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EPIMORPHISMS, DOMINIONS FOR GAMMA SEMIGROUPS
AND PARTIALLY ORDERED GAMMA SEMIGROUPS
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ABSTRACT. The purpose of this paper is to obtain the commutativity of
a gamma dominion for a commutative gamma semigroup by using Isbell
zigzag theorem for gamma semigroup and we prove some gamma semigroup
identities are preserved under epimorphism. Moreover, we extend epimor-
phism, dominion and Isbell zigzag theorem for partially ordered semigroup
to partially ordered gamma semigroup.
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1. Introduction

The investigations on I' semigroups were done by several mathematicians.
For example one may see Saha [10, 11], Sen and Saha [12], Rasouli and Shabani
[9] and Kwon and Lee [8]. Sen [13], defined a I" semigroup S as follows: for any
non-empty sets S and I'. if there exists a mapping from S x I" x S to S which
maps (a,a,b) to a « b satisfying the condition (aab)yc = aa(byc) for all a, b, c €
S and « b,y € I', this concept of a I' semigroup is generalization of a semigroup.
Also, Sumanto et al, [16] defined I" semigroup by considering I" as a collection
of associative binary operations on S

The concept of partially ordered I' semigroup was defined by Kwon and Lee
[8] as, a I' semigroup S is said to be a partially ordered I' semigroup if S is
partially ordered set such that a < b implies ayc < byc and cya < ¢yb for all
a,b,c € S and y€ I' and also it has been studied by Kehayopulu [6, 7]. Rasouli
and Shabani [9] defined a I" semigroup homomorphism. Also, gamma semigroup
homomorphism defined by Ashraf et al. [2] as: pair of mappings f; : S5 —
Sy and fo —> It — I3 is said to be a homomorphism from (S7, I1) to (Sa,
Ip) if (s1 v s2) f1 = ((s1) f1)((7) f2)((s2)f1) for all s1, so € Sy and 7y € I7.
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Dominion and zig zag theorem for semigroups were first studied in 1965 by
Isbell [5] with connection to epimorphisms and he proved that dominion of com-
mutative semigroup is commutative. For subsemigroup U of a semigroup S, we
say that U dominates an element d of S if for every semigroup T and for all
homomorphisms g8,y : S — T, such that u8 = wy for each u€U implies dff =
dry. The set of all elements of S dominated by U is called the dominion of U in
S and we denote it by dom(U, S).

Dominion for I" semigroups is defined in 2021 by Ashraf et al. [2]. Following
his definition, we say that U dominates an element d of S if for every I semi-
group T and for all homomorphisms S, : S — T and 6/70/ . I — I' with
ua = uf and vy o =~ § for all u € U = do = dB. The set of all elements
of S dominated by U is called I' dominion of U in S and we denote it by I’
dom(U, S). Tt can easily be verified that I dom(U, S) is I'" subsemigroup of S
containing U. The Isbell zig zag theorem for gamma semigroups was proved by
Ashraf et al. [2]. In his study Isbell zig zag theorem was generalized for the class
of I' semigroups, which is used as an important tool throughout in this paper
to prove dominion of commutative I" semigroup to be commutative and also to
prove some I semigroup identities to be preserved under epimorphisms.

Following Ashraf [1], for a I" semigroup S, each element of S will be called
variable and let u(x1, ..., xn) = g1 (@i , v;) and v(y1, Y2, -, Ym) = g2 Yk, A1)
be two words, where z; , yr €5, 7, M€ land 1<i<n,1 <j<n—-11<k
< m,1 <l < m —1. Then the pair of words (u(z1, ..., Zn)), V(Y1, Y2, s Ym))
is called an identity and usually written as v = v. By permutation identity in
the variables
Z1, ..., Tp (0 > 2) we mean an identity z1v1Z272... Tno1Vn—1Zn = Ti1Y52 - - -
Zin—17Yjn—1)%in, Where i, j are permutation on the sets 1,2,...,nand 1,2, ...,n — 1
respectively. A I' semigroup is called permutative if it satisfies permutation
identity. The identities

T T2 = T2 N1 Commutativity (C)
T1Y1T2Y2T3 =T1Y1L37222 Left Normality (LN )
T1M1T2Y2T3 = T2Y1T172T3 Right Normality (RN )
TIV1T2Y23 Y34 = T1NT3Y222Y374  Normality(N)

are all permutation identities.

