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TATE-SHAFAREVICH GROUPS OVER THE COMMUTATIVE
DIAGRAM OF 8 ABELIAN VARIETIES

HoseoGg Yu

Abstract. Suppose that there are 8 abelian varieties defined over a num-
ber field K which satisfy a commutative diagram. We show that if we
know that three out of four short exact sequences satisfy the rate for-
mula of Tate-Shafarevich groups, then the unknown short exact sequence
satisfies the rate formula of Tate-Shafarevich groups, too.

1. Introduction

Let K be a number field. Write K, Gg, Mg, K, for the algebraic closure
of K, Gal(K/K), a complete set of places on K, the completion of K at the
place v € My, respectively.

Let A be an abelian variety defined over K and let III(A/K) denote the
Tate-Shafarevich group of A over K. We assume throughout that the Tate-
Shafarevich groups are finite for any abelian varieties. We write [X] for the
order of a finite abelian group X. For a morphism f: A — B defined over K,
write fr for the restriction morphism fx: A(K) — B(K).

Given a short exact sequence of abelian varieties A, B and C' defined over
K

(1) 0——4A-Jt B2 ¢ 0,

we define that (1) satisfies the rate formula of Tate-Shafarevich groups if it
holds that

[II(A/K)JITI(C/K)] _ [Coker(gx )][Coker(fy)]

[L(B/K)]  oen, [Coker(g, )]

where fV: BY — AV is the dual morphism of f: A — B. Denote the quotient
Coker Coker(f},
[T, [Coker(gx, )]
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Suppose that A;;’s are abelian varieties defined over K which satisfy the
following commutative diagram:

(2) 0 Ay —L— Agy —1— Ags 0
o| | g

0 A —2— Az —— As 0
| |
0 0

where f and g are isogenies. Note that in the above commutative diagram we
have four short exact sequences:

0 Ay —P— Ayy —1— Asg 0,

0 Azp —— Az —— Ag 0,

0 Ay —2 Ay —2 s Ay 0,
and

0 Ay —"— Agy —"— Asg 0.

Main Theorem. Suppose that three short sequences in the above four
short exact sequences satisfy the rate formula of Tate-Shafarevich groups.
Then the remaining short exact sequence satisfies the rate formula of Tate-
Shafarevich groups, too.

Proof. 1t is clear from Theorem 5. O

2. Proof

From the commutative diagram (2) we have the following commutative di-
agram
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f
Alg(K) *K> Alg(K) — COkeI‘(fK)
aK v

A21 (K) & AQQ(K) E— A23(K) h—d Coker(qK)

n

!

!

|
v

ng bi nKg

tK

A31 (K) (s—K> A32(K) mm— A33(K) — Coker(tK)

l

Coker(gx) 5 Coker(bx) : Coker(ng),

where m, n, s and t are induced morphisms from mg, ng, Sk, ti.

Lemma 1. We get
[Coker(fx)][Coker(tx)]  [Coker(gx)][Coker(nk)] .

[Coker(gx)] [Coker(bk)]

Proof. From diagram chasing we can show the following three isomorphisms

~

Ker(m) = Ker(5), Coker(n) = Coker(t) and
Ker(7) /m(Coker(fx)) = Ker(t) /5(Coker(gx)).

Because
[Coker(fx)|[Coker(trx)]  [Ker(m)][Coker(n)]

[Coker(qx)] [Ker(n)/m(Coker(fx))]’

the lemma follows. O

From the dual commutative diagram of (2), we have the dual commutative
diagram

%

AY () — 5 AY,(K) —5 A, (K) —» Coker(s),)

n by jg% ¥
AY(K) —5 s AY,(K) —= AY, (K) —» Coker(p},)
(3) m

A

A¥3(K) - AYz(K)

Coker(m};) A Coker(ay,).

where fAV and gV are induced morphism from b 9)%-
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From (3) we have following commutative diagram

0 —— s} (A% (K)) —— AY,(K) —— Coker(s),) —— 0
R

0 —— P (A%(K)) —— AY(K) —— Coker(p}) ——> 0,

where 7' is the restriction morphism of g}, on s}, (A%, (K)).
Then the snake lemma becomes

(4) 0 — Ker(T) — Ker(g),) — Ker(g¥) — Coker(T)
— Coker(gy;) — Coker(gv) — 0.

Similarly we have

(5) 0= Ker(S) — Ker(f),) — Ker(fV) — Coker(S)
— Coker(fY%) — Coker(f/\v) —0

from

0 0

l l

m¥(AY;(K)) —>— a}(A%(K))

l |

I

AY3(K) ——  A}(K)

l l

Coker(mjy;) AR Coker(aY,)

l l

0 0
where S is the restriction morphisam of f); on my, (AY;(K)).
Through diagram chasing in (3) we can show that Ker(T) = Ker(S) and
Coker(T') = Coker(S). From the exact sequences (4) and (5)

[Coker(T)] — [Coker(g})]  [Ker(g")]  [Coker(gi)] ~ [Coker(si)

[Ker(T)] _ [Ker(gy)] [Coker(g¥)]  [Ker(gY)] [Coker(py)]

and

[Coker(S)] ~ [Coker(f).)] [Coker(m},)]

[Ker(S)] _ [Ker(fx)]  [Coker(ay)]
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Lemma 2. We get the equality
[Ker(fg)]  [Coker(si)] _ [Ker(gy)] [Coker(mjc)]

[Coker(f))] [Coker(p})] ~ [Coker(gy)]  [Coker(aj)]”
Lemma 3. For an isogeny f: A — B defined over K, we have

