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MIXED RADIAL-ANGULAR INTEGRABILITIES FOR
HARDY TYPE OPERATORS

RONGHUI LIU AND SHUANGPING TAO

ABSTRACT. In this paper, we are devoted to studying the mixed radial-
angular integrabilities for Hardy type operators. As an application, the
upper and lower bounds are obtained for the fractional Hardy operator. In
addition, we also establish the sharp weak-type estimate for the fractional
Hardy operator.

1. Introduction

The Hardy operator, as the most fundamental averaging operator, is defined
by

where the function f is a nonnegative integrable function on RT and = > 0. A
celebrated integral inequality, due to Hardy [7], states that

p
Hfl e < — »
1#Allr @y < S 1/ llzeces)

holds for 1 < p < 0o, and the constant ﬁ is the best possible.

For the multidimensional case n > 2, generally speaking, there exist two
different definitions. One is the rectangle averaging operator, and its norm
depends on the dimensions. Another version is the n-dimensional spherical
averaging operator, which was introduced by Christ and Grafakos in [2] as
follows:

1

Vn|$|”

Hf(w) = / f(Hdt, xR {0},
[t|<|z|
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1410 R. LIU AND S. TAO

where v, is the volume of the unit ball in R™. However, the norm of H is
different from the rectangle averaging operator, its norm on LP(R™) was eval-
uated and found to be equal to that of the 1-dimensional averaging operator.
[H|lLe—re (p > 1), that is to say, does not depend on the dimension of the
space.

In 2013, Lu et al. [15] gave the definition of Hardy type operator as follows:

m 1
o= (o) /|

y1|<|z1]

/ FWi, s Ym) Y -+ - dyn,
‘Urn|<|$m|

where f is a nonnegative measurable function on R™ xR™ x - - X R"m m € N,
n; €N,z = (21,22,...,Tm,) € R XR™ x - . xR" z; € R™ and H |z;| # 0.

Furthermore, the corresponding operator norm on the Lebesgue product spaces
with power weights was obtained by some classical techniques.

Theorem A ([15]). Let 1 <g<oo,meN, n; e N, z; e R™ i=1,...,m.
If f € LI(R™ x R x -« x R™ |z|%), where |z|® := |2|* x |z|*2 - x |z]|*m
and o; < (¢ — 1)n;, then the Hardy type operator H,, is bounded on LI(R™ X
R™2 x . x R" |2|%). Moreover, the norm of H,, can be obtained as follows:

m
q
HHm”L‘I(R"l xR72 x ... xRrm |2|¥)— LI (R™1 xR"2 x ... XRm | 2| ) };[1 g—1-— ai/ni :

Later on, Liu and Zhou extended the above result to the case of the p-adic
Hardy type operators in [14]. In addition, as one of the important operators,
the research of Hardy type operators have made rich results. For other recent
works about this topic, see [5,6,16] and related references therein.

On the other hand, our second aim is to consider the mixed radial-angular
integrability for the fractional Hardy operator. Recall that, for a nonnegative
measurable function f on R", the n-dimensional fractional Hardy operator Hg
with spherical mean is defined by

Hp(f)(z) = |(0|i)|n /y<|z| fdy, zeR"\{0}and0< g < n.
Clearly,
Ha(f)(z) < CMg(f)(),
where

1
Mg (f)(z) = iglg W /|y—x|§r |f(y)|dy.

From [17], we know that the operator Mjp is bounded from LP(R™) to LY(R") for

0<B8<nl<p<i 8 and 1 E = % Therefore, the fractional Hardy operator

Hp has also this property Furthermore, Lu et al. derived the following result.
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Theorem B ([15]). Suppose that 0 < 8 < n, 1 < p,q < oo and % —
Then we have

1
q

IHs()llzany < CllfllLr@nys

()G GR) T e ()

Let S™~! be the unit sphere in R™, n > 2, with Lebesgue measure do = do (-).
For any f € LP(R™), 1 < p < oo, applying the spherical coordinate formula,

we write
o 1/p
Hf”Lp(Rn):(// [F(r6) Pdor () r )
0o Jsn-1

o0 _ 1/p
= ([ 10 gy ar) ™.

