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UTILIZING WEAK ¢ —p CONTRACTION ON FUZZY METRIC
SPACES

AMRISH HANDA

ABSTRACT. We establish some common fixed point theorems satisfying weak ¥ — ¢
contraction on partially ordered non-Archimedean fuzzy metric spaces. By using
this results we show the existence of fixed point on the domain of words and apply
this approach to deduce the existence of solution for some recurrence equations as-
sociated to the analysis of Quicksort algorithms and divide and Conquer algorithms,
respectively and also give an example to show the usefulness of our hypothesis. Our
results generalize, extend and improve several well-known results of the existing
literature in fixed point theory.

1. INTRODUCTION

George and Veeramani [13] modified the concept of fuzzy metric spaces introduced
by Kramosil and Michalek [19] with the help of continuous t-norm and defined the
Hausdorff topology of fuzzy metric spaces. In [18], Istratescu introduced the concept
of non-Archimedean fuzzy metric space.

In [15], Guo and Lakshmikantham introduced the notion of coupled fixed point
for single-valued mappings. Using this notion, Gnana-Bhaskar and Lakshmikan-
tham [2] established some coupled fixed point theorems by defining mixed mono-
tone property. After that, Lakshmikantham and Ciric [20] extended the notion of
mixed monotone property to mixed g—monotone property and established coupled
coincidence point results using a pair of commutative mappings, which generalized
the results of Gnana-Bhaskar and Lakshmikantham [2]. Later on, Choudhury and
Kundu [3] improved the results of Lakshmikantham and Ciric [20], by defining the

notion of compatibility in the context of coupled coincidence point. Subsequently
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Hussain et al. [17] introduced a new concept of generalized compatibility of a pair
of mappings F, G : X? — X defined on a product space and proved some coupled
coincidence point results. Hussain et al. [17] also deduce some coupled fixed point
results without mixed monotone property. Erhan et al. [12], announced that the
results were established in Hussain et al. [17] can be derived from the coincidence
point results in the literature. In [7], Deshpande and Handa introduced the concepts
of generalized compatibility and generalized weakly compatibility for the pair {F, G}
of mappings F, G : X? — X in the setting of fuzzy metric space and also introduced
the concept of common fixed point of the mappings F, G : X? — X. Deshpande and
Handa [7], proved a common fixed point theorem for generalized weakly compatible
pair F, G : X? — X, without mixed monotone property of any of the mappings, on
a non complete fuzzy metric space, which is not partially ordered. For more details
one can consult [1, 5 — 12, 16, 17].

On the other hand Gordji et al. [14] proved some fixed point theorems for (¢,
¢)-weak contractive mappings in a complete metric space on a partially ordered
metric space.

In this paper, we establish some common fixed point theorems satisfying weak ¢—
@ contraction on partially ordered non-Archimedean fuzzy metric spaces. With the
help of the results established in the first section, we obtain some multidimensional
fixed point results. By using this results we show the existence of fixed point on
the domain of words and apply this approach to deduce the existence of solution for
some recurrence equations associated to the analysis of Quicksort algorithms and
divide and Conquer algorithms, respectively and also give an example to show the
degree of validity of our hypothesis. We generalize, extend, improve and fuzzify the

results of Gordji et al. [14] and several well-known results in the recent literature.

2. PRELIMINARIES

Definition 2.1 ([22]). A binary operation * : [0, 1] x [0, 1] — [0, 1] is a continuous
t-norm if it satisfies the following conditions:
(1) * is commutative and associative,
(2) * is continuous,
(3) ax1=a for all a € [0, 1],
(4) a*xb < cxd whenever a < cand b < d with a, b, ¢, d € [0, 1].
A few examples of continuous t-norm are

a*xb=ab, a*b=min{a, b} and a *x b =max{a+b— 1, 0}.
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Definition 2.2 ([13]). A 3-tuple (X, M, %) is called a fuzzy metric space if X is an
arbitrary non-empty set, * is a continuous t-norm and M is a fuzzy set on X? x

[0, co) satisfying the following conditions: for each z, y, z € X and ¢, s > 0,
(FM —1) M(x, y, t) >0,

(FM—Z) M(z, y, )—11ffw‘—y,
(FM —4) M(x, 2, t+8)>M(w y, t) * My, =, s),
(FM —5) M(z, y, -):[0, c0) — [0, 1] is continuous.

Remark 2.1. Assume that in the above definition (FM-4) is replaced by
(NAFM —4) M(z, z, max{t, s}) > M(x, y, t)*xM(y, z, s),
or equivalently,
(NAFM —4) M(z, z, t) > M(z, y, t)*x M(y, z, t).

Then (X, M, x) is called a non-Archimedean fuzzy metric space [18]. It is easy to
check that (NAFM-4) implies (FM-4), that is, every non-Archimedean fuzzy metric

space is itself a fuzzy metric space.
Example 2.1 ([13]). Let (X, d) be a metric space. Define t-norm by a*b = ab and

M(z, y, t) = for all z, y € X and t > 0.

t
t+d(z, y)
Then (X, M, *) is a fuzzy metric space. We call this fuzzy metric M induced by the

metric d the standard fuzzy metric.

Remark 2.2 ([13]). In fuzzy metric space (X, M, %), M(z, y, -) is non-decreasing
for all z, y € X.

Definition 2.3 ([13]). Let (X, M, %) be a fuzzy metric space. A sequence {z, }, in
X is called Cauchy if for each € € (0, 1) and each ¢ > 0 there is ng € N such that

Mz, Tm, t) > 1— e whenever n > m > ny.
We say that (X, M, %) is complete if every Cauchy sequence is convergent, that is,
there exists y € X such that lim M(x,, y, t) = 1, for all ¢t > 0.
n—oo

Definition 2.4 ([2]). Let F : X? — X be a given mapping. An element (z, y) € X?
is called a coupled fized point of F if F(x, y) =z and F(y, ) = y.

