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CLASSIFICATION OF TWISTED PRODUCT LIGHTLIKE

SUBMANIFOLDS
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Abstract. In this paper, we introduce the idea of twisted product light-

like submanifolds of semi-Riemannian manifolds and provide non-trivial
examples of such lightlike submanifolds. Then, we prove the non-existence

of proper isotropic or totally lightlike twisted product submanifolds of a
semi-Riemannian manifold. We also show that for a twisted product

lightlike submanifold of a semi-Riemannian manifold, the induced con-

nection ∇ is not a metric connection. Further, we prove that a totally
umbilical SCR-lightlike submanifold of an indefinite Kaehler manifold M̃

does not admit any twisted product SCR-lightlike submanifold of the type

M⊥×ϕMT , where M⊥ is a totally real submanifold and MT is a holomor-

phic submanifold of M̃ . Consequently, we obtain a geometric inequality

for the second fundamental form of twisted product SCR-lightlike sub-
manifolds of the type MT ×ϕ M⊥ of an indefinite Kaehler manifold M̃ ,

in terms of the gradient of lnϕ, where ϕ stands for the twisting function.
Subsequently, the equality case of this inequality is discussed. Finally,

we construct a non-trivial example of a twisted product SCR-lightlike

submanifold in an indefinite Kaehler manifold.

1. Introduction

For a general investigation of totally umbilical submanifolds and extrinsic
spheres in Riemannian geometry, Chen [4] introduced the idea of twisted prod-
uct manifolds as:

Let (M1, gM1
) and (M2, gM2

) be two Riemannian manifolds and ϕ > 0 be a
differentiable function on M1 × M2. Then, the twisted product M1 ×ϕ M2 is
the product manifold M1×M2 equipped with the Riemannian metric given by

(1) g = gM1 + ϕ2gM2 .

If Y is tangent to M = M1 ×ϕ M2 at (x, y), then

||Y ||2 = ||dπ1(Y )||2 + ϕ2(x, y)||dπ2(Y )||2,
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where πi (i = 1, 2), respectively, denote the canonical projections of M1 ×M2

onto M1 and M2 with dπi’s and ϕ being the differential maps and the twisting
function, respectively. In case, the twisting function ϕ depends on M1 only,
then the twisted product manifold reduces to a warped product manifold (c.f.,
[3]).

The concept of twisted product manifolds has been employed to study sev-
eral geometric properties of hypersurfaces in different ambient space settings,
namely, in hypersurfaces of complex space forms, Lagrangian submanifolds
and curvature netted hypersurfaces (c.f., [6, 13, 16]). Moreover, the curvature
properties of twisted product manifolds have been extensively explored in semi-
Riemannian geometry (c.f., [2,12,17]). The relationship among twisted product
and warped product manifolds in semi-Riemannian geometry has been investi-
gated by Fernández-López et al. in [11] and by Ponge and Reckziegel in [18].

In [5], Chen considered CR-submanifolds as twisted products of the type
M⊥ ×ϕ MT and MT ×ϕ M⊥ in Kaehler manifolds such that M⊥ represents a
totally real submanifold and MT represents a holomorphic submanifold of a
Kaehler manifold M̃ . Precisely, he proved the non-existence of twisted product
CR-submanifolds of the type M⊥ ×ϕ MT in Kaehler manifolds and established
a geometric inequality for twisted product CR-submanifolds of the type MT ×ϕ

M⊥ in Kaehler manifolds in terms of the second fundamental form. In [20],
Sahin discussed the non-existence of doubly warped product CR-submanifolds
and doubly twisted product CR-submanifolds in Kaehler manifolds.

