﬁ ) < sm2, M2 €(0,1].
Z 2
Proof. Let
Bl f(2)\”
(é = p(2), )

where p(z) is analytic in U with p(0) = 1. Logarithmic differentiation of (9)
together with the relation (6) give

Eng () _ azpl(2)
EMf(z) e p(2)

In view of (7), (9) and (10), we arrive at

arg (EZZ’[?(%p; f)(z)) — argp(z) + arg (1 N 7: W) |

If there exists zp € U such that
7r 7r
larg(p(2))] < 5mz (2] <lz0) and  [arg(p(z0))| < 5m2,

then by Lemma 1.3,
zop' (20)
p(20)
Now, suppose arg(p(zo)) = §n2. Then
arg (L3 (.05 1)(2))
YA ikng )

p an et 52

=4kn and (p(zo))% = +ia(a > 0).

™
:5172 —+ arg (1 + —



Mittag Leffler functions 941

PEL sin (3(1 -1 1 1
:gng—l—arctan( 2p a™ (2< )) ), k22(a+).
a

1+ %% cos (3(1 —n2))

Since 12 > 12 (g!="2 4 q=1=72) ¢ > 0, then the function

Nl=

h(a) = % (a'=" 4 a~17"2) assumes its minimum value at a = (%) . There-

fore,
arg (L0307 05 1)(2))
%m[@ﬁﬂhﬁ+(hxf?ﬂ$ﬂgu—m»

2p 1—n2
1—mg
YAN2 1+m2 ) 2 1-1n2
1+ 2p (1,,72) T 1472

This contradicts our assumption of the theorem. In a similar manner, we also
obtain a contradiction for
argp(zo) = —5no. That is

arg (EZ’,?(% p; f)(Z))

s
5772 + arctan

1+mng

] cos (%(1 — 772))

2p 1-n2

AN 1+n 1-n
g () 7+ ()
Thus the function p(z) has to satisfy |argp(z)| < §n for all z € U This con-

cludes that
)
arg
z

Remark 2.1. Let f € A. Then by specifying the parameters, we have the
following implications.

1—mng 1472
p) _ 2 .
YAN2 [(1%}2) + (L—Zi) ] sin (5(1 _ 772))

14+mng

s
> —57]2 — arctan

] cos (g(l — 772))

< T
2772.

0

(i) feH)m” (772 arg
(i) f € Hylnl:! (n2 1arg ) \ 5
(1ii) f € ’;‘-{(771l (772)) arg( )‘ < Zn.

Theorem 2.2. ST;’?;L’\(U) C ST;’f’B)‘(n) for allm € N.
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Proof. Let f € ST:;LA(U) and set

2B f(2)
B = p(2), 12
BT 1(2) p(z) (12)

where p(z) is analytic in U with p(0) = 1. Therefore, from the identity (6), we
obtain

Eas "M (2) = Ow(z) + (1= V)BTRS (2),
and by logarithmic differentiation, we arrive at

Z(E;n—glAf(Z))/ B Azp/(2)
A PR (e E) .

Suppose there exists a point zy € U such that
T T
larg(p(2))] < 5n (l2] <lzf) and  [arg(p(z0))| < 5,
then by Lemma 1.3,
zop' (20)

p(20)
Now, if arg(p(z0)) = 7. Then

. <ZO(E$§1’Af(zO))’>

=1ikn and (p(zo))% = +ia(a > 0).

E’;”ﬁzl’kf(z(a)

A20p'(20)/p(20) >

= arg(p(z0)) + arg <(1 —A) + Ap(20)

T are 14— R
2T T S e
kX (1= X) 4+ Aa” cos (7))
(1= A)%2+4 Xa" (2cos (5n) + kAnsin (7))

>7r k>1 +1
=" =o\*"4))

This contradicts the fact that f € Sngl’)‘(n). Thus, the function p(z) needs
to satisfy |arg(p(z))| < %in (z € U). Hence, f € STz’ﬁ’\(n). Similarly, if

T
= 577 + arctan

arg(p(z0)) = %7, then we also obtain a contradiction. Hence, we obtain the
required result.
Applying Theorem 2.2, we have the following corollary. (]

Corollary 2.3. CTZ;LA(U) C CT(T/’;\(T]) for all m € N.
Proof.

e~ e~

J € CTIE ) = BIEA(2) € Cli) = #(BLE(2)) € 5+(n)
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=Bl f(2) € 5+(n) = 2f' € ST () = zf' € STI'; ()

= Bl 2f(2) € S*(n) <= 2(EL5 f(2)) € S*(n) <= EL5 f(2) € C(n)
= feCTINn)

O
In the next results, we present the integral preserving property associated

with the classes STS?[’;‘(n) and CT(T[;A(U).
Consider the Bernardi integral operator

Byf(z) = b;)l/ -1 f(Ddt, bEN, fe A (14)
0

This operator was first introduced and studied by Bernardi in [3].

Theorem 2.4. Let f € A. If f € ST;’?’A( ), then By f(z) € Tm)‘( ).
Proof. Let f € ST(%’;\(n) and set

(B Bof(2))
W = p(2), (15)

where p(z) is analytic in U with p(0) = 1. Differentiating (14) and applying the
operator EZLﬂA, we obtain
2B Bof (2) +DELS Bof (2) = (b+ DEL f(2).
That is
(p(2) + D)ELEByf(2) = (b+ DEL S f(2).

By logarithmic differentiation, we arrive

z(E’ZZBAf(Z))’ zp' [p(z)
EL5f(2) D
Suppose there exists a point zg € U such that
7r 7r
larg(p(2))] < 5n (2] <lz0l) and [arg(p(z0))| < 5.

If arg p(z0) = — %7, then from Lemma 1.3,

Ezg\f(zo)
= arg p(zo) + arg <1 + b+ p(z0) )

i ikn
=—=n+ 14—
277 are ( b+ and&'n)
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kn(b + a" cos (27))
b2 + 2anbcos (%) + a1 + kna” sin (Zn)

T 1 1
_Z <= ) <-1).
< 27} <k:_ 2(a+a> < 1>

This contradicts the definition of f € ST, 5\(77)' Similarly, if argp(z0) = 7,
we also arrive at a contradiction. Thus, |argp(z)| < §n for all z € U. Hence,
Byf(2) € ST, (). O

T
= —577 -+ arctan

Using Theorem 2.4, we have the following corollary.
Corollary 2.5. Let f€ A. If f € C’Ta"j[’?(n), then By f(2) € CT(Z?E‘A(U)'
Proof.
feCTIMNn) <= 2f € ST (n) = Byzf'(2) € STI'3 ()
= 2 (Buf(2)) € ST (n) <= Byf(2) € CT5 ().

3. Conclusion

Using the generalized Mittag-Leffler linear operator initiated in [7], we intro-

duced the classes H;’f’é\”’?(n), ST;’?&’\ (n) and CTZ’LE’\(n). The investigations were

in twofold. Firstly, we studied and proved the inclusion implications related
with the classes. Also, it was shown that the classes ST /’3)‘(77) and CT. b)‘ (n)

are invariant under the Bernardi integral operator.
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