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COMPLEX SYMMETRIC WEIGHTED
COMPOSITION-DIFFERENTIATION OPERATORS ON H?

LiaNn Hu, SoNGX1AO LI, AND RONG YANG

ABSTRACT. In this paper, we study the complex symmetric weighted
composition-differentiation operator D, 4 with respect to the conjuga-
tion JW¢ ; on the Hardy space H?. As an application, we characterize
the necessary and sufficient conditions for such an operator to be nor-
mal under some mild conditions. Finally, the spectrum of Dy, 4 is also
investigated.

1. Introduction

Let D denote the open unit disc in the complex plane C. Let H(D) be
the space of analytic functions on . The Hardy space H? is the space of all
f € H(D) with square summable power series coefficients; that is, f € H(D)
for which

o
2
£z = D lan|* < oo,
n=0

where {a,,} is the sequence of Maclaurin coefficients for f. The space H?(D) is
a reproducing kernel Hilbert space. In other words, for any w € I, there exists
a unique function K,, € H? such that

fw) = (f, Ku)
for any f € H2. Tt is well known that K, (z) =

1—wz"
Let ¢ be an analytic self-map of D and 1 € H (D). The operator Cy, : H> —
H? given by Cyf = f(¢) is called a composition operator. The weighted
composition operator Wy, » on H? is defined as Wy »f = ¢ - (f o ¢). For

f € H(D), the composition-differentiation operator D, (see [3]) is defined by
Dyf(z) = f'(¢(2)), z€D,
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and the weighted composition-differentiation operator D, 4 (see [4]) is defined
by

Dy o f(2) = ¢(2)f (¢(2)), z€D.

Let H and L(H) represent a separable complex Hilbert space and the class
of continuous linear operators on H, respectively. An operator C': H — H is
called a conjugation on H if it is

(i) conjugate-linear or anti-linear: C(ax + By) = aC(x) + BC(y) for any
x,y € H and o, € C;
(ii) isometric: ||Cx| = ||z| for any x € H;
(iii) involutive: C? = I, where I is the identity operator.

It is easy to check that
(I () = f()

is a conjugation on the space HZ2.
An operator T € L(H) is called complex symmetric if there exists a conju-
gation C' on H such that

T=CT"C.

In this situation, we say that T is complex symmetric with respect to C' or
that T is C-symmetric. The class of complex symmetric operators includes all
normal operators, binormal operators, Hankel operators, compressed Toeplitz
operators and Volterra integration operator. Complex symmetric operators can
be regarded as a generalization of complex symmetric matrices. The general
study of complex symmetric operators was initiated by Garcia, Putinar and
Wogen in [6-9].

Recently, the study of complex symmetric composition operators, weighted
composition operator and weighted composition-differentiation operators on
some analytic function spaces has attracted the interest of many researchers.
Fatehi and Hammond in [4] studied some properties of weighted composition-
differentiation operators. Han and Wang studied complex symmetric weighted
composition-differentiation operators on the Hardy space and the Bergman
space in [11] and [12], respectively. Liu et al. studied complex symmetric
weighted composition-differentiation operators on the weighted Bergman space
A% and the derivative Hardy space in [16]. See [2-20] for more results and
applications pertaining to complex symmetric operators.

In this paper, we investigate complex symmetric weighted composition-
differentiation operators D 4 on the Hardy space H 2. The paper is organized
as follows. Section 2 provides conditions on ¢ and 1 relating to when the op-
erator Dy, 4 is complex symmetric with respect to the conjugation JWe . As
an application, we obtain necessary and sufficient conditions for the operator
Dy, 4 to be normal under some mild conditions. In Section 3, we characterize
the spectrum of the operator Dy 4.
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2. Main results

For any positive integer n, let

[P
(W)= "%
K,V (z) = A= wa)it z € D.
From Lemma 2.16 in [1], we see that KL(U") acts as the reproducing kernel for
point evaluation of the n-th derivative:

F w) = (KLY
for each f € H2. The following lemma can be found in [12].

