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EPIMORPHISMS, DOMINIONS FOR GAMMA SEMIGROUPS

AND PARTIALLY ORDERED GAMMA SEMIGROUPS

PHOOL MIYAN∗, SELESHI DEMIE AND GEZEHEGN TEREFE

Abstract. The purpose of this paper is to obtain the commutativity of

a gamma dominion for a commutative gamma semigroup by using Isbell
zigzag theorem for gamma semigroup and we prove some gamma semigroup

identities are preserved under epimorphism. Moreover, we extend epimor-

phism, dominion and Isbell zigzag theorem for partially ordered semigroup
to partially ordered gamma semigroup.

AMS Mathematics Subject Classification : 06F05, 18A20, 20M10.

Key words and phrases : Gamma semigroup, partially ordered gamma

semigroup, epimorphism, dominion, zigzag.

1. Introduction

The investigations on Γ semigroups were done by several mathematicians.
For example one may see Saha [10, 11], Sen and Saha [12], Rasouli and Shabani
[9] and Kwon and Lee [8]. Sen [13], defined a Γ semigroup S as follows: for any
non-empty sets S and Γ . if there exists a mapping from S × Γ × S to S which
maps (a,α,b) to a α b satisfying the condition (aαb)γc = aα(bγc) for all a, b, c ∈
S and α b,γ ∈ Γ , this concept of a Γ semigroup is generalization of a semigroup.
Also, Sumanto et al, [16] defined Γ semigroup by considering Γ as a collection
of associative binary operations on S

The concept of partially ordered Γ semigroup was defined by Kwon and Lee
[8] as, a Γ semigroup S is said to be a partially ordered Γ semigroup if S is
partially ordered set such that a ≤ b implies aγc ≤ bγc and cγa ≤ cγb for all
a, b, c ∈ S and γ∈ Γ and also it has been studied by Kehayopulu [6, 7]. Rasouli
and Shabani [9] defined a Γ semigroup homomorphism. Also, gamma semigroup
homomorphism defined by Ashraf et al. [2] as: pair of mappings f1 : S1 −→
S2 and f2 −→ Γ1 −→ Γ2 is said to be a homomorphism from (S1, Γ1) to (S2,
Γ2) if (s1 γ s2) f1 = ((s1) f1)((γ) f2)((s2)f1) for all s1, s2 ∈ S1 and γ ∈ Γ1.
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Dominion and zig zag theorem for semigroups were first studied in 1965 by
Isbell [5] with connection to epimorphisms and he proved that dominion of com-
mutative semigroup is commutative. For subsemigroup U of a semigroup S, we
say that U dominates an element d of S if for every semigroup T and for all
homomorphisms β,γ : S −→ T , such that uβ = uγ for each u∈U implies dβ =
dγ. The set of all elements of S dominated by U is called the dominion of U in
S and we denote it by dom(U, S).

Dominion for Γ semigroups is defined in 2021 by Ashraf et al. [2]. Following

his definition, we say that U dominates an element d of S if for every Γ
′
semi-

group T and for all homomorphisms β,α : S −→ T and β
′
,α

′
: Γ −→ Γ

′
with

uα = uβ and γ α
′
= γ β

′
for all u ∈ U ⇒ dα = dβ. The set of all elements

of S dominated by U is called Γ dominion of U in S and we denote it by Γ
dom(U, S). It can easily be verified that Γ dom(U, S) is Γ subsemigroup of S
containing U . The Isbell zig zag theorem for gamma semigroups was proved by
Ashraf et al. [2]. In his study Isbell zig zag theorem was generalized for the class
of Γ semigroups, which is used as an important tool throughout in this paper
to prove dominion of commutative Γ semigroup to be commutative and also to
prove some Γ semigroup identities to be preserved under epimorphisms.

Following Ashraf [1], for a Γ semigroup S, each element of S will be called
variable and let u(x1, ..., xn) = g1 (xi , γj) and v(y1, y2, ..., ym) = g2 (yk, λl)
be two words, where xi , yk ∈S, γj , λl ∈ Γ and 1≤ i ≤ n, 1 ≤ j ≤ n− 1, 1 ≤ k
≤ m, 1 ≤l ≤ m− 1. Then the pair of words (u(x1, ..., xn)), v(y1, y2, ..., ym))
is called an identity and usually written as u = v. By permutation identity in
the variables
x1, ..., xn (n ≥ 2) we mean an identity x1γ1x2γ2... xn−1γn−1xn = xi1γj2 . . .
xin−1γjn−1)xin, where i, j are permutation on the sets 1, 2, ..., n and 1, 2, ..., n− 1
respectively. A Γ semigroup is called permutative if it satisfies permutation
identity. The identities

x1γ1 x2 = x2 γ1x1 Commutativity (C)
x1γ1x2γ2x3 =x1γ1x3γ2x2 Left Normality (LN )
x1γ1x2γ2x3 = x2γ1x1γ2x3 Right Normality (RN )
x1γ1x2γ2x3γ3x4 = x1γ1x3γ2x2γ3x4 Normality(N)

are all permutation identities.

