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STRUCTURE OF IDEMPOTENTS IN POLYNOMIAL RINGS
AND MATRIX RINGS

JuaN HuaNG, Tar KEUN KWAK, YANG LEE, AND ZHELIN P1AO

ABSTRACT. An idempotent e of a ring R is called right (resp., left) semi-
central if er = ere (resp., re = ere) for any r € R, and an idempotent e
of R\{0,1} will be called right (resp., left) quasicentral provided that for
any r € R, there exists an idempotent f = f(e,r) € R\{0,1} such that
er = erf (resp., re = fre). We show the whole shapes of idempotents
and right (left) semicentral idempotents of upper triangular matrix rings
and polynomial rings. We next prove that every nontrivial idempotent
of the n by n full matrix ring over a principal ideal domain is right and
left quasicentral and, applying this result, we can find many right (left)
quasicentral idempotents but not right (left) semicentral.

1. Introduction

The concept of idempotent arises in a number of places in abstract algebra
(for example, in ring theory, in the theory of projectors, and in the theory
of closure operators). In particular, in ring theory, many kinds of rings are
characterized by idempotents, for example, Boolean rings, semisimple Artinian
rings, von Neumann regular rings, Baer rings, Rickart rings and Abelian rings.
In the studies of such topics we encounter with many types of idempotents.

In this article, we show the whole shapes of idempotents and right (left)
semicentral idempotents of upper triangular matrix rings and polynomial rings
and then study the structure of rings with idempotents which satisfy a gen-
eralized condition of right semicentralness (namely, a right (left) quasicentral
idempotent), showing that every nonzero nonidentity idempotent of the n by n
full matrix ring over a principal ideal domain is both right and left quasicentral.

Throughout this article, every ring is an associative ring with identity unless
otherwise stated. Let R be a ring. Let I(R) = {e € R | e? = ¢} and I(R)' =
I(R)\{0,1}. We use Z(R), N*(R) and N(R) to denote the center, the upper
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nilradical (i.e., the sum of all nil ideals) and the set of all nilpotent elements
of R, respectively. It is well-known that N*(R) C N(R). Denote the n by n
(n > 2) full (resp., upper triangular) matrix ring over R by Mat, (R) (resp.,
T, (R)). Write D, (R) = {(a;j) € To(R) | 11 = -+ = ann} and V(R) =
{(ai;) € Dp(R) | aij = aijp1,41 forall 1 <i < n—2with i < j}. I, means
the identity matrix in Mat, (R) and use E;; for the matrix with (i, j)-entry 1
and zeros elsewhere. R[x] denotes the polynomial ring with an indeterminate
x over R. We use Z (Z,,) to denote the ring of integers (modulo n).

2. Structures of matrices and polynomials which are idempotents

In this section we study the structure of idempotents and right semicentral
idempotents in upper triangular matrix rings and polynomial rings. We first
investigate the shape of idempotents in upper triangular matrix rings.

Lemma 2.1. Let R be a ring and n > 2.
(1) If (as5) € I(T(R))', then we have the following:
(1) (e11y---s€nn) € I(R)™\{(0,...,0),(1,...,1)};
(ll) €ii Qg i+1€i41,i+1 = 0 fO?” all i = 1, e, — 1;
(i) eii(@iit1Qit1,i42) = (Qiit1Git1,i42)€it2,i42 = —€iiQii+2€i42,i+2 for
alli=1,...,n—2;
(iv)

k—2 k—2
€is Zai,i+sai+s,i+k—1 = Zai,z’+sai+s,z‘+k—1 Citk—1,i+k—1

s=1 s=1
= —€4iQi4+k—1€Ci+k—1,i+k—1
foralll<i<n—(k—1) and 4 < k <n, where e;; = a;;.

(2) If (as5) € I(Dn(R))', then we have the following:

(i) ai; € I(R)', e say;
(i) ea;it1e=0 foralli=1,...,n—1;
(i) e(ai it1@it1,it+2)="(ai 1+1a1+1,z+2)e: —ea; iyo0€ for alli=1,...,n—2;
(1V) (Zg 12az itsGitsitk—1| = 25;12 ai,i+sai+s,i+k71) € = —€Qj;4+k-1€
foralll<i<n—(k—1) and4 <k <n.
(3) If (as5) € I(Vo(R))', then we have the following:

() i € I(RY, e say

(ii) eajze =0 and ea?y = alye = —eayze;

k—2 k—2

(iii) e (Zs:l alylﬂal“’k) = (25:1 a1’1+5a1+5,k) e = —eay ke for all 4 <
k <n.