Therefore, from the perspective of radial and angular integrability, Lebesgue
norms can be interpreted as certain special norms with the same integrability
in the radial and angular directions. Inspired by this version, we naturally
consider the case of Lebesgue norms with different integrability in the radial
and angular directions, namely,

where,

o0 1/p
Hf”Lfa’dLing(R") = </0 ||f(7“-)||1£ﬁ(snl)rn_ld7“> ;1 <p,p<oo,

and when p = co or p = co, we just need to make the usual modifications in
the above definition, but we do not use these cases in the current work.

In addition, the mixed radial-angular space L? dLgng(R”), as a formal exten-
sion of the Lebesgue spaces LP(R™), was introduced to study of regularity and
some important estimates, such as angular regularity and Strichartz estimates
(see [1,3,4,18,19] etc.). Recently, the author et al. also established the bound-
edness of some classical operators with rough kernels on mixed radial-angular
spaces in [8-13].

For any 1 < p,p < oo, the weighted mixed radial-angular spaces
LP LP (R" w) are defined by

rad—ang

LﬁadLgng(Rn7w) = {f : Hf”LP

rad

Ly (B ) < %%
where

> . 1/p
Lgng(]R",w) = (A Hf(r')”iﬁ(sn—l)rni UJ(T')dT> .

The main purpose in this paper is twofold, the first is to extend the results
of the operator H,, on the product Lebesgue spaces with power weights to
the product mixed radial-angular integrability cases. The second is to estab-
lish the upper and lower bounds of the fractional Hardy operator Hg on the

mixed radial-angular spaces LfadLgng(R") by adopting some classical ideas.

[Ral

rad
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To achieve our goals, we first give the definition of the product mixed radial-
angular integrability with power weights as follows:

P LGg(Rﬁ =R™ x ... x R |$|&) — {f : ”fHLfaqu (R ,|2|5) < OO}7

rad ang
where
7 q i ay ._ 7p1 q2 .. TPm qn ni .. n a
Lrachmg(R ,|.’17| ) T LradlLangl LradmLa;ng (R X x R T )a
PO =M xS 1< pygp < oo, i=1 m
-1 2 = Pisdi 9 T by )
and

ez, ng,, @ i)

= (/Om (/S (/OOO (/SWI (101, P77 dor (6,)) P

1/p1
O+ —1 m—1/Pm pi/q sty
X T'mm m dT’m> . do-(el) 7 1 1 d’r'1

Our results can be formulated as follows.

Theorem 1.1. Let 1 < p;,q;, ¢ < o0, n; € N, x; € R™, r; € (0,00), i =

1,....m. If f € Lfaszng(Rﬁ,r&), where r% = r{ X - x 18" and o; <
(pi—1)n;. Then the Hardy type operator H,, is bounded from LfadLan (R7, %)

to LP L7 (R7,7%). Moreover, the norm of H,, can be obtained as follows:

rad~ang
( T )
R 7
Di s

1
D2

A‘»—A

f_m‘»—

i

rad

m
||Hm|‘LfadLg7Lg(Rﬁ7rd)_)Lﬁ L3:7Lg(Rﬁ7rd) - le
i=1

Theorem 1.2. Suppose that0 < S <n, 1 < p1,q1,p2,q2 < 0 and p%— %

Then we have

[Hs (Pl ez, 122

rad~ang

@ < Clfllr Lo mny-

ang

Moreover, the constant C satisfies the following inequality
" 1/q271/q1+5/n(p71)1/p2( p1 )1/112( Do )1—1/112 (1 B &)1/P1—1/p2
n
D2 p1—1 p2—1 P2
P1

<C< wnl/qul/qﬁﬁ/n( P )

- p1—1
Remark 1.3. Taking ¢; = ¢; = p; = qfori=1,...,m in Theorem 1.1, then the

result reduces to Theorem A. Similarly, Theorem 1.2 returns to Theorem B by
taking p; = ¢1 and p2 = ¢2 in Theorem 1.2.