Note. Let C be the class of I" semigroups and let D = {S € C: ay1b = cy2d =
~v1 =y for all a,b,¢,d € S and for all 41,72 € I' }. Throughout rest of the paper,
we prove the results for the class D of I' semigroups with further mention. The
semigroup theoretic notations and conventions of Clifford and Preston [3] and
Howie [4] will be used with explicit mention.
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We define epimorphism for gamma semigroup as follows:

Definition 1.1. A morphisms o : S — T anda : I' — I" in the category
of all I" semigroups is called epimorphism, if for all I" " semigroup N and for all
pairs of morphisms 3,0 : T — N and 8,6 : I' — I'", with Sa = A and
Ba(y)=0d (y)=B=0forallyel.

The following Isbell zig zag Theorem 1.2 is proved in [2] for the same class D of
I’ semigroups which is of basic importance to investigations.

Theorem 1.2 (Ashraf et al.[2]). Let U be a I' subsemigroup of a I' semigroup
S andletd € S. Thend € I' Dom(U,S) if and only if d € U or there ezists a
series of factorizations of d as follows:

d = aoyt1
= y1ya17vh
= Yy1ya27t2
= Yoy a3tz (1)

= ym'yamel’ytm

= YmYa2m
Where m > l,a;,€ U (i = 0,1,---,2m), y;,t;€ S (¢ = 1,2,---,m), and a, =
Y1701, A2m—17tm = G2m Q2i—1Yti =Q2iVtrit1, YiY G20 = Yiy1Y02i41 (1 < i< m
- 1) Such a series of factorization is called a zig zag in S over U with value d,
length m and spine aq,a1, - ,Gom, -

2. Epimorphically Preserved Gamma Semigroup Identities

In this section first we generalize Isbell’s result [5] from commutative semigroups
to commutative I" semigroups. Further, we show that some permutation identi-
ties for I' semigroup are preserved under epimorphism.

Definition 2.1 (Ashraf [1]). An identity u is said to be preserved under epi-
morphism in conjunction with an identity 7 if whenever S satisfies 7 and u, and
@ : S — T is an epimorphism in the category of all semigroups, then T also
satisfies 7 and p ; or equivalently, whenever U satisfies 7 and p and dom(U, S)
= 5, then S also satisfies 7 and pu.

Lemma 2.2. let U be commutative gamma subsemigroup of commutative gamma
semigroup S. For anyu € U and d € T dom(U,S)\U, then uy'd = dv u.

Proof. For any w € U and d € I" dom(U, S)\U. Then, by Theorem 1.2, d has
zig zag equation in S over U of length m.Now,

uwy d = uyaoyty using zig zag equation (1)

= ao'y,uvtl since U is commutative

= y1ya1y uvty using zig zag equation (1)
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= ywu*/awtl since U is commutative
= y1ywy asyts using zig zag equation (1)
= yl'yagv/uth since U is commutative

= yoyasy uyts using zig zag equation (1)

= ym’ya2m—17l u*ytm

= ym’yuy/agm_l'ytm since U is commutative

= Y YU Y A2 using zig zag equation (1)

= YmYA2m ’y'u since U is commutative

=dy'u using zig zag equation (1) O

Theorem 2.3. Let U be the commutative I subsemigroup of commutative I’
semigroup S, then I' dom(U, S) is also commutative.