Definition 2.5 ([2]). Let (X, <) be a partially ordered set and F': X? — X be a
given mapping. We say that I’ has the mized monotone property if for all x, y € X,



312 AMRISH HANDA

we have

x1, 2 € X, r1 1wy = F(x1, y) < F(x2, y),

y, y2 € X, 1 2y = F(z, 1) = F(z, y2).

Definition 2.6 ([20]). Let F : X? — X and g : X — X be given mappings. An
element (x, y) € X2 is called a coupled coincidence point of the mappings F' and g

if F(z,y) =gz and F(y, x) = gy.

Definition 2.7 ([20]). Let F: X? — X and g : X — X be given mappings. An
element (z, y) € X2 is called a common coupled fized point of the mappings F and

gife =F(z,y) =gz and y = F(y, z) = gy.

Definition 2.8 ([20]). The mappings F : X? — X and g : X — X are said to be
commutative if gF (z, y) = F(gz, gy), for all (z, y) € X2,

Definition 2.9 ([20]). Let (X, <) be a partially ordered set. Suppose F : X? — X
and g : X — X are given mappings. We say that F' has the mized g— monotone
property if for all z, y € X, we have

X1, T2 S X7 gri jgl'Q — F(xla y) j F($27 y)7

y1, y2 € X, gy1 2 gy = Fla, y1) = F(z, ya).

If g is the identity mapping on X, then F' satisfies the mixed monotone property.

Definition 2.10([3]). Mappings F : X2 — X and g : X — X are said to be

compatible if

lim d(gF(zn, yn), F(g2n, gyn)) = 0,

whenever {z,} and {y,} are sequences in X such that

lim F(x,, y,) = lim gz, =z¢€ X,
n—oo n—oo
lim F(y,, z,) = lim gy, =y € X.
n—oo n—oo

Definition 2.11 ([17]). Suppose that F, G : X? — X are two mappings. F is said
to be G— increasingwith G(x, y) < G(u, v) we have F(z, y) < F(u, v).
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Definition 2.12([17]). Suppose that F, G : X? — X are two mappings. An
element (z, y) € X2 is called a coupled coincidence point of mappings F and G if
F(z,y) = G(z, y) and F(y, r) = G(y, x).

Definition 2.13 ([17]). Let (X, <) be a partially ordered set and F : X? — X and
g : X — X be two mappings. We say that I’ is g—increasing with respect to =< if
for any z, y € X,

Y),

gr1 =< gz implies F(z1, y) xa,
g1 = gy implies F(z, y1) <X F(z, y2).

IA

F(

Definition 2.14 ([17]). Let (X, <) be a partially ordered set and F : X2 — X be
a mapping. We say that F'is increasing with respect to < if for any z, y € X,

ry = x9implies F(x1, y) < F(z2, v),
y1 = yo implies F(z, y1) = F(z, y2).
Definition 2.15 ([17]). Let F, G : X? — X be two mappings. We say that the pair
{F, G} is generalized compatible if
Tim d(F(G(z. 3). Cln. 20)). GE (@, 1), Pl 7)) = 0.
Tim d(F(Gly, @), Clan, 1), GE . 7). Flra ) = 0

whenever (z,,) and (y,,) are sequences in X such that

lim G(zy, yn) = lim F(xy,, yn) =2 € X,
n—oo n—oo
lim G(y,, ©,) = lm F(y,, z,) =y € X.
n—oo n—oo

Obviously, a commuting pair is a generalized compatible but not conversely in gen-

eral.

Definition 2.16 (]2, 12]). An ordered metric space (X, d, <) is a metric space (X,
d) provided with a partial order < . An ordered metric space (X, d, <) is said to
be non-decreasing-reqular (respectively, non-increasing-reqular) if for every sequence
{zn} € X such that {z,} — x and =z, = z,41 (respectively, x,, = z,4+1) for all
n > 0, we have z,, < = (respectively, z, = z) for all n > 0. (X, d, <) is said to be

regular if it is both non-decreasing-regular and non-increasing-regular.

Definition 2.17 ([12]). Let (X, <) be a partially ordered set and T, g : X — X
be two mappings. We say that T is (g, <)—non-decreasing if Tx < Ty for all x,
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y € X such that gr < gy. If g is the identity mapping on X, we say that T is
=< —non-decreasing. If T'is (g, <)—non-decreasing and gz = gy, then Tz = T'y.

Definition 2.18 ([12]). Let (X, d, <) be an ordered metric space. Two mappings
T, g: X — X are said to be O—compatible if lim,, .o d(9Txy, Tgx,) = 0, provided
that {x,} is a sequence in X such that {gx,} is < —monotone, that is, it is either

non-increasing or non-decreasing with respect to < and

lim Tz, = lim gz, € X.
Definition 2.19([6]). Let X be a non-empty set. Mappings F, G : X? — X
are called generalized weakly compatible mappings if F(z, y) = G(x, y) and F\(y,
z) = G(y, z) imply that G(F(z, y), F(y, z)) = F(G(z, y), G(y, z)) and G(F(y, ),
F(z, 1)) = F(G(y, 2), G(z, y)), for all z, y € X.

Let ¥ be the set of all functions 1 : [0, +00) — [0, +00) satisfying the following:
(iy) 1 is continuous and non-decreasing,
(ity) P(t) =0t =0.

Let ® be the set of all functions ¢ : [0, +00) — [0, +00) satisfying the following:
(ip) ¢ is lower semi-continuous and non-decreasing,
(ity) @(t) =0t =0.

and the class © of all functions 6 : [0, +00) — [0, +00) satisfying the following:
(19) 0 is continuous,
(iig) O(t) =0 <t =0.

3. FiIXxEp PoOINT RESULTS

In the sequel, X is a non-empty set and g : X — X is a mapping. For simplicity,
we denote g(z) by gx where z € X.

