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DIFFERENCES OF WEIGHTED COMPOSITION
OPERATORS ON BERGMAN SPACES INDUCED BY
DOUBLING WEIGHTS

JIALE CHEN

ABSTRACT. We characterize the boundedness and compactness of differ-
ences of weighted composition operators acting from weighted Bergman
spaces A, to Lebesgue spaces L4(dp) for all 0 < p,q < oo, where w is a
radial weight on the unit disk admitting a two-sided doubling condition.

1. Introduction

Let H(ID) be the space of analytic functions on the unit disk D of the complex
plane C. Let w be a radial weight on D, that is, a nonnegative integrable
function on D satisfying w(z) = w(|z]) for all z € D. For 0 < p < oo, the
Lebesgue space L? consists of measurable functions f satisfying

11 = [ 17Pwda < .

where dA is the normalized area measure on . The weighted Bergman space
AP is defined by

AP = LP N H(D)
with inherited (quasi-)norm. As usual, the standard weighted Bergman spaces
are denoted by AP i.e., the Bergman spaces induced by the weights (a+1)(1—
|-12)%, @ > —1. For a positive Borel measure p on D, we use L?(du) to denote
the Lebesgue spaces induced by u.

For a radial weight w, write @(z) = f‘i‘ w(s)ds for all z € D. In this paper
we always assume @(z) > 0, for otherwise A? = H(D) for each 0 < p < c0. A
weight w belongs to the class D if there exists a constant €' = C (w) > 1 such
that &(r) < Cw(HL) for all 0 < r < 1. Moreover, if there exist K = K(w) > 1

and C' = C(w) > 1 such that @(r) > C& (1 — L) for all 0 < r < 1, then we
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write w € D. Weights w belonging to D = DN D are called doubling. These
classes of weights emerge from fundamental questions in operator theory; see
[19]. Recently, function theory and operator theory on Bergman spaces induced
by doubling weights have drawn many attentions; see [15-18,20].

Let S(D) be the set of all analytic self-maps of D. Given ¢ € S(D), the
composition operator C, with symbol ¢ is defined by

Cof =fop, [feHD).

A weighted composition operator is a product of a composition operator and a
multiplication operator. More explicitly, for ¢ € S(D) and a Borel function u
on D, the weighted composition operator uCy, is defined by

uCy(f) =u(foyp), [feH(D).

The properties of (weighted) composition operators on various settings have
been studied extensively during the past few decades; see for example [2,5-7,
9,10,24,25].

Motivated by the study of path-connected components in the space of com-
position operators (see [26]), study on differences of (weighted) composition op-
erators has been of growing interest for the last three decades. Moorhouse [14]
characterized the compactness of C, — Cy on the standard weighted Bergman
space A2 by some Julia-Carathéodory type conditions. Saukko [22,23] gen-
eralized Moorhouse’s results by characterizing the compactness of C, — Cy,
acting from A% to A} for 0 < p,q < co. Acharyya and Wu [1] first obtained a
compactness characterization for the weighted composition operator differences
uCy —vCy : AP — A% in the case p < ¢, where the weights u, v are analytic
functions satisfying some growth conditions. Recently, Liu, Rattyd and Wu
[12,13] generalized the results in [1,23] to the doubling weight setting. On the
other hand, with the lack of the change-of-variable formula for the difference of
composition operators, Koo and Wang [11] introduced the notion of joint Car-
leson measure to obtain a Carleson measure characterization for the differences
C, — Cy acting on standard weighted Bergman spaces. Very recently, using
the joint Carleson measure again, Choe, Choi, Koo and Yang [3,4] completely
characterized the boundedness and compactness of differences uCy, —vCy act-
ing from standard weighted Bergman spaces into the corresponding Lebesgue
spaces, where the weights u, v are allowed to be non-analytic and unbounded.

In this paper, we follow the line of research to study the boundedness
and compactness of differences of weighted composition operators acting on
Bergman spaces induced by doubling weights via the joint Carleson measure.
We generalize the main results of [3,4] to the doubling weight setting.