Proof. (1) Let (a;5) € I(T(R))". Then, clearly,
(1) (e115-- -, €nn) € I(R)"\{(0,...,0),(1,...,1)}.

Since (9" e 1h,) € I(Ta(R)) forall 1 < i < n—1, we get a; 41 = €541+
A,541€341,i+1 and so we obtain
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(ii) esai41€i41,i41 =0 for all 4 =1,...,n — 1, by multiplying this equality
by e;; on the left.
€ii  Qi,i41 Qi,i42
Since | 0 eitri+1 aitrivz | € [(T5(R)) forall 1 <i<n—2, we get a; 42 =
0 0 €it2,it2
€ii Qi +2 T Qj 41041 5+2 + G4 5426442 ;42 and so we obtain
(ill) €si(@iit1Git1,i+2) = (@i it1Git1,i+2)€it2,i42 = —€4i; i+2€,42 542 for all
i=1,...,n— 2, by multiplying this equality by e;; (resp., €;4242) on the left
(resp., right).

€ii Qq,541 ai,i+2 ai,i+3

. 0 eif1,i41 Qif1,it2 Ait1,i43 .

Since | o 07 eitoiie amosis | € I(Tu(R)) for all 1 < i < n -3, we
0 0 0 €i+3,i+3

get ;43 = €5 Qi 43 + @ ip1Qi41,i+3 + Q4 i420i12,i+3 + Q4 i+3€i4+3,i+3 and so we

obtain

eii(ai,i+1ai+l,i+3 + ai,i+2ai+2,i+3) = (ai,i+1ai+1,i+3 + ai,i+2ai+2,i+3)ei+3,i+3
= —€ii0; ;+3€i+3,i+3
for all i = 1,...,n — 3, by multiplying this equality by e;; (resp., €;43.+3) on
the left (resp., right).

We proceed in this manner. Let i = 1,...,n — (k—1) with 4 < k < n and
(bst) € Ti(R) such that

bst = ag foralli < s, t<i+k—1.

Then, since (bs;) € I(Ti(R)), we get
Qiit+h = €iiQji+h T Qi i+1Qi+1i+h +** + Qi ith—1Gi+h—1,i+h + Qi i+h€ith it+h,
where h = k — 1. So we obtain

(iv)

€ii(@iit1Qit1ibh + o+ Qi it h—10ith—1,i+h)
= (@i it 1Qit1,ith + - F Qiith—1Gith—1,i+h)Cith,ith

by multiplying this equality by e;; (resp., €;4h,i+r) on the left (resp., right).

(2) and (3) are clear from (1) and (2), respectively. O

Let R be aring and e € I(R). By [1], e is called right (resp., left) semicentral
in R if eR = eRe (resp., Re = eRe). The following are easily checked: (i) e is
right (resp., left) semicentral in R if and only if ea = eae (resp., ae = eae) for
all a € R; (ii) e is right semicentral if and only if 1 — e is left semicentral; and
(iii) e is central in R if and only if e is both right and left semicentral in R.
For example, in T5(Zs), (9 1) is right semicentral but not left semicentral, and

($§) is left semicentral but not right semicentral.

Theorem 2.2. Let R be a ring and (a;;) € I(Dp(R)) (n > 2).
(2) If ai;, e say, is right semicentral in R, then we have the following:
(1) ea;; =0 for all 1,5 with ¢ # j;
(i) aij = aije for all i, j;
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(i) (aij)(bi) = (aij)(eln)(bi;) = (ai;)(bij)(eln) for all (bij) € Dn(R).
(3) ai; is right semicentral in R if and only if (a;;) is right semicentral in
D,(R).

Proof. Write E = D,,(R) and e = a;;. (1) is clear.

(2) Suppose that e is right semicentral in R. Since A = (a;;) € I(E),
ea;;y1e = 0 for all 4 = 1,...,n — 1 by Lemma 2.1(2-ii). Since e is right
semicentral, we get ea; ;11 = ea; ;1€ = 0, from which we see that

(0) Qjit1 = €541 + A j11€ = A ;41€ foralli=1,...,n—1.
Since Qi i4+2 = €A 42 + Qi j4+1A541,542 + Qi i42€ and €a; i+1 = 0, we get
€0; 12 = €Qjiy2 + (€ i41)0it1 12 + €Qjiy2€ = €05 i12 + €a; iy2€,

and this implies 0 = ea; ;42¢ = ea; ;+2. Inductively we assume that ea; = 0
forallk =1,...,n—1. Thensince a;,, = €in+a; i+10i+1,n+ +0in—10n-1n+
a; n€, we get

€lin = €Qin + (€ i11)0it1n + - + (€Gin—1)Un—1,n + €Qine = €y + €aine

and this implies 0 = ea;,e = ea;, for all ¢ = 1,...,n — 1. Therefore we now
have
(1) ea;j = 0 for all 4, j with ¢ # 7.

