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ABSTRACT. For any bipolar multi Q—fuzzy set § of an universe set G, we
redefined a normal, conjugate concepts, union and product operations of
a bipolar M — N—multi @—fuzzy subgroups and we discuss some of its
properties. On the other hand, we introduce and define the level subsets
positive f—cut and negative a—cut of bipolar M — N— multi Q— fuzzy
subgroup and discuss some of its related properties.
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1. Introduction

Fuzzy set concept was initially gave in 1965 by Zadeh [1]. Then it has become
a vigorous research area in graph theory, engineering, economics, social science
and medical science etc. In 1971, Rosenfeld [2] introduced fuzzy subgroups idea
and the normal fuzzy subgroup was introduced by Wu [3] in 1981. Since then
some authors discussed and introduced some properties of fuzzy subgroups [4, 5].
The membership degree of elements range over [0, 1] in fuzzy sets. The degree
of membership expresses the belongingness degree of elements to a fuzzy set.
The membership degree 0 indicates that an element does not belong to fuzzy
set while the membership degree 1 indicates that an element completely belongs
to its corresponding fuzzy set. On the interval (0,1) the degrees of member-
ship indicate the partial membership to the fuzzy set. Some times, the degree
of membership means that the satisfaction elements degree to constraint corre-
sponding or some property to a fuzzy set. In 2004, Zhang et al [6] introduced
a bipolar fuzzy sets concept as a generalization of fuzzy sets where the range of
membership degree is increased to [—1,1]. In a bipolar fuzzy set, the member-
ship degrees on (0, 1] means that elements some what satisfy the property, the
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membership degree 0 means that elements are irrelevant to the corresponding
property and the membership degrees on [—1,0) means that elements some what
satisfy the implicit counter property. Many interesting results of group, ring and
graph theory have been obtained by embedding the ideas of bipolar fuzzy sets.
For examples, bipolar fuzzy groups [7], bipolar fuzzy rings [8] and bipolar fuzzy
graphs [9, 10].

Algebraic structures on bipolar QQ—fuzzy set were firstly discussed by the def-
inition of Arockia selvi et al [11]. Massa’deh and Fora [12] investigated some
properties of bipolar Q—fuzzy H X —subgroups of a HX — group. Anti bipolar
Q—fuzzy normal semigroups is defined by Massa’deh [13], on the other hand
Massa’deh and Ismail [14] applied this concept to H-ideals over i-Hemiring, So-
lairaju and Prasanna [15] studied new structure of fuzzy fully invariant bipolar
@ —fuzzy regular lattices. In 2012, Massa’deh [16] introduced M — N —homomor-
phism and M — N—anti homomorphism over M — N—fuzzy subgroups, since
then some authors discussed some properties on this concept. For examples (see
[17, 18]). Ramakrishnan [19] introduced and studied a multi — fuzzy set theory
in terms of multi — dimensional membership functions, multi — fuzzy set theory
is an extension of fuzzy set theory.

Many interesting results of multi fuzzy set have been obtained by embedding
the ideas of fuzzy sets. For examples, intuitionistic multi — anti fuzzy subgroups
[20], bipolar multi — fuzzy sub algebra of Bg — Algebra [21].

In this paper, we introduce some basic properties and concepts of bipolar multi
@ —fuzzy set. Furthermore, we study bipolar M — N —multi — Q—fuzzy subgroups
with help of some properties of their positive 8—cut and negative a—cut sets, also
we define the notion of union and product of bipolar M — N —multi — Q—fuzzy
and discuss some of its properties on bipolar M — N —multi —@Q —fuzzy subgroups.
This paper is an attempt to combine the two notions: bipolar Q—fuzzy and multi
— Q—fuzzy sets together by introducing two new concepts called bipolar multi —
(Q—fuzzy sets and bipolar M — N— multi — Q— fuzzy subgroups.

2. Preliminaries

Definition 2.1. [1] Let G be a non empty set. A fuzzy set is just a function
0:G—[0,1].

Definition 2.2. [19] If G is a non empty set. A multi-fuzzy set v of G is
defined as v = {< g,0,(9) >;9 € G} where ¢, = (61,92,93,...,0,), that is
0,(9) = (81(9),02(g9),03(g),...,0-(g9)) and 6; : G — [0,1],Vi = 1,2,...,r, such
that r is the finite dimension of 7. And note that, for all 4, J;(g) is decreasingly
ordered sequence of elements, that is, §1(g) > d2(g) > ... > 6,(g9), Vg € G.

Definition 2.3. [6] If G is a non empty set and @ is a non empty arbitrary
set. A bipolar Q—fuzzy set § in G x @ is an object having the form § =
<9,4>;0%(9,9),07(9,9);9 € G,q € Q such that 67 : G x Q — [0,1] and §~ :
G x Q — [-1,0] are the mappings. The positive membership degree % (g, q)
denotes the satisfaction degree of an element (g, ¢) to the property corresponding



On Bipolar M — N—Multi @—Fuzzy Subgroups 783

to a bipolar Q—fuzzy set ¢ and the negative membership degree 6~ (g, ¢) denotes
the satisfaction degree of an element (g,q) to some implicit counter property
corresponding to a bipolar Q—fuzzy set §. If §7(g,q) = (0,q) and 6 (g,q) =
(0, q), it is the situation that (g, ¢) is regarded as having only positive satisfaction
for 6 and if 6% (g,q) = (0,q) and 6~ (g,q) # (0,q), it is the situation that (g, q)
does not satisfy the property of §. It is possible for an element (g, q) to be such
that 67 (g,q) # (0,q) and 6= (g,q) # (0,q) when the membership function of
the property overlaps that of its counter property one some portion of G x Q.
For the take of simplicity, we shall use the symbol § = (§7,67) for the bipolar

Q—fuzzy set § = {< 9,4 >;07(9,9),07(9,9);9 € G,q € Q}.

Definition 2.4. If G and Q) are non empty sets, a bipolar multi Q—fuzzy set  in
G is defined as an an object having the form § = {< g,q >; 5, (g9,9),6; (9,9);9 €
G,q € Q} such that 6 : G x Q — [0,1] and §; : G x Q — [~1,0] are the
mappings. The positive membership degree (5?‘ (g,q) denotes the satisfaction
degree of an element (g, q) to the property corresponding to a bipolar Q—fuzzy
set 6 and the negative membership degree d; (g, ¢) denotes the satisfaction degree
of an element (g, ¢) to some implicit counter property corresponding to a bipolar
Q—fuzzy set 8. If 6; (g9,9) = (0,q) and 6; (g,q9) = (0,¢), it is the situation that
(g, q) is regarded as having only positive satisfaction for 6 and if &; (g, ) = (0, q)
and d; (g, q) # (0,q), it is the situation that (g, ¢) does not satisfy the property
of 6. It is possible for an element (g, q) to be such that §; (g,q) # (0,q) and
0; (9,9)(0,q) when the membership function of the property overlaps that of its
counter property one some portion of G x @, where ¢ =1,2,... 7.

Definition 2.5. [16] If M, N are left and right operator sets of group G respec-
tively, if (mg)n = m(gn) for all g € G,n € N and m € M. Then G is called
M — N —group.