One may note that the majority of the available work on twisted products
and warped products emphasizes on manifolds with positive definite metric.
Thus, the available results may not be suitable to study those topics of math-
ematical physics and relativity, where indefinite metrics are employed, thereby
limiting the application area of available work. The relativity theory led to
development and investigation of semi-Riemannian manifolds, which in turn
provides a broad set up for the examination of twisted products and warped
products and may prompt some striking applications. In this context, Dug-
gal [7] introduced warped product lightlike manifolds, where he discussed two
classes of warped product lightlike manifolds. Further, Sahin [19] initiated the
idea of warped product lightlike submanifolds in a semi-Riemannian manifold
and proved various characterization results on this class of warped products.
In this continuation, the warped product lightlike submanifolds are studied
by Kumar in indefinite Kaehler and nearly Kaehler manifolds (c.f., [14, 15]).
But, till date, no endeavours have been made to study twisted product light-
like submanifolds of semi-Riemannian manifolds. Therefore in this paper, we
study twisted product lightlike submanifolds of semi-Riemannian manifolds.
After defining a twisted product lightlike submanifold of a semi-Riemannian
manifold, we present two non-trivial examples of such lightlike submanifolds.
Then, we show that there does not exist any proper isotropic or totally light-
like twisted product submanifolds of a semi-Riemannian manifold. Further, we
investigate twisted product SCR-lightlike submanifolds in indefinite Kaehler
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manifolds and prove that a totally umbilical SCR-lightlike submanifold of
an indefinite Kaehler manifold M̃ does not admit any twisted product SCR-
lightlike submanifold of the type M⊥ ×ϕ MT , where M⊥ represents a totally
real submanifold and MT represents a holomorphic submanifold of an indefi-
nite Kaehler manifold M̃ . Moreover, we obtain a geometric inequality for the
second fundamental form of twisted product SCR-lightlike submanifolds of the
type MT ×ϕ M⊥ in M̃ , in terms of the gradient of lnϕ, where ϕ stands for the
twisting function. Consequently, we discuss the equality case of this inequality.
Finally, we present a non-trivial example of a twisted product SCR-lightlike
submanifold of an indefinite Kaehler manifold.

2. Preliminaries

2.1. Geometry of lightlike submanifolds

Assume that (Mm, g) is an immersed submanifold of a semi-Riemannian

manifold (M̃m+n, g̃) with constant index q, (provided, m,n ≥ 1 and 1 ≤ q ≤
m+n−1) and g is the induced metric of g̃ onM . ThenM is known as a lightlike

submanifold of M̃ if g̃ becomes degenerate on the tangent bundle TM ofM . For
a degenerate metric g on M , both TxM and TxM

⊥ are degenerate orthogonal
subspaces, but no longer complementary. Thus, there exists a radical (null)
subspace Rad(TxM) such that Rad(TxM) = TxM ∩ TxM

⊥. The submanifold

M of M̃ is said to be an r-lightlike submanifold [8] if the mapping Rad(TM) :
x ∈ M −→ Rad(TxM) defines a smooth distribution on M with rank r > 0,
1 ≤ r ≤ m. While the radical distribution Rad(TM) of TM is defined as

Rad(TM) = ∪x∈M{ξ ∈ TxM | g(u, ξ) = 0, ∀ u ∈ TxM, ξ ̸= 0}.
Moreover, S(TM) is the screen distribution in TM such that

TM = Rad(TM)⊥S(TM).

On the other hand, S(TM⊥) denotes a complementary vector subbundle to
Rad(TM) in TM⊥ such that TM⊥ = Rad(TM)⊥S(TM⊥). Moreover, there
exists a local null frame {Ni} of null sections with values in orthogonal com-
plementary subspace of S(TM⊥) in S(TM⊥)⊥ satisfying

g̃(Ni, Nj) = 0, g̃(Ni, ξj) = δij for i, j ∈ {1, 2, . . . , r},
where {ξ1, . . . , ξr} is a local basis of Γ(Rad(TM)). This implies that tr(TM)

and ltr(TM), respectively, are the vector bundles in TM̃ |M and S(TM⊥)⊥

with the property

(2) tr(TM) = ltr(TM)⊥S(TM⊥)

and

(3) TM̃ |M= TM ⊕ tr(TM) = (Rad(TM)⊕ ltr(TM))⊥S(TM)⊥S(TM⊥).