Note that a; ;12 = €a; i124a; i+10it1,i+2+0i i42€ = €a; ir2+ (i it1€)0it1,i42+
a; i+2€ = a; j+2€ by (0) and (i). Now, inductively, we obtain

Qi i+h = €045 i4+h + Qi i+1Qi4+1 54+h + - ° + Qi+ h—1Qi+h—1,4i+h + Qi i+h€E
= ea;ith + (Qii41€)Qit1,i+n + - + (i ith—1€)Qith—1,i+h + Gi i+h€
= Qj,54+h€
by (0) and (i), assuming that a; ;45 = a;,4s€ forall s =1,..., h—1. Therefore
(i) a;; = a;;e for all 4, 5.
Lastly, for any B = (b;;) € E,
AB = (aije)(bi;) = (ai;)(eln)(bij) = (a;)(ebi;)
= (aij)(ebije) = (ai;)(ebij)(eln)
= (aij)(ely)(bij)(eln) = AB(ely)

by (i), (ii), and the hypothesis that e is right semicentral in R.
(3) Let e be right semicentral in R. Then we have that for all B € D,,(R),

AB = AB(el,)) = AB(ea;j) = AB(el,)(aij) = A(el,)B(a;;) = ABA

by (i) and (iii) of (2).
Conversely if A is right semicentral in F, then e is also right semicentral in
R, through the computation that A(rI,) = A(rl,)A for all » € R. O
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A ring is usually called Abelian if every idempotent is central. By Theorem
2.2(2-i,i1), if (as5) € I(Dyp(R)) with e = a;; € Z(R), then a;; = a;;e = ea;j =0
for all 4, j with ¢ # j. Thus (a;;) = el,, and so we obtain the following.

Corollary 2.3 ([6, Lemma 2]). Let R be an Abelian ring. Then D, (R) is an
Abelian ring in which every idempotent is of the form el, with e € I(R).

Theorem 2.2(3) is not valid for T, (R) (n > 2) as we see in the result (1) of
the following remark.

Remark 2.4. (1) Let Ry be any ring and R = R}. Consider a matrix A =

((1,(1),0) Eé??;) in T5(R). Then A € I(T>(R)) and note that (1,1,0) and (0,1,1)

are central idempotents in R. Let B = (8 (178,0)) € T3(R). Then AB =
(1,0,0)E12 but AB # 0 = ABA. Hence A is not right semicentral.

(2) For any ring R, T,(R) contains right (left) semicentral nonzero non-
identity idempotents. Let e € I(R) (resp., f € I(R)) be right (resp., left)
semicentral in R. Consider A = e(Ey, + Fap + -+ + Enyn) € T (R). Then
A € I(T,,(R))" and, for all B = (b;;) € T,,(R), we have

since e is right semicentral. Thus A is right semicentral in T, (R). Next consider

A= f(E11 + Eio+ -+ E1p) € T(R). Then A’ is similarly shown to be left
semicentral in T,,(R).

For any ring R, it is easy to check that V;,(R) is isomorphic to R[x]/(z™),
where (z") = R[z]a".
Theorem 2.5. (1) Let R be a ring and f(z) = Y .~ a;z’ € Rlz]. If f(z) €
I(R[z])’, then we have the following:
(i) ao € I(R)’ (e say),eare =0 and ea3 = ate = —eaze;
(ii) e (Zf+t=3 asat> = (Zf+t=3 asat) e = —eage for all3 <k <m.
(2) In (1), ap = e is right semicentral in R if and only if f(x) is right
semicentral in R[z].
(3) Let R be a ring and e € I(R). If e is right semicentral but not central in
R, then there exists h(z) = Y} _, cxx® € I(R[z]) with ¢y = e such that h(x) is
right semicentral in R[z] but h(x) ¢ R.