Definition 3.1. Let (X, M, %) be an ordered fuzzy metric space. Two mappings
T, g: X — X are said to be O—compatible if

lim M(gTx,, Tgxy,, t) =1,

n—oo

provided that {z,} is a sequence in X such that {gz,} is < —monotone, that is, it

is either non-increasing or non-decreasing with respect to =< and

lim Tz, = lim gz, € X.
n—oo n—oo

Theorem 3.1. Let (X, <) be a partially ordered set and (X, M, %) be a non-

Archimedean fuzzy metric space. Suppose T, g : X — X are two mappings satisfying
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(1) T is (g, 2)—non-decreasing and T(X) C g(X),
(ii) there exists xy € X such that gro < Txo,
(7it) there exist p € &, 1) € ¥ and 0 € © such that

< (o) lea ) ey )
(32) Az, y) =min{M(gx, gy, t), M(gz, Tz, t), M(gy, Ty, 1)},

(3.3) B(z, y) = max{M(gy, Tz, t), M(gy, Ty, t)},

for all x, y € X with gr < gy. Also assume that, at least, one of the following
conditions holds.

(a) (X, M) is complete, T and g are continuous and the pair (T, g) is O—compatible,

(b) (9(X), M) is complete and (X, M, <) is non-decreasing-regular,

(c) (X, M) is complete, g is continuous and monotone-non-decreasing, the pair
(T, g) is O—compatible and (X, M, =) is non-decreasing-regular.

Then T and g have a coincidence point. Moreover

(iv) for every x, y € X there exists u € X such that Tu is comparable to Tx and
Ty, and also the pair (T, g) is weakly compatible.

Then T and g have a unique common fixed point.

Proof. Since xy € X and by (i), we have Tzg € T(X) C g(X), therefore there exists
x1 € X such that Txg = gz1. Now, by (i7), we have gxg <X Txg = gx;. Since T
is (g, X)—non-decreasing, Try = Tx;. Now Tx; € T(X) C g(X), so there exists
x9 € X such that T'zy = gxo. Then gx1 = Taxg < Tx; = gxe. Since T is (g, <)—non-
decreasing, T'r1 < T'zo. Repeating this argument, there exists a sequence {x,,}n>0

such that {gz,} is < —non-decreasing, gz, +1 = Tz, = TTpi1 = gTpi2 and
(3.4) 9Tn+1 = Tx, for all n > 0.

First we claim that {M(gx,, gznt1, t)} — 1. Suppose that for each n € N, M (gzy,
9Tn+1, t) < 1. It is clear that B(x,, zp,4+1) = 1 for all n € N. Now, by using



316 AMRISH HANDA

contractive condition (3.1), (iig) and by the monotonicity of ¢, we have

1
—1
v <M(g$n+17 9Tnt2, t) >

1
N 1/) <M(T‘Tna T'I"n+17 t) - 1)

w(W”)‘S”@(W”))‘
Thus

1
(35) 1/) <M(g$n+1, 9Tn+2, t) - 1)

< w(W”)‘*"@(W_l))’

which by the fact that ¢ > 0 implies

1 1
w <M(gxn+17 9GTn+2, t) a 1> = w <A(35na $n+1) a 1) )

Since 1 is non-decreasing, we obtain

1 1
3.6 -1<—
(3.6) M(gzpt1, gTny2, t) Alzn, Tni1)

IN

IN
|
—_

Again
A(I’n, xn-ﬁ-l)
= min{M(gJ;na 9Tn+1, t)a M(gxna TZL‘n, t)a M(ganrla Txn+17 t)}
= min{M(QJUnv 9Tn+1, t), M(ganrla 9Tn+2, t)}

Assume that M(gxnt1, gTnt2, t) < M(gxyn, gTni1, t). Then

(3.7) A(zn, Tpg1) = M(9Znt1, gTny2, t).
Thus, by (3.5) and (3.7), we have

it Y
M(gxn+17 9Tn4-2, t)

1 1
= ¥ (M(QﬂﬂnH, 9Tn+2, t) - 1> oY (1/1 <M(95'3n+17 9Tn42, t) a 1>> ’

which is only possible when M (gzp4+1, gTnt2, t) = 1, it is a contradiction. Hence,

M(gxnv 9Tn+1, t) S M(gxn-i-h 9Tn+2, t) Then

(38) A(:L'nv xn+1) = M(gxna 9Tn+1, t)'
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Thus, by (3.6), we get

1 1
3.9 —-1< -1
( ) M(9$n+1, 9Tn+2, t) o M(gl’n, 9Tn+1, t)
This shows that the sequence {R,,},>0 defined by
1
(3.10) R, = -1,

M(gl“m gTn+1, t)
is a non-increasing sequence. Thus there exists R > 0 such that

1
3.11 lim R, = lim —-1|=R.
( ) n—0oo n—00 <M(g$n7 gdTn+1, t) >
Then
1
3.12 lim (| ————1) =R.
( ) n—0o0 (A(xm Tpy1) >

We shall prove that R = 0. Assume to the contrary that R > 0. Now, by using

contractive condition (3.1), (iip) and by the monotonicity of 1), we have

1
—1
v <M(g$n+17 9Tn42, t) >

=9 <M(Tmn, 1Txn+1, ) 1)
w(W”)”(?”(W”))‘

¥ (Rnt1) < ¢ (Rp) — 0 (¢ (Rn)) -
Letting n — oo in the above inequality, by using (iy), (iy), (3.11) and (3.12), we get

¥ (R) <y (R) — (4 (R)),
which is only possible when R = 0. Thus

1
R = lim R, = lim —-1) =0,
n—00 n—o0 <M(g$n, 9Tn+1, t) >

IN

Thus

or

(3.13) lim M(gxn, gxny1, t) = 1.

n—oo
Now we claim that {gx, }n>0 is a Cauchy sequence in X. Suppose that {gz,} is not
a Cauchy sequence. Then there exists an € > 0 for which we can find two sequences

of positive integers {m(k)} and {n(k)} for all positive integers k such that

(3.14) M(gZnkys 9Tmk), t) <1 —¢ for n(k) > m(k) > k.



