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APPLICATION OF GENERALIZED WEAK CONTRACTION
IN INTEGRAL EQUATION

AMRISH HANDA

ABSTRACT. This manuscript is divided into three segments. In the first segment, we
prove a unique common fixed point theorem satisfying generalized weak contraction
on partially ordered metric spaces and also give an example to support our results
presented here. In the second segment of the article, some common coupled fixed
point results are derived from our main results. In the last segment, we investigate
the solution of integral equation as an application. Our results generalize, extend
and improve several well-known results of the existing literature.

1. INTRODUCTION AND PRELIMINARIES

Weak contraction was first studied in partially ordered metric spaces by Harjani
and Sadarangani [15]. In [4], Choudhury and Kundu established some coincidence
point results for generalized weak contractions with discontinuous control functions
on a partially ordered metric spaces. Choudhury et al. [5] proved coincidence point
results by assuming a weak contraction inequality with three control functions, two
of which are not continuous. The results are obtained under two sets of additional
conditions. Hussain et al. [17] introduced the notion of generalized compatibility
of a pair {F, G}, of mappings F, G : X x X — X, then the authors employed
this notion to obtained coupled coincidence point results for such pair of mappings
involving (¢, 1)—contractive condition without mixed g—monotone property of F.
Erhan et al. [12], claimed that the results established in Hussain et al. [17] can be
easily derived from the coincidence point results in the literature. For more details
one can consult [1, 6, 7, 8,9, 10, 11, 12, 14, 16, 21].

Our manuscript is split into three segments. In the first segment, we prove

a unique common fixed point theorem satisfying generalized weak contraction on
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partially ordered metric spaces and also give an example to support our results
presented here. In the second segment of the article, some common coupled fixed
point results are derived from our main results. In the last segment, we investigate
the solution of integral equation to demonstrate the fruitfulness of our results. Our
results generalize, extend and improve the results of Choudhury and Kundu [4],

Choudhury et al. [5], Harjani and Sadarangani [15] and several well-known results.

2. PRELIMINARIES

Definition 2.1([13]). Let F : X2 — X be a given mapping. An element (z,
y) € X2 is called a coupled fized point of F' if

F(z, y) ==z and F(y, z) =y.

Definition 2.2 ([2]). Let (X, <) be a partially ordered set. Suppose F': X% — X
be a given mapping. We say that F' has the mized monotone property if for all x,
y € X, we have

T, 13 € X, 11 21y = F(z1, y) X F(22, v),

y, y2 € X, 1 2y2 = F(z, 1) = F(z, y2).

Definition 2.3 ([19]). Let F : X? - X and G : X — X be given mappings. An
element (z, y) € X? is called a coupled coincidence point of the mappings F and G
if
F(z, y) = Gz and F(y, z) = Gy.
Definition 2.4 ([19]). Let F : X2 — X and G : X — X be given mappings. An
element (z, y) € X2 is called a common coupled fized point of the mappings I and
G if
x=F(z, y) = Gr and y = F(y, x) = Gy.

Definition 2.5 ([19]). Mappings F : X?> — X and G : X — X are said to be

commutative if
GF(z, y) = F(Gz, Gy), for all (z, y) € X2

Definition 2.6 ([19]). Let (X, <) be a partially ordered set. Suppose F : X? — X
and G : X — X are given mappings. We say that F' has the mized G—monotone
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property if for all z, y € X, we have
Ty, T2 S Xa le j G.IQ = F(I‘l, y) j F($2a y)a
v, 2 € X, Gy1 2 Gy = F(x, y1) = F(x, y2).

If G is the identity mapping on X, then F' satisfies the mixed monotone property.

Definition 2.7 ([3]). Mappings F : X? — X and G : X — X are said to be

compatible if

lim d(GF(zn, yn), F(Grn, Gyn)) = 0,

n—oo

lim d(GF(yn, xn), F(Gyn, Gx,)) = 0,

n—oo

whenever {z,,} and {y,} are sequences in X such that

lim F(z,, y,) = lim Gz, =1z¢€ X,
n—oo n—oo
lim F(yn, z,) = lim Gy,=y¢€ X.
n—oo n—oo

Definition 2.8 ([17]). Suppose that F, G : X? — X are two mappings. F is said
to be G-increasing with respect to < if for all x, y, u, v € X, with G(z, y) < G(u,
v) we have F(z, y) < F(u, v).