In view of decomposition (3), the Gauss and Weingarten formulae are

∇̃Y1
Y2 = ∇Y1

Y2 + h(Y1, Y2), ∇̃Y1
V = −AV Y1 +∇t

Y1
V
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for V ∈ Γ(tr(TM)) and Y1, Y2 ∈ Γ(TM), where ∇̃ denotes the Levi-Civita

connection on M̃ . According to Eq. (2), the Gauss and Weingarten formulae
become

(4) ∇̃Y1
Y2 = ∇Y1

Y2 + hl(Y1, Y2) + hs(Y1, Y2),

(5) ∇̃Y1
W = −AWY1 +∇s

Y1
W +Dl(Y1,W ),

∇̃Y1N = −ANY1 +∇l
Y1
N +Ds(Y1, N),

where N ∈ Γ(ltr(TM)), W ∈ Γ(S(TM⊥)) and Y1, Y2 ∈ Γ(TM). Further, using
Eqs. (4) and (5), one has

(6) g(AWY1, Y2) = g̃(hs(Y1, Y2),W ) + g̃(Dl(Y1,W ), Y2)

for W ∈ Γ(S(TM⊥)) and Y1, Y2 ∈ Γ(TM).
It may be noted that the induced connection ∇ on M is not a metric con-

nection. As ∇̃ is a metric connection on M̃ , thus employing Eq. (4), one has

(7) (∇Y1
g)(Y2, Y3) = g̃(hl(Y1, Y3), Y2) + g̃(hl(Y1, Y2), Y3)

for Y1, Y2, Y3 ∈ Γ(TM).

Definition 1 ([9]). Let (M̃, g̃) be a semi-Riemannian manifold. Then, a light-

like submanifold (M, g) of (M̃, g̃) is said to be totally umbilical if there exist a
smooth transversal curvature vector field H ∈ Γ(tr(TM)) on M such that for
Y1, Y2 ∈ Γ(TM),

h(Y1, Y2) = Hg̃(Y1, Y2).

According to Eqs. (4) and (5), M is called a totally umbilical lightlike sub-
manifold if and only if there exist smooth vector fields Hs ∈ Γ(S(TM⊥)) and
H l ∈ Γ(ltr(TM)) satisfying

Dl(Y1,W ) = 0, hs(Y1, Y2) = Hsg̃(Y1, Y2), hl(Y1, Y2) = H lg̃(Y1, Y2)

for Y1, Y2 ∈ Γ(TM) and W ∈ Γ(S(TM⊥)).

Moreover, a lightlike submanifold M of a semi-Riemannian manifold M̃ is
said to be mixed geodesic if and only if h(X,Y ) = 0 for X ∈ Γ(D1) and
Y ∈ Γ(D2).

Definition 2. An indefinite almost Hermitian manifold M̃ with an indefinite
Hermitian metric g̃ and an almost complex structure J̃ is said to be an indefinite
Kaehler manifold (c.f., [1]) if

J̃2 = −I, g̃(J̃Y1, J̃Y2) = g̃(Y1, Y2), (∇̃Y1
J̃)Y2 = 0, ∀ Y1, Y2 ∈ Γ(TM).

Definition 3 ([10]). A real lightlike submanifold (M, g, S(TM)) of an indefi-

nite Kaehler manifold (M̃, g̃, J̃) is known as a Screen Cauchy-Riemann (SCR)-
lightlike submanifold if
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(A) There exists a real non-null distribution D ⊂ S(TM) satisfying

S(TM) = D ⊕D⊥, J̃D = D, J̃D⊥ ⊂ S(TM⊥),

where D⊥ is orthogonal complementary to D in S(TM).

(B) Rad(TM) is invariant with respect to J̃ .

In view of Definition 3, we consider D′ = D ⊥ Rad(TM).

3. Twisted product lightlike submanifolds of semi-Riemannian
manifolds

In the present segment, firstly, we define a twisted product lightlike subman-
ifolds of a semi-Riemannian manifold following the approach of Sahin [19] as
follows:

Definition 4. Let (Mr
1 , g1) and (Mm

2 , g2) be a totally lightlike submanifold
and a semi-Riemannian submanifold, respectively, of a semi-Riemannian man-
ifold (M̃, g̃). Then, the twisted product lightlike submanifold is defined as the

product manifold M = M1 ×ϕ M2 of M̃ with the degenerate metric g defined
by

g(Y1, Y2) = g1(π∗Y1, π∗Y2) + ϕ2g2(η∗Y1, η∗Y2)

for every Y1, Y2 ∈ Γ(TM) and ∗ denotes the tangent map. Here, π : M1×M2 →
M1 and η : M1 ×M2 → M2 represent projection maps satisfying π(x, y) = x
and η(x, y) = y for (x, y) ∈ M1 ×M2.