Definition 2.6. If §; = < g,q >;6,;(9,9),61;(9,9);9 € G,q € Q and & = {<
9.4 >305,(9,9),

05,(9,9);9 € G,q € Q} are any two bipolar multi Q—fuzzy sets having the same
dimension k£ of G x Q. Then:

(1) 81 C 6, if and only if 67 (g, q) < 85:(g,q) and 67;(g,q9) > 65;(g,q) for all
g €Gand g€ Q.

(2) 01 = 6, if and only if 67;(g,q9) = 05:(g,q) and 87;(g,q) = 65;(g,q) for all
g€ GandqeQ.

(3) 61N 6y = {< g,q >;67, N 65:(9,9),01, N 03,(9.9);9 € G,q € Q} where
5501659, ) = min{63,(g, ), 639, )} and b3, 1 63:(g,q)
= max dy,;(9,9),95(9,9)-

(4) 61 UG = {< g,q >;67; Ud3i(9.9),07; Udy(9.9);9 € G,q € Q} where
&7; U 63:(9,q) = min{03(g,9),05;(9,¢)} and &7, U d5,(g,q)
= max{dy;(g, ), 65;(9,0)}-
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Here {07(9,q),04;(g9,q)} represent the corresponding *" position membership
values of 01 and Jy respectively. Also {d1;(g,4),05;(9,q)} represent the corre-
sponding " position non-membership values of §; and J, respectively.

Definition 2.7. If 61 = (6;,01;),02 = (85;,65;) are bipolar multi Q—fuzzy
subsets of the set G7 and Go respectively. Then a product §; X do = ((d1; X
627;)+, (512 X (521‘)7) where (511 X 52@)+ : (Gl X Gg) X Q — [0, 1] and (51,’ X 527;)7
(G1 X G2) x Q — [—1,0] are mapping defined by:

(1) (61i x 62:)"((91, 92), 9) = min{d7; (g1, 9), 05;(92, 9)}

(2) (01i x 02:)~((g1, 92),9) = max{d;;(g1,q),05;(g2,9)}, for all g1 € G1,92 €
G- and q € Q.

Definition 2.8. If G is M — N—group. A bipolar Q—fuzzy set § in G is a
bipolar M — N — Q—fuzzy subgroup of G, if for all g1,¢9.G,q € Q,m € M and
n € N the following axioms are satisfies:

(1) 5+ (m(QIQQ)n,q) Z min{é* (mglnv Q)76+(m92n,q)}

(2) 6= (m(g192)n,q) < max{d~ (mgin,q),d (mgan,q)}

(3) 0% (mgy 'n,q) = 8 (mgin, q) and 8~ (mgy 'n,q) = 6~ (mgin, q).

3. Main results

In this section we will study concepts of bipolar M — N —multi Q —fuzzy normal
subgroups, positive S—cut, negative a—cut and some operations on bipolar M —
N —multi Q—fuzzy subgroups. We present some results

Definition 3.1. A bipolar multi Q— fuzzy set § = {< g,q >;6;(9,9),6; (9,9);9 €
G,q € Q} of an M — N—group G is called bipolar M — N—multi Q—fuzzy sub-
group of G if it satisfies the following axioms:

(1) 6} (m (glgz)n q) > min{; (mgin, q), 6;" (mgan, q)}

(2) 67 (mgy 'n,q) = 6} (mgin, q)

(3) 0; (m (9192)n q) < max{d; (mgin,q),d; (mgan,q)}

(4) 6; (mgy 'n,q) = d; (mgin,q), For all g1,92 € G,q € Q,m € M and

n € N.

Lemma 3.2. A bipolar multi Q—fuzzy set § = {< g,q >;6;(9,9),0; (9,9);9 €
G,q € Q} of an M — N—group G 1is called bipolar M — N— multi Q—fuzzy
subgroup of G if:
(1) &7 (m(g19; )n,q) > min{5; (mgin, q), 87 (mgon, )}
(2) 6, (m(g19, In.q) < max{s; (mgin.q).5; (mgan. )}, Jor all g1.92 €
G,q e Q,m € M and nN.
Proof. Straightforward. O

Theorem 3.3. If § is a bipolar M — N — multi Q—fuzzy subgroup of G. Then
(1) 6 (mgn,q) < 8 (men,q) and & (mgn,q) > 6&; (men,q) for all g €

G,q e Q,m € M,n € N and e is the identity element of G.
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(2) The subset H = {g € G,q € Q,m € M and n € N;& (mgn,q) =
5 (men,q) and §; (mgn,q) = J§; (men,q)} is M — N—subgroup of G.

Proof. 1. If ge G,qe Q. me M,ne N

0 (men,q) = 6] (m(gg~")n,q)

> min{6; (mgn,q),5; (mg~n,q)}
> min{8;" (mgn, q),5; (mgn, q)}
= ;" (mgn, q).

Then §; (men, q) > &; (mgn, q).
Similarly

6, (m(gg~")n,q)
max{0; (mgn,q),
maxz{d; (mgn,q),
6; (mgn, q).

0; (men, q) (mg~'n,q)}

o;
d6; (mgn,q)}

A IA

Thus §; (men,q) <, (mgn,q), forall g€ G,g € Q,m € M,n € N.

2. Since H # ¢,e € H. If g1,92 € H then 5 (mgin,q) = & (mgan,q) =
5, (men, q),
0; (mgin,q) = 6; (mgan, q) = d; (men, q).

+

;1 (m(g1g; "), q) > min{d; (mgin, q),6; (mg; 'n, q)}
( )

)
mgin, q)? i (mg?nvq)}

= min{§;" *
— min{5 (men, g), 5} (men, q))
= (men, q).
That is,6; (m(g195 )1, q) > ; (men,q) and obviously &; (m(g1g5 ")n,q) <
85 (men, q). Hence 8; (m(g195 1)1, q) = §; (men, q). (%) Also
07 (m(g1g5 " )n,q) < max{0; (mgin, q),8; (mgy 'n, q)}
= max{0; (mgin,q),d; (mgan,q)}
= max{d; (men,q),d; (men,q)}
=0; (men,q).
That is,6; (m(g195 )1, q) < ; (men,q) and obviously d; (m(gi1g5 *)n,q) >
67 (men, q). Hence §; (m(g1gy *)n, q) = 6; (men, q). (%)
Therefore by (x) and (%), m(g1g; ")n € H. Then H is M — N— subgroup of
G. O

Theorem 3.4. If § is a bipolar M — N— multi Q— fuzzy subgroup of M — N—
group G with identity e, then:

1. If 6} (m(g195 ')n, q) = 6, (men, q) then 5} (mgin, q) = 8 (mgan, q).

2. If 51-_(m(glgz_1)n,q) = 0; (men,q) then ¢; (mgin,q) = J§; (mgan,q), for all
g1,92 € G, e Q,m e M andn € N.
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Proof. For all g1,90 € G,qe @, me M and n € N

L5 (mgin,q) = & (m(gre)n, q)
=8, (m(g195 ' g2)n, q)
> min{&;" (mgig5 'n,q), 8;" (mgan, )}
= min{§;" (men, q),éj‘(mQQn,q)}

Thus ;" (mgin,q) > 8, (mgan, q).
Now, ;" (mgan, q) = 5j(mg;1n, q), since 0 is a bipolar M — N—multi Q—fuzzy
subgroup of G.