To state our results, we introduce some notation. We reserve symbol func-
tions ¢, ¥ € S(D) and weights u, v to be considered throughout the paper. We
put
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where d(-,-) is the pseudohyperbolic distance on D; see Section 2.1. Given a
positive Borel measure v on D, the pullback measure v o ¢ ~! is defined by
(vop ) (E) = vjp~'(E)] for all Borel sets E C D. Suppose now that u is

a positive Borel measure on D, 0 < ¢,8 < oo and r € (0,1). The pullback

,q a8 g
RIRURCH P usp,v P usp,uir

A= (lpul?dp) o =' + (|pv|7dp) o 1,
o = [(1 = p)°|u—v|%du] o ™" +[(1 = p)°|u—v|%du] 0 ",

measures A = )\Z =0 and o, =0 are defined by

and
or = (xa,Ju —v|du) o 7! + (xq, [u — v|*dp) o™,
respectively, where x¢, is the characteristic function of the set

G, ={zeD:p(z) <r}.

Recall that for 0 < p,q < co and w € D, a positive Borel measure p on D is
called a g-Carleson measure for A? if the embedding operator I : AP — L(dpu)
is bounded; p is called a vanishing g-Carleson measure for AP if I; : AP —
L%(du) is compact. Our main results read as follows.

Theorem 1.1. Letw € D, 0<p<qg<oo,0<r <1, and B > 0 be large
enough. Let p be a positive Borel measure onD, ¢, € S(D) and u,v € L(dpy).
Then the following conditions are equivalent:

(a) uCy, —vCy : AP, — L9(dp) is bounded (resp. compact);

(b) A+ ? is a (resp. vanishing) q-Carleson measure for AP;

(¢) A+ o, is a (resp. vanishing) q-Carleson measure for AP.

Theorem 1.2. Letw € D, 0 < g<p <oo, 0 <r <1, and 8 > 0 be large
enough. Let u be a positive Borel measure on D, o, € S(D) and u,v € LI(du).
Then the following conditions are equivalent:

(a) uCy, —vCy : AP, — L9(dp) is bounded;

(b) uCy, —vCy : AP, — L4(dp) is compact,
(c) A+ ? is a g-Carleson measure for AP
(d) XA+ o, is a g-Carleson measure for AP.

After some preliminary results are given in Section 2, we give some crite-
rions for ¢g-Carleson measures in Section 3. In particular, we prove some new
characterizations of ¢-Carleson measures for AP in the case p > ¢. In Section
4, we give the proofs of our main results.

Throughout the paper, the notation A < B or B 2, A means that A < CB
for some inessential constant C' > 0. If A < B S A, then we write A < B.

2. Preliminaries

In this section, we introduce some well-known results that will be used
throughout the paper.
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2.1. Pseudohyperbolic distance

We first introduce some basic facts of the pseudohyperbolic distance on the
unit disk D. Recall that the pseudohyperbolic distance between z,w € D is
defined by

Z—w

d(z,w) =

1—zw
We use A(a,d) to denote the pseudohyperbolic disk with center ¢ € D and
radius 0 € (0, 1), which is actually a Euclidean disk with center %z and

radius %6. It is well-known that
1T— |z =<1—|w]®=<1- 2w
and
|1 —az] < |1 —aw|
for any a € D and z,w € D with d(z,w) < §. The implicit constants depend
only on §. We will use these estimates frequently.
Let 6 € (0,1) and {a,} be a sequence of distinct points in . We say that

{an} is 0-separated if d(an, an,) > ¢ for all n and m with n # m. We say that
{a,} is a d-lattice if it is §/2-separated and

D= U Alap, ).

n>1

The existence of d-lattice for any 6 € (0,1) follows from [27, Lemma 4.8].
Furthermore, by [27, Lemma 4.7], for any d-lattice {a,} and R € (0,1), there
exists a positive constant N = N(§, R) such that each point z € D belongs to
at most N of the pseudohyperbolic disks A(a,, d).

2.2. Estimates on weights and test functions

We now introduce some estimates on weights. It is known that if w € D,
then there exist 0 < o = a(w) < f = B(w) < 0o and C' = C(w) > 1 such that

(2.1) é(i_;)agA((ggcc_Z)ﬁ, 0<r<t<l.