Proof. We used the result which is proved by Lemma 2.2 above:

Now to complete the proof of the theorem, let for all dy, do € I" dom(U, S).
Then

divy dy = div aoyts by zig zag equation (1)

= a7 divh by Lemma 2.2
= y1yary divt by zig zag equation (1)
= y1ydiy a1yt by Lemma 2.2
= y1yd17y ax7to by zig zag equation (1)
= ywaw:dwtz by Lemma 2.2

= yoyasy diyts by zig zag equation (1)

= ym'7a2mf/1'7/ d1¥tm,

= Ym?7Y d1 ¥ G2m—-17tm by Lemma 2.2

= YmYd1Y azm by zig zag equation (1)

= ym'YaZm’}/dl by Lemma 2.2

= dyy'd; by zig zag equation (1)

Hence theorem follows. O

Corollary 2.4. Let U be a I' subsemigroup of a I' semigroup S and ¢: U —
S is epimorphism. For x1,29€S and y€I'. Then commutative identity (x17yx2
=x9yx1 ) is preserved under epimorphism in the category of I' semigroups.

Theorem 2.5. Let U be a I' subsemigroup of a I' semigroup S and ¢ : U —
S is epimorphism. For x1,x9,x3 € S and v € I', then following identities are
preserved under epimorphism.

(1) x1yxeyTs = T17T3YT2
(“) T1YT2YT3 = T2YT1YT3

Proof. Let U satisfies x1yxoyxs = x1yx3722 and I" dom(U,S) = S.
Case 1. Let 1 € S\U, 2, 3 € U. Then, by Theorem 1.2, x; has zig zag
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equation in S over U of length m. Now,

T1YL2YET3 = Ym YA2m YT2YT3 using zig zag equation (1)
= Y YA2m VT3V T2 sinceU satisfies identity (i)
= T1YT3YT2 using zig zag equation (1)

Case 2. Let 1, zo € S\U. Then, by Theorem 1.2, x5 has zig zag equation of
type (1) in S over U of length m. Now,

T1YT2YL3 = T1VYm YA2m VT3 using zig zag equation (1)
= T1YYmYT3YA2m by case 1
= T1VYmYT3YA2m—1Vtm using zig zag equation (1)
= T1YYmYA2m—-17T3Vtm by case 1
= T1VYm—1702m—2YL3Vtm using zig zag equation (1)
= T1YYm—17T3Y02m—-27tm by case 1
= Z1YYm—17 T3Y02m—37Vtm—1 using zig zag equation (1)
= T1YY1YT3Ya17Yt1 using zig zag equation (1)
= z1YY1va1y7x3vl by case 1
= T1ya, Y3yt using zig zag equation (1)
= X17T37Yao Y1 by case 1
= T1YT3YTo using zig zag equation (1)

Case 3.Let z1, 3, x3 € S\U. Then, by Theorem 1.2, x3 has zig zag equation
in S over U of length m. Now,
T1YTYEL3 = T1YL2YA,YEL by zig zag equation (1)

= T1ya,YT2Vt1 by case 2
= T1Yy1va1yreyt by zig zag equation (1)
= T1YY1YT2ya17Yt1 by case 2
= T1Yy1Y7T2Ya2Yt2 by zig zag equation (1)
= T1YY1y7a27T27l2 by case 2
= T17Y2va3YT2Yt2 by zig zag equation (1)

= Z17Y2yT2yaszyts by case 2

= Z1VYmYL2YA2m—1Vtm

= Z1YYmYL2YA2m by zig zag equation (1)
= Z1YYmYa2mYT2 by case 2
= T1YT3YT2 by zig zag equation (1)

Therefore, x1yxoyxrs = x1yx3722 is preserved under epimorphism.
Dually, we can prove x1yxoyxs = royx1yxs3 is preserved under epimorphism. [

Lemma 2.6. Let U be a I' subsemigroup of a I' semigroup S and I' dom(U, S)
= S5. Then for any d € S\U and any positive integer k, there exist ay,as, - -,
ar € U,v1,72, 7 € I and dp € S\U such that d= a1v1a2y2 -+ apYpdi-

Proof. Since, d € S\U and I' dom(U,S) = S, by zig zag equation, there exist
a1 € U,d; € S\U such that d = a171d;.
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Applying again zig zag equation dy, we get d = ajy1a27y2dy, for some a; € U and
dr € S\U. Continuing this process gives us the required result. O

Theorem 2.7. Let U be a I' subsemigroup of a I' semigroup S and ¢: U
—S is epimorphism. for x1,x9,x3,04 € S and vy € I'. Then normality identity
T1YT2YL3YTy = T17YT3YT2YT4 1S preserved under epimorphism.