Definition 2.9 ([17]). Let F, G : X? — X be two mappings. We say that the pair
{F, G} is commuting if F(G(z,y), G(y, z)) = G(F(z, y), F(y, z)), for all z, y € X.

Definition 2.10 ([17]). Suppose that F, G : X? — X are two mappings. An
element (z, y) € X2 is called a coupled coincidence point of mappings F and G if
F(z,y) = G(z, y) and F(y, z) = G(y, x).

Definition 2.11 ([17]). Let (X, <) be a partially ordered set, F : X? — X and
g : X — X are two mappings. We say that F' is g-increasing with respect to < if
for any z, y € X,

PN

F(z2, y),

gr1 = gxo implies F (1, y) T2,
gy1 = gyo implies F(z, y1) X F(x, y2).

Definition 2.12([17]). Let (X, <) be a partially ordered set, F' : X2 — X be a
mapping. We say that F'is increasing with respect to < if for any =, y € X,

x1 j x2 1mphes F($17 y) j F(x27 y)a

y1 = yo implies F'(z, y1) = F(z, y2).
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Definition 2.13 ([17]). Let F, G : X2 — X be two mappings. We say that the pair
{F, S} is generalized compatible if

lim d(F(G(zn, Yn), G(Un, Tn)), G(F(Tn, Yn), F(Yn, ) = 0,

lim d<F(G(ym l‘n), G(.’L‘n, yn))7 G(F(ym (L‘n>, F(zn, yn))) = 0,

whenever (z,,) and (y,) are sequences in X such that

lim G(zp, yp) = lim F(z,, yn) =2 € X,
n—oo n—oo
lim G(y,, ©,) = lim F(y,, z,) =y € X.
n—oo n—oo

Obviously, a commuting pair is a generalized compatible but not conversely in gen-

eral.

Definition 2.14 ([2, 12]). A partially ordered metric space (X, d, <) is a metric
space (X, d) provided with a partial order < . A partially ordered metric space
(X, d, <) is said to be non-decreasing-regular (respectively, non-increasing-regular)
if for every sequence {z,,} C X such that {z,,} — = and =, = x,41 (respectively,
Zp ¥ Tpt1) for all n > 0, we have that x,, < = (respectively, =, = x) for all n > 0.
A partially ordered metric space (X, d, <) is said to be regular if it is both non-
decreasing-regular and non-increasing-regular. Let F, G : X — X be two mappings.
We say that F' is (G, <X)-non-decreasing if Fx < Fy for all z, y € X such that

Gz =< Gy. If G is the identity mapping on X, we say that F' is =<-non-decreasing.

Definition 2.15 ([5]). Two self-mappings G and F' of a non-empty set X are said
to be commutative if GFx = FGx for all x € X.

Definition 2.16 ([12]). Let (X, d, <) be a partially ordered metric space. Two
mappings F, G : X — X are said to be O—compatible if

lim d(FGx,, GFx,) =0,

n—oo
provided that {z,} is a sequence in X such that {Gz,} is <-monotone, that is, it

is either non-increasing or non-decreasing with respect to < and

lim Fz, = lim Gz, € X.

n—oo n—oo
Definition 2.17 ([18]). Two self-mappings G and F' of a non-empty set X are
said to be weakly compatible if they commute at their coincidence points, that is, if
Gz = Fx for some x € X, then GFx = FGzx.
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Definition 2.18 ([9]). Let X be a non-empty set. Two mappings F, G : X x X — X
are called generalized weakly compatible if F(z, y) = G(z, y), F(y, ) = G(y, z)
implies that G(F(z, y), F(y, z)) = F(G(z, y), G(y, 2)), G(F(y, z), F(z, y)) =
F(G(y, =), G(z, y)), for all z, y € X. Obviously, a generalized compatible pair is

generalized weakly compatible but converse is not true in general.

3. FixeEp PoINT RESULTS

In this section, we prove a unique common fixed point theorem for mappings «,
B : X — X in a partially ordered metric space (X, d, <), where X is a non-empty
set. For simplicity, we denote §(x) by Sx where x € X.

Choudhury et al. [5] used the following classes of functions.