In fact, the right hand inequality holds if and only if w € D (see [15, Lemma
2.1]) and the left hand inequality holds if and only if w € D (see the proof
of [19, Theorem 15]). Based on (2.1), one can deduce that (see [12]) for any
r e (0,1),

(2.2) w(A(z,

€

&)

r) S -lz)), zeD,
and there exists ro = ro(w) € (0,1) such that
(2.3) w(A(z,7m0)) 2 @(2)(1 —|z])|z], ze€D.
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We also need the twisted weight w, defined by

. w(2)
w(z) = 1—7\z|’ z € D.

By [20, Proposition 5], we know that if w € D, then
(2.4) 1z, = 11 fllaz,  f € HD).

We will use these estimates repeatedly in the sequel.

To characterize the boundedness and compactness of uC, — vCy : AP —
Li(du), we will use the functions K,(z) = 1/(1 — @z), a,z € D to be the test
functions in the case p < ¢. It is known (see [15, Lemma 2.1]) that if w € D,
then there exists y(w) > 0 such that for any v > v(w),

w(z)dA(z) _  @(a)
/]D) 1 —azp+t ™ (1))

Based on the above estimate, we know that for any t > (v(w) +1)/p,

~

w(a)% .
(1= la)">

In the case p > ¢, our test functions are given by the following proposition,
which can be found in [21, Theorem 1].

(2.5) 15 ]|az, =<

Proposition 2.1. Letw € D, 0 < p < o0 and {a,} be a separated sequence in
D. If
1
oy B )+

and ¢ = {c,} € [P, then the function F defined by

P = 3 e, (L lenl) P alan)

(01— a2

n=1

belongs to H(D), and there exists a constant C = C(t,w,p) > 0 such that
1E|az, < Cliei-

3. Carleson measures

In this section, we give some characterizations of the g-Carleson measures for
AP which will be needed in the sequel. Given w € D, 0 < 6 < o0, r € (0,1),
and a positive Borel measure p on D, the weighted mean function [, ¢ is
defined by

Az, r
flro(2) = M zeD.
We write [, := w1 for simplicity.

The following theorem gives the characterization of g-Carleson measures for

AP in the case p < ¢, which can be found in [12, Theorem 2].
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Theorem 3.1. Let 0 <p < q < o0, w € D, and i be a positive Borel measure
on D. Then the following assertions hold:
(1) pis a q—Carleson measure for AP if and only if for some (or any)
r € [ro(w), 1), fura € L(D);
(2) w is a vanishing q- Carleson measure for AP if and only if for some (or
any) r € [ro(w), 1), ﬁw’r’%(z) — 0 as|z| = 1.

In the case p > ¢, we have the following theorem characterizing the g¢-
Carleson measures for AP via the weighted mean functions fi, ¢, which gen-
eralizes [13, Theorem 2].

Theorem 3.2. Let 0 < g <p <00, w €D, and pu be a positive Borel measure
on D. Then the following conditions are equivalent:

(a) w is a g-Carleson measure for AP;
(b) w is a vanishing q-Carleson measure for AP;
(¢c) For some (or any) r [7‘0( ),1), the function fi, , belongs to L °;
(d) For some (or any) r [ w),1) and any §-lattice {a,},
ralan)} €177;

(e) For some (or any) r € and any d-lattice {a,},

)
{ p(A(an, 1)) }elpgq.
(@(an)(1 — |an|>>q/”

Proof. The equivalence of (d) and (e) follows easily from the inequalities (2.2)
and (2.3). We finish the proof by proving the sequence of implications

[7’0 (w), 1

(@) = (¢) = (c) = (b).

Assume first that (a) holds. Fix r € [ro(w), 1) and a d-lattice {a,}. For any
c¢={cp} € P, define

2) =Y nbn(r)fulz), TE1], z€D,

where {¢,} is the sequence of Rademacher functions (see [8, Appendix A]),

and
(1 —lan)" "%
fn(z) = = 1/ z P — t
W(an)t/P(1 —apz)
for some sufficiently large ¢t > 0. Then by Proposition 2.1, F; € AP with
[E-Laz, < llelle

for any 7 € [0, 1]. Since the embedding operator I : AP — L%(dpu) is bounded,
we have for any 7 € [0, 1],

/ 3" entnlr

n=1

dp(2) < [ Lall I Frllp < IHallllellZ-
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Integrating with respect to 7 on [0,1] and using Fubini’s theorem and Khin-
chine’s inequality (see [8, Appendix A]), we arrive at

00 q/2
(3.1) /ﬂ)(ZlcnIQIfn(Z)F) dp(2) < [ all*llelli-

n=1

Since each z € D belongs to at most N = N(,r) of the sets A(ay,r), we have

o q/2
(zmwn(zw) >z|cn| ) ()
n=1

= Z |Cn| an 1 - |a |))_q/pXA(an,r)(Z)'

Inserting this into (3.1) yields

3l G s S W el

Combining the above inequality with the duality (17/9)* = [P/(P=9) we obtain
that (e) holds.