Remark 3.1. In view of above definition, we conclude

(i) If M1 ̸= {0}, M2 ̸= {0} and ϕ is non-constant on M , then M becomes
a proper twisted product lightlike submanifold.

(ii) If ϕ depends only on M1, then M becomes a warped product lightlike
submanifold.

(iii) M becomes an r-lightlike submanifold of M̃ if Rad(TM) and S(TM)
have rank r and m, respectively.

Next, we give two examples of twisted product lightlike submanifolds of a
semi-Riemannian manifold.

Example 3.2. Let M be a submanifold of a semi-Riemannian manifold M̃ =
(R8

1, g̃) with

x1 =
√
2u1, x2 = u1 sinu2, x3 = u1 cosu2, x4 = u1 sinu3,

x5 = u1 cosu3, x6 = (u2)2

2 , x7 = u2u3, x8 = (u3)2

2 ,

where u2, u3 ∈ R− {nπ
2 , n ∈ Z}. Then TM is spanned by Z1, Z2, Z3 such that

Z1 =
√
2∂x1 + sinu2∂x2 + cosu2∂x3 + sinu3∂x4 + cosu3∂x5,

Z2 = u1 cosu2∂x2 − u1 sinu2∂x3 + u2∂x6 + u3∂x7,

Z3 = u1 cosu3∂x4 − u1 sinu3∂x5 + u2∂x7 + u3∂x8.
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It is clear that M is a 1-lightlike submanifold with Rad(TM) = Span{Z1}
and S(TM) = Span{Z2, Z3}. Further, S(TM⊥) = Span{W = sinu2∂x2 +
cosu2∂x3 − sinu3∂x4 − cosu3∂x5} and ltr(TM) is spanned by

N1 =
1

4
(−

√
2∂x1 + sinu2∂x2 + cosu2∂x3 + sinu3∂x4 + cosu3∂x5).

Here, clearly S(TM) and Rad(TM) are integrable. If M1 and M2 represent the
leaves of Rad(TM) and S(TM), respectively, then the induced metric tensor
on M is given by

ds2 = 0(du2
1) + ((u1)2 + (u2)2 + (u3)2)(du2

2 + du2
3)

= ((u1)2 + (u2)2 + (u3)2)(du2
2 + du2

3).

Hence, M is a proper twisted product lightlike submanifold M1 ×ϕ M2 of R8
1,

with the twisting function ϕ =
√
(u1)2 + (u2)2 + (u3)2.

Example 3.3. Let M be a submanifold of a semi-Riemannian manifold M̃ =
(R10

2 , g̃) with

x1 =
√
2u1, x2 = u2, x3 = u1 sinu3, x4 = u1 sinu3,

x5 = u1 sinu4, x6 = u1 cosu4, x7 = u2, x8 = (u3)2

2 ,

x9 = u3u4, x10 = (u4)2

2 , where u3, u4 ∈ R− {nπ
2 , n ∈ Z}.

Then TM is spanned by Z1, Z2, Z3, Z4 such that

Z1 =
√
2∂x1 + sinu3∂x3 + cosu3∂x4 + sinu4∂x5 + cosu4∂x6,

Z2 = ∂x2 + ∂x7,

Z3 = u1 cosu3∂x3 − u1 sinu3∂x4 + u3∂x8 + u4∂x9,

Z4 = u1 cosu4∂x5 − u1 sinu4∂x6 + u3∂x9 + u4∂x10.

It is clear that M is a 2-lightlike submanifold with Rad(TM) = Span{Z1, Z2}
and S(TM) = Span{Z3, Z4}. Further, S(TM⊥) = Span{W = sinu3∂x3 +
cosu3∂x4 − sinu4∂x5 − cosu4∂x6} and ltr(TM) is spanned by

N1 =
1

2
(−

√
2∂x1 + sinu3∂x3 + cosu3∂x4 + sinu4∂x5 + cosu4∂x6),

N2 =
1

2
(−∂x2 + ∂x7).

Here, clearly S(TM) and Rad(TM) are integrable. If M1 and M2 represent
the leaves of Rad(TM) and S(TM), respectively, then induced metric tensor
on M is given by

ds2 = 0(du2
1 + du2

2) + ((u1)2 + (u3)2 + (u4)2)(du2
3 + du2

4)

= ((u1)2 + (u3)2 + (u4)2)(du2
3 + du2

4).