55 (mgan,q) =
(m((g1 'g1)95 " In,
=8, (m(gy (9195 ))n
> min{éj(mgfln, q),
= min{8;" (mgin, q), ;" (men, q)}
= 6; (mgin, q)

i

Hence & (mgin, q) = 6; (mgan, q).

2.0; (mgin,q) = 6; (m(gre)n,q)

5; (m(g195 'g2)n. q)

maX{(Si— (mglgglnv q)? 51_ (mggn, Q)}
max{éi_ (mena Q)v 5;_ (mana Q)}

=0, (mgan,q).

Al

Thus §; (mgin,q) < 6; (mgan, q).
Now, 0; (mgan,q) = 6; (mgy 'n, q), since § is a bipolar M — N —multi Q—fuzzy
subgroup of G.

5 (mgan,q) =07 (mlegy In,q)
=0; (m((g1 " 91)g5 )n.)
=0 (mlgy (9195 ))m- 0) )
< max{d; (mgy "n,q),6; (m(g1g5 )n,q)}
= max{&; (mglna Q)’ 5; (mena Q)}
= 0; (mgin, q)
Hence 0; (mgin,q) = 6; (mgan, q). O
Definition 3.5. A bipolar M — N—multi @Q—fuzzy subgroup ¢ of G is called
bipolar M — N—multi Q—normal fuzzy subgroup of G if it satisfies
(1) 5?(’”(9192)“»‘1) = 5?(’”(9291)”»‘1)
(2) 9; (m(g192)n,9) = &; (m(g2g1)n,q), for all g1,90 € G,¢ € Qym € M
and n € N.

Theorem 3.6. A bipolar M — N—multi Q—fuzzy subgroup 6 of G is bipolar
M — N—multi Q—normal fuzzy subgroup if the following azioms are satisfied
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(1) & (m(g~"hg)n, q) = &; (mhn, q)
(2) &7 (m(g~thg)n,q) = 8; (mhn,q), for allg € G,h € §,q € Q,m € M and
n e N.
Proof.
6 (m(g~thg)n,q) = &; (m(g~" (hg))n, q)
= 8 (m((hg)g~')n, q) Since ¢ is normal
=0 (m(h(gg™"))nq)
= ;" (m((he)n, q)
= 8 (mhn, q).
Also
o; (m(g~"hg)n,q) = 6; (m(g~" (hg))n, q)
=4, (m((hg)g~")n,q) Since § is normal
= 0; (m(h(gg™"))n,q)
= 0; (m((he)n, q)
= 0; (mhn,q).

O

Lemma 3.7. If § is a bipolar M — N—multi Q—normal fuzzy subgroup of G,
then for any g2 € G we have 6(m(g; ' g192)n,q) = 6(m(g29195 ' )n, q).

Proof.
5t (m(gy tgr92)n,q) =

And .
9; (m(gy "g192)n,q) =

Therefore 5(m(gglglgg)n,q) = 5(m(ggglg51)n, q). O

Proposition 3.8. Let 6 be a bipolar M — N—multi Q—mnormal fuzzy subgroup
of G, then gég~' is also bipolar M — N—multi Q—normal fuzzy subgroup of G
for all g € G.

Proof. Since 6 is a bipolar M — N —multi Q—normal fuzzy subgroup of G, then
gbg~! is a bipolar M — N—multi Q—fuzzy subgroup of G, for all g € G. Now

96 g~ H(m(vwv™")n,q) = & (g7 (m(vwv™")n)g, q)

= 6;" (m(vwv — 1)n, q)
= 6;" (mwn, q)

=6, (g(mwn)g™", q)
= g0, g~ (mwn, q)
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And
g(5fg’1 (m(vwv=Yn,q) =

= g0; g~ (mwn, q)
Therefore g6g~" is a bipolar M — N—multi Q—fuzzy subgroup of G. (]

Definition 3.9. If § = {< mgn,q >;5i+(mgn, q),9; (mgn,q) >;9 € G,q €
Q,m € M and n € N} is a bipolar M — N—multi Q—fuzzy subgroup of G.
For a € [—1,0]F and B € [0,1]* the set U(5;", 8) = {< mgn,q >;6; (mgn,q) >
B;9 € Gyge Q,m € M and n € N} is called positive S—cut of § and the set
L(6;,0) = {< mgn,q >;6; (mgn,q) <a;9 € G,g € Q,me M andn € N} is
called negative a—cut of 4.

Simply, we denote by d(4,3) to (a, 8)—level set of §. This means that 6., g) =
{< mgn,q >;6] (mgn,q) > B,6; (mgn,q) < a;g € G,q € Qm € M and
n € N}.

Theorem 3.10. Let 6 be a bipolar M — N —multi Q— fuzzy subgroup of G, then
the positive B—cut and negative a—cut of § areM — N —subgroup of G, where
5 (men, q) < B,8; (men, q) > a such that e is the identity element in G.

Proof. We know &;" (men, q) < 3,0; (men,q) > a then men € U(5;", B), men €
L(6;,a) and U(6;,8) # ¢ and L(0; ,a) # ¢. Let mgin,mgan € U(5, B)
then 6% (mgin,q) > B and 67 (mgan,q) > B, hence Vid; (mgin,q) > B and
5 (mgan,q) > 6.

7 (m(g1g; "), q) > min{d; (mgin, q),6; (mgy 'n, q)}
= min{5;" (mgin, q), 6;" (mgan, q)}

Thus m(g1g2)n € U(5;, 3) and hence U(8;", 8) is M — N— subgroup in G.
If mgin,mgan € L(6; ,a) then §~ (mgin,q) < a and 6~ (mgen,q) < «, hence
Vi, (mgin,q) < a and 0; (mgan,q) < a.

5; (m(g195 "), q) < max{d; (mgin,q),8; (mgs 'n,q)}
5

max{d; (mgin,q),d; (mgan,q)}
{a, 0}

Al

Thus m(g1g2)n € L(6; ,«) and hence L(J; , ) is M — N— subgroup in G. O

Lemma 3.11. A bipolar multi Q—fuzzy set 6 of G is a bipolar M — N— multi
Q— fuzzy subgroup if and only if each U(8;, B) and L(5; , ) is M — N — subgroup
of G, for all a € [-1,0]* and B € [0,1]%.

Proof. Straightforward. O
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Corollary 3.12. If § is a bipolar M — N— multi Q—normal fuzzy subgroup
of G and, a € [—1,01¥ and B € [0,1]% then U(5, B) and L(5; ,a) are normal
M — N— subgroup of G, where 5 (men,q) < B,0; (men,q) > « such that e is
the identity element in G.