Assume now (e) holds. Fix r € [rg,1) and 6 € (0,1 — r), and choose K > 1
such that (D\ %]D)) C Un>kA(an,d) and €D N (Uyp>xA(ay,d)) = 0 for some
€0 € (0,1/2). Then by (2.1) and (2.3), we have

[ fure)#55(00AC)
D\iD

n=1

= ©G) gacs
: 7;(/A<an,5> wr T %A4%)
w(an) M ﬁ .
: nZZK 1= lan| Ja(a,.5) ( w(z)(1— |z|)> dA(z)
S (A (an, 3 +1)) ) .
~ n;{ ((@(an)(l - |an|)q/p) <

On the other hand, since w(A(z,r)) > 0 for any z € D, the absolute continuity
of integration implies that the function fi, , is continuous on D. Consequently,

/1 Tl (2)770(2)dA(2) < / “(2) dA(z) < 25(0).
3D 3

1p 1 — 2|

Therefore, the condition (c¢) holds.
We finally assume that (c) holds. For any f € H(D), by the subharmonic
property, Fubini’s theorem and (2.2), we have

(3.2 s = [ FNd(2)
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1 q
§/m/ ZT)|f(§)| dA(&)dp(z)

qu 1)
/|f| |£\) dA(E)

/ FO) i (€)F(€)AA(E).

Suppose {g} is a bounded sequence in AP converging to 0 uniformly on com-
pact subsets of D. It is enough to show | gn||ra(au) — 0. Since the function

Hw,» belongs to Lg/(pfq), for any € > 0, there exists n € (0,1) such that
/ ﬁw,r(z)ﬁ&(z)d/l(z) < eﬁ.
D\nD

Therefore, using (3.2), Holder’s inequality and (2.4), we obtain that

lim sup ||gn||(£q(du) < lim sup (/ -I-/ > |9 (2)| i (2)@0(2)dA(2)
n—o0o n—o0o nD ]]])\77]])

pP—gq

a
< lim sup (/ |gn|qc~udA> (/ ﬁ&;’@dA)
n—oo nD D

b—g

p2a
+ sup [|gn % (/ T qudA>
n>1 = \/o\wp
Se.

The arbitrariness of e gives (b), which completes the proof. ([

4. Differences of weighted composition operators

In this section, we give the proofs of Theorem 1.1 and Theorem 1.2. In fact,
we will establish more detailed versions of these two theorems. To this end, we
decompose the measure A\, o and o, (associated with o, 1, u,v,q, 1) defined
in the Introduction into two parts as follows:

A= Apu + Ao,
0'8 = crf7 + O’i,
Or = Opr + Oy,

B

where the measures A e

s 04, are defined by

Ao = (lpul®dp) o o7,

o = [(1=p)’lu—v|%dp] o p~",
Op,r = (XGr|u - v|qd/1’) o 90_17

and the measures Ay o, 0’5, oy, are defined similarly. Parameters omitted in
these notation should be clear from the context.
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We will separate into two cases.
4.1. The case p < ¢q
We need the following lemma, which is a generalization of [4, Lemma 3.3].

Lemma 4.1. Letw e D, 0<p<qg< oo, 0 <r <1 and p be a positive Borel
measure on D. Then for any f € AP,

/ F@Ndu(z) < 1A% / )Py ()B()AA(2).

Proof. Fix f € AP. By the subharmonic property of | f|? and (2.4),

) 1 ) q/p
lf(2)* < ((1|Z)2 /A(Z7T)|f dA)

q/p
1 .
(w(z)(l ) /Aw) i )

1
< f ap fIPLdA.
Gyl /Am' Fe

Integrating against the measure p, and using Fubini’s theorem and (2.2), we
obtain

e 1915 [ = lzmq/p [, \rvEdaduts

= (f’ r) w(&)dA
1z | 15 R POdA©

<71 /|f P, s (BEA),

which completes the proof. O

The following proposition gives sufficient conditions for the boundedness and
compactness of the operators uC, — vCy : AP — L(dp).