318 AMRISH HANDA

Assume that n(k) is the smallest such positive integer. Then
(3.15) M(9Zn(ky-15 9Tmk), t) > 1 —¢.
Now, by (3.14), (3.15) and (NAFM-4), we have
l—e > M(9Tpnk), 9Tmk)s t)
= M(gxn(k‘)7 9Tn(k)—1, t) * M(gxn(k)—lv 9Tm (k) t)
> M(gl"n(k)? 9Tn(k)—1> t) * (1 - 5)‘
Letting k — oo in the above inequality, by using (3.13), we have

(3.16) lim M (g2p), 9Tmk), t) =1—¢.

k—o00
By (NAFM-4), we have
M(gxn(k)—‘rla 9Tm(k)+1> t)
> M(gTnk)y+1, 9Tnk), ) * M(9Zniys 9Tma)s t) * M(9Tpk)s 9Tmk)415 1)-

Letting k — oo in the above inequalities, using (3.13) and (3.16), we have

(3.17) lim M(gﬂﬁn(lc)Jrh 9Tm(k)+1> t)=1-e.

k—o0

As n(k) > m(k), 80 gy k) = gTm(k), by using contractive condition (3.1), we have

1
(4 < - 1)
M(gxn(k)—i-l? 9Tm(k)+1> t)
1
-1
v (M(Tl’n(ky T2k 1) )

1 1
=0 <A(xn(k)a Tom(k)) 1> s (1/} (A(xn(k), Tmk)) 1>>
1

6 < - 1) .
Letting k — oo in the above inequality, by using the property of ¥, 0, ¢ and (3.16),
(3.17), we have

€ € € €
()= () o 0 () o ()
which is a contradiction due to € > 0. It means that {gz,},>0 is a Cauchy sequence
in X.
We claim that 7" and ¢ have a coincidence point distinguishing between cases

(a) = (¢).
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Suppose now that (a) holds, that is, (X, d) is complete, T and g are continuous
and the pair (7, g) is O—compatible. Since (X, d) is complete, there exists z € X
such that {gz,} — 2. By (3.4), we also have that {T'z,} — z. Since T and g are
continuous, {T'gz,} — Tz and {ggz,} — gz. By using the fact that the pair (T, g)
is O—compatible, we deduce that lim,, .o M (gTxy, T'gx,, t) = 1. In such a case,

we conclude that

M(gz, Tz, t) = lim M(g9g9zpy1, Tgxy, t) = lim M(gTx,, Tgx,, t) =1,

n—00 n—oo
that is, z is a coincidence point of T and g.

Suppose now that (b) holds, that is, (¢(X), M) is complete and (X, M, <) is non-
decreasing-regular. Since {gz,} is a Cauchy sequence in the complete space (g(X),
M), there exists y € g(X) such that {gz,} — y. Let z € X be any point such that
y = gz. In this case {gz,} — gz. Indeed, since (X, M, <) is non-decreasing-regular
and {gx,} is X —non-decreasing and converging to gz, we deduce that gz, < gz for
all n > 0. Applying the contractive condition (3.1) and by the monotonicity of v,

we get
1
(318) ¥ <M<gmn+1, T2 ) 1)
1
=9 <M(Txn, Tz, t) 1)

< (i) (G ) w1

A(zp, z) = min{M(gzn, gz, t), M(gxn, Tan, t), M(gz, Tz, t)}
= mln{M(g$n7 gz, t)a M(gwrn 9Tn+1, t)a M(g'z7 TZ, t)}a

where

and
B(zy, z) = max{M(gz, Txn, t), M(gz, Tz, t)}
= max{M(gz, gTnt+1, t), M(gz, Tz, t)}.

Letting n — oo in (3.18), by using (iy), (i,) and (iig), we get

w(m‘l)ﬁw@ww,lw”)‘@@(m*))’

which is possible only when M(gz, Tz, t) = 1, that is, z is a coincidence point of T’

and g.
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Suppose now that (c) holds, that is, (X, M) is complete, g is continuous and
monotone non-decreasing, the pair (7, g) is compatible and (X, M, <) is non-
decreasing-regular. Since (X, M) is complete, there exists z € X such that {gx,} —
z. By (3.4), we also have that {T'z,} — z. Since ¢ is continuous, {ggz,} — gz.

Furthermore, since the pair (7', g) is compatible, we have
lim M(ggxni1, Tgxn,t) = lim M(¢gTz,, Tgx,,t) = 1.
n—oo n—oo

Since {ggx,} — gz, the previous property means that {T'gx,} — gz.
Indeed, since (X, M, <) is non-decreasing-regular and {gx, } is <-non-decreasing
and converging to z, we deduce that gx, < z. It follows, from the monotonicity of

g, that ggz, < gz. Applying the contractive condition (3.1), we get
1

3.19 —1

(3.19) v <M(Tg:nn, Tz, t) >

< (i) s ) o)

where

A(gzn, z) =min{M (ggzn, gz, t), M(99xn, Tgxy, t), M(gz, Tz, t)},

and
B(gzy, z) = max{M(gz, Tgxy, t), M(gz, Tz, t)}.
Letting n — oo in (3.19), by using (iy), (i,) and (iig), we get

w(ﬂW”)”(M”)”@(M”))’

which is possible when M(gz, Tz, t) = 1, that is, z is a coincidence point of T and
qg.

Since the set of coincidence points of g and T is non-empty, assume that x and
y are coincidence points of T and g, that is, Tx = gx and Ty = gy. Now, we show
that gr = gy. By the assumption, there exists u € X such that Tu is comparable
with Tx and Ty. Put ug = uw and choose u; € X so that gug = Twu;. Then, we
can inductively define a sequence {gu,} where gu,y1 = Tu, for all n > 0. Hence
Tz = gz and Tu = Tup = gu; are comparable. Suppose that gu; =< gz (the proof is
similar to that in the other case). We claim that gu,, < gx for each n € N. In fact,
we will use mathematical induction. Since gu; = gx, our claim is true for n = 1.