Proof. Ifmhn € U(5], B), mhnL(i—, ), 9G,qQ,mMandnN.. Then §(mhn,q) >
B,6~(mhn,q) < a, that is, Vid; (mhn,q) > B and §; (mhn,q) < a. Since J is a
bipolar M — N — multi Q— normal fuzzy subgroup of G then ;" (m(g—1hg)n, q) =
8 (mhn, q) and 67 (m(g~thg)n, q) = 6; (mhn, q) therefore §;" (m(g—1hg)n,q) >
B; and &; (m(g — 1hg)n,q) < «; for all i thus 6" (m(g~'hg)n,q) > B and
§~(m(g — 1hg)n,q) < « and we get m(g~thg)n € U(S;,B),m(g  hg)n €
L(6; ,&). Then U(6;,8) and L(5; ,«) are normal M — N—subgroup of M —
N— O

Theorem 3.13. Let § be a bipolar multi Q—fuzzy set of G is a bipolar M —
N— multi Q—fuzzy subgroup if and only if each U(5], B) and L(5; , ) is M —
N—subgroup of G, for all a € [-1,0]% and S € [0, 1]*.

Proof. (=) Since ¢ is a bipolar M — N—multi Q—fuzzy subgroup of G, then
by Lemma 3.11 each U(J;", 8) and L(5; ,«) is M — N—subgroup of G. (<) If
§ be a bipolar multi Q—fuzzy set of G such that each U(5;", ) and L(J; , )
is M — N—subgroup. we need to show ¢ is a bipolar M — N—multi Q—fuzzy
subgroup, we prove

1. 6% (m(g1g2)n, q) > min{d* (mgin, q), 6% (mgan,q)} and 6~ (m(gi1g2)n,q) <
max{d~ (mgin,

q),0 (mgan,q)} for all g1,92 € G,qg € Q,m € M and n € N. Vi, let §; =
min{J;" (mgin, q),

8 (mgan, @)} and o; = max{4; (mgin,q),d; (mgan,q)} we have 8 (mgin,q) >
Bi, 6 (mgan,q) > B; and &, (mgin,q) < ay,8; (mgan, q) < a;,Vi then we have
5+(mglnaQ) > 6,5+(m92naq) > 6 and 57(mgln7q) < avai(mQQna q) < o
That is mgin, mgan € U(cﬁ',ﬁ) and mgin, mgsn € L(6; , o), thus m(gig2)n €
U(6;,8) and m(gige)n € L(J; ,a) since each U(5;7,3),L(6; ,a) is an M —
N —subgroup by hypothesis. Therefore, for all i, we have &;" (m(g192)n,q) > B; =
min{d; (mgin, q), 6; (mgzn, q)} and §; (m(g1g2)n, q) < a; = max{s; (mgin,q),
8; (mgan,q)} that is, 6+ (m(g192)n,q) > min{d*(mgln,q),d" (mgann,q)} and
6~ (m(g192)n, q) < max{é~(mgin,q),0~ (mgan, q)}.

2. 1fg€ G,q € Q,m € M andn € N, if 5] (mgn, q) = B; and §; (mgn, q) = a;
for all i then ;" (mgn, ¢) > B; and §; (mgn, q) < «; therefore §*(mgn, q) > 3 and
5~ (mgn,q) < a. Thus g € L(J; ,a) and g € U(5;, B) but each L(5; , ), U(5;", B)
is an M — N—subgroup of G, we have g~ € L(J; ,a) and g~'U(4;", 3) which
implies that §;" (mg~'n,q) > B; and 6; (mg~1n,q) < «; for all 4, 6; (mg~'n, q) >
5 (mgn, q) and 6; (mg~'n,q) < ; (mgn,q) for all 4.

Therefore, for all 4,5, (mgn, ¢) = 67 (m(g=)"*n,q) > 61 (mg~'n,q) > 6; (mgn, q)
which implies that 6;" (mg~n, q) = ;" (mgn, q) for all i and hence 6+ (mg~1n,q) =
5T (mgn, q). Also for all i,d; (mgn,q) = 0; (m(g=*)"'n,q) <& (mg~'n,q)
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< 4; (mgn, q) which implies that 6; (mg~'n,q) = §; (mgn, q) for all i and hence
5~ (mg~'n,q) = 5~ (mgn,q). Therefore ¢ is bipolar M — N— multi Q—fuzzy

subgroup of G. (]

Theorem 3.14. Any M — N —subgroup H of an M — N —group G can be realized
as a positive B-cut and negative a-cut M — N—subgroup of some bipolar M —
N —multi Q—fuzzy subgroup of G.

Proof. If § is a M — N—multi Q—fuzzy subset and g € G,q € Q,m € M and
n € N. Define 6; (mgn,q) = 0, if g € H,5; (mgn,q) = B; if g € H and
0; (mgn,q) =0,if g € H,9; (mgn, q) = «; if g € H, we need to show ¢ is bipolar
M — N—multi Q—fuzzy subgroup of G. Let g1,¢92 € G.

1.Suppose that mgin,mgon € H, then m(gig2)n € H and m(gig; )n €

H, 5 (mgin,q) = B;" (mg2n, q) = 0 this implies that

55 (m(grg; )n.q) =0
> min{0,0}
= min{d;" (mgin, q), 6;" (mgan, q)}.
Therefore 5;‘(m(glggl)n,q) > min{6;" (mgin, q), 5;"(mg2n,q)}.
And §; (mgin,q) = 9; (mgan,q) = 0 this implies that

5; (m(gig3 )n,q) =0
< max{0, 0}
= max{d; (mgin,q),d; (mgan,q)}.

Therefore d; (m(glggl)n, q) < max{d; (mgin,q),d; (mgan,q)}.

2. If mgin € H,mgon ¢ H, then m(g1g2)n ¢ H and m(g1g5 *)n € H,
85 (mgin, q) = 0,8 (mgan, q) = B; this implies that

Bi
min{0, 5;}
min{4;" (mgin, q),

5 (m(g1g5 1), q)

vl

T (mgan, q)}.
Therefore &;" (m(g1g5 *)n, q) > min{s;" (mgin, q), 8;" (mgan,q)}. And
0; (mgim,q) = 0,9, (mgan, q) = o this implies that

5, (m(g195 In,q) =«
< max{0,a;}
= max{d; (mgin,q),d; (mgan,q)}.
Therefore 6; (m(g1g; )1, q) < max{d; (mgin,q),d; (mgan,q)}.
3. If mgin, mgon ¢ H, then m(gi1g2)n ¢ H or m(g1g; ")n € H,
55 (mgin, q) = 6; (mgan, q) = Bi,8; (mgin, q) = 6, (mgan,q) = a;. Define

55 (m(grg5 " )n,q) = 0;m(grge)n € H
= Bi;m(g1g2)n ¢ H.
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And
;7 (m(g195 " )n,q) = 0;m(gig2)n € H
= a;;m(g1g2)n ¢ H.

Let m(glggl)n € H,

5 (m(g195 ). q) = Bs
> min{4;" (mgin, q), 5, (mgan, q)}

Then 6; (m(g1g5 ")n, q) > min{s;" (mgin,q),6; (mg; 'n,q)}.

5; (m(g1g5 )n,q) =0
< max{0, 0}

max{d; (mgin,q),d; (mgan,q)}.