Proposition 4.2. Let w € D, 0 <p<qg< oo and 0 <r < 1. Let p be a
positive Borel measure on D, ¢,¢ € S(D) and uw,v € LI(dy). If A+ oy, or
A+ oy is a (resp. vanishing) q-Carleson measure for AP, then uC, — vCy :
AP — L9(dp) is bounded (resp. compact).

Proof. Fix R € (ro(w),1). By symmetry, we only need to consider the measure
v:= A+ 0,,. Assume first that v is a g-Carleson measure for A?. Then by
Theorem 3.1, ’//\w,R,% € L*(D). For any f € A?, with || f[| 4z < 1, we have

(4.1) ||<uc¢—v0¢>f||zq<dm=< / ot /G >U(f0<p)—v(fow)qdu
= I, +II,.



1210 J. CHEN
Noting that p(z) > r if z € D\ G,., and using Lemma 4.1, we obtain

I < / ([u(f © @) + [o(f 0 $)|9) du
D\G,

< — (lou(f o @)|* + |pv(f o ¥)|?) du
D\G.

< / |fIPD, r awdA.
b R,
For the term I1,, using Lemma 4.1 again, we have

Hrs/ ((w—v)f o pl? + [o(f 0 0 — f o )]7) du

r

= [1firdo,s+ [ 1070 fou)iid
D G
S [1Poungiia+ [ ol f o)

II1,

To estimate the term II11,., we use [12, Lemma 1], which asserts that for z € G,.,

ow(z)— fow(2)]? < p(2)! PO(EYdA(E).
Fople) = fovl' S o B /. INGLEGEG

Therefore, by Fubini’s theorem, (2.1) and (2.2), we arrive at

p()7[o ()" .
111, < N
/ @((2) (1 = |w(z )D)Q/;D /A(w(z),R) |F(E)P0(§)dA(E)dp(z)

" e
/ 7@ / A(gm)( WL = oy H A

(5 R) oo
< [ 1@ A

hS / |f|p'u\w)R)g@dA.
D p

Combining the above estimates on I, Il and III. with (4.1) and (2.4), we
obtain

42 NCy = vC Mayy S [ 1IPPn sT0AS g lemeo

Hence uCy, — vCy : AP, — L(dp) is bounded.
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Assume now that v is a vanishing ¢g-Carleson measure for A?. Then for any
€ > 0, by Theorem 3.1, there exists n € (0, 1) such that

(4.3) Uy ra(2) <€, whenever |z| > 1.

p

Suppose that {f,} C AP is a bounded sequence converging to 0 uniformly on
compact subsets of D. Then by (4.2), (4.3) and (2.4), we have

limsup [|(uCy — UCw)an%q(du)
n—oo

< tmswp £l ([ 4 [ ) 1alPn @
n—o00 “ nD D\nD ?

< e,

~

which implies that ||(uCy,—vCy) fullLa(au) — 0. Hence the operator uCy,—vCly :
AP — L[9(dp) is compact, and the proof is complete. O

We now consider the necessary conditions. To this end, we introduce some
notation. Given ¢, 1 € S(D) and b € D, let

1 —byp(2)
=—=, e D.
@B =150 2
Given R € (0,1),0 < t,q < 00, a,b € D and a positive Borel measure p on D,
denote

Oi(a,b) = / lu — vQ}|dpu.
¢~ (A(a,R))

For a € D and M > 0, write
ay = ae~tMQ=lal),
and let I'ys(a) be the arc
Iar(a) = {aC: || =1 and |Arg ¢| < M(1 — |a)}.

The following lemma is implicit in the proof of [3, Theorem 4.1].