Proof. (1) Note first that Y./ a;z* € I(R[z])" implies
> aia' € I(Rla]/ (™)),
i=0
whence (e;;) € I(Vipt1(R)) C I(Dms1(R)) because Y i~ a;x’ € I(R[z])

is equivalent to (e;;) € I(Vip41(R)) C I(Dy41(R))’, where e; = a¢ and
e1,14s = as for all s =1,...,m. So we have the result by Lemma 2.1(3).
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(2) Let ap be right semicentral in R. Then we have ea; = 0 for all s =

1,...,m and a; = a;e for all i, by (1) and Theorem 2.2(2), from which we see
that for all g(z) = Y7 bja’ € Rlz],

Zazex Zb xj = Z Zeb :L'j
=0
Z a;x Z eb; e:vJ Z a;x Z ebjxj)e

7=0 Jj=0
z:az Zeb x])(z ea;r’)
j:O i=0
= (Z aixi Zeb Ex] Za z*) )g(x) f(x)
i=0 7=0

since e is right semicentral. Thus f(x) is right semicentral.

Conversely if f(z) is right semicentral in R[z], then ag is also right semicen-
tral in R, through the computation that f(z)r = f(x)rf(x) for all r € R.

(3) Suppose the e is right semicentral in R but not central in R. Then
ea # ae for some a € R. Note that ea = eae and (1 — e)ae # 0. For any ¢ > 1,
set he(z) = Zi:o cxz® such that co = e and ¢, = (1 — e)ae for all 1 < k < /L.
Then hy(z) € I(R[z])" and, moreover, hy(z) is right semicentral in R[z] by (2)
since e is right semicentral in R. But hy(z) ¢ R. O

Note. Properties of the case of left semicentral idempotents can be also ob-
tained by symmetry in Theorem 2.2 and Theorem 2.5.

Recall that, for a ring R, the following conditions are equivalent: (1) R
is Abelian; (2) Rz] is Abelian; (3) Every idempotent of R[z] is in R ([2,
Proposition 2.4]). The following elaborates upon Theorem 2.5(2).

Remark 2.6. Let R be aring and f(z) = >.1" a;z’ € I(R[z]). Then ag € I(R)
clearly. Here if ag € Z(R), then f(x) = ag by the proof of [7, Lemma 8.
Thus one may naturally ask whether this result also holds for the case of ag
being right semicentral but not central. However the answer is not affirmative
as follows. Let R = T5(Zy). Then (1) is right semicentral but not left
semicentral in R as above. Following the construction in the proof of Theorem
2.5(3), let f(z) = ap + (1 — ap)bagx € I(R[x])’, where ap = (3 1) and b = E1s.
Then f(z) is right semicentral in R[z] by Theorem 2.5(2), but f(z) = (§1)+
(4)a ¢ R

Let A be an algebra (with or without identity) over a commutative ring
S. Due to Dorroh [4], the Dorroh extension of A by S is the Abelian group
A x S with multiplication given by (71, s1)(r2, $2) = (r172 + S17r2 + S271, S182)
for r; € A and s; € S. We use A X4, S to denote the Dorroh extension of A
by S. Note 1p = (0,1). In the following we deal with the case of 1 € A.
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Proposition 2.7. Let R be a ring of characteristic 2 that is an algebra over a
commutative ring S. Then we have the following for D = R X 4o, S.

(1) ) I(D)=I(R) x I(S) and I(R) ={e+ s | (e,s) € I(D)}.

(i) (D) = {(€1,0), (e2,1) | ex, €5 € I(R)\{0}} when I(S)' = 0 and

I(D)" = {(e1,0), (e2,1),(e3,5) | e1,ea € I(R)\{0},e3 € I(R),s € I(S)'}
when I1(S)" # 0.

(2) Let e € I(R). Then e is left semicentral in R if and only if (e,1) is a
right semicentral idempotent in D.

Proof. (1) (i) Note that s € S is identified with s-1 € R, where 1 = 1g, the
identity of R, and so R = {r+ s | (r,s) € D}. Now, if (r,s) € I(D), then
(r,8)? = (r,s) implies 72 = r, s> = s because the characteristic of R is 2, and
hence r € I(R) and s € I(S), showing that I(D) C I(R) x I(S). Conversely,
if (e,t) € I(R) x I(S), then (e,t)? = (e,t) and so I(R) x I(S) C I(D). Thus
I(D) =I(R) x I(S).

Next, if e € I(R), then (e,0) € I(D), noting e = e+0 with 0 € S. Conversely,
it (e,s) € I(D), then e € I(R) and s € I(S) as above, from which we see
e+s € I(R).