Then 6; (m(g195 *)n,q) < max{5; (mgin,q),d; (mgy 'n,q)}.
Therefore in all cases, d bipolar M — N—multi @ —fuzzy subgroup of G. For this
bipolar M — N —multi Q—fuzzy subgroup U(8;", 8) = H = L(5; , a). O

Theorem 3.15. Let §1,02 be two bipolar M — N—multi Q—fuzzy subgroup of
G, then 6, U ds is a bipolar M — N — Multi Q— fuzzy subgroup of G.

Proof. For all g1,90 € G,q€ Q,m € M and n € N
(67, U 63,) (m(g195 " )n, q) = min{8f;(m(g195  )n, a), 655 (m(g195 " )n, 4)}
> min{min{53;(mgin, q), 63;(mgan, )}, min{3%(mgan, a), 63 (mgsn, 0)}
= min{min{4;;(mgin, q), 65;(mgin, ¢)}, min{5;;(mgan, q), d5;(mgan, ¢)}}
— min{ (67, U 65;) (mgin, ), (57, U 63)(mgan, )
And
(613 U 05;)(m(g195 " )n, q) = max{dy,(m(g195 ), ), 63, (m(g195 )n, a)}
< max{max{d;(mgin, q), dy;(mgan, q) }, max{dy;(mgin, q), 5;(mgan, q) } }
= max{max{d;(mgin, q), 05;(mgin, ¢) }, max{d;;(mgan, q), d5;(mgan, q)}}
= max{(dy; U d5;)(mgin, q), (d1; U 65;)(mgan, q) }.
Then (6,;U63,)(m(g195 ")n, q) > min{(8,;U635;)(mgin, q), (61;U85;)(mgan, q)}
and (67, U d3,)(m(g195 ' )n, q) < max{(d;; U 63;)(mgan, q), (93; U 05;) (mgan, q)}-
Therefore d; U d5 is a bipolar M — N—Multi QQ—fuzzy subgroup of G. O

Corollary 3.16. If §1,62 are two bipolar M — N—Multi Q—normal fuzzy sub-
group of G, then 61 U2 is a bipolar M — N— Multi Q—mnormal fuzzy subgroup of
G.

Proof. By Theorem 3.15, we know §;Uds is a bipolar M — N —Multi Q—fuzzy sub-
group of G, for all 1,92 € G,q € Q,m € M and n € N. We need to prove (5EU
85:)(m(g29195 ), q) = (67 U 63;)(mgin, q) and (37, U 85,)(m(g29195 ). q) =
(01; U 0y;)(mgin, q).

(65 U 05) (m(g29195 1 )n,q) - = min{ 65 (m(929195 )n, 0), 03 (m(g20195 " )n, 4)}

= min{éﬂ(mgln, q), 5;;(mg1n, q)}
= (637 U 65) (mgin, q).
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And
(03 U 05:)(m (929195 In. q) - = min{05;(m(g29195 " )n, ), 05;(m (929195 ), 0)}
= min{dy;(mgin, q), 05, (mgin, q)}
= (07, U 8y,)(mgin, q).
Hence §; U d2 is a bipolar M — N—Multi QQ—normal fuzzy subgroup of G. 0O

Corollary 3.17. If (61 Ud2);;i € A is a bipolar M — N— multi Q—normal fuzzy
is subgroup of G, then U;ca (01 Ud2); is a bipolar M — N —multi Q—normal fuzzy
subgroup of G.

Proof. Straightforward. O

Theorem 3.18. If G is an M — N— group and (01 U d2) is a bipolar multi
Q—fuzzy subset of G. Then (61 U d2) is a bipolar M — N—multi Q—fuzzy is
subgroup if and only if the level set (01 Ud2)(q,5); @ € [—1, 0k and B € [0,1]* are
bipolar M — N—multi Q—fuzzy subgroup of G.

Proof. (=) Suppose that (41 U d2) is a bipolar M — N—multi Q—normal fuzzy
is subgroup of G. Let g1,92 € (07; U &), then (8); U 03.)(mgin,q) > B; and
(67, U 83;)(mgan, q) = B;
(65 Ud5)(m(g195 )n,q) = min{(83; U 63;)(mgin, q), (65 U 85;) (mgy ', q)}

= min{(4;; U 63;) (mg1n, q), (8 U &) (mgan, q)}

= min{f;, B}

=p.
Then (&7; U d5;)(m(g192 ' )n, q) = 5.

Also Let g1,92 € (d1; U 05;)a, then (07; U ) (mgin,q) < a; and (07; U

d5;)(mgzn, q) < o

(075 U65;)(m(g1g; )n.q) < max{(67; U dy,)(mgin, q), (87; U 5,)(mgy 'n,q)}
max{(d;; U 85;)(mgin, q), (6;; U 83;)(mgan, q)}
= max{a;, a; }

= .

Then (6;; U 5271-)(m(glg§1)n,q) < a. Then m(glggl)n € (01 U d2)(a,p)

(<=) suppose that (61 Ud2)(q,p) is bipolar M — N—multi Q—fuzzy subgroup of
G, if g1, g2 € (61U 62)(a,p) then (&7; U 65;)(mgin,q) > B;, (61; U 63;)(mgan, q) >
B; and (7; U 85;)(magin,q) < o; and (65 U 65;)(mgan,q) < ;. Also (67; U
55:)(m(g1g5 " )n, q) > Bi since m(gigs ' )n € (65U65,)5 = min{B;, B;} = min{(6,;U
53)(mgin,0), (6%, U 64)(mgan, q)}. Thus (53, U 63)(m(g1g2)n, @) > min{ (57, U
85;)(mgin, q), (85 U 63;)(mgan, q)} and (87; U d3,)(m(g195 ), q) < a; since
m(gigy )n € (67; U b5;)a = max{a;,a;} = max{(d;; U dy;)(mgin, q), (0;; U
d5;)(mgan, q)}. Thus (07; U dy;)(m(g1g2)n, ) < max{(dy; U dy;)(mgin, q),

(01; U d5;)(mgan, q)}. Hence (d1 U J2) is a bipolar M — N—multi Q—fuzzy is
subgroup of G.
(|
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Proposition 3.19. If G is an M — N— group and (61 U d2) is a bipolar multi
Q—fuzzy subset of G. Then (01 Ud3) is a bipolar M — N— multi Q—normal fuzzy
is subgroup if and only if the level set(d1 U 02)(qa,p); ¢ € [~1,0]* and B € [0,1]*
18 bipolar M — N —multi Q—mnormal fuzzy subgroup of G.

Proof. Since (01Uds) is a bipolar M — N —multi Q—normal fuzzy is subgroup of G.
If g1 € G and g2 € (81 U62)(a,p) then (67; Ud3;)(mgan, q) > B; for ¢ € Q,m € M
and n € N. Now (8};Ud5;)(m(g19297 ")n, q) = (61;U05;)(mgan, q) > B; and (d;;U
85;)(m(g1g297 )n, @) = (07, U d5;)(mgan, q) < oy since (6; Udy) is a bipolar M —
N — multi Q—normal fuzzy is subgroup of G, that is (6};Ud4;)(m(g19297 *)n, q) >
Bi hence (m(g1gagr Jnsa) € (67, U 655 and (57, U 65,)(m(g19297 Imsa) <
therefore (m(g19297 ). q) € (67; U 05;)a- Thus (81 U 02)(a,) is bipolar M —
N —multi Q—normal fuzzy subgroup of G. O

Theorem 3.20. If 61 and 6o are bipolar M — N —multi Q— fuzzy subgroups of G
and Go respectively. Then 61 X 02 is a bipolar M — N —multi Q—fuzzy subgroup.