Hence, M is a proper twisted product lightlike submanifold M1 ×ϕ M2 of R10
2 ,

with the twisting function ϕ =
√
(u1)2 + (u3)2 + (u4)2.
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Now, from Proposition 1 of [11], for a twisted product manifold, we have the
following result.

Lemma 3.4 ([11]). Let M = M1 ×ϕ M2 be a twisted product manifold. Then

∇Y1
Y2 ∈ Γ(TM1),

(8) ∇Y1
Z = ∇ZY1 =

(
Y1ϕ

ϕ

)
Z

for Y1, Y2 ∈ Γ(TM1) and Z ∈ Γ(TM2).

Proposition 3.5. There do not exist any proper isotropic or totally lightlike
twisted product submanifolds of a semi-Riemannian manifold M̃ .

Proof. Assume that M is an isotropic twisted product lightlike submanifold.
Then S(TM) = 0 which implies that M2 = 0. Next, if we consider M to be
a totally lightlike submanifold, then one has S(TM) = 0 which further gives
M2 = 0 and hence the proof follows. □

In general, Eq. (7) implies that the induced connection ∇ on M is not a
metric connection. In this context, we have the following result.

Theorem 3.6. Consider a twisted product lightlike submanifold M = M1×ϕM2

of a semi-Riemannian manifold M̃ . Then, the induced connection ∇ defined
on M is not a metric connection.

Proof. If possible, suppose that ∇ is a metric connection on M , then from
Eq. (7), we get hl = 0. As ∇̃ is a metric connection on M̃ , therefore for Z1, Z2 ∈
Γ(S(TM)) and Y1 ∈ Γ(Rad(TM)), we have g̃(∇̃Z1Z2, Y1) = −g̃(Z2, ∇̃Z1Y1),
further using Eqs. (4) and (8), we obtain

(9) g̃(hl(Z1, Z2), Y1) = −Y1(lnϕ)g(Z1, Z2).

Since hl = 0, therefore Eq. (9) becomes Y1(lnϕ)g(Z1, Z2) = 0, which implies
that either g(Z1, Z2) = 0 or Y1(lnϕ) = 0, but this leads to a contradiction as
S(TM) is non-degenerate and M is a proper twisted product lightlike subman-
ifold, thus the result follows. □

Note. In the forthcoming part of the paper, MT represents a holomorphic
submanifold, M⊥ represents a totally real submanifold and M̃ represents an
indefinite Kaehler manifold, unless otherwise stated.

4. Twisted product SCR-lightlike submanifolds of the type
M⊥ ×ϕ MT and MT ×ϕ M⊥ in indefinite Kaehler manifolds

In this part, we will investigate SCR-lightlike submanifolds of an indefinite
Kaehler manifold M̃ , which are twisted products of the type M⊥ ×ϕ MT and
MT ×ϕ M⊥.
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Theorem 4.1. Suppose that M is a totally umbilical SCR-lightlike submanifold
of M̃ . If M is a twisted product SCR-lightlike submanifold of the type M =
M⊥ ×ϕ MT in M̃ , then M is an SCR-lightlike product.

Proof. For Z ∈ Γ(D⊥) and Y1, Y2 ∈ Γ(D′), from Eq. (1), we obtain

Zg(Y1, Y2) = (2ϕ)(Zϕ)gMT
(Y1, Y2)(10)

= 2

(
Zϕ

ϕ

)
g(Y1, Y2).

As M is totally umbilical in M̃ and ∇̃ is a metric connection on M̃ , therefore,
employing Eqs. (4) and (8), for Y1, Y2 ∈ Γ(D′) and Z ∈ Γ(D⊥), we find

Zg(Y1, Y2) = g(∇ZY1, Y2) + g(Y1,∇ZY2)(11)

=

(
Zϕ

ϕ

)
g(Y1, Y2) + g(Y1,∇Y2

Z)

=

(
Zϕ

ϕ

)
g(Y1, Y2) + g̃(Y1, ∇̃Y2

Z)

=

(
Zϕ

ϕ

)
g(Y1, Y2)− g̃(∇̃Y2Y1, Z)

=

(
Zϕ

ϕ

)
g(Y1, Y2)− g(∇Y2

Y1, Z).