Proof. Before proving the theorem, first we prove some propositions. O

Proposition 2.8. Let U satisfies identity x1yx2yT3yTy = T17T3YT2YTs, and
I dom(U,S) = S. Then the identity holds for x1,29 € S and x3,x4 € U.

Proof. Case 1. Let x1 € S\ U, z3,x3,24 € U. Then, by Theorem 1.2, z; has
zig zag equation in S over U of length m. Now,

T1YTIYLIYELL = Ym YA2m YL2YL3Y T4 using zig zag equation (1)
= YmYO2m YT3VL2YTL4 since U satisfies normality identity
= T1YT3YT2YT4 using zig zag equation (1)

Case 2. Let 1,20 € S\U, z3,x4 € U. Then, by Theorem 1.2, x5 has zig zag
equation of type (1) in S over U of length m. Now,

T1YTYLIYLL = T1YYm YA2m VL3V T4 by zig zag equation (1)

= T1VYmYT3YA2m YTy by case 1

= T1YYmYT3YA2m—1YEm YT 4 using zig zag equation (1)
= T1VYm VL3V A2 1Y Uy Yy VT4 by Lemma 2.6, tn, =ty Yy,

u,, €U, t, € S\U

=0 1YY V2 13Vl VY4 by case 1
:Il’me—17a2m_2'yz3'yum7tm’y:c4 using zig zag equation (1)
= Z1YYm—17L3V02m—2Y Uy, Y, Y4 by case 1

= T1YYm—17L3YA2m—27Em VT4 by Lemma 2.6, t,, zu;n'yt;n
=T1VYm—17T3Y02m—3Ytm—17%4 using zig zag equation (1)
= T1YY2Y23Ya3YE2 VT4 )
= a:wyg'ymg’yagyu;’yt;’yu by Lemma 2.6, t5 zu;’ytg,

uy€U, the S\U

= 95173/27@37333VU:2W:27$4 by case 1

= T1YY17G27Y L3 YU VL2 VT4 using zig zag equation (1)
= T1YY1VL3YA2Y UYLV T4 by case 1. o
= T1Y7Y17Z3Ya2te YT by Lemma 2.6, to = uy7yts
= T1YY1YT3Ya1t1Y%a by zig zag equation (1)
= T1YY1YL3Ya1YU Y YT by Lemma 2.6, t; =u,vt,,

u el, tie SNU
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= xwynawx;ﬁqhtﬁu
= z170 %T?;W’Uﬂtﬂm

= T1YT3YQ YUyt YT

= 2172370 VY74

= L17YL3YL27YTa

Dually, we can prove following proposition.

by case 1

by zig zag equation (1)
by case 1

by Lemma 2.6, ¢, :u;fytll,
u, €U,

by zig zag equation (1) O

Proposition 2.9. Let U satisfies normality identity x1yToyT3yTy = T1YT37YT2YTy
and I' dom(U, S) = S, then normality identity holds for all x1,xs € U and x3,x4

€s.

Proof. Case 1. Take x1,x5,x3 € S\U, 4 € U. Then, by Theorem 1.2, z3 has
zig zag equation in S over U of length m. Now,

T1YX2YL3VYL4 = T17YT27YQ ’}/tl’}/$4
= x1y7@2Ya Vb Yt Y4

= w17a Y2 by Yt Yes
= 33172//17%1’)’332%17%
= T1YY1YC1Ya1Yx2VEL VT4

= 217y, Y0 YT yar Y YT
= $17y1’7$27027§27$/4
=T1YY17T2Y02Ybyy vy

= T1yy1YasYT2Yby Yty Y2
= X17YY2yazyr2Yyto Yy

= I1”Yy7n’ya/2m—1”ﬂ27tm’7$4
= Z1VY Yo YA2m—1722 VimY T4

=T 1YY Yo VT2 VA2~ 1V Em VT4
= T1VYmYL27a2m VT4

= T1VYmYA2m Y T27Y T4
=T1YT3YT27YT4

Case 2. Take z1,x0,x3,24 € N\U.