Proof. If g,h € G1 X Go such that g = (g1,h1),h = (g2, h2),q € Q,m € M and
neN
L.(01; x 02:) " (m(gh)n, @) = (01i % d2:)* (m((91, h1)(g2, h2))n, q)
= (013 % 02:) Y (m((9192, hah2))n, q)
= min{63;(m(g192)n, q), 62:) " (m(h1h2)n, q)}
> min{min{4,;(mgin, q), {8}, (mgon, q)}, min{d3;(mhin, q), {65;(mhan, q)}}
= min{min{d;;(mgin, q), d5;(mhin, q)}, min{d;; (mgan, q), 85, (mhan, q)} }
min{(d1; x d2:)* (m(g1, hi)n, q), (01; % 62)* (m(g2, ha)n,q)}
= min{(d1; X 62;) T (mgn, q), (615 x d2;) T (mhn, q)}.
2.(015 X 024) " (m(gh)n, q) = (015 x 62:)~ (m((g1, h1)(g2, h2))n, q)
= (615 X 02:) " (m((9192, h1h2))n, q)
= max{dy,(m(g192)n, q), 62:)~ (m(h1h2)n, q)}
< max{max{d,;(m(g1)n, q), {01;(mgan, ¢) }, max{d,;,(mhin, q), {d5;(mhan, q)} }
= max{max{d;;(mgin, q), 65;(mhin, q)}, max{d;(mgan, q), 63;(mhan, q) } }
max{(d1; X d2;)~ (m(g1, h1)n, q), (61; X 82:)~ (m(g2, h2)n, )}
= max{(d1; X d2;) " (mgn, q), (d1; X d2;)~ (mhn,q)}.
3.(015 X d2) T (m(g™ " )n, q) = (81s X 21) T (m(g1,h1) " )n, q)
= (61 % 62:)T(m((g1 ', b1 ")), @)
= min{6;;(m(g; )n, q), 62:) T (m(hy " )n, q)}
= min{&;(mgin, q), 65;(mhin, q)}
= (615 x 024) " (m(g1, h1)n, q)
(014 % 521‘)+(m9”a q)-
(615 % 023) " (m(g™ ), q) = (81 X 25)~ (m(g1, h1) "1 )n, q)
(815 % 824) (m((g1 ', hi ))n, q)
= max{dy;(m(gy )n,q),62:) " (m(hi " )n, @)}
= max{(sl_i (mglna Q)> 52_1 (mhlna Q)}
= (614 X 02:) " (m(g1, h1)n, q)
= (511‘ X (52i)_(mgn,q).

=l
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Therefore ; x d5 is a bipolar M — N —multi @ —fuzzy subgroup. O

Theorem 3.21. If §; and 6o are bipolar M — N —multi Q— fuzzy subsets of G
and Go respectively. If ey and ey are the identity elements of G1 and Gy 2
respectively and 6, X o is a bipolar M — N —multi Q—fuzzy subgroup of G1 X Gs.
Then one the following two axioms at least must hold.

1. 65, (mean,q) > 67 (mgin, q), 05, (mean, q) < 87;(mgin, q)

2. 6f(mein,q) > 85 (mgan,q),d;(mein,q) < 85,(mgan,q). For all g1,92 €
G,qeQ,me M andn € N.

Proof. Suppose that none of the axioms (1) and (2) holds. Then we can find
hi € G1 and hy € G5 such that 5;;(m62n,q) < 5E(mh1n,q),52;(megn, q) >
6E(mh1n7 q) and 61_7;(m61na Q) S 6;;(777/}7/2”, Q)v 51_i(melna Q) Z 5i(mh2na Q)

L.(81 X 825) T (m(h1, ho)n,q) = min{d};(mhin, q),05;(mhon, )}
> min{4;;(mean, q), 0;;(mein, q)}
= (613 X d23) T (m(e1, e2)n, q)
Then (511' X 52i)+(m(h17 hg)n7 q) > (51z X §2i)+(m(€17 eg)n, q).
2.(01; % 02) " (m(h1, h2)n,q) = max{dy;(mhin, q),d2;)~ (mhan,q)}
< max{dy;) T (mein, q), 67;(mean, q)}
= (013 x 02i)~ (m(e1, €2)n, q).
Then (611 X 52i)*(m(h1, hg)n, q) < ((511 X (52i)7(m(61, 62)1’L, q)
Therefore the product d; X d3 is not a bipolar M — N —multi Q—fuzzy subgroup
of G1 x Ga. Thus either (1) or (2) hold. O

Theorem 3.22. If §; and 62 are bipolar M — N—multi Q—fuzzy subsets of
G1 and Go respectively. If e; and ey are the identity elements of G1 and Go
respectively and 6, X 6o is a bipolar M — N—multi Q— fuzzy subgroup of G1 X Gs.
Then

1. If 5 (mgin, q) < 62;)F (mean, q), 87;(mgin, q) > 62;)~ (mean, q) then &; is
a bipolar M — N—multi Q—fuzzy subgroup of G1.

2. 65 (mgan,q) < 61;)F (mein, q), 65;(mgan, q) > 61;)~ (mein, q) then & is a
bipolar M — N—multi Q—fuzzy subgroup of Gs.
For all g1 € G1,92 € Go,q € Q,m € M andn € N.

Proof. 1. Let 61 X 82 = ((61; X d2;)T, (01; X d2;)7) be a bipolar M — N—multi
Q—fuzzy subgroup of G; x Gy and g1, g2 € G then (g1, €2), (92,€2) € G1 X G2,
since 07 (mgin, q) < 82:)* (mean, q), 07 (mgin,q) > 82:)~ (mean, q) for all g; €
G1 we get

i.61;(mg1gan, ) = min{8;;(mgig2n, q),
= (615 % 02;) T ((mg1g2n, q), (merean, q)
= (015 % d2:) T ((m(g1, e2)(g2, €2)n, q))
> min{(d1; X 2:) " (m(g1, e2)n, @), (61: X d2:)* (m(g2, e2)n, q)}

= min{min{dy;(mgin, q), 63;(mean, q)}, min{47; (mgsn, q), 63;(mean, q) } }
= min{&;(mgin, 9), 63;(mgan, q)}.

5;;(melegn, q)}
)
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Then §y;(mgigon, q) = min{5;(mgin, q), ;(mgan, q)}.

11.67;(mg1gan, q¢) = max{d;;(mgig2n, q), 05;(meiean, q) }

= (015 X 92:)~ ((mg1g2m, q), (me1ean, q))

(615 % 024)~ ((m(g1, e2)(92, €2)n, q))

max{(d1; X d2;)~ (m(g1, €2)n, q), (d1i X d24)~ (m(g2, e2)n, q)}
max{max{d};(mgin, q), 05;(mesn, q) }, max{d;;(mgan, q), §5;(mean, q)} }
= max{dy;(mgin, q), d1;(mgan, q) }.