We presume that gu, =< gz holds for some n > 1. Since T is g—non-decreasing

with respect to <X, we get gun+1 = Tu, =< Tx = gz, and this proves our claim. Since
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gu, = gz and so by using contractive condition (3.1), we have

1
(o)

1
=V (M(Tun, Tz, t) 1)

() o (G ) (s )

Aup, ) = min{M(gu,, gz, t), M(gun, Tun, t), M(gz, Tz, t)}
= min{M(gun, gz, t), M(gun, gupi1, t), M(gz, Tz, t)},

IN

where

and
B(up, =) =max{M (gz, Tuy,, t), M(gz, Tz, t)} = 1.
Letting n — oo in the above inequality and by using (i) and (i), we get

(3.20) lim M(guy, gz, t) =1.

n—oo

Similarly, one can prove that

(3.21) lim M(gun, gy, t) =0.
n—oo

Hence, by (3.20) and (3.21), we get

(3.22) gr = gy.

Since gr = Tz, by weak compatibility of g and T, we have ggr = gTx = Tgz. Let
z = gx, then gz = Tz. Thus z is a coincidence point of g and 7. Then from (3.22)
with y = z, it follows that gz = gz, that is, z = gz = T'z. Therefore, z is a common
fixed point of g and 7. To prove the uniqueness, assume that w is another common
fixed point of g and 7. Then by (3.22) we have w = gw = gz = z. Hence the common
fixed point of g and T is unique. 0

If we put 0(t) = 0 in Theorem 3.1, we get the following result:

Corollary 3.2. Let (X, =) be a partially ordered set and (X, M, %) be a non-
Archimedean fuzzy metric space. Suppose T, g : X — X are two mappings satisfying
(1), (ii) of Theorem 3.1 and

(131) there exist ¢ € ® and ¢ € VU such that

(s )= e )~ Gas )
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where A(x, y) is defined in (3.2), for all z, y € X such that gr < gy. Also assume
that, at least, one of the conditions (a) — (c¢) of Theorem 3.1 holds. Then T and g
have a coincidence point. Moreover, assume that the condition (iv) of Theorem 3.1

holds. Then T and g have a unique common fixed point.

If we put p(t) =t —tpi(t) for all ¢ > 0 in Corollary 3.2, then we get the following

result:

Corollary 3.3. Let (X, X) be a partially ordered set and (X, M, %) be a non-
Archimedean fuzzy metric space. Suppose T, g : X — X are two mappings satisfying
(1), (i7) of Theorem 3.1 and

(731) there exist p1 € ® and ¢ € ¥ such that

(e ) = (e ) e )

where A(x, y) is defined in (3.2), for all z, y € X such that gr < gy. Also assume
that, at least, one of the conditions (a) — (c¢) of Theorem 3.1 holds. Then T and g
have a coincidence point. Moreover, assume that the condition (iv) of Theorem 3.1

holds. Then T and g have a unique common fixed point.

If we put ¥(t) = 2t for all £ > 0 in Corollary 3.3, then we get the following result:

Corollary 3.4. Let (X, =) be a partially ordered set and (X, M, %) be a non-
Archimedean fuzzy metric space. Suppose T, g : X — X are two mappings satisfying
(1), (ii) of Theorem 3.1 and

(iii) there exists @1 € ® such that

vt~ <0 (e ) e )

where A(x, y) is defined in (3.2), for all x, y € X such that gx = gy. Also assume
that, at least, one of the conditions (a) — (c) of Theorem 3.1 holds. Then T and g
have a coincidence point. Moreover, assume that the condition (iv) of Theorem 3.1

holds. Then T and g have a unique common fixed point.

If we put ¢1(t) = k where 0 < k < 1, for all ¢ > 0 in Corollary 3.4, then we get

the following result:

Corollary 3.5. Let (X, =) be a partially ordered set and (X, M, %) be a non-
Archimedean fuzzy metric space. Suppose T, g : X — X are two mappings satisfying
(1), (ii) of Theorem 3.1 and
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(i4i) there exists k < 1 such that

1 1
M(Tw, Ty ) " <A(x, y) 1) ’
where A(x, y) is defined in (3.2), for all z, y € X such that gr =< gy and k < 1.
Also assume that, at least, one of the conditions (a) — (c¢) of Theorem 3.1 holds.
Then T and g have a coincidence point. Moreover, assume that the condition (iv)

of Theorem 3.1 holds. Then T and g have a unique common fized point.

If g = I (the identity mapping) in Corollary 3.5, we get the following result:

Corollary 3.6. Let (X, <) be a partially ordered set and (X, M, %) be a complete
non-Archimedean fuzzy metric space. Suppose T : X — X is a non-decreasing

mapping satisfying

1 1
s = (1)
where
Az, y) =min{M (z, y, t), M(z, Tz, t), M(y, Ty, t)},
for all z, y € X such that © <Xy and k < 1. Suppose that there exists xo € X such

that xg <X Txg. Then T has a fized point.

Example 3.1. Suppose that X = [0, 1], equipped with the usual metricd : X x X —
[0, +00) with the natural ordering of real numbers < and # is defined by a * b = ab,
for all a, b € [0, 1]. Define

ot
Ct+d(z, y)
Clearly (X, M, «) is a complete non-Archimedean fuzzy metric space. Let T g :
X — X be defined as

M(z, y, t) , forall z, y € X and t > 0.

2
sz%andga:zﬁforalleX.

Define 1 : [0, 400) — [0, 4+-00) by

P(t) =t, for all t > 0,
and ¢ : [0, +00) — [0, +00) as follows

o(t) = %, for all t > 0,
and 6 : [0, +00) — [0, +00) as follows

t
0(t) = 3 for all ¢ > 0.
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Now, for all z, y € X with gz < gy, we have

1
v <M(Tx, Ty 0 1)
1

M(Tz, Ty, t)
1

N (Mgm gy, t _1>
<A > 1 1
: w(w 1)‘“”<¢<M‘1>>+9<1M‘1>'

Thus the contractive condition of Theorem 3.1 is satisfied for all z, y € X. In addition

W = Wi

<

all the other conditions of Theorem 3.1 are satisfied and z = ( is a unique common

fixed point of T" and g.