Note. Let C be the class of Γ semigroups and let D = {S ∈ C : aγ1b = cγ2d ⇒
γ1 = γ2 for all a, b, c, d ∈ S and for all γ1,γ2 ∈ Γ }. Throughout rest of the paper,
we prove the results for the class D of Γ semigroups with further mention. The
semigroup theoretic notations and conventions of Clifford and Preston [3] and
Howie [4] will be used with explicit mention.
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We define epimorphism for gamma semigroup as follows:

Definition 1.1. A morphisms α : S −→ T and α
′
: Γ −→ Γ

′
in the category

of all Γ semigroups is called epimorphism, if for all Γ
′′
semigroup N and for all

pairs of morphisms β, θ : T −→ N and β
′
, θ

′
: Γ

′ −→ Γ
′′
, with βα = θα and

β
′
α

′
(γ) = θ

′
α

′
(γ) ⇒ β = θ, for all γ ∈ Γ .

The following Isbell zig zag Theorem 1.2 is proved in [2] for the same class D of
Γ semigroups which is of basic importance to investigations.

Theorem 1.2 (Ashraf et al.[2]). Let U be a Γ subsemigroup of a Γ semigroup
S and let d ∈ S. Then d ∈ Γ Dom(U, S) if and only if d ∈ U or there exists a
series of factorizations of d as follows:

d = aoγt1
= y1γa1γt1
= y1γa2γt2
= y2γ a3γt2 (1)
...
= ymγa2m−1γtm
= ymγa2m

Where m ≥ 1,ai∈ U (i = 0, 1,· · · ,2m), yi,ti∈ S (i = 1, 2,· · · ,m), and ao =
y1γa1, a2m−1γtm = a2m a2i−1γti =a2iγtti+1, yiγ a2i = yi+1γa2i+1 (1 ≤ i ≤ m
- 1) Such a series of factorization is called a zig zag in S over U with value d,
length m and spine ao,a1,· · · ,a2m.

2. Epimorphically Preserved Gamma Semigroup Identities

In this section first we generalize Isbell’s result [5] from commutative semigroups
to commutative Γ semigroups. Further, we show that some permutation identi-
ties for Γ semigroup are preserved under epimorphism.

Definition 2.1 (Ashraf [1]). An identity µ is said to be preserved under epi-
morphism in conjunction with an identity τ if whenever S satisfies τ and µ, and
φ : S −→ T is an epimorphism in the category of all semigroups, then T also
satisfies τ and µ ; or equivalently, whenever U satisfies τ and µ and dom(U, S)
= S, then S also satisfies τ and µ.

Lemma 2.2. let U be commutative gamma subsemigroup of commutative gamma
semigroup S. For any u ∈ U and d ∈ Γ dom(U, S)\U , then uγ

′
d = dγ

′
u.

Proof. For any u ∈ U and d ∈ Γ dom(U, S)\U . Then, by Theorem 1.2, d has
zig zag equation in S over U of length m.Now,
uγ

′
d = uγaoγt1 using zig zag equation (1)

= aoγ
′
uγt1 since U is commutative

= y1γa1γ
′
uγt1 using zig zag equation (1)
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= y1γuγ
′
a1γt1 since U is commutative

= y1γuγ
′
a2γt2 using zig zag equation (1)

= y1γa2γ
′
uγt2 since U is commutative

= y2γa3γ
′
uγt2 using zig zag equation (1)

...
= ymγa2m−1γ

′
uγtm

= ymγuγ
′
a2m−1γtm since U is commutative

= ymγu γ
′
a2m using zig zag equation (1)

= ymγa2m γ
′
u since U is commutative

= dγ
′
u using zig zag equation (1) □

Theorem 2.3. Let U be the commutative Γ subsemigroup of commutative Γ
semigroup S, then Γ dom(U, S) is also commutative.

