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APPLICATIONS OF THE SCHWARZ LEMMA RELATED TO
BOUNDARY POINTS

Bülent Nafi Örnek

Abstract. Different versions of the boundary Schwarz lemma for the N (ρ) class
are discussed in this study. Also, for the function g(z) = z+b2z

2+b3z
3+... defined in

the unit disc D such that g ∈ N (ρ), we estimate a modulus of the angular derivative
of g(z) function at the boundary point 1 ∈ ∂D with g′(1) = 1 + σ (1− ρ), where

ρ = 1
n

n∑
i=1

g (ci) = g′(c1)+g′(c2)+...+g′(cn)
n

∈ g′(D) and ρ 6= 1, σ > 1 and c1, c2, ..., cn ∈
∂D. That is, we shall give an estimate below |g′′(1)| according to the first nonzero
Taylor coefficient of about two zeros, namely z = 0 and z1 6= 0. Estimating is made
by using the arithmetic average of n different derivatives g′(c1), g

′(c2), ..., g
′(cn).

1. Introduction

Let A denote the class of functions g(z) = z + b2z
2 + b3z

3 + ... which are analytic
in D = {z : |z| < 1} and for c1, c2, ..., cn ∈ ∂D = {z : |z| = 1}, g(z) has an angular
limit g(c1), g(c2), ..., g(cn) at c1, c2, ..., cn. Also, N (ρ) be the subclass of A consisting
of all functions g which satisfy

(1.1)
∣∣∣∣zg′′(z)− zg′′(z)

g′(z)

∣∣∣∣ <
|1− ρ|2 σ2

1 + |1− ρ|σ , z ∈ D

for some complex ρ = 1
n

n∑
i=1

g (ci) = g′(c1)+g′(c2)+...+g′(cn)
n ∈ g′(D) and ρ 6= 1, σ > 1.

First of all, in this study, we will examine the modulus of the derivative of the
analytical function g(z) at the zero point. In this study, an upper bound will be
found for the modulus of b2, one of the coefficients in the Taylor expansion of the
function. In particular, this upper bound will show us the relationship between
the coefficient b2 and ρ. That is, the subject of the present paper is to discuss
some properties of the function g(z) which belongs to the class of N (ρ) by applying
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Schwarz lemma. The Schwarz Lemma, which has broad applications and is the
direct application of the maximum modulus principle, is given in the most basic
form as follows ([5], p.329):

Lemma 1.1 (Schwarz lemma). Suppose that h is analytic in the unit disc, |h(z)| < 1
for |z| < 1 and h(0) = 0. Then

i−) |h(z)| ≤ |z|

ii−)
∣∣h′(0)

∣∣ ≤ 1

with equality in either of the above if and only if h(z) = zeiθ, θ real.

In the proofs of our results, we shall need the following lemma due to Jack’s
lemma [6] and due to Miller-Mocanu [11]

Lemma 1.2. Let h(z) be a non-constant anaytic function in D with h(0) = 0. If

|h(z0)| = max {|h(z)| : |z| ≤ |z0|} ,

then there exists a real number k ≥ 1 such that

z0h
′(z0)

h(z0)
= k

and

1 + <
(

z0h
′′(z0)

h′(z0)

)
≥ k.

In this work, an application of Schwarz Lemma for the class N (ρ) will be given.
The modulus of the second derivative of the function g(z) at the point zero will be
estimated from above by arithmetic averaging of images of the angular derivatives at
different boundary points. Let us define the following function for this consideration:

(1.2) ϕ(z) =
g′(z)− 1
σ (1− ρ)

, g(z) ∈ N (ρ) .

Here, ϕ(z) is analytic and ϕ(0) = 0. Now, let us show that |ϕ(z)| < 1 for z ∈ D.
From (1.2), we have

g′(z) = 1 + σ (1− ρ) ϕ(z),

g′′(z) = σ (1− ρ)ϕ′(z)
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and

zg′′(z)− zg′′(z)
g′(z)

= σ (1− ρ) zϕ′(z)− σ (1− ρ) zϕ′(z)
1 + σ (1− ρ)ϕ(z)

= σ (1− ρ) zϕ′(z)
(

1− 1
1 + σ (1− ρ) ϕ(z)

)

= σ (1− ρ) zϕ′(z)
σ (1− ρ) ϕ(z)

1 + σ (1− ρ) ϕ(z)

=
σ2 (1− ρ)2 zϕ′(z)ϕ(z)

1 + σ (1− ρ) ϕ(z)
.