(ii) is obtained from the fact that 1p = (0, 1).

(2) By (1-i), (e,1) € I(D). For (a,b) € D, we have (e,1)(a,b) = ((1 +e)a+
eb,b). Suppose that e is left semicentral. Then (1 — e)re = 0 for all r € R,
from which we see that

(e, 1)(a,b)(e, 1)

((1 —e)a+ eb,b)(e, 1)
(1 —e)ac+eb+eb+ (1 —e)a+ eb,d)
((1+e)a+eb,b) = (e,1)(a,b),

using the hypothesis that the characteristic of R is 2.
Suppose that (e, 1) is right semicentral in D. Then

(e,1)(r,1)(e, 1) = (e, 1)(r, 1)
for all r € R. So we have ere+re+er+r-+e = er+r-+e since the characteristic
of R is 2, entailing and so ere — re = ere + re = 0. (]

An element u of a ring R is called regular if ur = 0 and su = 0 for some
r,s € Rimply r = s =0, i.e., u is not a zero divisor in R.

Proposition 2.8. Let S be a multiplicatively closed subset of a Ting R. Suppose
that S consists of central regular elements of R and let e = u=ta € I(S™'R),
where a € R and w € S. Then we have the following assertions.

(1) a = ea = ae = eae.

(2) e is right semicentral in S~ R if and only if aru = ara for any v € R.

)
Proof.
a(u~?!

(2)
e(vir

) From u~ta = (u=1a)? = u=2a?, we obtain a = u~ta? = (u

= ea = ae, and a = eae follows.

( —1
a) =
Let e be right semicentral in S~™'R. Then, for any v~'r € SR,
)=

a)a =

e(v™1r)e and this yields v laru=! = v ~Lgrau—? , so that aru = ara.
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Conversely assume the necessity. Then aru = ara implies av™'r = v lav"'ra
for any v € S, from which see that e(v=1r) = u=ta(v=1r) = v ta(vr)u=ta =

e(v™1r)e. O

In Proposition 2.8, one may ask whether I(S~'R) = I(R). But the answer
is negative by the following.

Example 2.9. Let A = Z{z,y), the free algebra generated by the noncom-
muting indeterminates x,y over Z. Next let I be the ideal of A generated by
yr —xy — 1 and Ry = A/I. Set R = T>(Ro) and consider the multiplica-

tively closed subset S = {((’; ?) ER|O#f e Z} of R. Then S consists of

central regular elements in R. Let a = () € Rand u = (2 9) € R, where
n € Z\{0,1,—1} and g € Rg\Z. Then

—1 -1
-1 _(n 0 n g\ _ (1 n'g 1
cram (3 ) (@ )= (b ") e ns i,
from which we see I(R) C I(S7'R).

We end this section by arguing about a property of the difference of two
right semicentral idempotents.

Remark 2.10. Let e, f be right semicentral idempotents of a ring R. Then
ef.fe € I(R) and (e — f)* € I(R). For, (ef)? = (efe)f = (ef)f = ef,
(fe)* = (fefle = (feJe = fe,and (e — f)* = (e —ef — fe+ f)> =e—ef —
efetef—efetefef+efe—ef—fetfef+ fefe—fef+fe—fef—fet[f=
e—ef—ef+tef—ef+ef+ef—ef—fe+fe+ fe—fe+ fe—fe—fe+f=
e—ef — fe+ f = (e— f)% In this situation, if (e — f)?> = 0, then e = ef and
f = fe through a simple computation. One may ask whether e — f € I(R).
But the answer is negative. Consider R = T5(A) over any ring A. It is easily
checked that e = (1) and f = (§9) are right semicentral idempotents in R.
But €—f:E12 ¢ I(R)

3. Right quasicentral idempotents and right quasi-Abelian rings

In this section we study the structure of rings with idempotents which satisfy
a generalized condition of semicentralness.

Lemma 3.1. A ring is Abelian if and only if every idempotent is right semi-
central if and only if every idempotent is left semicentral.

Proof. Let R be a ring and e? = e,r € R. Suppose that every idempotent
of R is right semicentral. Then er = ere and (1 —e)r = (1 —e)r(1 — e)
for every e € I(R). Then, forall € R, 0= (1—¢e)r — (1 —e)r(l —e) =
r—er—r+er+re—ere=re—ere=re—er; hence R is Abelian. The proof
for the case of left semicentral is similar. Other directions are evident. (|

Let I be an ideal of a ring R, and suppose that every idempotent of R/I
can be lifted to a right semicentral idempotent of R. Then every idempotent
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of R/I is right semicentral and thus R/T is Abelian by Lemma 3.1. Moreover,
motivated by this lemma, we give the following definition.