The class ¥ of all functions 1 : [0, +00) — [0, +00) satisfying
(iy) 1 is continuous and non-decreasing,
(ity) Y(x) =0 2 =0.
and O is the class of all functions 0 : [0, +00) — [0, +00) satisfying
(i9) 0 is bounded on any bounded interval in [0, +00),
(ig) 6 is continuous at 0 and #(0) = 0.

Theorem 3.1. Let (X, d, <) be a partially ordered metric space and av, 3 : X — X
be two mappings such that o is (B, <)-non-decreasing, 3(X) C a(X) for which there
exist ¥ € U and ¢, 0 € © such that

(3.1) U(x) < ply) =z <y,

for any sequence {xy} in [0, +00) with x, — x > 0,

(3:2) (x) = limp(zn) + limb(z,) > 0,
and
(3:3) Y(d(az, ay)) < (d(Bz, By)) — 0(d(Bz, By)),

for all x, y € X such that fx =< By. There exists xg € X such that fxg X axg.
Furthermore assume that, at least, one of the following conditions holds.

(a) (X, d) is complete, o and 3 are continuous and the pair («, 3) is O—compatible,

(b) (B(X), d) is complete and (X, d, <) is non-decreasing-regular,

(¢) (X, d) is complete, (B is continuous and monotone non-decreasing, the pair

(a, B) is O—compatible and (X, d, <) is non-decreasing-regular.
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Then a and B have a coincidence point. Furthermore, suppose that for every x,
y € X there exists z € X such that az is comparable to ax and ay, and also the

pair (o, B) is weakly compatible. Then o and 3 have a unique common fixed point.

Proof. Let zop € X be arbitrary. Since a(X) C [(X), there exists ;1 € X such
that axg = Px1. Then fxg <X axg = Pxi. As a is ([, <)-non-decreasing and so
azg < ax;. Continuing in this manner, we get a sequence {x, },>0 such that {awx,}

is <-non-decreasing, fx,+1 = QT = ATp+1 = PTpy2 and
(3.4) Bxni1 = ax, for all n > 0.

Let d,, = d(Bzy, fxny1) for all n > 0. Since Sz, < fxp41, by using the contractive
condition (3.3) and (3.4), we have

Y(d(Brni1, Brny2)) = Y(d(aw,, arpyr))
< o(d(Bxn, Brni1)) — 0(d(Bzn, Brni1)).
Thus

(3.5) Y(dn1) < @(dn) — 0(dn),
which, by the fact that 6 > 0, implies ¥ (d,+1) < @(dy,), follows from (3.1) that

dp+1 < d,, for all positive integers n > 0, that is, {d,} is a monotone non-increasing

sequence. Hence there exists a d > 0 such that

(3.6) lim d, = lim d(Bz,, Brp+1) = d.

n—oo
Taking the limit supremum on both sides of (3.5), using (3.6), the property (ig) of
v, 0 and the continuity of v, we obtain

(d) < T (dn) — Tm6(d), that is, 1(d) — Tmp(dy) + lmo(d,) < 0,
which is a contradiction and so d = 0. Thus
(3.7) lim d, = lim d(Bx,, Brpe1) =0.

We now prove that {Bz,},>0 is a Cauchy sequence in X. If possible, suppose that
{Bzn}n>0 is not a Cauchy sequence, then there exists an ¢ > 0 for which we can

find two subsequences such that for all positive integers k
d(BEniys BTm)) = € for n(k) > m(k) > k.
Let n(k) be the smallest such positive integer, we get

d(ﬁmn(k)—la ﬁxm(k)) <e&.
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Now

™
IA

wi = d(BTn(rys BT

< d(Brpmy, BTnm)—1) + ABTo@m)—15 BTmk))
< d(Brnw), BTrrk)-1) e

Letting k — oo in the above inequality and by using (3.7), we have

(3.8) kli)m Wy, = hm d(ﬂxn(k BTm(k)) = €-

By applying triangle inequality, we have
A(BTrk)y+1, BTmiy+1) < dBTnp)y+1> BTnk)) + dBTrk), BTm))
+d(BTmkys BTm(k)+1)-
On taking & — oo in the above inequality, using (3.7) and (3.8), we have
(3.9) kli{glo d(BTp k)1, BTm(k)+1) = €-

As n(k) > m(k), By = BTk and so by using the contractive condition (3.3)

A

and (3.4), we have
Y(A(BTnk)+15 BTmk)+1)) = w(d(aﬂc (k)s O (k)))
Taking the limit supremum on both sides of the above 1nequality and by using (3.8),

IN

(3.9), the property (ig) of ¢ and 8 and the continuity of v, we get
P (e) < limgp (wy,) — limf (wg) , that is, ¢ () — limgp (wy,) + limf (wi) <0,

which is a contradiction. Consequently {3z, },,>0 is a Cauchy sequence in X. We now
prove that o and 8 have a coincidence point distinguishing between cases (a) — (c).