Then 6;;(mg1g2n, q) < max{dy;(mgin,q),d;;(mgzn, q)}.

Al

idi-0);(mgy"' n, ¢) = min{&; (mgy 'n, q), 35 (mey 'n, )}
= (615 X 023) T ((mgy 'n, q), (m62_1"7Q))

= (015 X 025) T ((m (91762) n,q))

= (015 X d23) " (m(g1, €2)n, q)

min{&;(mgin, q), 65;(mean, q)}

= &1, (mgin, q).

Then 5E(mgl_1n,q) = 5f;(mg1n, q).

iv.67,(mgy 'n, q) = max{8y;(mgy 'n.q), d5;(mey 'n, q)}

= (015 % 62;)~ ((mgy 'n, q), (me3 'n, q))

= (615 X 82:) ((m(g1, €2)"'n,q))

= (013 X 024)~ (m(g1, e2)n, q)

= max{dy;(mgin, q), 05;(mezn, q)}

= dy;(mgin, q).
Then 61_i(mg1_1n,q) = 41,(mgin, q). Therefore ¢; is a bipolar M — N— multi
@Q—fuzzy subgroup of Gj.

2. Let §; x §9 = (((511‘ X 62i)+;(61i X 62¢)_) be a bipolar M — N—multi
Q—fuzzy subgroup of G; x Gy and g1, g2 € G then (e1,91), (e1,92) € G1 X Ga,
since &, (mgin,q) < 61;)F (mein,q), 85 (mgin,q) > 61;) (mein,q) for all g; €
Go,q € Q,m e M and n € N we get

i.64;(mg1gan, ¢) = min{d};(meyiean, q), 85 (mg1g2m, q)}

= (015 % d2;) " ((mesean, q), (mgigan, q))

= (01; X d25) T ((m(e1, g1)(e1, 92)n, q))

> min{(d1; x 521) (m(e1, g1)n, ), (915 x d2:)* (m(e1, g2)n, @)}

= min{min{&;(mein, q), 65;(mgin, q)}, min{s;; (mein, q), 63 (mgan, q)}}
= min{0}; (mgin, q), 57, (mgan. )}.

Then §5;(mg1gan, q) > min{dy;(mgin, q), d5;(mgan, q)}.

11.07;(mg1g2n, ¢) = max{dy;(mmeyean, q), d5;,(mgigan, q)}

= (015 % 02;) ™ ((merean, q), (mg1g2n,q))

(01 % d25)~ ((m(e1, g1)(e1, 92)n,q))

max{(1; X 2;)~ (m(e1, g1)n, q), (01 X 02;)~ (m(e1, g2)n,q)}
max{max{d;(mein, q), dy;(mgin, q) }, max{dy;(mein, q), dy;(mgan, q) } }
= max{dy;(mgin, q), 05, (mgan, q)}.

A
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Then 65, (mg192n, q¢) < max{d;;(mgin,q),d5;(mgan,q)}.

141. (5;;(mg1 n,q) = mln{éh(me1 n,q), 621(mg1 ,q)}
= (01 X 09;) T ((me7 ', q), (m91 n,q))

= (014 % 024) T ((m(g1,e2)"'n, q))

= (01; X d24) " (m(g1, €2)n, q)

= min{d};(mein, q), 63;(mg1n, q)}

= (5;(mgln, q).

Then &, (mg; *n, q) = 05;(mgin, q).

1v.65;(mgy 'n, q) = max{dy,(mey 'n, q), 05 (mgy 'n.q)}
= (611 X 62:)~ ((mey 'n, q), (mg; 'n, q))

= (813 % 62:)~ ((m(e1, 91) "', q))

= (614 % 024)~ (m(e1, 91)n,q)

= max{él_i(melna q)v 52_1 (mglnv Q)}

Then 62_i(mg1_1n,q) = 45,(mgin, q). Therefore ds is a bipolar M — N— multi
Q—fuzzy subgroup of Gs. (]

Corollary 3.23. If 61 and 62 are bipolar M — N— multi Q—fuzzy subsets of
G1 and Gy respectively, such that 61 X 0o is a bipolar M — N— multi Q—fuzzy
subgroup of G1 xGy. Then either 61 is a bipolar M — N — multi Q— fuzzy subgroup
of G1 or 62 is a bipolar M — N— multi Q—fuzzy subgroup of Gs.

Proof. Straightforward. O

Proposition 3.24. If §; and 05 are bipolar M — N— multi Q—normal fuzzy
subgroups of G1 and Go respectively. Then d1 X 02 is a bipolar M — N— multi
Q— normal fuzzy subgroup.

Proof. By Theorem 3.20, é; X J2 is a bipolar M — N— multi Q—normal fuzzy
subgroup.
Now, for (g1, 92), (h1, h2) € G1 x Ga.

(01i X 024) T (m((g1, 92) (h1, h2))n, q) = (91: x d2:) T (m((g1h1, gaha))n, q)
= min{6;;(m(g1h1)n, ), d5;(m(g2ha)n, q)}

= min{6;;(m(h1g1)n, ), 65;(m(haga)n, q)}

(617 % 82:) T (m((h1, h2) (91, g2))n, q).

And

(613 x 02:)~ (m((g1, 92) (b1, h2))n, q) = (01 X 62:)~ (m((g1h1, g2h2))n, q)
= max{dy;(m(g1h1)n, q), 65;(m(g2h2)n, q)}

= max{dy,(m(h1g1)n, q), 5 i (m(hag2)n, q)}

= (015 X d24)~(m ((h1,h2)(91a92))n, q)-

Therefore d; X 0o is a bipolar M — N—multi Q—normal fuzzy subgroup G; x
Ga. O
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Definition 3.25. A bipolar M — N—multi Q—fuzzy subgroup d; of G is called
conjugate to bipolar M — N—multi QQ—fuzzy subgroup d, of G if there exists
g2 € G such that for all g1 € G,q € Q,m € M and n € N.

L. 6f(mgin, q) = 85,(m(g; ' grg2)n, )

2.61;(mgin, q) = 5;;(m(gglglgg)n, q).

Theorem 3.26. If a bipolar M — N —multi Q—fuzzy subgroup d1 of G1 is a con-
jugate to M — N —multi Q— fuzzy subgroup éo of G1 and a bipolar M — N —multi
Q—fuzzy subgroup \1 of G2 is a conjugate to M — N—multi Q—fuzzy subgroup
Ao of Go. Then the bipolar M — N —multi Q—fuzzy subgroup 1 X A1 of G1 X G2
is conjugate to bipolar M — N —multi Q—fuzzy subgroup da X A2 of G1 X Ga.

Proof. Since §; is a conjugate to M — N—multi Q—fuzzy subgroup 2 of Gy,
then there exist h; € GG1 such that for all g1 € G1,g € Q,m € M and n € N

L. &) (mgin, q) = 65;(m(hy *g1h1)n, q)

2. 07;(mgin, q) = 65;(m(hy g1h1)n, q).