4. COUPLED FIXED POINT RESULTS

Next, we deduce the two dimensional version of Theorem 3.1. Given n € N where
n > 2, let X" be the n'® Cartesian product X x X x ... x X (n times). For the
ordered fuzzy metric space (X, M, <), let us consider the ordered fuzzy metric space
(X2, Ms, C), where M5 : X? x X2 x [0, 00) — [0, 1] is defined by
Ms(Y, V, t) = min{M(z, u, t), M(y, v, t)}, VY = (2, 3), V = (u, v) € X?,
and C is introduced by
(u, v) C (z, y) &z > uand y < v, forall (u, v), (z, y) € X>.

It is easy to check that M; is a non-Archimedean fuzzy metric on X2. Moreover (X,
M, ) is complete if and only if (X2, Ms, *) is complete. We define the mappings
Tr, T : X? — X2, for all (z, y) € X2, by,

TF(CE, y) - (F(.’L‘, y)? F(ya {E)) and TG(xa y) = (G(l’, y)? G(y7 (L'))

Lemma 4.1 ([16]). Let (X, =) be a partially ordered set and (X, M, %) be a non-
Archimedean fuzzy metric space. Let F, G : X?> — X and Tp, Tg : X? — X2 be
mappings, then the following properties hold:

(1) (X, M, %) is complete if and only if (X2, Ms, ) is complete.

(2) If (X, M, *, =) is reqular, then (X2, Ms, %, C) is also reqular.
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(8) If F is M —continuous, then Tr is Ms—continuous.

(4) If F is G—increasing with respect to =<, then Tr is (Tg, C)—non-decreasing.

(5) If there exist two elements xo, yo € X with G(xo, yo) = F(xo, yo) and
G(yo, x0) = F(yo, x0), then there exists a point (wo, yo) € X2 such that Tg(wo,
yo) E Tr (o, Yo)-

(6) For any z, y € X, there exist u, v € X such that F(z, y) = G(u, v) and F(y,
r) = G(v, u), then Tp(X?) C Tg(X?).

(7) If the pair (F, G) is generalized compatible, then the pair (T'r, T) is O—compatible
in (X2, Ms, %, C).

(8) If the pair (F, G) is weak compatible in (X, M, =), then the pair (Tr, T) is
also weak compatible in (X2, Ms, C).

(9) A point (z, y) € X? is a coupled coincidence point of F and G if and only if
it is a coincidence point of Tp and Tg.

(10) A point (z, y) € X? is a common coupled fived point of F and G if and only
if it is a common fixed point of Tr and Tg.

(11) A point (z, y) € X? is a coupled fized point of F if and only if it is a fived
point of Tk.

Theorem 4.1. Let (X, <) be a partially ordered set and (X, M, %) be a complete
non-Archimedean fuzzy metric space. Assume F, G : X% — X are two generalized
compatible mappings such that F' is G—increasing with respect to <, G is continuous
and there exist two elements xq, yg € X with

G(x0, o) = F(xo, yo) and G(yo, xo) = F(yo, o).

Suppose that there exist p € ®, b € U and 0 € O satisfying

(1) v <M<F<x, R TR i 1)
= v <Ag’;<x, o 0 1) ¢ <‘” (Amc, o 0 1))
1
(g )
where
(4.2) AJ\G/I(:L', Y, U, V)

—~
8
<
SN—

~
~— —

—~

<
£

~—
~

M
= min< M(G(u, v), i(u, v), t), M(G(y, =
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and

(4.3) Bfj(x, y, u, v)
_ max{ M(G(u, v), F(z, y), t), M(G(u, v), F(u, v), t), }
M(G(v, u), F(y, x), t), M(G(v, u), F(v, u), t) [’

for all x, y, u, v € X, where G(z, y) < G(u, v) and G(y, x) = G(v, u) and for any
x, y € X, there exist u, v € X such that

(4.4) F(z, y) = G(u, v) and F(y, =) =G (v, u).

Also suppose that either

(a) F is continuous or

(b) (X, d, <) is regular.

Then F and G have a coupled coincidence point. In addition, suppose that for
every (z, y), (x*,y*) € X2, there exists a point (u, v) € X2 such that (F(u, v), F(v,
w)) is comparable to (F(z, y), F(y, x)) and (F(z*, y*), F(y*, £¥)), and also the pair
(F, G) is weakly compatible. Then F and G have a unique common coupled fized

point.

Proof. Let (x, y), (u, v) € X? be such that Tg(z, y) C Te(u, v). Therefore G(x,
y) = G(u, v) and G(y, x) = G(v, u). Using (4.1), we have

1

v (M(F@c, o), Pl 0, 0 1)
= (A%(x, o 0 1) ¢ <¢ (A%(x, e 0 1))

+9< ! 1)
BS,(z, y, u, v) '

Furthermore taking into account that G(y, z) = G(v, u) and G(z, y) = G(u, v), the

contractive condition (4.1) also guarantees that

1

v <M<F<y, o), Flo, w), ) 1)
< gy ) o lageas )

+e< ! 1)
B]\G4(x, Y, u, V) ’
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Combining them, we get

max {1/} <M(F(SU, y)7 F’(u7 U), t) B 1>’ ¥ <M(F(y7 x)alF(Uv u)v t) - 1>}
1 1
=% <A%(:c, y, u, v) 1> s <¢ <A§’4(:c, y, U, v) 1>>

1
0 —1].
" (BA%(:E, Yy, u, v) )

v (ma"{(MF(x, R 1) ’ (M(Fw, ST 1) }>

=v (Aﬁi(x, T 1) ¢ (w (Aga(x, T 1))

1
9 —1).
" <B§’}(m, Yy, u, v) )

Thus, it follows from (4.5) that

1

1
w <M5<TF('%'7 y)? TF(”? U)v t) )
=¥ (min{M(F(:c, D). Flu v), 1), M

= v (maX{ <M(F($a y)’llF(U, v), 1) 1>’ })
(M(F(y’ z), F(v, u), t) - 1>
1
Yy

1
= w(A%u, v u v>‘1>_“’<”’<14f4<x, u v

IN
<
7N

o~
=
=
8
s
—~
IS
=
|
[a—
N—————
|
AS)
7N
<
7N
o~
=
=
8
s
—~
IS
S~—
~
|
—_
N———
N——

where
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and
Ms(Tq(u, v), Tp(z, y), t),
By (2, y), (u, v)) = Inax{ M‘;( GG((U’ v))’ ((u’ lq/})) t)) }

It is only necessary to apply Theorem 3.1 to the mappings T'=TF and g = T
in the ordered metric space (X2, Mg, C) and using Lemma 4.1. O

Now we deduce the results without mixed g—monotone property of F.