Remark 1.4. Using L’Hospital’s rule, we have

. p1\ 1/P1—1/p2
lim (1 — —)
p2—p1 D2
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This deduces that

)= wnl/Q2_1/41 D1

|l ey pa, @ny—rr, Lo, e pr—1

rad
It is easy to see that this conclusion happens to be Theorem 1.1 in the case
ofm=1a;, =0.
The rest of this paper is organized as follows. In Section 2, we will provide the
proofs of Theorems 1.1 and 1.2. Finally, we establish the weak-type estimate
for the fractional Hardy operator on the weak mixed radial-angular spaces.

2. Proofs of main results

Proof of Theorem 1.1. In fact, we only provide the proof with the case m = 2,
and the similar procedure leads to the general case m > 2. We follow some
strategies in [15]. Set

_ / . / F([1[61, ol 2)dor(61)dor(€2).

Wny Wngy

Obviously, the function g is a nonnegatlve radial function with respect to vari-
ables x1 and xs, respectively. Then

Ha(gy)(z1,22) = Ha(f) (21, 22).

For the angular integral, using the Minkowski inequality gives rise to the fol-
lowing

1/G2
( N G / - / Fla 61, faaeo)do(€))do(E2)) da<x2>>
1 1 1/G2
< T /sgll‘l /ng_1 </S;21_1 f(|I1|€1»|l‘2|§2)|qzd0(x/2)> do(£1)do ().

For the radial integral, using the Minkowski inequality again, we have

( A ( Lo (o / - / L Hmlés sl (€ do(en)

p2/G2 1/p2
da(x'g)) x 2Tt gy,

1 1 oo B p2/G2
< a2 /
T Wny Why /ngl11 /ngl A (/;'"11 |f(|x1|§17 ‘x2|§2)| U(x2)>

2

1/p2
i) st
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Similarly, we perform the same operation repeatedly for the first variable, we
have

1
975 17, gunpy S o nﬂfwjﬂmwga@w@mwg

Wn,y wnz
”f”LfadLan(Rﬁ,T&).
Therefore,

| H2(f) HLfadLan(RﬁW&) H%Q(gf) ||L§adLan(]Rﬁ,T&)

||fHLfadL§ng(Rﬁv7'&) N HngLfadLan(]Rﬁ,rd)

This implies that the norm of the operator of Hs is equal to the norm of the
operator of Hs restricts to the set of nonnegative radial functions. Therefore,
it suffices to show the case that the function f is a nonnegative radial function.

For a radial function f, it is not hard to see that Ha f (21, z2) is also a radial
function. Consequently, we conclude that

||H2<f) HLEa,dLgng(]Rﬁﬂ"z)

= (/OOO (/5711 (/OOC (/S?Tl [Ha f((r1,01), (ra, 02))]%

Tl T2

/a1 1/p1
/ q1/p2 P
X do(ﬁg))pz q2r321+°‘2dr2) d0(91)> rf171+a1dr1

[e%s) e} q1/p2
_ 1 1 —14+ —14+
wm/%%2W</ ([ asraprgteman ) mw)
0 0

By changing variables, we derive that

1/p1

Hof(r1,m2) = / / F(riyr, roy2)dy1dys.
Vny Vnz Br,y (1) /By (

From this and using Minkowski’s inequality, we have

HHQ(f) ”Lﬁ Lgnq(Rﬁ,ra)

W, 1/Q1 wn, 112 1/q2
= / (/ / / F(rilyal, ralyal)dy: dya|P?
Vn, Vn, Bp, (1) /By, (1)

p1/p2 1/p1
X r32_1+0‘2dr2> r?l_l"'aldrl

Wn 1/q1 Wn, 1/q2 0o 00
1 Aigﬂ/ / / (/ [F(ralonlsralye) 7
Vny Uny B, (1) / Bny (1) 0 0
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P1/P2 1/m
X r§21+a2dr2> r?171+aldr1 dy1dys
1/q1—1/G 1/q2—1/G 00 o0
_ Wy /a1—1/q Wy /a2 /qz/ / / W, pl/ch(/ Wn p2/G2
1 2
Vn, Vny Bn, (1) By, (1) 0 0
p1/p2 1/p1
1 1
bl el P s )
« |y1|—(n1+a1)/p1|y \_("2+a2)/p2dy1dy2
— . Va—1ai, 1/G2=1/g2%n1 Yna P p2
n1 Wny