Proof. We used the result which is proved by Lemma 2.2 above:
Now to complete the proof of the theorem, let for all d1, d2 ∈ Γ dom(U, S).
Then
d1γ

′
d2 = d1γ

′
aoγt1 by zig zag equation (1)

= aoγ
′
d1γt1 by Lemma 2.2

= y1γa1γ
′
d1γt1 by zig zag equation (1)

= y1γd1γ
′
a1γt1 by Lemma 2.2

= y1γd1γ
′
a2γt2 by zig zag equation (1)

= y1γa2γ
′
d1γt2 by Lemma 2.2

= y2γa3γ
′
d1γt2 by zig zag equation (1)

...
= ymγa2m−1γ

′
d1γtm

= ymγ d1 γ
′
a2m−1γtm by Lemma 2.2

= ymγd1γ
′
a2m by zig zag equation (1)

= ymγa2mγ
′
d1 by Lemma 2.2

= d2γ
′
d1 by zig zag equation (1)

Hence theorem follows. □

Corollary 2.4. Let U be a Γ subsemigroup of a Γ semigroup S and φ : U −→
S is epimorphism. For x1,x2∈S and γ∈Γ . Then commutative identity (x1γx2

=x2γx1) is preserved under epimorphism in the category of Γ semigroups.

Theorem 2.5. Let U be a Γ subsemigroup of a Γ semigroup S and φ : U −→
S is epimorphism. For x1,x2,x3 ∈ S and γ ∈ Γ , then following identities are
preserved under epimorphism.

(i) x1γx2γx3 = x1γx3γx2

(ii) x1γx2γx3 = x2γx1γx3

Proof. Let U satisfies x1γx2γx3 = x1γx3γx2 and Γ dom(U, S) = S.
Case 1. Let x1 ∈ S⧹U , x2, x3 ∈ U . Then, by Theorem 1.2, x1 has zig zag
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equation in S over U of length m. Now,
x1γx2γx3 = ymγa2mγx2γx3 using zig zag equation (1)
= ymγa2mγx3γx2 sinceU satisfies identity(i)
= x1γx3γx2 using zig zag equation (1)
Case 2. Let x1, x2 ∈ S⧹U . Then, by Theorem 1.2, x2 has zig zag equation of
type (1) in S over U of length m. Now,
x1γx2γx3 = x1γymγa2mγx3 using zig zag equation (1)
= x1γymγx3γa2m by case 1
= x1γymγx3γa2m−1γtm using zig zag equation (1)
= x1γymγa2m−1γx3γtm by case 1
= x1γym−1γa2m−2γx3γtm using zig zag equation (1)
= x1γym−1γx3γa2m−2γtm by case 1
= x1γym−1γ x3γa2m−3γtm−1 using zig zag equation (1)
...
= x1γy1γx3γa1γt1 using zig zag equation (1)
= x1γy1γa1γx3γt1 by case 1
= x1γaoγx3γt1 using zig zag equation (1)
= x1γx3γao γt1 by case 1
= x1γx3γx2 using zig zag equation (1)
Case 3.Let x1, x2, x3 ∈ S⧹U . Then, by Theorem 1.2, x3 has zig zag equation
in S over U of length m. Now,
x1γx2γx3 = x1γx2γaoγt1 by zig zag equation (1)
= x1γaoγx2γt1 by case 2
= x1γy1γa1γx2γt1 by zig zag equation (1)
= x1γy1γx2γa1γt1 by case 2
= x1γy1γx2γa2γt2 by zig zag equation (1)
= x1γy1γa2γx2γt2 by case 2
= x1γy2γa3γx2γt2 by zig zag equation (1)
= x1γy2γx2γa3γt2 by case 2
...
= x1γymγx2γa2m−1γtm
= x1γymγx2γa2m by zig zag equation (1)
= x1γymγa2mγx2 by case 2
= x1γx3γx2 by zig zag equation (1)
Therefore, x1γx2γx3 = x1γx3γx2 is preserved under epimorphism.
Dually, we can prove x1γx2γx3 = x2γx1γx3 is preserved under epimorphism. □

Lemma 2.6. Let U be a Γ subsemigroup of a Γ semigroup S and Γ dom(U, S)
= S. Then for any d ∈ S⧹U and any positive integer k, there exist a1,a2,· · · ,
ak ∈ U ,γ1,γ2,· · · ,γk ∈ Γ and d1 ∈ S⧹U such that d= a1γ1a2γ2 · · · akγkdk.