Definition 3.2. Let R be a ring and e € I(R)’. Then e is called right qua-
sicentral (resp., left quasicentral) provided that for any r € R, there exists
f = f(e,r) € I(R) such that er = erf (resp., re = fre), and e is called
quasicentral if e is both right and left quasicentral.

It is evident that for a nonzero nonidentity idempotent e, if e is right (resp.,
left) semicentral, then e is right (resp., left) quasicentral. But there exist right
quasicentral idempotents but not right semicentral.

Remark 3.3. (1) ({}) is quasicentral in Mats(Z) by help of Example 3.5 to
follow; but

G o) o) =0 o) 7o (o) () (o o)
(o) o) = (5 ) 7o=( o) (B 0) 6 o)

so that (§§) is neither right nor left semicentral.

(2) Let R be a ring and (a;;) € I(T2(R))" be such that a1 € I(R)" (resp.,
ase € I(R)’) is right (resp., left) quasicentral in R. Moreover (a;;)(b;;) =
(aij)(bij)(eEaz) (vesp., (bij)(ai;) = (fE11)(bi;)(ai;)) for all (bi;) € (§ ), where
e = e(a11,b12), f = f(az2, 512) € I(R) Satleylng a11b12 = a11bi2e and bioagy =
fblgazg. For

(aij)(bz‘j)Z(o anbu) (0 aubw@)
<0 a11b12)< ) (ai)(bij) (e Eaz)

(bij)(aij) = (O b”a??) (O fbmagz)

(5 0) (0 ") = urm@).

noting that eFy; and fFE;; are idempotents. Thus (aij) is quasicentral in
T5(R). But if a11 (resp., age) is not right (resp., left) semicentral, then (a;;) is
not right (resp., left) semicentral.

and

and

The following is a main result of our article.

Theorem 3.4. Every nontrivial idempotent of Mat,,(P) over a principal ideal
domain P is quasicentral for n > 2.
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Proof. Let R = Mat,(P) and E € I(R)’. Then FA ¢ U(R) for any A € R,
where U(R) is the group of all units in R. Whence, letting EA # 0, there exist
X,Y € U(R) such that

k
EA = XDY, where D = a;E;; with k < n and 0 # o; € P,
i=1
by Smith normal form theorem in linear algebra. Let F = Y~ 'CY, where
C =Y | E, Then F € I(R) and EAF = XDYF = XDY = EA. Next, by
symmetry, it can be also shown that AF = F'AFE for some F' € I(R)’.
Therefore every nontrivial idempotent of Mat, (P) is quasicentral. O

In the following we provide an actual manner to find nontrivial idempotents
in Maty(P), based on Theorem 3.4.

Example 3.5. Let P be a principal ideal domain but not a field and R =
Mat,(P). By [8, Lemma 2.3(2)], I(R)’ is the union of the following two sets:

(=0 0)mm o 1) 2 o 2) 2 )

0 (e Yirsores

{E7: (a 1ba> lad {0,1} anda(l—a):bc}.

C

We will show that for any E; and A € R, there exists F' € I(R)’ such that
E;A = E;AF. Let K be the quotient field of P. Since E;A is not a unit, the
row vectors of F; A are linearly dependent over K.

Case 1. If E;A is of the form (Z; 8) € R, then E;A = E;AE,. If E;A is of

the form (§ %) € R, then E;A = E;AE,.

So it suffices to consider the following cases.
Case 2. E;A = (§{) with s # 0 and ¢t # 0.

(Subcase 1) If t | s (s = tg say), then E;A = E;AEqg. If s | t (t = sf say),
then EZA = EiAEg.

(Subcase 2) t 1 s and s {t: We claim that there exists F = (2,°,) € I(R)/,
with a ¢ {0,1} and a(1 — a) = be, such that E;A = E;AF.