Uny Vny M1(p1 — 1 —ai/ny) na(pe — 1 — ag/ns)
X ||f||LfadLg:ng(Rﬁa7’d)

~1/§ ~1/§ P1 P2
- wnll/Q1 1/‘11wn21/‘12 1/‘12p1 —l—ai/nips—1—az/ny ”fHLp Lo (R ra)"

To prove the above constant is best possible, we need to prove the converse
inequality. Set

231 _natas
+E|5E2| P2 X (>, e |51} (T1, T2).

folan o) = |za|
It follows from the elementary calculation that

1/G 1/G
Wi, YO w0y, 10

el pp 1 ey = (pe) /e (pe)i/ee”
On the other hand,

H2(fe)(9017932)

31 natag
— +e 77+£
e |22|
Vn, Vn,
x/ / |21 *20 |7 e dz1dz,.
{lz11<1, |21 <1/ 21|} S{]22]<1,|z2]|<1/|@2|}
Therefore, we have
”HQ(fE)||LﬁadL§ng(Rﬁ7r&)
/a1, 1/q2 oo
w. w. _nitay _nitag
— m Fna2 / <’r1 1 +s/ || 7 +€dz1‘
Vny  Vny 1 A <l=l<t
1/p1
o0
_nytag _notag p2 _ p1/p2 _
></ ’7'2 P1 +5/ I +6d22‘ r;ﬁ” 1d7'2> r}“*"” Ldry
J1 L <2<l

I \/

wifa Ve ~00
Wn _njtog nytag
71 - / (’Tl P1 +e / ‘Zl‘ +Ed21 )
Un, Vny 1/e e<|z|<1
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0o / 1/p1
_notag _natag P2 L P1/Pp2 _
X / 1) P2 +e / |2,‘2| P2 +Ed2‘2’ T;2+az 1d’7‘2) r;z1+a1 ldTl
1 e<|z2|<1

/e
1 1/q:
_ UJn{ql w"éih 55 85 _nitag e __natag +e
— 1 d P2 d
1/p1 1/p2 2 1 =2 2
Vny  Vny (plg) (pQE) e<|z1|<1 e<]z2|<1
1+1 1+1 1 nq4c 2 3
_ wa /a Wi /a2 &€ &€ ny—1—( ’1;’1 75)d "2,1,(%,5)(1
- 1/p1 1/p2 "1 N "2
Vny Vny (plg) (p2€) 5
1+1 1+1 nitaog ngtag
W'r: /a w”:- /a2 € P 1o e mrtte e
Vni  Vnp (o) (pae) /P g — MESL o, et
nitag no+ag
Sl te Yy TE
l-eg = _1/§ 176, L—€ P2
= nyes wl/a 1/q17L255w}l£q2 1/G2

s ny — MLEZ e 1l og,, @mom:

This implies that

”HQ (fe) ||LfadLgn,g(Rﬁy7'&)

”fE”LfadL?jng(RﬁJ‘i)

nytag no+asg
TS e n2ter e
— Pl - ~ —_ P2
> nies 1-¢ Va1=1/G1p, 5 ,1/a2-1/ l-¢
= n n .
ny — n1;a1 € 1 2 Ng — RQ;;OLQ + €

Consequently, using the definition of the norm of the operator and letting
€ — 0, we conclude that

”HZ”LfadL?:ng(]Rﬁ,T‘Y)aLfadL?jng(]Rﬁ,r‘Y)
—1/4 —1/§ P1 P2
> o/ a—1/q,1/q:-1/4 )
- " p1—1—ai/nips—1—az/ns
This proves Theorem 1.1. ([

Now we turn to prove Theorem 1.2 in this position.