First suppose that (a) holds, that is, (X, d) is complete, o and ( are continuous
and the pair (a, ) is O—compatible. Since (X, d) is complete, there exists = €
X such that {8z,} — x, which, by (3.4), implies {az,} — z. As a and (3 are
continuous, {afz,} — azx and {fFx,} — [z. Also, the pair («, 3) is O—compatible,
it follows that

d(fzr, ax) = lim d(BBrpt+1, afzy) = lim d(Baz,, afz,) =0,
that is, x is a coincidence point of a and (.
Secondly suppose that (b) holds, that is, (5(X), d) is complete and (X, d, <) is

non-decreasing-regular. As {fz,}n>0 is a Cauchy sequence in the complete space
(B(X), d) and so there exists y € (3(X) such that {8z,} — y. Let x € X be any
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point such that y = Bz, then {fz,} — Sz. Also, since (X, d, <) is non-decreasing-
regular and {fz,} is <-non-decreasing and converging to Sz, we have Sz, < fx for

all n > 0. Using the contractive condition (3.3), we have

P(d(Bnyr, ax)) = pld(aw,, ax))
< ¢(d(Bzn, Br)) = 0(d(Bzn, Br)).

Letting n — oo in the above inequality, by using (iig) of 6, ¢ and the fact that
{Bxn} — Bz, we get Y(d(Bzx, ax)) = 0, which implies, by (iiy), that d(Bz, ax) = 0,
that is, x is a coincidence point of a and (3.

Finally suppose that (c) holds, that is, (X, d) is complete, (3 is continuous and
monotone non-decreasing, the pair («, ) is O—compatible and (X, d, <) is non-
decreasing-regular. As (X, d) is complete and so there exists x € X such that
{Bzy} — x, which, by (3.4), implies {ax,} — . As § is continuous, {50z, } — Bz
and since the pair («, () is O—compatible, therefore we have lim,,_, o d(582n+1,
afxy) = lim, o0 d(Baxy,, afx,) = 0, which suggest that {afz,} — [x.

Since (X, d, <) is non-decreasing-regular and {fz,} is <-non-decreasing and
converging to z, we have 8z, =< x, which, by the monotonicity of 8, implies 38z, <

Bz. Using the contractive condition (3.3), we have

Y(d(afan, ax)) < @(d(Bfzn, fr)) —0(d(Bfzn, Bz)).

On taking limit n — oo in the above inequality, by using (iig) of 6, ¢ and the fact
that {80z,} — Pz and {afz,} — Bz, we get ¥(d(Bx, ax)) = 0, which implies, by
(i1y), that d(Bz, ax) = 0, that is, = is a coincidence point of o and (.

Consequently the set of coincidence points of o and (3 is non-empty. Let z and y
be two coincidence points of « and 3, that is, ax = Sz and ay = By. Now, we claim
that Sz = By. By the assumption, there exists z € X such that az is comparable
with ax and ay. Put zp = 2z and choose z; € X so that 8z = az;. Then, we
can inductively define the sequence {(3z,} where (z,41 = az, for all n > 0. Hence
axr = Pz and az = azg = Pz; are comparable. One can easily get that 8z, < Sz
for each n > 0.

Let e, = d(Bz, Bz,) for all n > 0. As [z, = [z and so by using the contractive
condition (3.3) and (3.4), we have

P(d(Bx, Bznia)) = v(d(ax, azn)) < e(d(Bx, Bzn)) —0(d(Bz, Bzn)),
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which implies that

(3.10) Plentr) < plen) —b(en),
which, by the fact that 6 > 0, implies ¢(ep+1) < @(e,) and so (3.1) follows that

ent1 < e, for all n > 0. Thus {e,} is a monotone non-increasing sequence. Hence

there exists an e > 0 such that

(3.11) lim e, = d(fz, Bz,) =e.

n—oo
Taking the limit supremum on both sides of (3.10), using (3.11), the property of ¢,
0 and the continuity of 1, we obtain

P(e) <limp(e,) — limf(e,), that is, ¢(e) — limp(e,) + limb(e,) < 0,

which contradicts (3.2). Hence e = 0 and so we must have

(3.12) lim e, = lim d(Bz, Bz,) =0.
n—oo n—oo

Similarly, one can obtain that

(3.13) lim d(By, Bzn) = 0.