Lemma 2.1. Let ¢ be an analytic self-map of D and ¢ € H(D). If Dy 4 is
bounded on H?, then

* _ (1)
Dw’(wa = 1/)(w)K¢(w)

and

Dy, K =9 W)k, + o(w)d )KL,

for every w € D.
Let

V1-—lal? Aa — 2)

&) =", md7B =775

where ¢ € D and |A| = 1. From [13, Lemma 2|, we see that JW; , is a
conjugation on H? if and only if Aa = a. Obviously, for any f € H(D),

TWer f(2) = \/11 —lal*, <A(a - Z)>, 2eD.

)

—az 1—-az
— 2
Proposition 2.2. Let £(z) = ll_alzl and 7(z) = Al(a_;j), where a € D and

|A| = 1 such that Aa = @. Let ¢ be a nonconstant analytic self-map of D and
e H®. If Dy 4 is complex symmetric with respect to the conjugation JWe -,
then the following statements hold:

a ither v =0 or as a single vanishing point a.

(a) Either ) =0 ory h ingl ishing poi

(b) If v is not identically zero, then ¢ is univalent and

1
_ ']Wé,r (6)K¢(5(,)3)

EBIT(B)K? 5, (0)

for any 8 € D\a.
Proof. (a) Assume that 1(8) = 0 for some 8 € D. Lemma 2.1 gives that
* o
Dy o Kp = w(ﬁ)K¢(g) =0.
Since Dy, JWe r = JWe 7Dy, , and JWe ; is an isometry, it follows that
1Dy, 6T We » Kpll = | Dy, K| = 0.
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Therefore,
Dy 6 JWe 7 Kp(2) = 0(2) (JWe - Kp(2)) 0 ¢(2)
)

:w(z) \/1*|a|2(a76)\

[1 = pa—(a—pA)o(2)]?
for all z € D. Thus ¢y =0 or 8 = a.

(b) Assume that ¢ is not univalent. Then there are two distinct points
wy,wy € D such that ¢(wy) = ¢(ws). Since 9 is not identically zero, it follows
from (a) that at least one of ¢ (wq) and ¥ (wz) is not 0. If neither ¢(w;) or
P(ws) is 0, let

Ko,  Ku,
Y(wr)  P(ws)

and observe that f is a nonconstant function in H2. For any g € H?, we have
that

(9, Dy o f) = (Dyg9, f)
Ko Ku,

Plwi)  P(ws)
= m<Dw’¢g’ Kw1> - m(l)w@ga Kw2>
= g¢'(¢(w1)) — ¢'(d(w2)) = 0.

Since Dy ¢ is complex symmetric with respect to the conjugation JW¢ ,, we
have

= <Dw¢¢97

1Dy TWe r fll = |TWe.r Dy s Il = 1Dy, o 1| = 0.
Therefore,

Dy s JWe + f(2) = (2) (JWe + f(2)) 0 d(2) =0

for any z € . Since ¢ is not identically zero, we have (JWe . f(2)) 0 d(2) =0
for any z € D. Since ¢ is a nonconstant analytic self-map of I, we obtain that
JWe - f is a constant function; that is, f is a constant function, which is a
contradiction. Thus ¢ is univalent. If either ¢(w;) or ¥ (w2) is 0, without loss
of generality, assume that ¢¥(w;) = 0; that is w; = a. Let

f = w(wQ)le .

Then

D}, yh(w2) Ko, = P(wa)p(wi)K§) =0,
which means that f is a constant. Indeed, the kernel of Dy, 4 and Dj, ; consists
of the constant functions in H (D). Hence ¢ (wy) = 0; that is wy = @, which is
a contradiction.
Let 8 € D be given. Since Dy ¢ is complex symmetric with respect to the
conjugation JW¢ -, using Lemma 2.1, we get that

(2) = JWe Dy, ,Kp(2)

1
JW&,'r?ﬁ(ﬂ)Kq(;(;g)
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= Dy,sJWe - Kp(z)
= (2) (JWe,r Kp(2)) 0 ¢(2)

:w(z) Vl_‘a| (a_IB)‘)
[1—aB+ (BA - a)o(2)]?