equation in S over U of length m.

by zig zag equation (1)
by Lemma 2.6,
ty = byyty , bieU, t;eS\U.

by Proposition 2.8
by zig zag (1),(Lemma 2.6)
by Lemma 2.6, y; = yll’ycll,

C/1€U, ylle S\U

by Proposition 2.8
by Lemma 2.6 and zig zag (1)
by Lemma 2.6, ty = byt |,

byelU, tyeS\U.

by Proposition 2.8
by Lemma 2.6 and zig zag (1)

by Lemma 2.6, ym:y;n'YC;nvC;nEU7
Yy, €SNU

by Proposition 2.8

by Lemma 2.8 and zig zag (1)
by Proposition 2.8

by zig zag equation (1)

Then, by Theorem 1.2, x4 has zig zag
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TIYT2YT3YTs = T1YT2YT3Ya Yt by zig zag equation (1)
= z1yT3yTeva Y by previous case
= T1YL3YL2VLy by zig zag equation (1) O

Hence by proof of Proposition 2.8 and 2.9 we got Theorem 2.7 is proved.

3. Epimorphisms and Dominions for Partially Ordered Gamma
Semigroups

In this section, we defined homomorphism between two partially ordered gamma
semigroups. Also, we used it to extend some results of Sohail and Tart [15] for
partially ordered semigroup to partially ordered gamma semigroups. Finally we
proved that subpartially ordered gamma semigroup is epimorphically embedded
if partially ordered gamma semigroup identities are preserved under epimor-
phisms.

Note. The investigations mentioned below are performed by considering gamma,
as the set of associative binary operations on partially ordered gamma semi-
groups.

Definition 3.1. A po I' semigroup homomorphism between two po I' semi-
groups (S, I', <,) and po I" semigroup (T, I, <7) in the category of po I’
semigroups is defined as:

a morphism a: (S, I', <,) — (T, I'", <) is said to be po I" semigroup homo-
morphism, then « satisfies

afa'vb) = a(a' )y a(d). Foralla , be (S, I, <,),y€ Mand~ € I".

Definition 3.2. A morphism a : (S, I', <,) — (T, I, <r) such that a(a 7b)
= a(a/)q//a(b) For all a',b € (S, I', <s), v € I and 4" € I'" in the category of
po I" semigroup is called epimorphism. If for all po I semigroup (N, T "< N)
and for every pair of po I' semigroup homomorphism: g, 6 : (T, I g <r) —
(N, I, <x) such that B(avy'b) = B(a)y B(b) and 6(ay'b) = 6(a)y" 6(b) With
Ba=0a= =0 Forallabe (T,I",<p),~ €I and~" eI,

Definition 3.3. Let (U, I', <,) be a subpo I" semigroup of po I" semigroup (.5,
I', <g). We say that (U, I', <,) dominates an element d € (5, I', <;). If for
every po I semigroup (T, I, <7) and for every po I" semigroup homomorphism
B,a: (S, I, <,) — (T, I", <r) such that B(a'yb) = B(a' )y B(b) and a(a'vb)
= a(a’)y a(b) With uaw =uf = da=dB. Forallu € (U, I', <,),ve I', v €
Ianda',be (S, T, <y).

The set of all elements of (S, I', <g) dominated by (U, I', <,) is called the Po
I dominion of (U, I', <,,) in (S, I', <g) and we denote it by Po I" domg(U).
It may be easily seen that Po I' domg(U) is a subsemigroup of (S, I', <g)
containing (U, I', <,,).

Lemma 3.4. Take a subpo gamma semigroup (U, ', <,,) of a po gamma semi-
group (S, I'y <g). Then an element d of (S, I', <g) is in po I dom(U, S) if and
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only if d®1 = 1@d in s* @1y s'.

where (U, T, <wm) and (St I',<(s1)) are the po gamma monoids obtained
from (U, 'y <,) and (S, I, <g), respectively, by adjoining an incomparable
external identity whether or not they already have one.