Using Eqs. (10) and (11), we get

(12)

(
Zϕ

ϕ

)
g(Y1, Y2) = −g(∇Y2

Y1, Z).

Now, let hT and AT denote the second fundamental form and the shape oper-
ator of MT in M , respectively. Then according to Gauss formula and Eq. (12),
we obtain

(13)

(
Zϕ

ϕ

)
g(Y1, Y2) = −g(hT (Y1, Y2), Z).

For the second fundamental form h′ of MT in M̃ , we acquire

(14) h′(Y1, Y2) = hT (Y1, Y2) + hl(Y1, Y2) + hs(Y1, Y2)

for any Y1, Y2 ∈ Γ(D′). From Eqs. (13) and (14), we can write

g̃(h′(Y1, Y1), Z) = g(hT (Y1, Y1), Z)(15)

= −
(
Zϕ

ϕ

)
g(Y1, Y1).

On the other hand, since MT is a holomorphic submanifold in M̃ , therefore
one has

(16) h′(Y1, J̃Y2) = h′(J̃Y1, Y2) = J̃h′(Y1, Y2).
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Here, by combining Eqs. (15) and (16), we attain

g̃(h′(Y1, Y1), Z) = g̃(h′(J̃Y1, Y1), J̃Z)

=

(
Zϕ

ϕ

)
g(Y1, Y1).

Therefore, we obtain Z(lnϕ)g(Y1, Y1) = 0 for Z ∈ Γ(D⊥) and Y1 ∈ Γ(D′).
In particular, using the non-degeneracy of D, we derive Z(lnϕ) = 0 for Y1 ∈
Γ(D). This gives that the twisting function ϕ depends only on MT , which
further reduces the twisted product SCR-lightlike submanifold of the type
M = M⊥ ×ϕ MT into an SCR-lightlike product M = M⊥ ×MT with the new

metric g = gM⊥ + g̃MT
, where g̃MT

= ϕ2gMT
in M̃ . □

Next, we investigate twisted product SCR-lightlike submanifolds of the type
MT ×ϕ M⊥ in M̃ and establish a geometric characteristic for the second fun-

damental form of twisted product SCR-lightlike submanifolds in M̃ , in terms
of the gradient of twisting function ϕ. At first, we establish an essential lemma
for later use.

Lemma 4.2. For a twisted product SCR-lightlike submanifold M = MT×ϕM⊥
of M̃ , we have

(17) g̃(hs(J̃Y1, Z1), J̃Z2) = Y1(lnϕ)g(Z1, Z2)

for Z1, Z2 ∈ Γ(D⊥) and Y1 ∈ Γ(D′).

Proof. For Z1, Z2 ∈ Γ(D⊥) and Y1 ∈ Γ(D′), from Eq. (1), we can write

Y1g(Z1, Z2) = (2ϕ)(Y1ϕ)gM⊥(Z1, Z2)(18)

= 2

(
Y1ϕ

ϕ

)
g(Z1, Z2).

Since ∇̃ is a metric connection on M̃ , therefore from Eqs. (4) and (8), we can
write

Y1g(Z1, Z2) = g(∇Y1Z1, Z2) + g(Z1,∇Y1Z2)(19)

=

(
Y1ϕ

ϕ

)
g(Z1, Z2) + g(Z1,∇Z2

Y1)

=

(
Y1ϕ

ϕ

)
g(Z1, Z2) + g̃(Z1, ∇̃Z2

Y1)

=

(
Y1ϕ

ϕ

)
g(Z1, Z2)− g̃(∇̃Z2Z1, Y1)

=

(
Y1ϕ

ϕ

)
g(Z1, Z2)− g(∇Z2

Z1, Y1)− g̃(hl(Z2, Z1), Y1).