Lemma 4.3. Let 0 < ¢, <00, 0 <y < % and R € (0,1). Let u be a positive
Borel measure on D, ¢,v € §(D) and u,v € L(du). If M > 0 is large so that

Arg |1+ s <min{ ~, T
& T MO -R) 12° 127
then there exists n = n(M, R) € (0,1) such that for all a € D with |a| > 7,
/ (loul? + (1 — )P u — v]7) di
e~ (A(a,R))

S O (a,anr) + OFY (a,an) + O (a, @nr)

+OR%, (a,aar) + O (a,a) + OF? | (a,a).
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Proposition 4.4. Let w € D, 0 < p < g < 00 and g > %. Let p be a
positive Borel measure on D, ¢, € S(D) and u,v € Li(du). If uCy, —vCy :
AP — L(dp) is bounded (resp. compact), then the measures X, + ol and

Ao + UZ are (resp. vanishing) q-Carleson measures for AP.

Proof. Suppose first that uC, —vCy : AL, — L9(dp) is bounded. Let Kj(2) =
1/(1 —bz), b,z € D. Fix R € (r9(w), 1) and > 0 such that

Y(w) +1 B
p

<y < B
q
and choose sufficiently large M > 0 so that

Ar 1+L < min I
81" T MO -R) 12° 12y

Write v = A u + Ug and T' = uCy, — vCy to save the notation. Since u,v €
Li(du), v is a finite measure. Let a € D. For any ¢t > (y(w) + 1)/p and
b e Ty(a), write

Kt
foe = Tt —.
"R an
Then for all @ with M (1 — |a|) < 7, by [3, Lemma 3.3] and (2.5), we have
y DY
1 U v 1
1T fo,:ll] = — — = dp
tllLa(dp) HK£||?45 p|(1=Dbp)t (1—by)t
_ t|q
.1 / fu— v
I % Jo-1(a@r)) |1 — byl
lu —vQy|%dp
HKtH — |a[)t4 /g; 1(A(a,R)) ’
< u —vQp|?dp.
@(a)(1 ~ |a|>>q/p /@—wm)

Combining the above estimate with Lemma 4.3, we know that there exists
n=n(M,R) € (0,1) such that for all « € D with |a| > 7,

(4.4) _ v(A(a, R)) :
(@(a)(1 = [a)*"
S HTfCLM,’YHL(I (du) + ||TfaM,27|| a(dp) + ||TfaM7”/||Lf1(du)
+ ||TfaM 2'y|| a(dp) + ||Tfa7HLq(d#) + ||Tfa,'v+l||Lq(d#)
S AT
Therefore, by (2.3),

sup 7, g.a(a) S sup ST
jalzn 2 gz (w(a)(l — la]))*/?
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It is easy to see that ﬁw,R,% is continuous on D. Thus ﬁ%R% € L>°(D), and by
Theorem 3.1, v = Ay o, + ag is a g-Carleson measure for AP.

If T is compact, then for any ¢ > %, T fo,ellLa(any — 0 as |b| — 1.
Hence (2.3) and (4.4) yield that ﬁvaV%(a) — 0 as |a| — 1, which implies that
v is a vanishing g-Carleson measure for A? by Theorem 3.1.

Finally, by symmetry, the boundedness (resp. compactness) of T also implies
that the measure M;,Hﬁg is a (resp. vanishing) ¢-Carleson measure for A?. [

We are now ready to give the main theorem of this subsection, which is a
more detailed version of Theorem 1.1.

Theorem 4.5. Letw € D, 0<p<g<oo, 0<r <1, andﬁ>7(£ Let
i be a positive Borel measure on D, ¢, € S(D) and u,v € LI(dpy). Then the
following conditions are equivalent:
(a) uCyp, —vCy : AP, — LI(dp) is bounded (resp. compact);
(b) A+ O'g and A + O’,Z are (resp. vanishing) q-Carleson measures for AP;
(c) A+ o8 or A+ ai is a (resp. vanishing) q-Carleson measure for AP;
(d) A+ o0y, and X+ oy are (resp. vanishing) g-Carleson measures for
AL
(€) X404 or A+ 0yr is a (resp. vanishing) q-Carleson measure for AP,

Proof. The implication (a) == (b) follows from Proposition 4.4, and the impli-
cation (e) = (a) follows from Proposition 4.2. The implications (b) = (c),
and (d) = (e) are trivial. Since 1 — p(z) > 1 —r for z € G, the implications
(b) = (d), and (c) = (e) are clear for any 8 > 0. The proof is complete. [

4.2. The case g < p

We first give some sufficient conditions for the compactness of the operators
uCy —vCy : AV — LA(dp).

