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THE STUDY ON GENERALIZED (p,q)-POLY-GENOCCHI
POLYNOMIALS WITH VARIABLE af

H.Y. LEE

ABSTRACT. In this paper, the generalized (p, ¢)-poly-Genocchi polynomials
with variable a is defined by generalizing it more, and various properties
of this polynomial are introduced. To do this, we define a generating
function and use the definition to introduce some interesting properties as
follows: basic properties, relation between Stirling numbers of the second
kind and generalized (p, q)-poly-Genocchi polynomials with variable a and
symmetric properties.
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1. Introduction

Recently, among the various fields of mathematics, one of the researchers’ in-
terests is the applications of following polynomials and numbers : [Bernoulli, Eu-
ler, Genocchi, Tangent, poly-Bernoulli, poly-Euler, poly-Genocchi, poly-Tangent
and so on] numbers and polynomials. Many mathematicians have studied Genoc-
chi numbers and polynomials and focus on expansion and generalization of theirs
with generating function. Specially, it is being studied about poly-Genocchi
numbers and polynomials concerned with polylogarithm function(cf. [1-11]).

The main symbols used in this paper are as follows. N: the set of natural
numbers, Z,: the set of nonnegative integers, Z: the set of integers and C: the
set of complex numbers, respectively.
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As already well known, the classical Genocchi polynomials G,,(z) are given
by the generating function as follows:

efi et ;}an(x)z (ct. [1- 3], [6- 10]). (1.1)

When = = 0,G,, = G,,(0) are called the Genocchi numbers.

Definition 1.1. For a € C\ {0}, we define a generalized Genocchi polynomials
G, (x;a) with variable a by the following generating function
2t
e +1

™

oo tn
xt __ . e e
e’ = ZGn(m,a)n!, [t] < al’ (1.2)
n=0
When a = 1, it is equal to the classical Genocchi polynomials.

The g-polylogarithm function Liy q(t) is defined as follows:

. o 1"
Ligg(t) = e (k € Z) (cf.[4,5,8]), (1.3)
n=1 q
where [n], = 11__‘1; and are called g-numbers.

In this paper, we define extended the g-polylogarithm function Liy,, as
belows:

oo

Ligpq(t) = tz (k€Z). (1.4)

el L/

Forn € Z, and k € Z, the g-poly-Bernoulli polynomials Bgﬁg () with variable
a are defined by means of the following generating function

Lirg(1=e™") i <= iy t"
BT e :;qu(x)a.

Forn € Z, and k € Z, the g-poly-Genocchi polynomials G%k) (x) with variable
a are defined by means of the following generating function.

2Lik,(1—e™) . = iy, 1"
Tez :Z;)G;)g(x)a. (1.4)

When k =1, Liy 4(z) = —log(1 — z) and Li; 4(1 — e~ *) = t. Using the result
of polylogarithm function, we deduce that the poly-Genocchi polynomials is the
Genocchi polynomials when £ =1 and a = 1.

The numbers Sz(n,m) are the classical Stirling numbers of the second kind
defined by the following relations:

" = Z Sa(n, m)(X)m,

m=0
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where (2), = z(z — 1)(z — 2) - - (x — n + 1) is falling factorial.

Generally, the Stirling numbers of the second kind is defined as:

> Sg(n,m)g = (et;ni})m (cf. [4,6,7,9,11]). (1.5)

In this paper, we introduce a generalized poly-Genocchi polynomials and num-
bers with variable a. The properties of the Genocchi polynomials with param-
eters were studied in [5, 8]. We define a generalized poly-Genocchi polynomials
with variable a and give various and interesting relations between the gener-
alized poly-Genocchi polynomials and the classical Genocchi polynomials. We
also investigate several identities that are connected with the Stirling numbers
of the second kind. Symmetry is a very important problem in mathematics. In
this paper, we find symmetric properties using special functions and power sum
polynomials.

2. Generalized g-poly-Genocchi polynomials with variable a

In this section, we introduce a generalized (p, ¢)-poly-Genocchi polynomials
Ggllf;,,q(x; a) and numbers Ggf;,yq(a) with variable a by the generating functions.

We provide various identities for the polynomials Gsf])m(x; a) and find relations
associated with classical Genocchi polynomials.

Definition 2.1. For n € Z; and k € Z, the generalized (p, q)-poly-Genocchi

polynomials Ggfl)j,q(x; a) with variable a are defined by means of the following
generating function

2Lipp (1 —e7") 4 = (k) (.. "
g :;qu(x,a)a. (2.1)

When z = 0, Ggf,)m(a) = Ggf;,,q(o;a) are called the generalized (p, q)-poly-
Genocchi numbers with variable a. When the condition allow ¢ = 1 and p = 1,
it is trivial that the generalized (p, ¢)-poly-Genocchi polynomials is reduced to
g-poly-Genocchi polynomials.