Corollary 4.2. Let (X, <) be a partially ordered set and (X, M, %) be a complete
non-Archimedean fuzzy metric space. Assume F : X?> — X and g : X — X are

two mappings such that F is g—increasing with respect to = and there exist ¢ € P,
P €W and 6 € © such that

(4.6) (4 <M(F($, y)’lF(u, v), t) B 1>
1 1
= v (A?w(x, y, u, v) 1) I (¢ (A?w(% y, u v) 1>>
o (B%(l‘, 1y, u, v) - 1> 7
where

(4.7) A (x, vy, u, v)
_ max{ M(gz, gu, t), M(gz, F(z, y), t), M(gu, F(u, v), t), }
M(gy, gv, t), M(gy, F(y, ), t), M ( ’
and
(4.8) BY,(z, y, u, v)
_ min{ M(gu, F(z, y), t), M(gu, F(u, v), t), }
M(gv, F(y, z), t), M(gv, F(v, u), t) [’
for all x, y, u, v € X, where gr < gu and gy = gv. Suppose that F(X?) C g(X), g
is continuous and the pair {F, g} is compatible. Also suppose that either
(a) F is continuous or
(b) (X, d, X) is regular.
If there exist two elements xg, yog € X with

gro = F(xo, yo) and gyo = F(yo, o).

Then F and g have a coupled coincidence point. In addition, suppose that for every
(z,y), (x*,y*) € X?, there exists a point (u, v) € X? such that (F(u, v), F(v, u)) is
comparable to (F(x, y), F(y, x)) and (F(z*, y*), F(y*, *)), and also the pair (F,

g) is weakly compatible. Then F and g have a unique common coupled fixed point.
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Now, we deduce the result without mixed monotone property of F.

Corollary 4.3. Let (X, <) be a partially ordered set and (X, M, %) be a complete
non-Archimedean fuzzy metric space. Assume F : X? — X is an increasing mapping
with respect to = and there exist p € ®, b € U and 0 € © such that

1

v <M<F<a:, v, Flu, o), 6) 1)

= <AM<m, e 1) ¥ <¢ (AMu, ke 1>>

1
+0 <BM($) Yy, u, ’U) a 1> '

where
Apy(z, y, u, v)
_ . Mz, u, t), M(z, F(z, y), t), M(u, F(u, v), t),
= M My, v, 1), M(y, F(y, @), t), M(v, F(v, ), ) [’
and

BM(:Uv Y, u, U) Zmax{ M(U,, F(.’L’, y)7 t)’ M(“a F(U, 'U)7 t)? }’

M(v, F(y, z), t), M(v, F(v, u), t)
for all x, y, u, v € X, where x X u and y = v. Also suppose that either
(a) F is continuous or
(b) (X, d, X) is regular.

Assume that there exist two elements xg, yg € X with
zo 2 F(xo, yo) and yo = F(yo, o).

Then F has a coupled fized point.

In a similar way, we may state the results analog of Corollary 3.2, Corollary 3.3,
Corollary 3.4, Corollary 3.5 and Corollary 3.6 for Theorem 4.1, Corollary 4.2 and
Corollary 4.3.

5. APPLICATION TO DOMAIN OF WORDS

Let 3 be a non-empty alphabet. Let 3 be the set of all finite and infinite
sequences ("words”) over X, where we adopt the convention that the empty sequence
¢ is an element of »°°. The symbol C denotes the prefix order on X°°, that is,

x Cy < «zis a prefix of y.
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Now for each x € ¥°° denote by I(z) the length of . Then I(z) € [1, c0) whenever
x # ¢ and l(¢) = 0. For each z, y € ¥, let x My be the common prefix of x and y.
Thus the function d defined on X°° x ¥*° by
0, if xCy,
de(2,y) = { 271 otherwise,
is a quasi-metric on X£*°. Actually dr is a non-Archimedean quasi-metric space on
¥°°. We also observe that the non-Archimedean metric space (dg)® is the Baire

metric on X°°, that is,
(de)*(z, x) =0 and (d2)*(z, y) = 27'@™) | for all 2, y € ¥ such that z # y.
It is well known that (dc )® is complete.

Example 5.1. Let (X°°, (dc )®) be a non-Archimedean metric space and let M)
be a fuzzy set in X x X x [0, 00) given by
_ t

e+ (do)(, y)

Then (M(4.)s, T) is a complete non-Archimedean fuzzy metric on X, where 7" de-

, for all z, y € ¥°° and ¢t > 0.

M(dg)s (13, Y, t)

notes the continuous t-norm given by 7'(a, b) = min{a, b}.
Example 5.2. Let M be a fuzzy set in X x X x [0, o0) given by

M(z, y, 0) = 0, for all z, y € X°.
M(z, z,t) = land M(z, y, t)=1— 2-1=MW) gy € 3% such that z # v.

Then (M, A) is a complete non-Archimedean fuzzy metric on X, where A denotes

the continuous t-norm.

Now, we apply Corollary 3.6 to the complexity analysis of quicksort algorithm, to
show, in direct way, the existence of solution for the following recurrence equation:
2(n—1) n+1

+

T(1)=0and T'(n) = - -

T(n—1), n>2.