Proof. Since, d ∈ S⧹U and Γ dom(U, S) = S, by zig zag equation, there exist
a1 ∈ U ,d1 ∈ S⧹U such that d = a1γ1d1.
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Applying again zig zag equation d1, we get d = a1γ1a2γ2dk for some a1 ∈ U and
dk ∈ S⧹U . Continuing this process gives us the required result. □

Theorem 2.7. Let U be a Γ subsemigroup of a Γ semigroup S and φ : U
−→S is epimorphism. for x1,x2,x3,x4 ∈ S and γ ∈ Γ . Then normality identity
x1γx2γx3γx4 = x1γx3γx2γx4 is preserved under epimorphism.

Proof. Before proving the theorem, first we prove some propositions. □

Proposition 2.8. Let U satisfies identity x1γx2γx3γx4 = x1γx3γx2γx4, and
Γ dom(U, S) = S. Then the identity holds for x1,x2 ∈ S and x3,x4 ∈ U .

Proof. Case 1. Let x1 ∈ S ⧹ U , x2,x3,x4 ∈ U . Then, by Theorem 1.2, x1 has
zig zag equation in S over U of length m. Now,
x1γx2γx3γx4 = ymγa2mγx2γx3γx4 using zig zag equation (1)
= ymγa2mγx3γx2γx4 since U satisfies normality identity
= x1γx3γx2γx4 using zig zag equation (1)
Case 2. Let x1,x2 ∈ S⧹U , x3,x4 ∈ U . Then, by Theorem 1.2, x2 has zig zag
equation of type (1) in S over U of length m. Now,
x1γx2γx3γx4 = x1γymγa2mγx3γx4 by zig zag equation (1)
= x1γymγx3γa2mγx4 by case 1
= x1γymγx3γa2m−1γtmγx4 using zig zag equation (1)

= x1γymγx3γa2m−1γu
′

mγt
′

mγx4 by Lemma 2.6, tm =u
′

mγt
′

m,

u
′

m∈U , t
′

m∈ S⧹U

=x1γymγa2m−1γx3γu
′

mγt
′

mγx4 by case 1

=x1γym−1γa2m−2γx3γu
′

mγt
′

mγx4 using zig zag equation (1)

= x1γym−1γx3γa2m−2γu
′

mγt
′

mγx4 by case 1

= x1γym−1γx3γa2m−2γtmγx4 by Lemma 2.6, tm =u
′

mγt
′

m

=x1γym−1γx3γa2m−3γtm−1γx4 using zig zag equation (1)
...
= x1γy2γx3γa3γt2γx4

= x1γy2γx3γa3γu
′

2γt
′

2γx4 by Lemma 2.6, t2 =u
′

2γt
′

2,

u
′

2∈U , t
′

2∈ S⧹U

= x1γy2γa3γx3γu
′

2γt
′

2γx4 by case 1

= x1γy1γa2γx3γu
′

2γt
′

2γx4 using zig zag equation (1)

= x1γy1γx3γa2γu
′

2γt
′

2γx4 by case 1.

= x1γy1γx3γa2t2γx4 by Lemma 2.6, t2 = u
′

2γt
′

2

= x1γy1γx3γa1t1γx4 by zig zag equation (1)

= x1γy1γx3γa1γu
′

1γt
′

1γx4 by Lemma 2.6, t1 =u
′

1γt
′

1,

u
′

1∈U , t
′

1∈ S⧹U
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= x1γy1γa1γx3γu
′

1γt
′

1γx4 by case 1

= x1γa
′
γx3γu

′

1γt
′

1γx4 by zig zag equation (1)

= x1γx3γa
′
γu

′

1γt
′

1γx4 by case 1

= x1γx3γa
′
γt1γx4 by Lemma 2.6, t1 =u

′

1γt
′

1,

u
′

1∈U ,

= x1γx3γx2γx4 by zig zag equation (1) □

Dually, we can prove following proposition.

Proposition 2.9. Let U satisfies normality identity x1γx2γx3γx4 = x1γx3γx2γx4

and Γ dom(U, S) = S, then normality identity holds for all x1,x2 ∈ U and x3,x4

∈ S.