Hence, by (3.12) and (3.13), we get

(3.14) Bz = By.

Since ax = [z, by weak compatibility of o and 3, we have G0z = fax = afz.
Let u = fBz, then fu = au, that is, u is a coincidence point of o and 3. Then from
(3.14) with y = u, it follows that Sx = fu, that is, v = fu = au. Hence u is a
common fixed point of & and (3. To prove the uniqueness, assume that v is another
common fixed point of o and (3. Then by (3.14) we have v = v = fu = u, that is,

the common fixed point of o and [ is unique. O

If we take 1» = I (the identity mapping) and 6(z) = 0 for all z > 0 in Theorem

3.1, we have the following corollary.

Corollary 3.2. Let (X, d, <) be a partially ordered metric space and o, f: X — X
be two mappings such that o is (8, X)-non-decreasing, a(X) C B(X) for which there

exists some ¢ € O such that for any sequence {x,} in [0, +00) with x,, — = > 0,
limp(zy,) < ,

and

d(az, ay) < e(d(Bz, By)),
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for all x, y € X such that Bz < By. There exists xg € X such that Brg = axg. Also
assume that, at least, one of the conditions (a) — (c¢) of Theorem 3.1 holds. Then o
and 3 have a coincidence point. Furthermore, suppose that for every x, y € X there
exists z € X such that az is comparable to ax and oy, and also the pair (o, () is

weakly compatible. Then o and B have a unique common fized point.

If we take O(z) = 0 and ¢(z) = ki(x) with 0 < k < 1 and for all z > 0 in
Theorem 3.1, we have the following corollary.

Corollary 3.3. Let (X, d, <) be a partially ordered metric space and o, f: X — X
be two mappings such that o is (8, <)-non-decreasing, a(X) C B(X) for which there
exist some ) € ¥ and k € [0, 1) such that

Y(d(az, ay)) < kp(d(Bz, By)),

for all x, y € X such that Bx < By. There exists xg € X such that Bxg = azxg. Also
assume that, at least, one of the conditions (a) — (c¢) of Theorem 3.1 holds. Then o
and B have a coincidence point. Furthermore, suppose that for every x, y € X there
exists z € X such that az is comparable to ax and ay, and also the pair (o, ) is

weakly compatible. Then a and (B have a unique common fixed point.
Taking ¢ = 1 in Theorem 3.1, we have the following corollary.

Corollary 3.4. Let (X, d, <) be a partially ordered metric space and o, : X — X
be two mappings such that o is (8, =)-non-decreasing, a(X) C [(X) for which
there ezist some ¢ € ¥ and 0 € © such that for any sequence {xy} in [0, +00) with
Ty, — x>0,

limf(z,,) > 0,

and

Y(d(az, ay)) <¢(d(Bz, By))—0(d(Bz, By)),
for all x, y € X such that Bz < By. There exists xg € X such that Brg = axg. Also
assume that, at least, one of the conditions (a) — (c¢) of Theorem 3.1 holds. Then o
and B have a coincidence point. Furthermore, suppose that for every x, y € X there
exists z € X such that az is comparable to ax and ay, and also the pair (o, 3) is

weakly compatible. Then o and 3 have a unique common fized point.

If we take v = ¢ = I (the identity mappings) in Theorem 3.1, we have the
following corollary.
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Corollary 3.5. Let (X, d, =) be a partially ordered metric space and a, 5 : X — X
be two mappings such that v is (B, <)-non-decreasing, a(X) C 5(X) and there exists

some 0 € © such that for any sequence {x,} in [0, +00) with x, — x > 0,
limf(z,,) > 0,

and

d(ax, ay) < d(Bz, By) —0(d(Bz, By)),
for all x, y € X such that Bz < By. There exists xg € X such that Brg = axg. Also
assume that, at least, one of the conditions (a) — (¢) of Theorem 3.1 holds. Then
and 3 have a coincidence point. Furthermore, suppose that for every x, y € X there
exists z € X such that az is comparable to ax and oy, and also the pair (o, () is

weakly compatible. Then o and B have a unique common fized point.