Proof of Theorem 1.2. Let
1
o) = o [ 1blyiate), yer

wn Js7
Clearly, gy is a radial function, and

||9f||LP1 LIt (Rn) = Hf”LPl L (Rn)» HB(gf)(ﬂv) = Hﬂ(f)(ﬁ)

rad rad

Therefore, we have
HHﬁ(f)”LfgdLg%w(Rn) < HHﬂ(gf)HLfgdLZ%g(R”)
||f||L”1

rad

)

v,y lagllee po @
and

IHs ()l ez, o2, e

— - Hgf(r,0)|*%do(6 p2/q2r"*1dr o
| (L moreoymasm)
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2 2/ 2
! dU(H))p ! r"_ldr)

1 1/p2

([ o [ s
_Vna/nl(/o (/Si 1

[ st @) " ar)
— y)dy| do T r
P Sy

© P2 1/p2
_ oy, Bin1y, Ve (/ ‘/ f(y)dy‘ r(ﬁ—n)pz-&-n—ldr)
0 |ly|<r
B/n—1, 1/ * P2—p1 P1 e 1/p2
= Vn " Wn, a2 (/ ‘ / f(y)dy / f(l/)dy’ 7'<ﬂ77L)p2+’L71d7">
0 Jyl<r Jlyl<r

oo _ 1/
- unf’/”*”m/“wnl/@( [ rwa” plIHf(r,0)|p1T'”pﬁ(ﬂ’")”””’ldr)
0 lyl<r

1/p2

The Holder inequality deduces that

‘ Kylo f(y)dy}
[ [, 1o
pr(1=1/p1), 1=1/a (/OT (/SH F(p, 9)|’“d0(0)>p1/q1pn1dp>

1 1 1—1 1-1
= p(t/P1=1)pn(1=1/p1),, /q1||fHLf§dLZ%g(R")'

IN

1/P1

IN

This, together with Theorem 1.1 in the case of m = 1 and «; = 0, gives that

IHs(F)llprz poz, @ny

rad

< Vnﬁ/nflﬂﬂl/P2n(l/Pl*1)(1*171/Pz)wn1/Q2+(1*1/Q1)(1*p1/172)||fHpip:zp;ql &)
rad—’ang
00 1/p2
% </ [Hf(r, 9)|p1rn(11/p1)(p2p1)+np1+(ﬁ7l)p2+n1dr>
0

_ Vnﬁ/nflm/pzn(l/pl71><17p1/m)wnl/qﬁ(lfl/ql)(lfpl/m)||fHLp727“

(e )™ g

P2 —P]1
-1 1/p1—1)(1— 1/q2-p1/d 1-1/q1)(1—
<, P11 /P2 (/P =1 (A=p1/p2) y 1/a2=p1/Gipa+(1—=1/q1)( pl/m)Hf||LPplzdLglng(Rn

y (/OOO </57 I (r, 9)‘51do(9))p1/617‘"_1dr)

=y, A/ 14P1 /P2y 1/ p1=1)(A=p1/p2) , 1/02=p1/Grip2+(1-1/q1) (1=p1/p2)

P2
fédLg%g(R")

)
1/P2

p2—P]1

X2 pon oy I

P1
P2

LysaLang (R™)
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< p, A/ /P2 (/e =1 (A=p1/p2) y 1/a2=p1/Gip2+(1-1/q1) (1~ pl/P2)Hf|| m @
L qaLlang (R™

D1 a1/ vy
G2 )R,

P1
= p, /=141 /P2y (1/p1=1) (1~ m/m)( )”wnl/f& YVartl=pi/p2|| £l o1 a1 (g
pL— 1 LradLmr](R )

w B/n—1+p1/p2 m Py / / /
_ n P2 1/g2—1/q1+1—p1/p
- < n > (p1 - 1) o TR Fll L )

||f||L{’1 Litlg(Rm):

—w 1/q271/q1+ﬁ/n( P1 )
n
p—1

To obtain the lower bound of [[Hgl|pr1 po1 mn)pr2 192 (gn), We set

rad

nCq
fo(.%‘) = |.’)3| P1 X{|m|<1}($)> Co > —1.
Then

1/p1
1

_ 1/ 1 —1/ 1 P
1 follzes, Loy, ey = w0 =/P (Co+1> '
Also,

||HB(f0)HLp2 2L (R™)