— EBIT B 5 (0(2)
for any z € . Since £(3)7(3) T(ﬁ)(gb(z)) does not vanish on D, it follows that

IWe 0B K (2)

EBT(BYK25(6(2))
The proof is complete. O

It is clear that Dy 4 must be identically zero if ¢ = 0. This case is trivial.
From now on, we always assume that ¢ is not identically zero. From Proposition
2.2, when we study the JW; ,-symmetric operator Dy, 4 on the Hardy space
H?, the only nontrivial case is that v has a single vanishing point @. In the
following theorem, we give a detailed characterization for the operator Dy 4 to
be JW¢ ,-symmetric on the Hardy space H?.

Theorem 2.3. Let £(z) = VItlal® 7(z) = 222 where a € D and A = 1

l1—az l—az ?

such that Aa = a. Let ¢ be an analytic self-map of D and ¢ € H(D) be
not identically zero such that Dy 4 is bounded on H?. Then Dy 4 is complex
symmetric with respect to the conjugation JWe ; if and only if

(1 —la[*)*y'(a)(z — a)
[1—ag(a) + (Aé(a) — a)2]?

(1 —la[*)¢'(a)(z — a)
1= ag(@) + (\o(a) — a)2
Proof. First, suppose that D, ¢ is complex symmetric with respect to the con-
jugation JW¢ ~. Then

(1) JWg,TD:;},(ﬁKw(Z) = D¢’¢JW5’TKU)(Z)
for any z,w € D. It follows from Lemma 2.1 that
TWe D}, o Kow(2) = TWe ;0 (w) K5, (2)
= JE(2)Pw)K ), (7(2))

= EEw(w) K, (r(2

¥(z) =

and

¢(z) = ¢(a) +
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V1= laPy(w)A(a - 2)

[1 —az—\a— z)q{)(w)P

and
Dy, JWe r Koy (2) = Dy o JE(2) Ko (T (2
(7(

_ (\/1 — a|2(a—w5\)@/}(2)>lo¢(z)

[1—wha+ (WA — a)z

VI=JaP(a — wh)y(2)
o

Tl —wrat (wr—a)(2)?

Therefore, we obtain that

o) VI—TaP(a—who() _ /T- faPéw)Aa -
[1—wha+ (WA —a)p(2)]2  [1—az— MNa — 2)¢(w)]?
for any z,w € D. From Proposition 2.2, we see that i(a) = 0. Set ¥(z) =

(z— a)kg( ), where g is analytic on D w1th g(a) # 0 and k is a positive integer.
Then (2) becomes

(3) (= ) g(2) (w—a)*"g(w)
1 —wha+ (wr—a)d(z)2  [1—az—Na— 2)d(w)]?

(2
for any z,w € D. If k£ > 1, let w = @ in (3). We obtain that ¢ = 0. This
contradicts the assumption that g(a) # 0. Therefore, kK = 1 and

@) 9(2) g(w)

[1—wha+ (WA —a)p(2)]2 [1—az—Aa— z)p(w))?
for any z,w € D. Let w = a in (4). Noting that Aa = a, we get

- (1 —|al?)?g(a)
9(z) = [1—ag(a) + (Agp(a) —a)z)?