We can let s~ 't = s7't; in K such that ged(sy,t) = 1, letting s = s,k and
t = t1k with s1,t1 ¢ {0,1} and k = ged(s,t) > 1. So we can find m,n € P
such that s;n + t;m = 1, from which we see

tflsl(tln) + sfltl(slm) =sn+tym=1.

and

Next set
a=smn, b= s la = sl_ltla =tin € P,
and
c= t*15(1 —a) = tl_lsl(l —s1n) = tl_lsltlm =sym € P.
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Then F = (2,%,) = (110 ) € I(Maty(P)) with syn ¢ {0,1}, and we
have

a_ (s t\_ (sat+tc sb+t(l—a)\ _ .
fae (3 0)= (5 H09) o par

since sa+tc = sa+t(t71s(1—a)) = s and sb+t(1—a) = s(s~ta)+t(l—a) =t.
This argument is also applicable to Subcase 1 in which s; =1 or ¢t; = 1. If
s1 = 1, then, for any p € P with t;p ¢ {0,1}, we have s1(1 — t1p) + t1p = 1
such that s1(1 — t1p) ¢ {0,1}. If t; = 1, then, for any ¢ € P with s;q ¢ {0,1},
we have s1q + t1(1 — s1q) = 1 such that ¢1(1 — s1¢) ¢ {0,1}. Consequently we
can take syn ¢ {0,1} in any case.
Case 3. E;A=(29) with u # 0 and v # 0.
(Subcase 1) If u | v or v | u, then E;A = E;AE3 or E;A = E; AFg similarly.
(Subcase 2) u tv and v { u: We apply the argument of (2) to this case. We
can let v~y = vl_lul such that ged(ug,v1) = 1, and so we can find m,n € P
such that uin + vym = 1, from which we see

vflul(vln) + uflvl(ulm) =un+vim=1.

Next set

1

_ 1
a=un, b=u""va=u; via=vin € P,

and
c=v tu(l—a)= vl_lu1(1 —un) = vflulvlm =um € P.

Then F = (¢,°,) = (uim1%in) € I(Mata(P))" with win ¢ {0,1}, and we

have
0 0 0 0
Eid = (u v) - (ua +ve ub+v(l— a)) = BiAF

since ua+ve = ua+v(v~tu(l—a)) = v and ub+v(l—a) = u(utva)+v(l—a) =
.

This argument is also applicable to Subcase 1 in which vy =1 or v; = 1, by
a similar manner to one of Case 2.

Case 4. E;A = ( . B@) with a, 3 € P\{0} and 0 # w € K. We can find

wo w

F=(552) € I(R) such that (2 5) = (25)(5152), by the argument of Case

2, entailing o = ap; + Bps and B = aps + Bps. From this, we obtain

ElAF<a 5)(101 p2>< ap1 + Bp3 ap2 + Bpa )
! wa wh) \p3 P4 w(apy + Bps)  w(aps + Bpa)

a B
- (wa wﬁ) = EiA.

From the results above, we now conclude that every nontrivial idempotent
of Mats(P) is right quasicentral. The case of left quasicentral idempotents can
be also obtained by symmetrically arguments.
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Next we argue about a property of right (left) semicentral idempotents of
semiprime rings, by which we can find quasicentral idempotents but not right
(left) semicentral.

Remark 3.6. In a semiprime ring, every right (or left) semicentral idempotent is
easily shown to be central. By help of this fact, we can find many quasicentral
idempotents which are not semicentral. Consider R = Mat,(P) (n > 2) over
any principal ideal domain P. Then every noncentral idempotent e of R is
quasicentral by Theorem 3.4. Assuming that e is right (or left) semicentral, we
have that e is central since R is (semi)prime, a contradiction. Therefore e is
neither right nor left semicentral.

Following [2], a ring R is called right (vesp., left) quasi-Abelian provided that
either I(R)’ is empty, or else for any (e,a) € I(R)' x R (resp., (a,e) € RxI(R)")
there exists (b, f) € RxI(R)' (resp., (f,b) € I(R)'xR) such that ea = bf (resp.,
ae = fb). R is called quasi-Abelian if it is both right and left quasi-Abelian.
Note that a non-Abelian ring R (i.e., 0 # I(R) ¢ Z(R)) is right (resp., left)
quasi-Abelian if and only if every e € I(R)’ is right (resp., left) quasicentral,
by the argument above. Hence, the quasicentralness is not left-right symmetric
by [2, Example 1.5]. Right (left) quasi-Abelian rings are directly finite by
[2, Theorem 1.9(1)] and there exists a domain R over which Mats(R) is not
directly finite by [10, Theorem 1.0]. But if R is a principal ideal domain, then
Mat,(R) (n > 2) is quasi-Abelian by Theorem 3.4, providing of quasi-Abelian
ring which is not Abelian. Furthermore, Theorem 3.4 is compared with the fact
that for a domain R, T,,(R) is right quasi-Abelian for all n > 2 if and only if
R is a division ring ([2, Theorem 2.1]). Thus T»(Z) is not right quasi-Abelian,
but Mat,(Z) (n > 2) is quasi-Abelian by Theorem 3.4, from which we see that
the class of right quasi-Abelian rings is not closed under subrings.