MI(3/K)) _ [Kex(f0]  [Cokextfio)] 1 [Kerl/ic)
[I(4/K)] ~ [Coker(fY)]  [Ker(fx)] 1L Coker(fr,)]

Proof. See [2, p.98]. O

Lemma 4. We get
[I(As5/K)] TS(s,t) _ [U(Aq/K)] TS(m.n)
[I(A12/K)] TS(p,q) [H(A2n/K)] TS(a,b)
Proof. We have the following equality
[[I1(415/K)] TS(s,2)
[(HI(A12/K)] TS(p.q)
__[Ker(fg)]  [Coker(fx)] 1 [Ker(fk,)]
[Coker(£)]  [Ker(fr)] AL TCoker(fi, )]
" [Coker(t)][Coker(sy)] [T,e s, [Coker(gx, )]
[Toenr, [Coker(ty, )] [Coker(qx )] [Coker(p )]
_ [Coker(fr)][Coker(tx)]  [Ker(fx)] [Coker(s %%
K

}
]

[Coker(gqk)] [Coker(f))]  [Coker(p
" H [Coker (g, )] .Hvej\/fK[ er(fr,)]
vy [Coker(fx,)][Coker(tk,)] [Ker(fx)]
_ [Coker(gro)][Coker(nx)] _[Ker(g})]  [Coker(my)
[Coker(bg)] [Coker(gy,)] [Coker(a,)
Q] [Coktm)]  Thaew, Kerlow,)
A Coker(gue NCoker(or )] [Ker(ga)

[III(A2;/K)] TS(a,b) "’
from lemmas. Note Ker(fx) = Ker(gx) and Ker(fk,) = Ker(gx,))- O

Theorem 5. If three equalities out of following four equalities hold, then
the remaining one holds, too.

[ITL(A [/Hflfgﬁﬁ{({?] /K]
_ 12 32
TS(a,b) = IHA[LH(A22I{IK21]
TS(p,q):[ (A2 / K)| [ (Ag3/ K]

[II(As2/ K]
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[L(As, /K)|[HI(As3/ K]
[ (As2/K)]

TS(s,t) =

Proof. From the previous lemma we get

TS(a,b)  TS(s,t)  [HI(Ar2/K)|[IL(A3/K)]

T'S(m,n) TS(p,q) [HI(A13/K)][II (A2 /K)]
t

_ [HI(Ass/K)][H(Ass /K] [T (A /K)
[[I(Ag3/K)] [HI(A12/K)][II(As2/ K)]
o [HI(A2:1/K)|[II(As3/K)] [I(As2/K)] .
[I(Ag/K)] [ (A3, /K)|[ITI(Ass/K)]
Thus the theorem holds. O

3. Application

Let m and n be positive integers. Let L/K be a cyclic extension of number
fields with Galois group G of order mn. Let H be the subgroup of G of order
m and let ' = L. Fix a generator o € G.

Let A be an abelian variety defined over K. For positive integers k, denote
2% —1 by ¢p. For a monic polynomial g(x) = z¥ +ap_12* "1+ -+ a2 +ap €
Z|z], denote by M (g) the companion matrix of g(z)

0 1 0 0 0
0 0 1 0 0
M(g)=| : : o : : € Endg(A"),
0 0 0 0 1
—ap —ai —aGz - —Qg—2 —0k—1

where End g (A*) is the endomorphism ring of A¥ defined over K and 1 is the

identity automorphism of A. Let A(g) be an abelian variety defined over K

satisfying that there is an isomorphism g: A¥ — A(g) defined over L such that

o(g)~tog = M(g). For the existence and the uniqueness up to K-isomorphism

of such a variety A(g), see [1, §2]. Let Resy x(A) be the restriction of scalars

of A from L to K. Note that A(p,) = Resp/x(A) and A(pmn) = Resp k(A).
We know that two short exact sequences

and

0 A Resp g (A) ——— A(pn/01) — 0,

satisfy the rate formula of Tate-Shafarevich groups from [3, Main Theorem].
In the commutative diagram
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A(pmn/pn) ——————— Resp k(A) Resp/i(A)

F F F

Resp) i (A(¢om/p1)) — Resp/x(Resp p(A)) —» Resp i (A)

note that the upper short exact sequence satisfies the rate formula of Tate-
Shafarevich groups because the lower one does.

Denote the k-dimensional column vector | : | and | : | by 1 and O,

respectively.

Denote by E} the k x k identity matrix. For a matrix M; and Ms, denote
by M{" the transpose of the matrix M; and denote by M; ® M, the Kronecker
product of M7 and Ms.

For a k1 x ko matrix M, define (k1 — 1) X ko matrix M by removing the
bottom row from M and define (k1 — 1) x (k2 — 1) matrix M| by removing the
right end column from M.

With matrices F12 - E(mfl)n - M(@?ﬂn/@n)a F22 - (Emnfl Omnfl) -
(Omn—l Emn—l) and F32 = (En—l On—l) — <0n—1 En_l)l Make decent
the long formula

0 0

! l

A(mfl)n Fia A(mfl)n

E(m—1)yn %m—mn
715_1®En 1, 1®En

(6) 0 A 1mn Amn Fag Amn_l 0
Xml 13;®Enl l 17 oF,
0 e .
0 0.

From the commutative diagram (6), it is a commutative diagram of abelian
varieties defined over K that follows:
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A(pmn/pn) —— A(Pmn/Pn)

—

0 A Resp/g(A) —— Alpn/p1) —— 0
0 0.

Thus from the main theorem the short exact sequence
0 —— A(pmn/pn) — Alpmn/e1) — A(pn/¥1) —— 0

satisfies the rate formula of Tate-Shafarevich groups, which is the generalization
of the main theorem in [4].
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