Since ¥(z) = (2 — a)g(z), we obtain that

(1 —lal*)*¢'(a)(z — a)
®) YO T ag(@) + ola) @
where ¢/(a) = g(a) # 0. (2) and (5) give that

az —|a*> = Az + aw
[1 = ag(@) + (A\p(a) — a)2]?[1 — aw — A(@ — w)¢(2)]?
az — |a|* = Az + aw

T 1 —ada) + (M) — a)u?[l — az — Aa — 2)(w)]?
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for any z,w € D, which means that

[1—ad(@) + (A¢(@) — a)z]*[1 — aw — A(@ — w)¢(2)]?
= [1 —ap(a) + (Aé(a) — a)w]*[l —az — A(@ — 2)p(w)]?

for any z,w € D. By taking the derivative with respect to z, we have that

[1 - ag(a) + (A¢(a) - a)2](Ad(a) — a)[1 — aw — A(a — w)¢(2)]?
= [1 = ad(@) + (A\d(a) — a)2]*[1 — aw — A(@ — w)d(2)]A(@ — w)¢' (2)
= [1 - a(a) + (\o(a) — a)wl[l — az = A(a - 2)¢(w)|(Ad(w) — a).

Letting z = @, we obtain that

(1= la*)(A(a) — a)[L — aw — ag(a) + Mwe(a))?
— (1= [a*)?[1 = aw — ag(a) + Awe(a)]A(a — w)¢'(a)
= [1 - ag(a) + (Ad(a) — a)wl*(1 — |a*)(Ad(w) — a).
Therefore,
(1l @) —a)
1—ag(@) + (Ap(a) —a)z

¢(2) = ¢(a) +

Conversely, assume that

and
(1 —la[*)¢'(a)(z — a)
1= a6(a) + (Ao(@) —a)z
By our hypothesis, Dy ¢ is bounded on H 2. Hence, it is enough to verify that
(1) holds for any z,w € D. Indeed, we have
JWe 2Dy, 4K ( )
V1= la2y(w)A(@— 2)
T ez —Xa- Z)¢(w)]
] (1~ [a2)*/2A(@ - ¢/ (@)(w ~ a)
{[1 —az = Ma — 2)¢(@)][1 — ag(a) + (Ad(a) — a)u] — A(a — 2)(1 — [al?)¢' (@) (w — a)}?
and
Dw@JWg’TKw(Z)
T JaP(a - wh)u(2)
[1—wla + (WA — a)p(2)]?

) (L~ [af?)*/2A(@ — )0/ (@)(w ~ a) _
{1 = aw =A@ - we@[l - a6(@) + (\6(@) — a)z] — (@ — w)(1 — [a2)¢ @)z — @)}

¢(z) = ¢(a) +
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Since the numerators of JWe Dy Ky (2) and Dy, We - Ky (2) are the same,
it is enough to verify their denominators are also the same. Write

A=[1-az—\a—2)6(a)][1-ag(a)+(Ad(a) —a)w]-A(a—z)(1-|a|*)¢' (@) (w—a)
and
B=[1-aw-Aa—w)¢(a)][1-ad(a)+(A¢(a)—a)z]-A(a—w)(1-|al*)¢' (@) (z~a).
By a simple calculation, we obtain that
A=[1-az-Ma—2)6@)][l - aw — (a - Iw)g(a)] - (a = A2)(1 — |af*)¢' (@) (w — a)
= (1 —az)(1 —aw) — (1 —az)(a — Iw)p(@) — (1 — aw)(a — A2)$(a)
+(a — A2)(a — Aw)é(@) + (1 — |a|?)¢’ @A @— w)(@— z) = B.
The proof is complete. (I
Next, we give a sufficient and necessary condition for JW; -symmetric

weighted composition-differentiation operator Dy 4 to be normal under the
assumption that ¢(a) = a.

Theorem 2.4. Let £(z) = Vllja‘Z‘Q, T(2) = ’\l('i;), where a € D and |\ = 1
such that Aa = a. Let ¢ € H(D) be not identically zero and ¢ be an analytic
self-map of D with ¢(@) = a. If Dy 4 is complex symmetric with respect to the
conjugation JWe » on H?, then Dy, 4 is normal if and only if ¢(z) = ¢'(0)z

and ¥(z) = ¢'(0)z.