We suppose that there exists a z0 ∈ D such that

max
|z|≤|z0|

|ϕ(z)| = |ϕ(z0)| = 1.

From Jack’s lemma, we take ϕ(z0) = eiθand z′0ϕ(z0) = kϕ(z0). Therefore, we have
that
∣∣∣∣z0g

′′(z0)− z0g
′′(z0)

g′(z0)

∣∣∣∣ =

∣∣∣∣∣
σ2 (1− ρ)2 z0ϕ

′(z0)ϕ(z0)
1 + σ (1− ρ) ϕ(z0)

∣∣∣∣∣ =

∣∣∣∣∣
σ2 (1− ρ)2 k (m(z0))

2

1 + σ (1− ρ) m(z0)

∣∣∣∣∣

=

∣∣∣∣∣
σ2 (1− ρ)2 ke2iθ

1 + σ (1− ρ) eiθ

∣∣∣∣∣ =
σ2 (1− ρ)2 k

|1 + σ (1− ρ) eiθ| .

Since
∣∣1 + σ (1− ρ) eiθ

∣∣ ≤ 1 + σ |1− ρ| and k ≥ 1, we get
∣∣∣∣z0g

′′(z0)− z0g
′′(z0)

g′(z0)

∣∣∣∣ ≥
σ2 |1− ρ|2

1 + σ |1− ρ| .

This contradicts g(z) ∈ N (ρ). This mean that there is no point z0 ∈ D such that

max
|z|≤|z0|

|ϕ(z)| = |ϕ(z0)| = 1.

Hence, we obtain |ϕ(z)| < 1 for |z| < 1. Thus, from the Schwarz lemma, we take

ϕ(z) =
g′(z)− 1
σ (1− ρ)

=
1

σ (1− ρ)
(
1 + 2b2z + 3b3z

2 + ....− 1
)

=
2b2z + 3b3z

2 + ...

σ (1− ρ)
.

If we take the derivative of both sides of the equation and substitute zero for z, then

ϕ′(0) =
2b2

σ (1− ρ)
,

∣∣ϕ′(0)
∣∣ =

2 |b2|
σ |1− ρ| ≤ 1
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and

|b2| ≤ σ |1− ρ|
2

.

Therefore, we obtain the following lemma.

Lemma 1.3. Let g(z) ∈ N (ρ). Then we have the inequality

(1.3)
∣∣g′′(0)

∣∣ ≤ σ |1− ρ| .

Additionally, there are numerous research about the Schwarz lemma because
of how broadly applicable it is. Electrical and electronic engineering uses it in a
variety of ways. One example of the Schwarz Lemma’s use in electrical engineering
is the synthesis of circuits using positive real functions and boundary analysis of
these functions. Examples of how the Schwarz Lemma has been used to engineering
research include transfer functions in control engineering and multi-notch filters in
signal processing [14]. Another one of these studies, known as the boundary variant
of the Schwarz lemma, talks about estimating the derivative of the function at a
boundary point of the unit disc from below its modulus. The boundary version of
Schwarz lemma is given as follows [10, 16]:

Lemma 1.4. If h(z) extends continuously to some boundary point c with |c| = 1,
h(0) = 0, |h(z)| < 1 for z ∈ D and if |h(c)| = 1 and h′(c) exists, then

(1.4)
∣∣h′(c)∣∣ ≥ 2

1 + |h′(0)|
and

(1.5)
∣∣h′(c)∣∣ ≥ 1.

Inequality (1.5) and its generalizations have important applications in geometric
theory of functions and they are still hot topics in the mathematics literature [1, 2,
3, 4, 7, 9, 10, 11, 13]. Mercer [8] proves a version of the Schwarz lemma where the
images of two points are known. Also, he considers some Schwarz and Carathéodory
inequalities at the boundary, as consequences of a lemma due to Rogosinski [9].
In addition, he obtained a new boundary Schwarz lemma , for analytic functions
mapping the unit disk to itself [10].