If we take ¢ = ¢ = I (the identity mapping) and 0(t) = (1—k)t, where 0 < k < 1

in Theorem 3.1, we have the following corollary.

Corollary 3.6. Let (X, d, =) be a partially ordered metric space and a, 5 : X — X
be two mappings such that v is (B, <)-non-decreasing, a(X) C 5(X) and there exists
k € [0, 1) such that
d(azx, ay) < kd(Bz, By),

for all x, y € X such that Bz < By. There exists xg € X such that Brg = axg. Also
assume that, at least, one of the conditions (a) — (c¢) of Theorem 3.1 holds. Then o
and 3 have a coincidence point. Furthermore, suppose that for every x, y € X there
exists z € X such that az is comparable to ax and oy, and also the pair (o, () is

weakly compatible. Then o and B have a unique common fized point.

Example 3.1. Let X = [0, 1] be equipped with the usual metric d : X x X — [0,

+00) with the natural ordering of real numbers <. Let a, §: X — X be defined as

2

ax:% and Bz = 22, for all z € X,

Define ¢, ¥, 0 : [0, +00) — [0, +00) as follows

1
“[H?, i3 <t <4, Lo .
Y(t) = £, p(t) = 31 and 0(t) = g[t] ;i3 <t <4,
§t2, otherwise, 0, otherwise.
Then 1, ¢ and 6 have all the required properties. One can easily see that the

contractive condition of Theorem 3.1 is satisfied for all z, y € X. Furthermore, all
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the other conditions of Theorem 3.1 are also satisfied and v = 0 is a unique common

fixed point of o and (.

4. CoOuPLED FIXED POINT RESULTS

In this section, we derive two dimensional version of Theorem 3.1 for mappings
F, G : X?> — X? in a partially ordered metric space (X2, Ay, C), where X is a
non-empty set, with the help of the results established in the previous section. For
given n € N where n > 2, X™ denote the n* Cartesian product X x X x ... x X (n
times). For this, we shall consider the partially ordered metric space (X2, Ag, C),

where C was introduced by
WCVez>-uandy <, foral W= (u, v), V= (z, y) € X°

Let F, G : X? — X be two mappings. Define the mappings ®r, &g : X? — X2, for
all vV = (z,y) € X2, by

(I)F<V) - (F(J}: y)v F(ya x)) and (I)G’(V) = (G(l'? y)? G(yv l’))

Definition 4.1 ([1]). Let (X, d) be a metric space. Define A, : X" x X" — [0,
+00), for A = (a1, ag, ..., ay), B = (b1, ba, ..., by) € X™, by

An(A, B) = %Zd(ai, b).
=1

Then A,, is metric on X™ and (X, d) is complete if and only if (X", A,) is complete.

Lemma 4.1 ([6, 8]). Let (X, d, <) be a partially ordered metric space. Suppose F,
G:X?— X and ®p, g : X% — X? are mappings. Then

(1) If (X, d, =) is regular, then (X2, Ag, ) is also regular.

(2) If F is d-continuous, then ®p is Ag-continuous.

(3) If F is G-increasing with respect to <, then ®r is (Pq, C)-non-decreasing.

(4) If there exist two elements xo, yo € X with G(xo, yo) = F(xo, yo) and
G(yo, z0) = F(yo, x0), then there exists a point Vo = (z0, yo) € X2 such that
D (Vo) E @£ (Vo).

(5) For any xz, y € X, there exist u, v € X such that F(z, y) = G(u, v) and F(y,
z) = G(v, u), then ®p(X?) C dg(X?).

(6) If the pair {F, G} is generalized compatible, then the mappings ®p and P¢
are O—compatible in (X2, Ag, C).
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(7) A point V = (x, y) € X? is a coupled coincidence point of F' and G if and
only if it is a coincidence point of ®r and Pg.

Theorem 4.1. Let (X, <) be a partially ordered set such that there exists a complete
metric d on X. Assume F, G : X% — X be two generalized compatible mappings for
which there exist ¥ € U and ¢, 6 € © satisfying (3.1), (3.2) and

(4.1) y <d(F(wv y), F(u, U))-;d(F(y, z), F(v, u))>

< v <d(G(w7 y), G(u, v));rd(G(% ), G(v, U))>

9 <d(G($a y), Glu, v)) +d(Gly, z), G(v, U))>’

2
for all x, y, u, v € X, where G(z, y) 2 G(u, v) and G(y, x) = G(v, u) such that

F is G-increasing with respect to <, G is continuous and monotone non-decreasing

and there exist two elements xq, yo € X with
G(xo, yo) = F(zo, yo) and G(yo, wo) = F(yo, o).