Proof. Since Dy, 4 is complex symmetric with respect to the conjugation JW¢ -
and ¢(a) = a, Theorem 2.3 yields that

(6) ¢(2) = a+ ¢/(a)(z — a) and ¢(2) = ¢'(a)(z - a).

For each z,w € D, we obtain that

Dy, 4Dy o Kuw(2) = @DZ"’b(l_%;)(z))z
— wD* w/(d)(Z—d)
I G
= w0y (@)D}} 4 (= —a)

(1 —wa —we'(a)(z —a)]?

w'(@) . ) _
— 7(1 — W)sz,tbKa(w)(z —a),

where o(w) = % Lemma 2.1 gives that
D;Z@qu’qwa(Z)

= m (WK%(w))(z —a) + 00 (@) (@)K 0y (2 — a))
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_ a@p ( z-a | Aow) —a>¢/<a><z—a>2>
- - \1-ge(w)(z~a)?  [1-o(o(w)
_ ol @ - 6low)(z ~a)l(z—a) +2(0(w) ~a)F@
- (1 -wap 1~ o(o()(z - )
_ ap(a . L= =) + [0l @F + (a0 — )@ + laf*e — al(z — @)
[1—wa — [( — ag’(@) (1~ wa) + 0|6/ @)z ~ )]

)

and
Dy, 6Dy, s Kuw(2)
= Dy (W) K[ (2)

=D w 727
e -

- 1 2¢(w)$(2)
v (( e —<w>¢<z>>3>
e
(1= p(w)(2))?
= [¢/(@)]*(z — a)(w - a)
1+ [a]* + a¢'(a) (@ — a) + [ad/ (@) + |¢' (@)|*(@ — a)](= — a)
{1 —la]? = ag'(@)(w — a) — [a¢'(a) + |¢' (@) *(@ - a)](z — @)}*
Suppose that Dy 4 is normal, then for any z,w € I, we have that
D}, 4Dy, K (2) = Dy 6 D} o Ko (2),

which implies that
_1—wa+ [w]¢'@)]® + (Ja]*® — a)¢'(a) + |a|*® — a](z - a)
[1—wa - ((a —a¢'(a))(1 —wa) +w|¢'(@l]?))(z — a)?
— (5—a) 1+ |a]?* + ad'(a) (@ — a) + [a¢' (a) +|¢'(a)]*(@ — a)] (2 — @)
{1 —lal* —a¢'(a)(w — a) — [a¢'(a) + |¢'(a) (W — a)](z — @)}
for any z,w € . Thus the constant term must be 0; that is
B(1—wa)[1 — |al? —ad’ @) (@ —a))* = (1 —wa)* (@ —a)[1 + |af? + ag/ (@) (@ — a)]

for any w € D. Let w = a. We obtain that a(1 — |a|?)* = 0. Hence, a = 0,

¢(z) = ¢'(0)z and ¥(z) = ¢'(0)z.
Conversely, suppose that ¢(z) = z and ¥(z) = ¢'(0)z. We see that D, 4 is
normal from Proposition 2.7 in [11]. O

The next theorem gives a sufficient and necessary condition for JW¢ .-
symmetric weighted composition-differentiation operator Dy 4 to be normal

if ¢/(a) = 0.
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Theorem 2.5. Let £(z) = Vll__(,l‘Z‘Q, T(2) = )‘1(‘1_7;), where a € D and [N =1

such that A\a = a. Let ¢ € H(D) be not identically zero and ¢ be an analytic
self-map of D with ¢'(a) = 0. If Dy 4 is complex symmetric with respect to

the conjugation JWe -, then Dy 4 is normal if and only if a = 0 and —¢(0) =
A$(0).