Proof. Case 1. Take x1,x2,x3 ∈ S⧹U , x4 ∈ U . Then, by Theorem 1.2, x3 has
zig zag equation in S over U of length m. Now,
x1γx2γx3γx4 = x1γx2γa

′
γt1γx4 by zig zag equation (1)

= x1γx2γa
′
γb

′

1γt
′

1γx4 by Lemma 2.6,

t1 = b
′

1γt
′

1 , b
′

1∈U , t
′

1∈S⧹U .

= x1γa
′
γx2γb

′

1γt
′

1γx4 by Proposition 2.8
= x1γy1γa1γx2γt1γx4 by zig zag (1),(Lemma 2.6)

= x1γy
′

1γc
′

1γa1γx2γt1 γx4 by Lemma 2.6, y1 = y
′

1γc
′

1,

c
′

1∈U , y
′

1∈ S⧹U

= x1γy
′

1γc
′

1γx2γa1γt1γx4 by Proposition 2.8
= x1γy1γx2γa2γt2γx4 by Lemma 2.6 and zig zag (1)

=x1γy1γx2γa2γb
′

2γ t
′

2γx4 by Lemma 2.6, t2 = b
′

2γt
′

2 ,

b
′

2∈U , t
′

2∈S⧹U .

= x1γy1γa2γx2γb
′

2γt
′

2γx4 by Proposition 2.8
= x1γy2γa3γx2γt2γx4 by Lemma 2.6 and zig zag (1)
...
= x1γymγa2m−1γx2γtmγx4

= x1γy
′

mγc
′

mγa2m−1γx2 γtmγ x4 by Lemma 2.6, ym=y
′

mγc
′

m,c
′

m∈U ,

y
′

m∈S⧹U

=x1γy
′

mγc
′

mγx2γa2m−1γtmγx4 by Proposition 2.8
= x1γymγx2γa2mγx4 by Lemma 2.8 and zig zag (1)
= x1γymγa2mγx2γx4 by Proposition 2.8
=x1γx3γx2γx4 by zig zag equation (1)
Case 2. Take x1,x2,x3,x4 ∈ S⧹U . Then, by Theorem 1.2, x4 has zig zag
equation in S over U of length m.
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x1γx2γx3γx4 = x1γx2γx3γa
′
γt1 by zig zag equation (1)

= x1γx3γx2γa
′
γt1 by previous case

= x1γx3γx2γx4 by zig zag equation (1) □

Hence by proof of Proposition 2.8 and 2.9 we got Theorem 2.7 is proved.

3. Epimorphisms and Dominions for Partially Ordered Gamma
Semigroups

In this section, we defined homomorphism between two partially ordered gamma
semigroups. Also, we used it to extend some results of Sohail and Tart [15] for
partially ordered semigroup to partially ordered gamma semigroups. Finally we
proved that subpartially ordered gamma semigroup is epimorphically embedded
if partially ordered gamma semigroup identities are preserved under epimor-
phisms.

Note. The investigations mentioned below are performed by considering gamma
as the set of associative binary operations on partially ordered gamma semi-
groups.

Definition 3.1. A po Γ semigroup homomorphism between two po Γ semi-
groups (S, Γ , ≤s) and po Γ

′
semigroup (T, Γ

′
, ≤T ) in the category of po Γ

semigroups is defined as:
a morphism α : (S, Γ , ≤s) −→ (T, Γ

′
, ≤T ) is said to be po Γ semigroup homo-

morphism, then α satisfies
α(a

′
γb) = α(a

′
)γ

′
α(b). For all a

′
, b ∈ (S, Γ , ≤s), γ ∈ Γ and γ

′ ∈ Γ
′
.

Definition 3.2. A morphism α : (S, Γ , ≤s) −→ (T, Γ
′
, ≤T ) such that α(a

′
γb)

= α(a
′
)γ

′
α(b) For all a

′
, b ∈ (S, Γ , ≤s), γ ∈ Γ and γ

′ ∈ Γ
′
in the category of

po Γ semigroup is called epimorphism. If for all po Γ
′′
semigroup (N, Γ

′′
, ≤N )

and for every pair of po Γ semigroup homomorphism: β, θ : (T, Γ
′
, ≤T ) −→

(N, Γ
′′
, ≤N ) such that β(aγ

′
b) = β(a)γ

′′
β(b) and θ(aγ

′
b) = θ(a)γ

′′
θ(b) With

βα = θα ⇒ β = θ. For all a, b ∈ (T, Γ
′
, ≤T ), γ

′ ∈ Γ
′
and γ

′′ ∈ Γ
′′
.