Using Eqs. (18) and (19), we acquire

(20)

(
Y1ϕ

ϕ

)
g(Z1, Z2) = −g(∇Z2

Z1, Y1)− g̃(hl(Z2, Z1), Y1)
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and from Eqs. (4) and (5), we derive

g̃(J̃AJ̃Z2
Z1, Y1) = −g(AJ̃Z2

Z1, J̃Y1)(21)

= g̃(∇̃Z1
J̃Z2 −Dl(Z1, J̃Z2)−∇s

Z1
J̃Z2, J̃Y1)

= g̃(∇̃Z1 J̃Z2, J̃Y1)− g̃(Dl(Z1, J̃Z2), J̃Y1)

= g(∇Z1
Z2, Y1)+g̃(hl(Z1, Z2), Y1)−g̃(Dl(Z1, J̃Z2), J̃Y1).

Then, from Eq. (6), we have

(22) g̃(J̃AJ̃Z2
Z1, Y1) = −g̃(hs(J̃Y1, Z1), J̃Z2)− g̃(Dl(Z1, J̃Z2), J̃Y1).

Hence, the result follows from Eqs. (20), (21) and (22). □

Theorem 4.3. Let M = MT ×ϕ M⊥ be a twisted product SCR-lightlike sub-

manifold of M̃ . Then one has

(i) The squared norm of second fundamental form of M in M̃ satisfies

(23) ||h||2 ≥ 2q||∇T (lnϕ)||2,

where q denotes the dimension of M⊥ and ∇T (lnϕ) denotes the MT -
component of the gradient of lnϕ.

(ii) If ||h||2 = 2q||∇T (lnϕ)||2 holds identically for Y1 ∈ Γ(D), then MT is a
totally geodesic submanifold and M⊥ is a totally umbilical submanifold
of M̃ .

Proof. Consider a local orthonormal frame of vector fields {X1, X2, X3, . . .,

Xp, Xp+1 = J̃X1, Xp+2 = J̃X2, . . . , X2p = J̃Xp, X2p+1 = ξ1, X2p+2 = ξ2, . . .,

X2p+r = ξr, X2p+r+1 = J̃ξ1, X2p+r+2 = J̃ξ2, . . . , X2p+2r = J̃ξr} on MT and
local orthonormal frame of vector fields {Z1, Z2, Z3, . . . , Zq} on M⊥. Then, we
acquire

||h||2 = ||h(D⊥, D⊥)||2 + 2||h(D′, D⊥)||2 + ||h(D′, D′)||2,

which further gives

||h||2 = ||hs(D⊥, D⊥)||2 + 2||hs(D′, D⊥)||2 + ||hs(D′, D′)||2.

From which, we acquire

||h||2 =

2p+2r∑
i,j=1

g̃(hs(Xi, Xj), h
s(Xi, Xj)) +

q∑
m,n=1

g̃(hs(Zm, Zn), h
s(Zm, Zn))

+ 2

2p+2r∑
i=1

q∑
m=1

g̃(hs(Xi, Zm), hs(Xi, Zm)).

Thus, we have

(24) ||h||2 ≥ 2

2p+2r∑
i=1

q∑
m=1

g̃(hs(Xi, Zm), hs(Xi, Zm)).
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Now, using Lemma 4.2, Eq. (24) yields

||h||2 ≥ 2

2p+2r∑
i=1

q∑
m=1

(Xi(lnϕ))
2g̃(Zm, Zm)

≥ 2q||∇T (lnϕ)||2,

which proves part (i) of the assertion.
Now, for Y1 ∈ Γ(D) and Z1, Z2 ∈ Γ(D⊥), from Eqs. (21) and (22), we have

(25) g(∇Z1
Z2, Y1) = g̃(J̃AJ̃Z2

Z1, Y1) = −g̃(hs(J̃Y1, Z1), J̃Z2).

Hence, using Eqs. (17) and (25), we obtain

(26) g(∇Z1Z2, Y1) = −Y1(lnϕ)g(Z1, Z2).

Moreover, let h⊥ denotes the second fundamental form of M⊥ in M . Then we
attain

(27) g(h⊥(Z1, Z2), Y1) = g(∇Z2
Z1, Y1).

Employing Eqs. (26) and (27) together with the non-degeneracy of D, we derive

(28) h⊥(Z1, Z2) = −∇T (lnϕ)g(Z1, Z2).

Now, let us consider the equality case of Eq. (23) holds identically. Then from
Eq. (17), we have

(29) hs(D⊥, D⊥) = 0, hs(D′, D′) = 0, h(D′, D⊥) ⊂ J̃D⊥.