Proof. Since Dy ¢ is complex symmetric with respect to the conjugation JW¢ ,
and ¢'(a) = 0, Theorem 2.3 yields that

(1~ ) 21//( )(z @)

For each z,w € D, we obtain that
. . ¥(2)
Dw7¢Dw,¢Kw(Z) = wa,qb (1 _ 11)(;5(2:))2
B o ()@ —a)
(1—wd(@)? " [1 - ag(a) + (A$(a) — a)=]2
o [aP)?@) .. z-a
(1-w@)®> "~ —a]> + (Aé(a) — a)(z — a)]?
WP@) e g, o
= O wplaye e BT
— e TR~ a)
where &
_EL—)x(b& (1) —d) = z—a
e A Yo o
and
ey (L=1al)?¢(a)[1 + ag(a) — 2|al]* = (A¢(a) — a)¢]
e = 1 ad(@) + (0@ — eT° |
Therefore,

Dy, 4Dy Ko (2)
_ (= o) @ Pt — @)L - 2lal® + 2lal* ~ lo*ad(a) + |6(a)]* ~ ag(@)
(1 — we(a))?[1 + ag(a) — ¢(a)=]*[1 - 2lal? + ag(a) — |¢(a)|? + alal?p(a)]>
For each z,w € D, we have that
Dy 6Dy, K (2)
= Dy s(W)KS) (2)
= D%(bw(w)ﬁ
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(T, LT le@l
~ YRR @y

(L —Ja) ¢ @) (@ — a)(z — a)(1 +|¢(a)|*) _
[1 —ad(@) + (Aé(a) — a)w]?[1 — ad(a) + (Ad(a) — a)z]*(1 — |¢(a)[?)?
Suppose that Dy ¢ is normal. Then for any z,w € I, we have that

Dy, 4Dy, Kw(2) = Dy,¢ Dy, o Kuw(2),

which implies that

(8)

w(z —a)[1 —2[al? +2[a|* —|al*ag(a) +|$(a)]* — ag(a)]
(1 —w¢(a))*[1 + ag(a) — ¢(a)z]*[1 — 2|a]* + ag(a) — [¢(a)[* + ala[*¢(a)]?
(@ —a)(z —a)(1 +|4(a)?)
[1 - agd(a) + (Ad(a) — A)w][1 — ap(a) + (Ao(a) — a)2](1 — |¢(a)[?)?
for any z,w € D. Letting w = 0, we obtain that a(z — a)(1 + |¢(a)|?) = 0 for
any z € D. Thus, a = 0. Then by (8) we get

wz(1 +|¢(a)[*)

(1= ¢(0)@)*(1 — $(0)2)*(1 — |¢(0)[?)?

w4 @)
(1+ Ap(0)w)?(1 + Ag(0)2)* (1 — [¢(0)[?)?
for any z,w € D. This implies that

(9) (1= ¢(0)w)*(1 = ¢(0)2)* = (1 + Ap(0)@)*(1 + Ad(0))*

for any z,w € D. Letting w = 0 in (9), we see that
(1 - ¢(0)2)* = (1 + A¢(0)2)?

for any z € D. By taking the derivative with respect to z, we have

(10) 2(1 = ¢(0)2)(=(0)) = 2A¢(0) (1 + Ap(0)2)

for any z € D. Considering z = 0, we get that —¢(0) = A¢(0).
Conversely, assume that a = 0 and —¢(0) = A¢(0). The desired result
follows from a direct computation. ([

3. Spectral properties

In this section, we completely characterize the spectral properties of the
compact JW¢ r-symmetric weighted composition-differentiation operator Dy, ¢
satisfying the condition that ¢(a) = 0 in Theorem 2.4 and ¢’(a) = 0 in Theorem
2.5, respectively. We use o(T) to denote the spectrum of the operator T' €
B(H).
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Theorem 3.1. Let £(z) = Vll__(,l‘Z‘Q, T(2) = )‘1(“_;), where a € D and [N =1
such that Aa = a. Let n € NT, ¢ € H(D) be not identically zero and ¢ be a
nonconstant analytic self-map of D with ¢(a) = a such that Dy, 4 is compact
on H?. If Dy 4 is complex symmetric with respect to the conjugation JWe ~,

then

(Dy,p) = {0} U{ny'(@)¢ "~V (@),n € NT}.
Moreover, f(z) = (z —a)" is an eigenvector of Dy, 4 with respect to the eigen-
value ny' (@)’ "~V (a) for each n € NT.