From (2.1), we have a relation between the generalized g-poly-Genocchi num-
bers and polynomials.
Theorem 2.1. Let n,m be nonnegative integers and k € Z. We have
n
k n —1~(k —1
G;}D)q(mx; a) = Z <l>(m -1n" Gl(7;7q(x; a)z" ",
1=0

proof.
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For n,m € Z4 and k € Z, we get
" iyl —c™)

k P ; -
E G%%qua pr ol 1 1 e*t x e(m—Dat
t” S "
ZGH p,q Xn§:1(m "z ol

n—ty®) (o oy ont | 1
—z(z() G o)
1=0
Therefore, we obtain theorem 2.1.

Theorem 2.2. Let n,m be a nonnegative integers and k € Z. We have
n o0 s+1
. 1 s+1 .
G ja) = E ") (-1 "En_i —_ E —1)4e.
npq(xva) Pt i ( ) (.’L‘ (l) g [S+ l]pq — l ( )

proof.
For n,m € Z, and k € Z, we get

- k . (mt)n _ 2Lik7P7¢I(1 B eimt) xmt
Z Ggl,;hq(x’ a) n! - eamt 4+ 1 €
2 xmt . —mt

=iyt X Lig pq(1—e™)

00 00 s+1 00

(mt)" 1 (3 n 1) X n

= E,(z;a) X —_ —ml)"™

=\ i) — [s+1]f, =\ 1 n!’

Comparing the coefficient on both 51des7 we get:

" (n =1 His+1
k . n __ (e n—i 1\ it
gtz = 32 () Encstasamm® = 32 e > (7)) e
i=0 P4 =0

Therefore, eliminating m on both sides gives the Theorem 2.2.

Now let’s look at the change according to the sign.

Using the Definition 2.1, we get some interesting properties from Theorem
2.3 to Theorem 2.4 for the change the sign.

Theorem 2.3. Forn € Z, and k € Z, we have

n n B
G (wi—a) =Y <l>Gl(2q(x; a)a"!

1=0
= G(k) (x + a;a).

n,p,q
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Corollary 2.3.1. Forn € Zy and k € Z, we have

n n L
68l = 3 (7) 6l o —a) (-0
=0

=G") (z—a;—a).

n,p,q

Theorem 2.4. Forn € Z, and k € Z, we have

6 f-ri-0) =3 (1) 618 s (-

=0
=G" (a—x;a).

n,p.q

If 2 is replaced x + y in (2.1), we get the next addition theorem.

Theorem 2.5. Forn € Z, and k € Z, we have

G J(x+ysa) =)

1=0
proof.
Let n € Z4 and k € Z. Then we get
> t" 2L, a(1 —e7h)
k k.p,q z+
Z G;y;yq(x + y,a)—' = it 1 (z+y)
n=0
N (s (g et £
-3 (S (et ) &

Thus, we get the explicit result.
Theorem 2.6. Forn € Z, and k € Z, we have
G;’“;q (x;a+b) = Z( )Gl(l;)q (a+b)z;a+b)(1—a—b)" lan
1=0

Also, if a + b= «, we get

65 lwie) = ()6l (a1 — - tar

proof.
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Let n € Z4 and k € Z. Then we get

n

t
E k
thz))q x U/+b)g

_ 2le7p7q(1 —e) xt

ela+td)t 4 1
_ 2Ligpq(1—e ") Jatb)at et
elatb)t 41 elatb)zt
G . el ) "
Z_: <Z< > Gy ((a+b)za+b)(1—a—-b)"""z ) =

Thus, we get the explicit result.

Theorem 2.7. Forn >1 and k € Z, we derive

n—1
n k
Gt o+ 150) = Gt} (o) = X ()6l (s

proof.
Let n € Zy,k € Z. From (2.1), we have

t" t"
k . k .
Z G;%q (z + 1,a)m o Z G;’;’q(x,a)a

_ 2L“€,p,q(1 —e ")

et + 1
co n—1 n ¢
k
= Z <Z>Gl(p)q(x’a)l
n=1 [=0

Comparing the coeflicient on both sides, we obtain the desired result.

Theorem 2.8. Forn > 1 and k € Z, we derive

00 1 i .
8o+ ) -Gl =23 (§)<—l>l<x-z>n

proof.
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Let n € Zy,k € Z. From (2.1), we have

k . k .
Z Ggm)%q (z + a; a)a + Z G;%yq(x’ a)m
n=0 n=0
2Likpq(1 - eit) t t
— Rl ) T a 1
pal e (e 1)

1
1

I
(¢
>~ =

S
N————

T

L
~—

SN

8

=

]P7q 1=0

(22 7 lﬁ;()emx—z)”) o

P7q

%

||Flﬁ8

Comparing the coefficient on both sides, we obtain the desired result.
By using the binomials series and the definition of g-polylogarithm function,
we derive the result as below.