Proposition 4.6. Let w e D, 0 < g <p < oo and 0 <r < 1. Let u be a
positive Borel measure on D, ¢, € S(D) and u,v € Li(dp). If X+ o4, or
X+ oy is a g-Carleson measure for AP, then uCy, — vCy : AP, — Li(dp) is
compact.

Proof. Fix R € (ro(w),1). Assume that v := XA+ o, is a ¢-Carleson measure

for AP. Then by Theorem 3.2, U, p € Lg/(pfq). For any f € AP using the
first inequality in (4.2) with p = ¢, Holder’s inequality and (2.4), we obtain

Cy = 00 S [ 11177504
< Wl e, 161

= [Pl je 161
:
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which implies that uC, — vCy : AP, — L%(dp) is bounded. To prove the
compactness, suppose that {f,} C AP is a bounded sequence converging to 0
uniformly on compact subsets of . It is sufficient to show

H(UCW - vcw)fn”L‘?(du) — 0.
Fix € > 0. We may choose n € (0,1) such that

-2 p
5P—a97 P—q
/ Vw7RwdA<€P a,
D\nD

Hence as before, we establish that

n—r oo

tim sp | (Cl — 0ol sy Stimsup ([ [ ) |1,179.,n5dA
© n—00 nD ]D)\n]D)

q

P
gnmsup< / |fn|pwdA) 1Pl o
nD Lfiq

n—oo

p—q

_p_ P
+sup 1 fulle ( / mm)
n>1 w D\nD
<e

The arbitrariness of € > 0 gives the desired compactness.
Similarly, if A + oy, is a g-Carleson measure for AP, then the operator
uCy, —vCy : AY, — L9(dp) is also compact. O

To obtain the necessary conditions for the boundedness of the operators
uCy, —vCy : AP, — L9(dp) in the case ¢ < p, we need the following decompo-
sition lemma.

Lemma 4.7. Let R € (0,1), K be a positive integer and {a,} be a sequence of
distinct points in . If any collection of more than K of the pseudohyperbolic
disks A(an, R) contains no point in common, then {a,} is a union of K + 1
separated sequences.

Proof. Put a11 = aj,a21 = az,...,ax+1,1 = Gx41. For axys, by the as-
sumption, there exists k € {1,2,..., K + 1} such that ax 2 ¢ A(ax, R), i.e.,
d(ak1,arx+2) = d(ak,axt2) > R. Put a2 = axye. Inductively, assume
that M is a positive integer and {a, }} , = Uf;ll{ak?n}gil such that for any
ke{l,2,....K+1}and 1 <i,j < Ny, i#J,

d(ay,i,ar;) > R.
For apry1, we claim that there exists kg € {1,2,..., K + 1} such that

NkO

ap+1 ¢ U A(akomaR)'

n=1
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If not, assume that ayr41 € ﬂkKjll UNil Alagn, R). Then for any k € {1,2, ...,
K + 1}, there exists ny € {1,2,..., Ni} such that apr41 € A(agp,, R). Con-

sequently,
K+1

aK+1 € ﬂ A(ak,nkvR)a
k=1
which contradicts the assumption. Thus the claim holds. Then put ay,, Nip+1 =
apr+1- Therefore, we have

K+1
{an} = U {arntnzs,
k=1
and each {ag,}o2, is an R-separated sequence. O

The following proposition gives some necessary conditions for the bounded-
ness of uCy, — vCy : AL — Li(dp).
Proposition 4.8. Let w € D, 0 < ¢ < p < 0o and g > 1 4 Bty@)+t

P
Let p be a positive Borel measure on D, ¢, € S(D) and uw,v € Li(dw). If
uCy — vCy : AP — L%(dp) is bounded, then the measures A, . + Jg and

Ao + oi are q-Carleson measures for AP.

Proof. Fix v, M > 0 so that

1
N RS (OES SN
p q
and
81 1 T
Arg 1+1] < —.
M1—73(1+8M) 12~

Let R = W and {a,} be a d-lattice, where 0 < 6 < min{R,1 — ro(w)}.
Choose large L > 0 such that M(1— |a,|) < 7 whenever n > L. We first prove
that for any ¢ > 1 4 2

{ e}lt%ﬁ (an, by)
@(an)(1 — |an]))?
where {b,},>1 is a sequence given by one of {an}n>r, {@nnm}n>r and
{@n a1 tn>1 (write an,p = (an)nr). To this end, define

(1~ lan)*»B(an) ">

(1—bp2)!