By hypothesis, MT is totally geodesic and further using the first condition
of Eq. (29), we obtain MT is a totally geodesic submanifold in M̃ . On the
other hand, employing Eq. (28) together with second condition of Eq. (29), we

conclude that M⊥ is a totally umbilical submanifold in M̃ , which completes
the proof. □

Theorem 4.4. Let M = MT ×ϕ M⊥ be a twisted product SCR-lightlike sub-

manifold of M̃ . If M is mixed geodesic, then one has

(1) The twisting function ϕ is a function defined on M⊥.

(2) MT ×Mϕ
⊥ is a SCR-lightlike product, where Mϕ

⊥ denotes the manifold

M⊥ equipped with the metric gϕM⊥
= ϕ2gM⊥ .

Proof. Employing Eq. (17), we acquire

(30) g̃(hs(J̃Y1, Z1), J̃Z2) = Y1(lnϕ)g(Z1, Z2)

for Y1 ∈ Γ(D′) and Z1, Z2 ∈ Γ(D⊥). AsM is mixed geodesic, therefore Eq. (30)
gives

Y1(lnϕ)g(Z1, Z2) = 0.

Further, using the non-degeneracy of D⊥, we derive Y1(lnϕ) = 0 for any vector
Y1 ∈ Γ(TMT ). Thus, the twisting function ϕ of the twisted product SCR-
lightlike submanifold MT ×ϕ M⊥ depends on M⊥ only, which in turn yields
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that the twisted product M = MT ×ϕ M⊥ becomes isomorphic to the semi-

Riemannian product MT ×Mϕ
⊥. Hence, MT ×Mϕ

⊥ is an SCR-lightlike product

submanifold in M̃ , thus the proof follows. □

5. Example of a non-trivial twisted product SCR-lightlike
submanifold

Finally, we construct a non-trivial example of a twisted product SCR-
lightlike submanifold of M̃ as follows.

Example 5.1. Let M be an 5-dimensional submanifold of (R10
2 , g̃) given by

x1 = u1, x2 = u2, x3 = u1 sinu3,

x4 = u2 sinu3, x5 = u1 cosu3, x6 = u2 cosu3,

x7 = u4, x8 = u5, x9 = x10 = eu
3

, where u3 ∈ R− {nπ
2 , n ∈ Z}.

Then TM is spanned by Z1, Z2, Z3, Z4, Z5, where

Z1 = ∂x1 + sinu3∂x3 + cosu3∂x5,

Z2 = ∂x2 + sinu3∂x4 + cosu3∂x6,

Z3 = u1 cosu3∂x3 + u2 cosu3∂x4 − u1 sinu3∂x5 − u2 sinu3∂x6

+ eu
3

∂x9 + eu
3

∂x10,

Z4 = ∂x7, Z5 = ∂x8.

Clearly, M is a 2-lightlike submanifold with Rad(TM) = Span{Z1, Z2}. As

J̃Z4 = Z5 gives that S(TM) = Span{Z4, Z5}. Further, by direct calcula-
tions, S(TM⊥) = Span{W = −u2 cosu3∂x3 + u1 cosu3∂x4 + u2 sinu3∂x5 −
u1 sinu3∂x6−eu

3

∂x9+eu
3

∂x10} and J̃Z3 = W . Moreover, ltr(TM) is spanned
by

N1 =
1

2
(−∂x1 + sinu3∂x3 + cosu3∂x5),

N2 =
1

2
(−∂x2 + sinu3∂x4 + cosu3∂x6),

where Span{N1, N2} is invariant with respect to J̃ . Hence,

ltr(TM) = Span{N1, N2} and D′ = Span{Z1, Z2, Z4, Z5}.

Thus M is a proper SCR-lightlike submanifold of R10
2 . Here it is clear that D′

is integrable. Now MT and M⊥, respectively, denote the leaves of D′ and D⊥.
Then, the induced metric tensor of M = MT ×ϕ M⊥ is given by

ds2 = 2(du2
4 + du2

5) + ((u1)2 + (u2)2 + 2(eu
3

)2)du2
3.

Hence, M is a twisted product SCR-lightlike submanifold of the type MT ×ϕ

M⊥ of R10
2 , with the twisting function ϕ =

√
(u1)2 + (u2)2 + 2(eu3)2.
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