We shall investigate how the second derivative of the function belonging to the
N (ρ) class behaves in the unit disc’s boundary. This examination will be made
at some boundary point 1. With the use of arithmetic averaging of images of the
angular derivatives at various boundary points, the modulus of the second derivative
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will be inferred from the following. That is, the inequalities including the modulus
of g′′(1) with g′(c1), g′(c2), ..., g′(cn) will be obtained.

For our main results, we shall need the following lemma due to Julia-Wolff [15].

Lemma 1.5 (Julia-Wolff lemma). Let h be an analytic function in D, h(0) = 0 and
h(D) ⊂ D. If, in addition, the function h has an angular limit h(c) at c ∈ ∂D,
|h(c)| = 1, then the angular derivative h′(c) exists and 1 ≤ |h′(c)| ≤ ∞.

Corollary 1.6. The analytic function h has a finite angular derivative h′(c) if and
only if h′ has the finite angular limit h′(c) at c ∈ ∂D.

2. Main Results

In this section, we discuss a different version of the boundary Schwarz Lemma for
the class N (ρ). The modulus of the second derivative of the analytic function g(z) is
estimated from below by associating with the derivatives at the different boundary
points. Estimating is made by using the arithmetic average of different derivatives
g′(c1), g′(c2), ..., g′(cn). Motivated by the results of the work presented in [2], the
following result has been obtained.

Theorem 2.1. Let g(z) ∈ N (ρ) and g′(z1) = 1 for 0 < |z1| < 1. Assume that, for
1 ∈ ∂D, g has anagular limit g(1) at 1, g′(1) = 1 + σ (1− ρ). Then we have the
inequality
(2.1) |g′′(1)| ≥ σ |1− ρ|

(
1 + 1−|z1|2

|1−z1|2 + σ|1−ρ||z1|−|g′′(0)|
σ|1−ρ||z1|+|g′′(0)|

×
[
1 +

σ2|1−ρ|2|z1|2+g′′(z1)(1−|z1|2)|g′′(0)|−σ|1−ρ|g′′(z1)(1−|z1|2)−σ|1−ρ|g′′(0)

σ2|1−ρ|2|z1|2+g′′(z1)(1−|z1|2)|g′′(0)|+σ|1−ρ|g′′(z1)(1−|z1|2)+σ|1−ρ|g′′(0)

1−|z1|2
|1−z1|2

])
.

Proof. Let

θ(z) =
z − z1

1− z1z
.

Also, let λ : D → D be an analytic function and a point z1 ∈ D in order to satisfy
∣∣∣∣∣

λ(z)− λ(z1)
1− λ(z1)λ(z)

∣∣∣∣∣ ≤
∣∣∣∣

z − z1

1− z1z

∣∣∣∣ = |θ(z)|

and

(2.2) |λ(z)| ≤ |λ(z1)|+ |θ(z)|
1 + |λ(z1)| |θ(z)|
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by Schwarz-pick lemma [5]. If ϑ : D → D is an analytic function and 0 < |z1| < 1,
letting

λ(z) =
ϑ(z)− ϑ(0)

z
(
1− ϑ(0)ϑ(z)

)

in (2.2), we obtain

∣∣∣∣∣∣
ϑ(z)− ϑ(0)

z
(
1− ϑ(0)ϑ(z)

)
∣∣∣∣∣∣
≤

∣∣∣∣ ϑ(z1)−ϑ(0)

z1(1−ϑ(0)ϑ(z1))

∣∣∣∣ + |θ(z)|

1 +
∣∣∣∣ ϑ(z1)−ϑ(0)

z1(1−ϑ(0)ϑ(z1))

∣∣∣∣ |θ(z)|

and

(2.3) |ϑ(z)| ≤
|ϑ(0)|+ |z| |C|+|θ(z)|

1+|C||θ(z)|
1 + |ϑ(0)| |z| |C|+|θ(z)|

1+|C||θ(z)|
,

where

C =
ϑ(z1)− ϑ(0)

z1

(
1− ϑ(0)ϑ(z1)

) .