Also, \; is a conjugate toM — N—multi @Q—fuzzy subgroup Ay of Gs, then
there exist hy € G5 such that for all go € Go,q € @Q,m € M and n € N 1.
Ai(mgan, q) = A5, (m(hy ' gaha)n, q)

2. Aj;(mgan, q) = Ay;(m(hy ' gaha)n, q).

If there exist (hy, ha) € G1 XG4 such that for all (g1, g2) € G1xGa,g € Q,m € M
and n € N.

(015 % A1i)F(m(g1g2)n, ¢) = min{d};(mgin, q), \ii) T (mgan, q)}
= min{63;(m(hy  g1h1)n, q), A2i)* (m(hg ' g2h2)n, @)}

= (615 x M) (m(hy ' g1h1, by ' gaho)n, q)

= (61 x M) Tm((h7 ", hy M) (g1, 92) (ha, ho)n, q)

= (615 X A1) T (m((ha, ha) " (g1, g2)(h, ha)n, q).

And

(61i X A15) ™ (m(g192)n, q) = max{dy;(mgin, q), A\1i)~ (mgan, q)}
= max{65;(m(hy ' g1h1)n, q), A2i)~ (m(h 'g2h2)n, q)}

= (61 % M)~ (m(hy  g1h1, by L gaha)n, q)

= (610 x M) "m((hy ", hy M) (g1, 92) (ha, ho)n, q)

= (615 x Ali)f(m((hl,h2)71(91792)(h1,hQ)W,Q)-

Therefore §; x A\ of G; X G5 is conjugate to bipolar M — N— multi Q—fuzzy
subgroup 62 X Ao of G X Gs. O

Conclusion We summarized the basic notions of bipolar M — N— multi Q—
fuzzy subgroups and then presented a detailed theoretical study of generalized
some properties and operations of bipolarM — N— multi Q— fuzzy subgroups.
This work can be extended to the theorems and properties of different concepts
of positive f—cut, negative a—cut, union and product of bipolar M — N — multi
@Q— fuzzy subgroups.



798 Mourad Oqla Massa’deh and Ahlam Fallatah
Conflicts of interest : The authors declare no conflict of interest.
Data availability : Not applicable

Acknowledgments : The authors are thankful to the referees for their valu-
able comments and suggestions for improving the article.

REFERENCES

1. L.A. Zadeh, Fuzzy sets, Information and control 8 (1965), 338-353.

2. A. Rosenfeld, Fuzzy groups, Journal of Mathematical Analysis and Applications 35 (1971),
512-517.

3. W.M. Wu, Normal Fuzzy Subgroups, Fuzzy Math. 1 (1981), 21-23.

4. R. Biswas, Fuzzy groups and Anti-fuzzy subgroup, Fuzzy sets and Systems 35 (1990), 121-
124.

5. M.O. Mourad, P and P* upper fuzzy subgroups, Far East journal of Mathematics Sciences
5 (2010), 97-104.

6. W.R. Zhang, L. Zhang and Yin Yang, Bipolar Logic and Bipolar Fuzzy Logic, Inform Sci.
165 (2004), 265-287.

7. M.S. Anithar, K.L.. Murugan antha Prasad and K. Arjunan, Note on Bipolar Valued Fuzzy
Subgroups of a Group, Bulleten of Society for Mathematical Services and Standards 2
(2013), 52-59.

8. M.O. Mourad, On Bipolar Fuzzy Cosets, Bipolar Fuzzy Ideals and Isomorphism of I'— Near
Rings, Far East Journal of Mathematical Sciences 102 (2017), 731-747.

9. T.A. Ali and R. Hossein, Complement and Isomorphism on Bipolar Fuzzy Graphs, Fuzzy
Inf. Eng. 6 (2014), 505-522.

10. Z.A. Wael, A.M. Asa’d, H.M. Hazem, W. Youssef and M.O. Mourad, Introduction to Carte-
stan, Tensor and Lexicographic Product of Bipolar Interval Valued Fuzzy Graph, Journal
of Engineering and Applied Sciences 15 (2020), 581-585.

11. S.S. Arockiaselvi, S. Naganathan and K. Arjunan, Properties of Bipolar—Valued Q— Fuzzy
Subgroups of a Group, International Journal of Mathematical Archive 7 (2016), 117-121.
12. M.O. Mourad and F.A. Ali, Bipolar Valued Q—Fuzzy HX Subgroup on an HX Group,

Journal of Applied Computer Science and Mathematics 11 (2017), 20-24.

13. M.O. Mourad, A Study on Anti Bipolar Q— Fuzzy Normal Semi Groups, Journal of Math-
ematical Sciences and Applications 6 (2018), 1-5.

14. M.O. Mourad and I. Farhan, Bipolar Q— Fuzzy H—Ideals over I'— Hemiring, Advances in
Fuzzy Mathematics 13 (2018), 15-24.

15. A. Solairaju and A. Prasanna, New Structure of Fuzzy Fully Invariant Bipolar Q— Fuzzy
Regular Lattices, International Journal of Computer Applications 8 (2011), 22-25.

16. M.O. Mourad, The M — N— Homomorphism and M — N— Anti Homomorphism over M —
N — Fuzzy Subgroups, Int. J. of Pure and Appl. Math. 78 (2012), 1019-1027.

17. M. Kaliraja and S. Rumenaka, M — N—Fuzzy Normal Soft Groups, Intern. J. Fuzzy
Mathematical Archive 13 (2017), 159-165.

18. M. Kaliraja and S. Rumenaka, M — N—Anti Fuzzy Normal Soft Groups, Int. J. Math.
And Appl. 6 (2018), 1035-1042.

19. S. Sabu and T.V. Ramakrishnan, Multi- Fuzzy Sets, International Mathematical Forum 50
(2010), 2471-2476.

20. Muthuraj and S. Balamurugan, A Study on Intuitionistic Multi-Anti Fuzzy Subgroups,
International Journal of Application of Fuzzy Sets and Artificial intelligence 4 (2014), 153-
172.



On Bipolar M — N—Multi @—Fuzzy Subgroups 799

21. R. Muthuraj and S. Devi, Multi-Fuzzy Subalgebras of BG-Algebra and Its Level Subalge-
bras, International Journal of Applied Mathematical Sciences 9 (2016), 113-120.

Mourad Oqla Massa’deh received M.Sc. from Yarmok University and Ph.D. at Damascus
University. Since 2019 he has been at Al-Balga Applied university. His research interests are
fuzzy group and ring, bipolar fuzzy graphs, intuitionistic fuzzy ideals, hyper fuzzy group,
tripolar fuzzy ring and bipolar intuitionistic fuzzy matrices.

Department of Applied science, Ajloun collage, Al-Balgqa Applied university, P. O. Box
26816, Jordan.
e-mail: mourad.oqla@bau.edu.jo

Ahlam Fallatah received M.Sc. from Birmingham University, and Ph.D. from Leicesster
University. She is currently an associate professor at Taibah University since 2011. Her
research interests are fuzzy group and ring, bipolar fuzzy graphs, tripolar fuzzy ring and
bipolar intuitionistic fuzzy matrices.

Department of Mathematics, College of Sciences, Taibah University, Madinah, Saudi Ara-
bia.
e-mail: Afallatah@taibahu.edu.s