P2/q2
(/ (/ [Hg fo(r,8)|2do (0 )) rnfldr)
gn—1
([ ([ [ W xuen)
Y1 P X Yy
gn—1 I/nT" 1 5/" lyl<r {lyl<1}
- 1 nCo (a2 mle
< - - n—
(el
1
1 nCq q2 pg/qz ne1
+ </0 </8an (Vnrn)l—ﬂ/n/yKT ly| 71 dy’ dU(G)) r dT>

B wnl/Q2+1 </OO T(ﬁ—n)pg—&-n—ldT) 1/p2
w(llfﬂ/n)( )\

1/pa2

2 p2/q2 1/p2
“a00))” 'r"*dr>

1/p2

1/p2

nCo/p1 +n
wnl/qu (/00 r(5+nCO/P1)P2+n—1d,r.) 1/p2
v (nCo /1 + n)

wnl/q2+1

D1 P1 1/pz
0 (nCo fpy + n) <np2(P1 -1 i npa(1+ CO))
wy, Va2 +1 p1 o\ /P2 1 1 1/p2
Vy(llfﬁ/n)(nco/pl +n) (@) (ﬁ * TC’O) '
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Therefore, we have

Hg(fo)llrz 92, mn)

1 follzes Loy, em)

wp V/a2=1/a1+1 Py \1/pe 1 )
v (nCo fp1 + ) <n7p2) (ﬁ T Co
(@)””2 wy /2= atlpl/pi=1/p2—1 ( P )% (14 Cp)V/m=1/p2
D2 ) -1 (L + Co/pr)i1/v2
= w 1/qul/q1+6/n(1’;)”’°2( P )* (1+ Co)t/m—t/e
' p2 p1—1/ (14 Co/pr)t—1/p

Y/
) anl/pl(1+C’o)1/pl

We now take , )
(1 + :C)l p1—1/p2
fi(z) = 1—1/p3’
(L+z/pr)t-/p
It is not hard to check the function f;(x) defined over the open interval (—1, c0)
has a unique global maximum at the point xg = —p;/p2. This implies that

x> —1.

IHs(NlLer oy, mmy—rr2 o2, @ny

rad rad
> w, Va—1/a+6/n (@)1/;02 ( 1 )11’)2( D2 )1—1/1’)2 (1 B }2>1/p1—1/p2.
B D2 p—1 p2—1 D2
Therefore, the proof of Theorem 1.2 is finished. (I

3. Sharp weak-type estimate for the fractional Hardy operator

In this section, we will consider the weak-type estimate for the fractional
Hardy operator Hg. In 2013, Lu et al. established the following sharp estimate.

-8

Theorem C ([15]). Suppose that 0 < f < n, 1 < p,q < 0o and ]% — % o

Then for A > 0, we have

{z e R : [Hs (@) > A}| < (WHLA@w

Moreover,

||HB||L1(Rn)_)Ln%ﬂ’OO(Rn) =1
Here, the norm || f||Lp.cc@n) (weak LP(R™) norm), defined by

1/p
| fll oo (mmy = Sup)\’{x eR™: |f(z)] > )\H .
A>0
It can be rewrite as
1/p
1l r.ce ey = S“pA(/ Xaer o) >2) (@)dr)
A>0 R

- ililg)‘HX{ E€R™ : |f(~)|>A}HLP(R">'
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Inspired by this, we also give the definition of the weak mixed radial-angular
spaces WL ,LP (R") as follows:
Ifllwee r2,,@n = ilipo)\HX{ €Rn ; |f(‘)|>)\}||LfadL§ng(Rn)a 1<p,p < oo

Next, we will extend Theorem C to the weak mixed radial-angular spaces
WLE, i,y (R").

ang

Theorem 3.1. Suppose that 0 < 8 <n, 1 < p1,q1,p2,q2 < o0 and p% — p% =

% Then the fractional Hardy operator Hp is bounded from L7} L%, (R") to
WLP2 L9 (R™). Moreover,

rad—ang

1/112—1/(114-5/".