Let

ϕ(z) =
g′(z)− 1
σ (1− ρ)

, g(z) ∈ N (ρ) .

The function ϕ(z) is an analytic function in the unit disc D, |ϕ(z)| < 1 for z ∈ D.

If we take

ϑ(z) =
ϕ(z)

z z−z1
1−z1z

,

where then

ϑ(z1) =
ϕ′(z1)

(
1− |z1|2

)

z1
, ϑ(0) =

ϕ′(0)
−z1

and

C =
ϕ′(z1)(1−|z1|2)

z1
+ ϕ′(0)

z1

z1

(
1 +

ϕ′(z1)(1−|z1|2)
z1

ϕ′(0)
z1

) ,

where |C| ≤ 1. Let |ϑ(0)| = α and

K =

∣∣∣∣
ϕ′(z1)(1−|z1|2)

z1

∣∣∣∣ +
∣∣∣ϕ′(0)

z1

∣∣∣

|z1|
(

1 +
∣∣∣∣
ϕ′(z1)(1−|z1|2)

z1

∣∣∣∣
∣∣∣ϕ′(0)

z1

∣∣∣
) .
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From (2.3), we get

|ϕ(z)| ≤ |z| |q(z)|
α + |z| K+|q(z)|

1+K|q(z)|
1 + α |z| K+|q(z)|

1+K|q(z)|

and

(2.4)
1− |ϕ(z)|

1− |z| ≥
1 + α |z| K+|θ(z)|

1+K|θ(z)| − α |z| |θ(z)| − |θ(z)| |z|2 K+|θ(z)|
1+K|θ(z)|

(1− |z|)
(
1 + α |z| K+|θ(z)|

1+K|θ(z)|
) = φ(z).

Let r(z) = 1 + α |z| K+|θ(z)|
1+K|θ(z)|and τ(z) = 1 + K |θ(z)|. Then

φ(z) =
1− |z|2 |θ(z)|2

(1− |z|) r(z)τ(z)
+ K |θ(z)| 1− |z|2

(1− |z|) r(z)τ(z)
+ |z|Kα

1− |θ(z)|2
(1− |z|) r(z)τ(z)

.

Since

lim
z→1

r(z) = lim
z→1

(
1 + α |z| K+ |θ(z)|

1 + K |θ(z)|
)

= 1 + α,

lim
z→1

τ(z) = lim
z→1

1 + K |θ(z)| = 1 + K

and

(2.5) 1− |θ(z)|2 = 1−
∣∣∣∣

z − z1

1− z1z

∣∣∣∣
2

=

(
1− |z1|2

)(
1− |z|2

)

|1− z1z|2
,

passing to the angular limit in (2.4) gives

∣∣ϕ′(1)
∣∣ ≥ 2

(1 + α) (1 + K)

(
1 +

1− |z1|2
|1− z1|2

+ K+αK
1− |z1|2
|1− z1|2

)

= 1 +
1− |z1|2
|1− z1|2

+
1− α

1 + α

(
1 +

1−K
1 + K

1− |z1|2
|1− z1|2

)
.

Moreover, since

1− α

1 + α
=

1− |ϑ(0)|
1 + |ϑ(0)| =

1−
∣∣∣ϕ′(0)

z1

∣∣∣
1 +

∣∣∣ϕ′(0)
z1

∣∣∣
=
|z1| − |ϕ′(0)|
|z1|+ |ϕ′(0)|

=
|z1| −

∣∣∣ 2b2
σ(1−ρ)

∣∣∣
|z1|+

∣∣∣ 2b2
σ(1−ρ)

∣∣∣
=

σ |1− ρ| |z1| − |g′′(0)|
σ |1− ρ| |z1|+ |g′′(0)| ,
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1−K
1 + K

=

1−

∣∣∣∣∣
ϕ′(z1)(1−|z1|2)

z1

∣∣∣∣∣+
∣∣∣ ϕ′(0)

z1

∣∣∣

|z1|
(

1+

∣∣∣∣
ϕ′(z1)(1−|z1|2)

z1

∣∣∣∣
∣∣∣ ϕ′(0)

z1

∣∣∣
)