Theorem 3.5. Let (U, I', <,,) be a subpo I' semigroup of po I semigroup (.S,
I' <g)andd € (S, I'y <g). Thend € po I' domg(U) if and only if d € (U, I,
<u) or there exists a series of factorizations of d as follows:

d < siyug up < vty
s1yv1 < Sayug ugyty < voyta
(2)

Sn—1VVn—1 < Up UpYtn—1 < d

d < vpvty,
Up < Spg1VUn41
Sn+17Vn+1 < Spp2YUn+2 Un+1Vtn < Upy1VEn+1
Sn4+mYUn+m S d un+m7tn+m71 S Un+m
with elements uy,. .. Uptm, V1, « -« Unpm € (U, Iy <4), 81, oy Sne1y Sntls -« o
Sntmy 1, oo s tnam—1 € (S, I', <s) and v € I'. Such a series of factorization

is called Isbell zig-zag theorem for po I' semigroup in (S, I', <) over (U, I', <,,)
with value d, length n 4+ m.

Proof. Suppose that d € po I" dom(U,S). Then by above lemma d®1 = 1®d
in st ®(ul) s'. Following the results of Shi et al.[14] there exists a system of
inequalities,

d < s1yug up < w1yt

s17v1 < S2YU2

uzyty < vayto

Sn—17Un-1 < SpYUn .
S YV, <1 UpYtn—1 < v,7d

’ !
1 < Sn+1VUn41
Sp170n < Snt1VUnt1 Up17d < vy Y

Up+1Vtn < Upp1Ylng

Sn+m—1YVn4+m—1 S Sn+mYUn+m

Sn4+mYUn+m S d Un+m 'th—i-m—l S Un+m,
! ’
1.
where w1, ... Unpm, U1y -+ Ungms U Ui 1€ U™ 581, 0, Sn1, Snglse e s Sndms
’ !
1
t1, oo s tnfm—1, Sy 5 Sy € Sand y € I

Since 1 is incomparable and I is associative binary operation on (S,I",<g),
s;l’yv; < 1 implies s;l vy v;L =1
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then we have s, = v, = 1,
by adjoining 1, we have also

8n+1 = un+1 =1
We can rewrite the above set of inequalities as follows:

d < s1yua up < vyt
51701 < S27YU2 ugyty < v2yta
Sn—1YUn—1 < Up UnYtn—1 < d
d < UpYtn
Un S Sn4+1YUn+1
Sp4+17YUn+1 S Sn+2YUn+2 un-{—l')/tn S 'Un—&-l’)/tn—i-l
Sn4+mYUn+m S d un+m7tn+m—1 S Un4-m

By following Sohail and Tart [15] proved that zig zag theorem for po semigroup in
the ordered context and Ashraf et al.[2] proved that zig zag theorem for gamma
semigroup in the unordered context. We next show that all the elements in the

above set of inequalities may be assumed to lie in (S, I', <g).

We perform this by assuming that u;, v;, s; or ¢; is not in (S, I', <g) for some

i and this will results collapsing of inequality.
To preform these we took the upper half portion only as follows:

d < s1yug uy < vy Y
$17v1 < S2yu2 u2yty < vyt
Sn—17YUn—1 S Up un'ytnfl S d

We proceed the proof by taking all possibilities.

If uy = 1, then (from u; < v1yt1) v1 = t1 = 1, and we can write
d < sayus uz < vayta

S2yv2 < S3yu3 uzyta < vzyts

Sn—17Vn-1 < Up UpYtn—1 < d

If v1 = 1 then s; < sy7yug, and we can calculate
d < syy(uzyu) ugyuy < vayta

827v2 < S37U3 uzyte < v3yts

Sn—1YUn—1 < Up Up Ytp—1 < d
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Ifu; =1,2 <i<n—1, then the set of inequalities

Si—2VVi—2 < §i—1YUi—1 Ui—1Ybi—2 < V1Y ti—1
8i—17Vi—1 < 85 YUy uiYti—1 < v Yt

8V < 841V Uil U1Vt < V1Yt

Collapses to

8i—2VVi—2 < Si—1 7Y Ui—1 Ui—1 Vti—2 < Vi—1 YUY,
8i—1YVi—17V; < Si417YUit1 U1Vt < Vip17Y Viti

Ifv; =1,2 <i<n-—2, then we obtained the same results as we got for u;

If s,, = 1 then d = w3 € U and there is nothing to prove,

If s;, =1,2 <i <n—1,such that sje (S,I",<g) for all j <i— 1, then starting
from the top of in equality we can write

d < s1yur < s yvivtr < sayugyty <o < wytiog.