1/p1

IN

[Hgll r1 L3, (RM)—SWELP2 132 (Rn) = Wn
Proof. Note that
1
/ f(y)dy‘
lyl<|z|
1 ||
e [ [ U 0las )
alal") % Jo Jon
1 1
=~ I ),

rad rad
_B
B0, |z)[*~=
1 n(l— _ r pi/a
o, ([ irperante)” )
(vl o \Jsoos
x|£ rad

Lihg(R™)"

B
-3
Un

Thus,

||X{reR"=|stf(ar)|>A}HLfgdw (&)

ang

1—- 2

< _ _
= HX{xeRn: 113 L nl/P1-Dy,1 l/ql”f“Lf’ldLg}Lg(R”)>)‘}'
n |z|P2 ra

LyiaLahg (R")

Yn

HX ) n(1/P1=1) ¢, 1=1/a1 5|

n P2 a2
{xGR":hc\p? < Lmdl’ang(Rn)

1/P2
r"_ldr>

Next, we will show that the constant w,, /92 ~1/@1+8/7 ig sharp. For this purpose,
we set the function

P q ’
LYl Lahg ®Y) }
1_é

n
Avp

n(/P1=D e, 1=1/a1 ¢y

[
e |
0

wnl/(h—l/qﬁ‘ﬁ/n
| o s

P q Lz
Lr}ldLa%Lg(R")} n

fo(z) = X{jz)<1} (@)-
Then we have

ol v Yoy,

rad—ang

(Rm) = @n
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It follows from [15] that

Hence, for 0 < A < 1,#/™, we have

X twerniita oty >at | 1ve pan gy
= HXB(O 1)ﬂ{zeR"¢|HBf0(93)|>>‘}||Lf2 Lghe(R™)

+Ix,

B(0,1)cn{zeR": “" [3>A}||Lf§dLZ%g )

= HX{weRn:|w|<1}HLfg 122, (&)

dtang

P2
A
{?L‘ER":1<‘J)|<($) } LfidLg%lg(Rn)
i L0
n \n/(n=8) "

This implies that

HX{J@ER"’:\Hﬁfo(w)\>>‘} ||WLf,3dLg%Lg(R")

ynﬁ/("_ﬁ) ) 1/p2

_ wnl/qz—l/mnﬁ/" sup )\(m

0<A A<y, B/n
— wnl/qul/qﬁﬁ/nwo

I follzes pa,, mm)

rad
||L$;dLg%'g(Rn).
Therefore, the proof of Theorem 3.1 is completed. (]

Remark 3.2. If we take some suitable indexes for 1 < p1,q1,p2,92 < 00 in
Theorem 3.1, then the result reduces to Theorem C. As a consequence, this
represents a weak type generalization of Theorem C.

4. Bounds of weighted Hardy-Littlewood averages

Suppose ¢ : [0,1] — [0, 00) is a function. For a measurable complex valued
function f on R™, Xiao in [20] defined the weighted Hardy-Littlewood average
Uy (f) and the weighted Cesaro average Vi, (f) as

1 1
x) = / flx)y(@)dt, Vy(f)(z)= / flz/O)t™™b(t)dt
0 0
It is easy to see that if » =1 and n = 1, then
U¢:H, Vw:/xoo'f;y)d% x>0,

and

Up(F) () + Vi / e /wff;/’dy, 2> 0
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becomes the Calderén maximal operator.
In [20], the author established the following results for the operators U, and
Vip.

Theorem D. Let ¢ :[0,1] — [0,00) be a function and let p € [1,00). Then
(1) Uy(f) : LP(R™) — LP(R™) exists as a bounded operator if and only if

1
/ P () dE < oo.

0

Moreover, the operator norm of Uy, on LP(R™) is given by

1
U || o () > Lo () = / Pt dt.
0

(ii) Vie(f) : LP(R™) — LP(R™) exists as a bounded operator if and only if

1
/ t="A=YPy (1) dt < oo.