1 +

∣∣∣∣
ϕ′(z1)(1−|z1|2)

z1

∣∣∣∣+
∣∣∣ ϕ′(0)

z1

∣∣∣

|z1|
(

1+

∣∣∣∣
ϕ′(z1)(1−|z1|2)

z1

∣∣∣∣
∣∣∣ ϕ′(0)

z1

∣∣∣
)

=

1−

∣∣∣∣∣∣

g′′(z1)
σ(1−ρ)(1−|z1|2)

z1

∣∣∣∣∣∣
+

∣∣∣∣∣∣

g′′(0)
σ(1−ρ)

z1

∣∣∣∣∣∣

|z1|

1+

∣∣∣∣∣∣

g′′(z1)
σ(1−ρ) (1−|z1|

2)

z1

∣∣∣∣∣∣

∣∣∣∣∣∣

g′′(0)
σ(1−ρ)

z1

∣∣∣∣∣∣




1 +

∣∣∣∣∣∣

g′′(z1)
σ(1−ρ) (1−|z1|

2)

z1

∣∣∣∣∣∣
+

∣∣∣∣∣∣

g′′(0)
σ(1−ρ)

z1

∣∣∣∣∣∣

|z1|

1+

∣∣∣∣∣∣

g′′(z1)
σ(1−ρ) (1−|z1|

2)

z1

∣∣∣∣∣∣

∣∣∣∣∣∣

g′′(0)
σ(1−ρ)

z1

∣∣∣∣∣∣




and

1−K
1+K =

|z1|

1+

∣∣∣∣∣∣

g′′(z1)
σ(1−ρ)(1−|z1|2)

z1

∣∣∣∣∣∣

∣∣∣∣∣∣

g′′(0)
σ(1−ρ)

z1

∣∣∣∣∣∣


−

∣∣∣∣∣∣

g′′(z1)
σ(1−ρ)(1−|z1|2)

z1

∣∣∣∣∣∣
−

∣∣∣∣∣∣

g′′(0)
σ(1−ρ)

z1

∣∣∣∣∣∣

|z1|

1+

∣∣∣∣∣∣

g′′(z1)
σ(1−ρ) (1−|z1|

2)

z1

∣∣∣∣∣∣

∣∣∣∣∣∣

g′′(0)
σ(1−ρ)

z1

∣∣∣∣∣∣


+

∣∣∣∣∣∣

g′′(z1)
σ(1−ρ) (1−|z1|

2)

z1

∣∣∣∣∣∣
+

∣∣∣∣∣∣

g′′(0)
σ(1−ρ)

z1

∣∣∣∣∣∣

=
σ2|1−ρ|2|z1|2+g′′(z1)(1−|z1|2)|g′′(0)|−σ|1−ρ|g′′(z1)(1−|z1|2)−σ|1−ρ|g′′(0)

σ2|1−ρ|2|z1|2+g′′(z1)(1−|z1|2)|g′′(0)|+σ|1−ρ|g′′(z1)(1−|z1|2)+σ|1−ρ|g′′(0)
,

we obtain
|ϕ′(1)| ≥ 1 + 1−|z1|2

|1−z1|2 + σ|1−ρ||z1|−|g′′(0)|
σ|1−ρ||z1|+|g′′(0)|

×
[
1 +

σ2|1−ρ|2|z1|2+g′′(z1)(1−|z1|2)|g′′(0)|−σ|1−ρ|g′′(z1)(1−|z1|2)−σ|1−ρ|g′′(0)

σ2|1−ρ|2|z1|2+g′′(z1)(1−|z1|2)|g′′(0)|+σ|1−ρ|g′′(z1)(1−|z1|2)+σ|1−ρ|g′′(0)

1−|z1|2
|1−z1|2

]
.

From definition of ϕ(z), we have

∣∣ϕ′(1)
∣∣ =

g′′(1)
σ |1− ρ| .

Thus, we obtain the inequality (2.1). ¤
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