Theorem 2.9. Forn € Z, and k € Z, we have

(%) I m+1 l—m4s

-1 m-+1 n

Ggfgy,q(z;a):QZZ ([m)—l—l]k( s >($—S+al—am) .
p.q

proof.
Let n € Zy,k € Z. From (1.3), we obtain

t?’L
Z G( )p)q Z

_ 2L2k’p,q(1 —e )e:vt

e 4+ 1
—2L’qul—€ Z mmat ot
m=0
& (1 _ e—t)l+1
-9 (_1)me(ma+a:)t ,
> > U,

(1 _ e—t)m—i—l

[e%S) l
-9 l m (al—am+x)t
22 0 -+ 1,

° S m+ 1\ (=) (z —r +al —am)™ \ t"
:Z<QZZZ( ) Y o)

n=0 =0 m=0 r=0

Similarly, we find next result that is related with the generalized Genocchi
polynomials with variable a.
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Theorem 2.10. Let n € Z4 and k € Z. Then we have

- (1)

=0 r=0

proof.
For n € Z4 and k € Z, we have

> t"  2Lig (1 —e7)
(k) AN k,p,q ot
Z Gn7p7q($, a) n! eat + 1 €

(1—e )t 2e*t

x
[k, et +1

tnqg

I
s

oo

[NgE: WME@

=0 r=0 p.q

3. Relation between Stirling numbers of the second kind and
generalized ¢-poly-Genocchi polynomials with variable a

T).

o X (1) S
(ili(l“) —1;; By (o

In this section, by using the generationg function of the Stirling numbers of
the second kind, we obtain some interesting relations that is associated with
the generalized g-poly-Genocchi polynomials with variable a. Recall that the

Stirling numbers of the second kind are given by

6_1 ZSgnm

By the definitions of the g-polylogarithm function Liy 4(z) and the Stirling num-

bers of the second kind, we get the following result.

oo n 1 l4+n tm

Lipgl—e)=)">" <_m)kus2(n, D

n=1[=1 q

(3.1)

From the Equation (3.1), we have the next theorem which is connected with

the Stirling numbers.

Theorem 3.1. Forn € Z, and k € Z, we have

’I’L

Ligpq(1—e? ZZ Hngnl)

n=1[=0 pq

proof.

n
n!
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Let n € Zy,k € Z. From (1.3), we obtain

) _ (1 —e )
Ligpqa(1—e7 ") = Z %

et [n]p,q

n'ZSQ l,n)——
p7q

(71)n+l | il
D [n]ﬁ,q n.Sg(l,n)ll
( 1)n+1
17=1 [I]P(I

Theorem 3.2. Forn € (Z) and k € Z, we have

\/

&8

Q
3
Il

-

M
RS

1

~

3
Il

11S5(n, 1)

M
M:

n

n—1n—m n—m
Gk Z Z IE,, )%S (n—m,l)
rpya [k 2 A
m=0 [=1 p.q

Proof. Let n € Zy,k € Z. From (1.3), we obtain

t" 2Lij (1l — e
ZGWIW . i,pq ( e )emt

et +1
_ 2 gty Ligpqa(1—e7")
eat + 1 Prq
o] 7§ n—m < ) ( )(_ l+n—m ( )tTL
= UE,(z;a So(n—m,l)—.
n=1m=0 [=1 m [ V;,q n!
O
Theorem 3.3. Forn € (Zy) and k € Z, we have
n_m+l l+n+m
(-1) Sa(m +1,1)
n UNGh_m(s;a) .
o= () (I
Proof. Let n € Zy and k € Z. From (1.3), we obtain
t” 2Li (1—e™t)
(k) k.p.q xt
Z G” P,q eat +1 €
_2 oot Ligp,q(1—e™")
S eat 41 t
[e’e) n m+1 n+m n
S () S Sl L
n=0m=0 [=1 [l]l;’:’q m+1 n!