Suppose that for any x, y € X, there exist u, v € X such that

F(z, y) = G(u, v) and F(y, =) =G (v, u).

Also suppose that either

(a) F is continuous or

(b) (X, d, =) is regular.

Then F' and G have a coupled coincidence point. Furthermore, suppose that for
every (z, y), (z, w) € X2, there exists a point (u, v) € X? such that (F(u, v), F(v,
w)) is comparable to (F(x, y), F(y, x)) and (F(z, w), F(w, 2)) and also the pair (F,

G) is weakly compatible. Then F and G have a unique common coupled fized point.

Proof. One can easily obtain that the contractive condition (4.1) imply that,
P(Ag(Pp(V), ®r(W))) < p(A2(Pa(V), D6(W))) — 0(Ax(a(V), Da(W)),

forall V = (z, y), W = (u, v) € X? with ®5(V) C ®5(W). Thus it is only necessary
to utilize Theorem 3.1 to the mappings a = ®r and 8 = @ in the partially ordered

metric space (X2, Ay, C) taking into account all items of Lemma 4.1. O

Now, we deduce result without mixed monotone property of F.
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Corollary 4.2. Let (X, =) be a partially ordered set such that there ezists a
complete metric d on X. Suppose F : X? — X is an increasing mapping with respect
to =X for which there exist 1 € ¥ and ¢, 0 € © satisfying (3.1), (3.2) and

(4.2) y (d(F(w, y), Flu, v))—;—d(F(y, z), Flo, u))>
< ¢<d(w, U);d(y, v)> _9<d(a:, u)—Zl—d(y, @)7

for all x, y, u, v € X, where x X u and y = v. Also suppose that either
(a) F is continuous or
(b) (X, d, X) is regular.
If there exist two elements xqg, yo € X with

zo = F(zo, yo) and yo = F(yo, o).
Then F has a coupled fized point.

In a similar way, we may state the results analog of Corollary 3.2, Corollary 3.3,
Corollary 3.4, Corollary 3.5 and Corollary 3.6 for Theorem 4.1, and Corollary 4.2.

5. APPLICATION TO INTEGRAL EQUATIONS

In the last segment, we investigate the solution of a Fredholm nonlinear integral

equation. We shall consider the following integral equation

b
(5.1) z(p) =/ (Ki(p, @) + Ka(p, 9))[f(g, #(q)) + g(q, x(q))ldg + h(p),

for all p € I = [a, b].

Let Q denote the set of all functions ¢ : [0, +00) — [0, +00) satisfying
(i¢) ¢ is non-decreasing,

(iic) C(p) < 3p-

Definition 4.1 ([20]). A pair (o, 3) € X? with X = C(I, R), where C(I, R) denote
the set of all continuous functions from I to R, is called a coupled lower-upper solution
of equation (5.1) if, for all p € I,

b
alp) < / Ki(p, 9)[f(g: o(0)) + 9(g, B(a))]dg

b
+/ Ka(p, q)[f(q, B(a)) + g(q, a(q))]dg+ h(p)
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and

b
B(p) > / Ki(p, q)[f(q, B(q)) + g(q, a(q))]dg
b
+/ Ks(p, q)[f(q, a(q)) +g(q, B(q))]dq+ h(p).

Theorem 5.1. Consider the integral equation (5.1) with K1, Ko € C(I x I, R), f,
g€ C(I xR, R) and h € C(I, R) satisfying the following conditions:

(i) K1(p, ) > 0 and Kx(p, q) > 0 for allp, g € I.

(ii) There exist positive numbers \, p and ¢ € Q such that for all z, y € R with
x =y, the following conditions hold:

(5.2) 0 < flg, )= f(g, y) < X(z —y),
(5.3) 0 < g(qg, ©) —9g(qg, y) < pul(z —y).
(ii1)
b 1
(5.4) (A + 1) sup/ (K1(p, a) + K2(p, ¢))dg < 5.
pel Ja

Suppose that there exists a coupled lower-upper solution (c, 3) of (5.1). Then the
integral equation (5.1) has a solution in C(I, R).