0

Moreover, the operator norm of Vi, on LP(R™) is given by

1
Vi llLo (re) — Lo (R7) :/ = A=1/P)y (1) dt.
0

Next, we will extend the above results to the mixed radial-angular spaces
LP LP (R™).

rad—~ang

Theorem 4.1. Let ¢ : [0,1] — [0,00) be a function and let 1 < p < oo,
1 < ps < p1 <oo. Then we have

(1) Uy(f) = L qLbh ,(R™) — LY L2 (R™) exists as a bounded operator if
and only if

1
/ t7/Pyp(t)dt < oo.

0
Moreover, the operator norm of Uy is given by

1
||U¢||Lp LP2 (Rr)—LP Lg}lg(Rn):wnl/Pz—l/pl/o t—n/pw(t)dt_

rad rad

(i) Vip(f) = LY g Lbh,(R™) — LY LP2 (R™) exists as a bounded operator if
and only if

1
/ A=)y (1) dt < oo
0

Moreover, the operator norm of Vy is given by

1
IV ll Lo ey Lo (mn) anl/m_l/pl/ =10 (1) dt.
0
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Proof. (i) Suppose fol t="/Py)(t)dt < oo. Then
U (f) HLfadLﬂ%g(]R")

= ( /OOO ( /S |U¢<f><re>Pzdaw))”“"“w—ldr)
- (/OOO ( /S /0 1 Fertotyat]” do(s))”" ern—ldr>1/ ’
([T ([ swopao) owa) )
< / ([ ([ rworao)” ”%nlm)”pw)dt

1
< w, P/ / AT OT 1 [
0 ra ang

Thus Uy, is bounded from L? ,LP: (R™) to L  LF2 (R™).

. rad“ang rad™~ang
Now we consider the converse. For 0 < € < 1, we take

fe(@) = |27 " X (jups1y (2).

1/p

Then
WTL 1/pl

1/ HL’T’adLﬁ}Lg(]R") = (pe)l/p’

and
1

Up(£2) (@) = [2]~5 = (jajo1y (&) / S t)dt.

1/ ||
Therefore, we have

e n 1 n_ P 1/p
1T (fo)llez, ,n22, ) Z“’"Um( / (i / ' i) ’"nldr>
1 1/|z

o n v, P /p
>wn1/p2</ (r_?_s/ t_g_sw(t)dt) r"_ldr>
1/e €
1 n
:wnl/z%f/ £ P S (t)dt
g

= [ fellr

rad

1
L‘;Lg(Rn)wnl/m_l/z’lss/ (bt
€

Letting € — 0, we finish the proof Theorem 4.1(i).
Next, we turn to prove (ii), by adopting similar ideas. Suppose

1
/ ==Y (1) dt < oo.

0
Then

Ve (Plle,, ez

rad*~’ang (]R"n)
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o0 p/p2 /p
L[ mneorae) )
0 Sn—1

(

( /Ooo s /0 1f(r@/t)t_”w(t)dt‘pzdg(e))p/pzrn—1dr)
] wompae) ersoa) o)
0 0 gn—1

/01 (/ooo (/S,H f(ro/tﬂmdg(@))p/pzr”1dr>1/ptn¢(t)dt

1

< wnl/pzfl/pl /0 tfn(lfl/p U(t )dtHf||LfadL5}w(Rn)-

Thus Vy, is bounded from L? ,Lb1 (R™) to L?, ,LP> (R™).
For the converse, we take f. the same as (i). Then

1/p

IA

IN

1
Vy(fo)(x) = |$|_%_€X{\z\>1}(w)/0 ().

Therefore, we get

00 N P 1/p
”V?P(fe)HLfadng%g(Rn) _wnl/m(/ = s/ t—n+;+6¢(t)dt) ’I"nldT’>

1 0

oo 1 . » 1/p

> W, 1/P2</ r / t—n+;+6w(t)dt) ’I"nldT'>
1/e 0
1
1/p2 5/ = n++e (t)dt
0

1
(Rn)wnl/p2*1/p155 / t_”+%+81/)(t)dt.
! 0

= [l fellez, e

radan

Letting £ — 0, we complete the proof Theorem 4.1(ii). O
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