Finally, we consider the quasi-Abelian property in other cases that occur
frequently in noncommutative ring theory. Note that a ring R is Abelian if
and only if D,,(R) is Abelian for any n > 2 if and only if D, (R) is Abelian for
some n > 2, by [6, Lemma 2]. We consider a condition under which this result
can be extended to the case of right quasi-Abelian.

Proposition 3.7. Let R be a ring such that I(R)" is orthogonal. Then D, (R)
is right quasi-Abelian for some n > 2 if and only if R is Abelian.

Proof. Let D, (R) be right quasi-Abelian for some n > 2. Assume on the
contrary that there exist e € I(R)" and r € R such that er(1—e) # 0, a say. Let
E = (e+a)l,. Then E € I(D,(R))'. Let A= Ey, € D,(R). Since D,(R) is
right quasi-Abelian, EA = EAF for some F = (f;;) € [(D,(R))". Let f = fi.
Then clearly f € I(R). From FA = EAF, we get eter(l—e) = ef+er(l1—e)f;
hence f # e and f # 1 —e. Since I(R)’ is orthogonal, ef =0 and (1—e)f =0,
entailing e + a = 0, a contradiction. Thus R is Abelian. The converse is clear
by [6, Lemma 2]. O
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We next observe some methods of constructing (right quasi-)Abelian rings
through the factorization. We start with the fact that the class of right quasi-
Abelian rings is not closed under factor rings. A ring R is called regular if for
any a € R there exists b € R such that a = aba (see [5]). Directly finite regular
rings are quasi-Abelian by [2, Theorem 1.9(2)], but there exists a directly finite
regular ring R with a right and left primitive ideal P such that R/P is not
directly finite (hence not right quasi-Abelian) by [5, Example 5.11].

An ideal I of a ring R is said to be idempotent-lifting if idempotents in R/T
can be lifted to R. The Jacobson radical of a ring R is denoted by J(R).

Proposition 3.8. (1) Let R be a right quasi-Abelian ring and I be an ideal of R
such that I C J(R). If I is idempotent-lifting, then R/I is right quasi-Abelian.

(2) Let R be a right quasi-Abelian ring. If I is a nil ideal of R, then R/I is
right quasi-Abelian.

(3) Let R be a ring and n > 2. If D,,(R) (n > 2) is right quasi-Abelian, then
so is R.

(4) Let R be a commutative ring and M be a mazimal ideal of R. Then
Mat,(R/M) is quasi-Abelian for any n > 2.

Proof. (1) This is clear from [2, Theorem 2.2(1)]. (2) is clear from [9, Propo-
sition 3.6.1] and (1). (3) is proved by (2) and the fact that the factor ring
D, (R)/I, by the nil ideal I = {(a;;) € D,(R) | a;; = 0} of D, (R), is isomor-
phic to R. (4) is shown by [2, Theorem 1.9(4)] since R/M is a field. O

Note that the right quasi-Abelian property does not go up to polynomial
rings by [2, Proposition 2.5(1)]. Following [3], a ring R is called NR if N(R)
forms a subring. A ring R is NR if and only if N(R) is additively closed
([11, Theorem 2.1]).

Proposition 3.9. (1) Let R be a commutative ring and M be a mazimal ideal
of R. Then Mat,(R/M)[z] is quasi-Abelian for n > 2.

(2) Let R be an NR ring and I be an ideal of R with N*(R) C I. If I is
idempotent-lifting, then R[x]/I[x] is an Abelian ring.

Proof. (1) Note first that (R/M)[z] is a principal ideal domain, hence
Mat, (R/M)[x](= Mat,((R/M)[z]))
is quasi-Abelian for n > 2 by Theorem 3.4.

(2) Since R is NR, R/N*(R) is an Abelian ring by [11, Proposition 3.1].
Write R = R/I. Let f € I(R). Since I is idempotent-lifting, f = & for some
e € I(R). Since R/N*(R) is Abelian, we have er —re € N*(R) for all r € R,
entailing er — re € I by hypothesis. Thus f7 = éF = 7é = 7f in R, so that R
is Abelian. Therefore R[z]/I[x] (& (R/I)[z]) is Abelian by [7, Lemma 8]. O
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