O
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By Theorem 2.12 and Theorem 2.13, we get the following corollary
Corollary 3.3.1. Forn € (Z+) and k € Z, we have
n—1n—m
n -1 l+n—m
(m) NE,, (x; a)([g]kSg(n —m,l)

p,q

1
n m+l _ 1\l+n+m
B <n>“6‘nm<s;a>( b Slm LD

[Z]I’ﬁ’q m+1

Theorem 3.4. Forn € (Z1) and k € Z, we have

Ggl}fz),’q(x—i—Qa; a)—GﬁﬁZ),’q(x ra) =2 Z [Trjk Z (T) (—1)l(($+a—l)"—(x—l)")_
m=1 P9 =0

proof. Let n € Zy and k € Z. From (1.3), we obtain

o0 tn
Z Ggfz))’q(x + 2a;a) — Ggf;,yq(x : a)—'
n=0

n:

QLZ'k, ) (1 _eit) T a
= é’aqt+1 e"t(e?m — 1)

= 2Ligp q(1 — e Hert (e —1)

Tadd (“]) (D=0~ -

n!’
n=0 m=1 P:q 1—0

4. Symmetric properties of the generalized (p, ¢)-Genocchi
polynomials involving special functions

In this section, we consider several special functions and investigate some
symmetric properties of the generalized (p, q)-Genocchi polynomials with vari-
able a.

Theorem 4.1. Let n € Z4,k € Z, my,mgo > 0 with my # ms. Then we obtain

Type 1:

NIE

n e
Z)mllmQ lGl(gq(mgzr;a)G(k)

n—l,p,q(mlx; a)

Il
o

n
_ (7>m?—lmga<k> (maa; )Gl (maas a)
0

n—1,p,q l,p,q
1=

and
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Type 2:
~ (n Lo®) (*) ™
2 (l)m1m2 Glpq( )Gn lpq(mlx, mQa)
B n n (k) meo (k) mq
= 2 (l>m msyG," Lp.q(M2T5 m—la)G pg(maz; m—Qa)

Proof. For n € Zy,k € Z and my,mg > 0(m1 # ms), we consider a special
function as follows

ALig,p,q(1 — e”™) Ligp g (1 — e7™2")
(eamlt + 1)(eam2t + 1)
The Equation (4.1) is appeared by

2Lik7p7q(1 — eimlt)

F(t) — 627n1m2xt. (41)

2Lik7p,q(1 — eimQt)

F t) = mimeoxt mimeoxt
( ) (eamlt + ]_) (eamgt + 1)
00 00
k (mat)" k o (mat)”
= 36,y mari o) TS GO (omyaia) 2 w2)

n=0 n=0
ZZ ( ) zGl(p)q(m x; a)GEL lpq(mQx;a)E'

Similarly, we can see that
X (7 my~ t"
:ZZ (l) lGn zpq<m1$§a)Gzp)q(m2x;a)E

n=0 [=0

(4.3)

Comparing the coefficient of Equation (4.2) and (4.3), it is clear to get Theorem
4.1. O

Type 2 can be obtained in a similar way if we think of it as follows:
2Ligp,q(1 —e”™1)
eamlt + 1
2Ly, 2 g(1—e mt)
- 2 axmat

e"u +1

Let m be an odd number. Then we have

mimoxt
e 1 2

moxXmit

o0

emt + 1 tk
=> Ax(m) (4.4)
m=0

et +1

where Ag(m) = 211_11 (—1)"4* is called the alternating power sum polynomi-
als(cf, [4, 6, 11]).

Using Equation (4.4), we have the symmetric identity of the generalized ¢-
poly-Genocchi polynomials.
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Theorem 4.2. Let m1 and mo be odd numbers. Forn € Z4 and k € Z, we

have W
33 () (1) (ot

r=0 s=0 [=0

x G ()G, (@) A ()G (my)

EEH0) i

r=0 s=0 [=0
(@G, (@) A,y (m1) Gy (moz).

x Gl(’;)q s=l,p,q
proof. Let n € Zy, k € Z and my, mg > 0 withm; # mgy. Then we consider
the generating function as follows:
8Lik pq(1 — e ™) iy o(1 — e7™2t)(e@mamal 4 1) (g@mamart)y
(eamlt + 1)2(€am2t + 1)2 :
From the generating function F'(¢) and Equation (4.4), we get
2Lik p.q(1 — e ™) 2L i, o(1 — e7™21) (e¥m1m2t | 1)2¢(e¥mam2rt)

F(t) =

F(t) = 5 5
(eam1t+1) (eam2t+1)
> 60" 3 6 072

-EEES () () ()t

n=0r=0 s=0 [=0
t'fL
x GM () Ao (m2) Gy (mi) .

In similar method, F' (t) is expressed by
2L g1 — e~™1)2Li g1 — e~ (€720 4 1) (et

LG

s—1,p,q

F(t)=
() (eam1t+1)2(eam2t+1)2

o o (m1t)" ™ Ak (mot)"

= Z;)Gg,g)),q(a)T Z)G%,;,q(a)T

(am2t (amyt)"

xZOA m 720 (o)~
— % ny\(r S\ ms—1 ltm—r— 1=l
23RS () () (i

« G (@D, (@)Ary(m1) Gy (maz) .

L,p,q s=1,p,q n!
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o
n!

Comparing the coeflicient of >, we get the symmetric identity Theorem 4.2.
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