Proof. Assume that Dy, 4 is complex symmetric with respect to the conjugation
JWe » and ¢(a) = a. Theorem 2.3 gives that

(11) ¢(z) = a+ ¢'(a)(z — a) and ¢(2) = ¥'(a)(z — a).

For each nonzero v € o(Dy,4), since Dy, 4 is compact on H?, there is a nonzero
element f € H? such that Dy »f = 7 f; that is,

V() (6(2)) =vf(z), z€D.
Write f(z) = ZZO 0@n(z —a)". Then for any z € D,

Z¢ nan¢ Z - a Z’Yan

Therefore,

V' (@)nang "M (@) = yap.
Since f # 0, there is ng € N* such that a,,, #0. Hence, v = ngy’ (@)(é/ no=1)(g).
If there is another n; € NT such that n; # 0, then v = ny¢/(a)¢ ™~ (a).

Since ¢ is nonconstant, we obtain that ¢’(a) # 0. Write ¢'(a) = re®®, where
6 € [0,2x],r > 0. Then

ni1—no
7;(77,0777,1)‘9 — nl')ﬂ
€ - )
o

which implies that ng = ny. Thus, f(z) = an,(z — @)™
Conversely, if there is ng € NT such that v = ngt)’(a ) "(n0=1) (7). Set, f(z) =
(z —a)"™. By a simple calculation, we obtain that Dy, 4f = v f. O

Theorem 3.2. Let £(z) = Vllja‘;l‘z, 7(z) = )‘l(i;z), where a € D and |\ = 1
such that A\a = a. Let n € NT, ¢ € H(D) be not identically zero and ¢ be a
nonconstant analytic self-map of D with ¢'(@) = 0 such that Dy 4 is compact
on H?. If Dy ¢ is complex symmetric with respect to the conjugation JWre ,,

then
[OPULG@)).  when # (6(a) £ 0.
W o= {{0}, when ¥/ (6(@) = 0.

Moreover, if ¥/ (¢(a)) # 0, then ¢ is an eigenvector of Dy, 4 with respect to the
eigenvalue ¥'(p(a)).
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Proof. Assume that Dy, 4 is complex symmetric with respect to the conjugation
JWe » and ¢'(a) = 0. Theorem 2.3 yields that

(1—JaPPv'(@)(z—a)
[1—ad(@) + (\o(a) — a)2]?

For each nonzero v € Dy, 4, since Dy, 4 is compact on H?, there is a nonzero
element f € H? such that Dy »f = 7 f; that is,

() f'(6(2)) =1f(2), z€D.
Since ¢(z) = ¢(a), we have (z)f'(#(a)) = vf(z) for any z € D. This means
that f'(¢#(a)) # 0 and ¢'(2)f'(¢(a)) = vf'(z) for any z € D. Considering
z = ¢(a), we have that v = ¢/(é#(a)). When ¢'(¢(a)) = 0, this contradicts
v # 0. In this case, we obtain that o(Dy 4) = {0}. When ¢'(¢(a)) # 0, it
follows that for any z € D,

Dy, st(2) = (2)9'(6(2)) = 9 (2)¢' (6(a)).
In this case, 0(Dy, ) = {0} U/ (4(a)). O

(13) ¢(z) = ¢(a) and ¥(z) =

Acknowledgments. The authors would like to thank the referee for detailed
comments that lead to improve the paper.
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