(4.5)

} S [[uCp = vCy|f,
n>L||;557

Fr(2) = Z Cn®n(T)

n>L

9

where t > 1+ w, ¢ = {ep} € 1P and {¢,} is the sequence of
Rademacher functions (see [8, Appendix A]). By [4, Lemma 4.4] and Lemma
4.7, there exists a positive integer K, such that {b,} is a union of K sepa-
rated sequences. Consequently, Proposition 2.1 implies that for any 7 € [0, 1],
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F, € AP with ||Fr|[a» < [lc|lir. The boundedness of T' := uCy, — vCy then
yields

1 1
(1 —lan)"7&(an) ">
77 = [ 5 catnl? | (I'W)ﬁ (w— Q)| du

ST el

Integrating with respect to 7 on [0, 1] and using Fubini’s theorem and Khin-
chine’s inequality, we obtain

1 1 2 %
(1 = |an|)' " &(an) ">
o) [ | X e e | S I
n>L n
P

Since each point z € D belongs to at most N = N(J, R) of the sets A(an, R),
by [3, Lemma 3.3], we establish

(1= |a,))' 7 @(a,) 7 !
© 25 e, (;_w)t 2w —vQh )| Xaganm) © @
n>L n
= Z len]? u v, " XA(an,R) © P
S @) —Jan )P

Inserting this into (4.6) yields

> lenl O o, bo)
S @(an) (1 - aa])??

Since ¢ € [P is arbitrary and p > ¢, the duality (lp/q)* = [P/(P=9) gives the
desired estimate (4.5).

To finish the proof, write v = A, ,, + ag. For any n > L, Lemma 4.3 gives
that

S [ oaug el
D

v(A(an,d)) < v(A(an, R))
S O% (ans anar) + OFS (s annr) + O (an, Toar)
+ O (an, Tir) + O (an, an) + OFY 1 (4, ).

Combining this with (4.5), we arrive at

D

wn 5 ((a( (A(an, 6)) ) L

752 \@(an) (1 = Jan]))""?
Fix R’ € [ro(w),1 —4). For any n > 1, let
I, ={m>1:A(a,, R') N Ala,,d) #0}
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and
I, = {m>1:A(am, R) N A(an,d) # 0}.
Then there exists N = N(J, R') such that for any n > 1, fIL,,#II,, < N.

Therefore, by (2.1) and (4.7), we obtain
mell, V(A(amvé)) v
B(an) (1= lan])"”

Alan, R i e
> (et ) <5 (2
> v(A(am, o pa
ZZ( (A(an,9)) )
=1mell

B(an) (1~ lag))"”
(@(am)(1 — |am]))¥"

V(A(am,§ P
-= % (@)

(@(am) (1 — |anm))??

IN

2/\

m
< oQ.
Hence by Theorem 3.2, the measure v = A, ,, + ag is a g-Carleson measure for

AP . Symmetrically, the same assertion also holds for the measure Ay ,, —i—ai. O
We are now in a position to give a more detailed version of Theorem 1.2.

Theorem4.9.LethD,0<q<p<oo,0<7‘<1,and§>1—|—

ECLIC)L 23y u be a positive Borel measure on D, ¢, € S(D) and u,v €

Li(dw). Then the following conditions are equivalent:

uCy, —vCy : AP — Li(dp) is bounded;
P -
(b) uCyp —vCy : Ap % Li(du) is compact;

(c

a)
)

) A+ 05 and A + ow are q-Carleson measures for AP:
(d) X+ O’B or A+ O'd) is a g-Carleson measure for AP;
)

)

(€) A+ 0o, and A+ oy are g-Carleson measures for AP
(f) A+ o0ypr or A+ 0y is a g-Carleson measure for AP .

Proof. The implication (f)==-(b) follows from Proposition 4.6, and the impli-
cation (a)=-(c) follows from Proposition 4.8. The rest implications are clear
as in the proof of Theorem 4.5. O
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