The average case analysis of Quicksort was discussed in [21] (see also [4]), where the
above recurrence equation is obtained.
Consider as an alphabet ¥ the set of non-negative real numbers, that is, ¥ = [0,
o0). We associate to T' the functional ® : ¥°° — £ given by
2(n—1) n n+1
n

(®(z))1 =T(1) and (®(z)), = Tp—1, for all n > 2.
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If x € ¥ has length n < oo, we write * = z12923...7,, and if x is an infinite
word we write x = x1x2x3... Next we show that ® satisfies the contractive condition
of Corollary 3.6 on (3X°°, M, A) with & = 1/2. To this end, we first note that, by
construction, we have [(®(x)) = I(z) + 1 for all x € 3°° (in particular I[(®(x)) = oo

whenever [(z) = 00). Furthermore, it is clear that
r#y = 0(x) # (y),
and consequently
O(xMNy) C &(x) N P(y), forall z, y € .
Hence
I(®(zNy)) <U(P(z)NP(y)), for all z, y € X.

Indeed, if z = y, then

M(®(z), ®(y), t)=M(z, y, t)=1.
If x # y, then
(5.1) M(®(z), D(y), t) =1— 27 (E@NLW),

Now, since I(z My) < [(®(zMy)) < U(P(z) NP(y)),

o—i(®(a)) o U(®(ary)
[ — o i@@m) = ] o i@y

(5.2) o~ U@ < 9-UP(ay) s g

Now, by (5.1) and (5.2), we have
M(®(z), (y), 1) M(®(z), 2(y), 1)
9—U2(x)N2(y))
1 — 2 U2(@)ND(y))

)
S T GG
_ 9—U(®(zMNy))
= 1 —92-UaMy)"
Thus
1 9—U(®(zMNy))
(53) M@@), b, 0 = 1— o
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Now
1 1 1 /11— Mz, y, t)
s Y) = (o)
1 9—l(zMy)
T2 (1—2—l(w”y)>
o—(arTy)~1
T 12l
9—U(®(aMy))
T 1— 2l
Thus
(5.4) L (1 _ 1) _ e
2\ M(z, y, t) 1 — 2-Uzy)

Hence, by (5.3) and (5.4), we get

1 1 1 1 1
1< 1)< (= ~1),
M(®(z), ®(y), t) — — 2 (M(w, Y, 1) ) m 2 (A(% y) )
for all z, y € X*° and ¢t > 0. Thus the contractive condition of Corollary 3.6 is
satisfied with & = 1/2 € (0, 1). So, by Corollary 3.6, ® has a unique fixed point

zZ = z12223..., which is obviously the unique solution to the recurrence equation 7,
2n—-1) n+1
+
n
We can also apply our results to the complexity analysis of Divide and Conquer

Zp—1 for all n > 2.

that is, 21 = 0 and z, =

algorithm. Recall [4, 21] that Divide and Conquer algorithms solve a problem by
recursively splitting it into sub problems each of which is solved separately by the
same algorithm, after which the results are combined into a solution of the original
problem. Thus the complexity of a Divide and Conquer algorithm typically is the

solution to the recurrence equation given by
T(1) =cand T(n) = aT(%) + h(n),

where a, b, ¢ € N with a, b > 2, n range over the set {b? : p = 0, 1, 2, ...}, and
h(n) > 0 for all n € N.

As in the case of Quicksort algorithm, take ¥ = [0, c0) and put X = { z € ¥ :
I(z) = oo}. Clearly XN is a closed subset of ¥°°, (XN, M, A) is a non-Archimedean

fuzzy metric space. Now we associate to T the functional ® : N — SN given by

azTy

(®(x))1 = T(1) and (®(x)), = - h(n)ifne{t’:p=1, 2, ...}

and (®(z)), = 0 otherwise, for all z € £V
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For our purposes here it suffices to observe that for each z, y € XN, the following

inequality holds:
I(@(x) M P(y)) > 14+ (zMy).

In fact, if I(x My) = 0, then [(®(x) M ®(y)) > 1; and if &P > [(xMy) > b1 p > 1,
then b1 > [(®(z) M ®( y)) > bP.
If z € 3¥*° has length n < oo, we write x = z1x9x3.....2,, and if x is an infinite

word we write x = x1xox3... Y satisfies the contractive condition of Corollary 3.6 on
(N, M, A) with k = 1/2. Indeed, if = = 3, then

M(é(l’)a (I)(y)a t) = M(-T, Y, t) =1.
If z # y, then
(5.5) M(®(z), ®(y), t) =1 — 27 1(@@NeW),

Since l(x My) < U(P(xMy)) < U(P(x) N P(y)),

9—1(®(ary)) 9—1(2(2My))

—(2(z)N2(y)) —U(®(zMy))
(5.6) 2 <2 and T OEeRee) S 1 g—iery)

Now, by (5.5) and (5.6), we have

1 1- M((I)(l'), (I)(y)v t)
M(®(x), ®(y), 1) M(2(x), o(y), 1)
o=@ (z)N®(y))
1 — 2-UP ()2 (y))
9—U(@(zMNy))
1 — 2-U(@(z)Ne(y))
9—1(2(2My))

IN

IN

Thus

(5.7) 1
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Again
1 1 1/(1— Mz, y, t)
z 1) = =
2 \M(z, y, t) 2\ Mz, y, t)
1 9—l(zMy)
2\ 1 -2 Uemy)
2—l(:vl_ly)—1
T 19l
9—1(2(2My))
= 1 — 92-l(=zny) "
Thus
1 1 9—U(®(zMy))
(5.8) 1)) ==—.
2\ M(z, y, t) 1 — 2-l=Ny)

Hence, by (5.7) and (5.8), we get

CERTTRRES <M<x1yt> - 1> <3 <A<1y> - 1) |

for all , y € ¥ and ¢t > 0. Thus the contractive condition of Corollary 3.6 is
satisfied with k = 1/2 € (0, 1). So, by Corollary 3.6, ® has a fixed point z = z12223...
Consequently, the function F' defined on {b” : p =0, 1, 2,...} by F(bP) = zp, for all
p > 0, is the solution to the recurrence equation of the given Divide and Conquer

algorithm.
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