On the other hand, we also have

d > UupYtn_1 280 1YVn—1 V-1 2 Sn_1VUn—1Vln—2 > -+ > uyt;_1.

Thus d = u;t;—1 and we may shorten the inequalities (3) to

d < s1yug up < vyt

81701 < Soyu2 ugyty < wvayts
8i—17V—1 < Uy uytio1 < d
Similarly,

ift,=1,1<i<n-—1, witht; € (S, I', <g) for all j < i— 1, then we have
d < s1yur < s1yvrytn < seyvevts <o < siyuiytior <8 Y

This gives

d = s;7v; = Sj417Ui+1 and

one can shorten (3) to

d < si 417U+ Uil < Vi1Vttt
Sit1YVi+1 < SipoYUiy2 Uip2Vtir1 < VigoVtito
Sp—17YUn-1 S Un, un’}/tn—l S d.

This completes the proof of the direct part.

Conversely, suppose that d € (S, I, <g), and there exist the system of zigzag
inequality (3)

We need to show that d € po I" dom(U, S).

Suppose that (T, I', <p) is po I " semigroup and a homomorphism

B,a: (S, I, <g) — (T, I'", <r) such that

B(a'vb) = B(a’ )y B(b) and a(a’ vb) = aa’)y a(b) is po I" semigroup homomor-
phism (agreeing on (U, I', <y/)) With ua = up.

Forallue (U, I',<g)yel ,y el andda ,be (S, I, <s).

Now, by using zig zag Theorem 3.1, we have

a(d) < a(syyur)

/

< a(s1)y a(ur)
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@(81)7:5(111715,1)
a(s1)y o)y Bt)
a(siyvr)y B(th)

IAIAIA

a(sn—lyvn—l)'}/ B(tn-1)
B(un)y B(tn-1)
5(Un7tn71)
B(d),
us, a (d) < B (d) (4)
And
conversely, by Appling zigzag on d, we have
(d) < Bvaytn)
Bun)y Btn)
a(vn)y B(tn)
(5n+17un+1)7 B(tn)
E3n+ )7 a(“nﬂh’ B(tn)
o
o
o

TINININIAN T

5n+1)'Y B(Unt17tn)
5n+1)’7 ﬂ(vn+17tn+1)
Q(Sn+1 )7 5(“n+1)7 B(tn+1)
Sn42VUn+2)Y Bltns1)

I/\ I/\ \/\ I/\ I/\ \/\ I/\ I/\E

5n+m7un+m)’7 ﬁ( n+m— 1)
Sn m)'ylﬂ(un+m'7tn+m71)
+m)Y B(Vnim)

n+m7vn+m)

VA VASIVANRVAN I/\
Q
AA/C;J\/—\/—\
3

thus, 8 (d) < a (d) (5)
From (4) and (5) we have a (d) = 5 (d) = d € po I dom(U, S) by definition of
dominion for po gamma semigroup.
Therefore, d € po I' dom(U, S), this complete the proof of the Theorem.

O

Theorem 3.6. Let (U, I', <,,) be subpo I' semigroup of po I' semigroup (S, I,
<s). If po I" semigroups identities are preserved under epimorphism, then subpo
I semigroup (U, I', <y) is epimorphically embedded in (S, I', <g).

i.e. po I' dom(U,S) = (S, I', <g).

Proof. Suppose that ¢ : (U, I', <y)— (S, I', <g) is epimorphism and U =
V' is identities that preserved under epimorphism.