Proof. Consider X = C(I, R), the natural partial order relation, that is, for z,
yeX,
2y <= xz(p) <yp), Vpel

Notice that X is a regular complete metric space with respect to the sup metric

d(z, y) = ilér; lz(p) — y(P)|-

Now consider on X?2 the following partial order: for (z, y), (u, v) € X2,
(z, ) E (u, v) <= 2(p) < u(p) and y(p) > v(p), for all p € I.

Define ¢, 1, 0 : [0, +00) — [0, +00) as follows

[t]?, if 3 <t <4,

1112
e P, s <t <,
P(t) =12, o(t) { %tQ, otherwise,

0, otherwise,

and 0(t) = {
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and the mapping F : X? — X by

b
F(z, y)p) = / Ki(p, @)l (a0 2(@)) + 9, 9(@))ldg

b
+/ Ka(p, ¢)f(a, y(q)) +g(q, x(q))ldg + h(p),

for all p € I. It is easy to prove, like in [17], that F is increasing. Now for z, y, u,
v € X with > v and y < v, we have

» y)(p) — F(u, v)(p)

F(x
b
= / Ki(p, 9l(f(q, =(q)) — f(q, u(q))) + (9(q, y(q)) — 9(q, v(q)))]dq
b
+/ Ko(p, )[(f(a, y(q)) — f(g, v(9))) + (9(q, x(q)) — g(g, u(q)))]dg.
Thus, by using (5.2) and (5.3), we get

(5.5) F(z, y)(p) — F(u, v)(p)

b
< / K1(p, 9) G (2(g) — ul(g)) + i€ (y(q) — v(a))] dg
b
+/ Ka(p, q) [N (y(q) —v(q)) + u¢ (x(q) — u(q))] dg.

Now, by the monotonicity of {, we have

C(z(g) —u(g)) < ((suplz(q) —ulq)]) = ((d(z, u)),

qel
C(yla) —vlg) < C(Sqlél;\y(q) —v(q)]) = ¢(d(y, v)).
Hence, by (5.5), we found that
(5.6) [F(x, y)(p) = F(u, v)(p)]

b
< / Ki(p, ¢) NC(d(, w)) + pC(d(y, v))]dg

b
+ / Ks(p, q) PC(d(y, v)) + pC(d(x, )] da,
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as all the quantities on the right hand side of (5.5) are non-negative. Similarly one

can get that
(5.7) [F(y, z)(p) — F(v, u)(p)|

b
< / Ki(p, Q)NC(d(, w) + pC(d(y, v))ldg

b
T / Ka(p, @)AC(d(y, v)) + pC(d(x, w))da,

By summing up (5.6) and (5.7), dividing by 2 and then taking supremum with
respect to p, by using (5.4), we get
d(F(z, y), F(u, v)) +d(F(y, =), F(v, u))

2
b
< O [ (Kilp. @)+ Kalp, g))aq. 00 )
pEI a
L S, w) + Gy, )
< ' .

By the monotonicity of {, we have

Cld(z, v)) < ((d(z, u)+dy, v)),
C(d(y, v)) <
which, by (ii¢), implies

C(d(z, w) +¢(dly, v) _ %qcz(x, u) + d(y, v))

1 <
d(z, u)+ d(y, U)‘

IN

It follows that

(5.8) d(F(z, y), F(u, v));rd(F(y, z), F(v, u)) < % <d($a u) +d(y, v)>'

Thus, by (5.8), we have

’ <d(F(m, y), F(u, v))—;d(F(y, z), F(v, u))>

_ <d(F($, y), Fu, v)) +d(F(y, z), F(v, U))>2

2

i(d(x, u)—2|—d(y, v)>2

SO<d(gg, u)—;d(y, v)) i <d(:c, u) +d(y, v)>7

IN

IN
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which is the contractive condition of Corollary 4.2. Again, let (o, 3) € X2 be a
coupled upper-lower solution of integral equation (5.1), then one can have a(p) <
F(a, B)(p) and B(p) > F( 3, a)(p), for all p € I. This demonstrate that all hypothesis
of Corollary 4.2 are satisfied. Hence F has a coupled fixed point (x, y) € X? which
is the solution in X = C(I, R) of the integral equation (5.1). O
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