Now take for all ' € U =" € V such that ' = v’ (6)
Since U'and V' are preserved under epimorphism then (U, I', <y) satisfies U '
= V' and also, (S, I', <g) satisfies u=v.
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Thus, v, v € (S, I, <g)

To complete the proof of the theorem, we Claim that the followings:

po I dom(U, S) C (S, I', <g)

(S, I', <g) CpoI dom(U,S)

To show that po I dom(U, S) C (S,I",<g)

Ashraf et al.[2] examined that set of all elements of S dominated by U is called
the dominion of U in S and is denoted by dom(U, S). It may easily be seen that
I" dom(U, S) is a I' subsemigroup of S containing U.

Suppose that set of all elements of (S, I', <g) dominated by (U, I', <,,) and it
is denoted by po I' domg(U).

According to Ashraf et al. [2] and definition (3.3) (dominion of po I" semigroup),
we have

For all x € po I' domg(U) = z € (S, I', <g)

Thus po I dom(U,S) C (S, I', <g). (7)
To show that S C po I' domg(U):

Let (T, I, <7) be a po I -semigroup and B,a: (S, I', < o) — (T,
be po I' homomorphisms agreed on (U, I', <,,) such that B(a ~vb) = Bla
and a(a'vb) = a(a')y a(b) with ua =uf, for all u € (U, I', <,) C (S,
yel,v el anda be (S, I, <,).

Now, for all v, v € (S, I', <g) and by zig zag Theorem 3.1

o(u') < a(siyur)

a(s1)y a(ur)

(31)7ﬁ(111’¥t/1)

a(s1)y 5(”1)7 B(t1)

a(s1yv1)y B(t1)

F T)
il (b)
I <s),

I/\ I/\ \/\ I/\

=

(Sn 1'77)71 1)'7 ﬁ( n— 1)
(tp— )’7 Bltn-1)
(un 1Vtn— 1)
(o)

<) (8)

S ININININ
=T T ™

vg

=
=)
o

/

con\lfersely7 by appling zigzag on (u )
u) < ﬂ(vn’)’t )

(Un)'y B(tn)

a(vn)y B(tn)
(3n+1’YUn+1)’Y B(tn)
E8n+ 17 tn 1)y Btn)
o

o

/\

Qa\Sn41)7Y l (Un—ﬁ-lrytn)
(Un+1'7t/rt+1)
(’UnJrl)'y B(tn+1)

/

I/\ I/\ I/\ I/\ I/\ I/\ I/\E

)
3n+1)
)Y

3n+1
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IN

O‘(Sn+27un+2)’7l Bltnt1)

a(5n+m7u/n+m)7lﬂ(tn+m—l)

O‘(Sn+m)7lﬁ(un+m7tn+mfl)

a(sn-i-m)’y B('Un-i-m)

a(srlz+m'}’”n+m)

< afu)

Thus, ﬁ(u/) < a(u,) (9)
Thus, from (8) and (9) we have oz(u/) = B(u/), then we get

aw) = Bu) =al) =) = u, v € po Pdom(U,S), by (6)).

AN ININININ T

This results (S, I', <g) C po I'dom(U, S) (10)
Therefore from the result in (7) and (10), we get
po I'dom(U,S) = (S, I', <g). This completes the proof of theorem. O

Corollary 3.7. Let (U, I', <y) be subpo I semigroup of po I' semigroup(S, I,
<,). A homomorphism « = (U, I, <,) — (S, I', <,) such that a(a'vb) =
a(a/)’y a(b), for all a,be Uy e I is epimorphism if and only if dom(U,S) = S.

4. Conclusions

In this paper, we proved commutativity of a gamma dominion for a commuta-
tive gamma semigroup by using Isbell zigzag theorem for gamma semigroup. We
also showed that some gamma semigroup identities are preserved under epimor-
phism. Homomorphism between two partially ordered gamma semigroups has
been defined and used to extend epimorphism, dominion and zigzag theorem for
partially ordered semigroups to partially ordered gamma semigroups. Finally,
we proved subpartially ordered gamma semigroup is epimorphically embedded if
partially ordered gamma semigroups identities are preserved under epimorphism.
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