Definition 3.3. Let (U, Γ , ≤u) be a subpo Γ semigroup of po Γ semigroup (S,
Γ , ≤S). We say that (U, Γ , ≤u) dominates an element d ∈ (S, Γ , ≤s). If for

every po Γ
′
semigroup (T, Γ

′
, ≤T ) and for every po Γ semigroup homomorphism

β, α : (S, Γ , ≤s) −→ (T, Γ
′
, ≤T ) such that β(a

′
γb) = β(a

′
)γ

′
β(b) and α(a

′
γb)

= α(a
′
)γ

′
α(b) With uα =uβ ⇒ dα= dβ. For all u ∈ (U, Γ , ≤u), γ ∈ Γ , γ

′ ∈
Γ

′
and a

′
, b ∈ (S, Γ , ≤s).

The set of all elements of (S, Γ , ≤S) dominated by (U, Γ , ≤u) is called the Po
Γ dominion of (U, Γ , ≤u) in (S, Γ , ≤S) and we denote it by Po Γ domS(U).
It may be easily seen that Po Γ domS(U) is a subsemigroup of (S, Γ , ≤S)
containing (U, Γ , ≤u).

Lemma 3.4. Take a subpo gamma semigroup (U, Γ , ≤u) of a po gamma semi-
group (S, Γ , ≤S). Then an element d of (S, Γ , ≤S) is in po Γ dom(U, S) if and
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only if d⊗1 = 1⊗d in s1 ⊗(u1) s1.

where (U1, Γ , ≤(U1)) and (S1, Γ ,≤(S1)) are the po gamma monoids obtained
from (U, Γ , ≤u) and (S, Γ , ≤S), respectively, by adjoining an incomparable
external identity whether or not they already have one.

Theorem 3.5. Let (U, Γ , ≤u) be a subpo Γ semigroup of po Γ semigroup (S,
Γ , ≤S) and d ∈ (S, Γ , ≤S). Then d ∈ po Γ domS(U) if and only if d ∈ (U, Γ ,
≤u) or there exists a series of factorizations of d as follows:
d ≤ s1γu1 u1 ≤ v1γt1
s1γv1 ≤ s2γu2 u2γt1 ≤ v2γt2

...
... (2)

sn−1γvn−1 ≤ un unγtn−1 ≤ d

d ≤ vnγtn

vn ≤ sn+1γun+1

sn+1γvn+1 ≤ sn+2γun+2 un+1γtn ≤ vn+1γtn+1

...
...

sn+mγvn+m ≤ d un+mγtn+m−1 ≤ vn+m

with elements u1,. . . un+m, v1, . . ., vn+m ∈ (U, Γ , ≤u), s1, . . . , sn−1, sn+1, . . .,
sn+m, t1, . . . , tn+m−1 ∈ (S, Γ , ≤s) and γ ∈ Γ . Such a series of factorization
is called Isbell zig-zag theorem for po Γ semigroup in (S, Γ , ≤s) over (U, Γ , ≤u)
with value d, length n+m.

Proof. Suppose that d ∈ po Γ dom(U, S). Then by above lemma d⊗1 = 1⊗d
in s1 ⊗(u1) s1. Following the results of Shi et al.[14] there exists a system of
inequalities,
d ≤ s1γu1 u1 ≤ v1γt1
s1γv1 ≤ s2γu2
... u2γt1 ≤ v2γt2

sn−1γvn−1 ≤ s
′

nγun

...

s
′

nγv
′

n ≤ 1 unγtn−1 ≤ v
′

nγd

1 ≤ s
′

n+1γu
′

n+1

s
′

n+1γvn ≤ sn+1γun+1 u
′

n+1γd ≤ vn γtn
... un+1γtn ≤ vn+1γtn+1

sn+m−1γvn+m−1 ≤ sn+mγun+m

...
sn+mγvn+m ≤ d un+m γtn+m−1 ≤ vn+m,

where u1, . . . un+m, v1, . . . vn+m, v
′

n, u
′

n+1∈ U1 ; s1, . . . , sn−1, sn+1,. . . , sn+m,

t1, . . . , tn+m−1, s
′

n , s
′

n+1 ∈ S1and γ ∈ Γ .
Since 1 is incomparable and Γ is associative binary operation on (S,Γ ,≤S),

s
′

nγv
′

n ≤ 1 implies s
′

n γ v
′

n = 1.
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then we have s
′

n = v
′

n = 1,
by adjoining 1, we have also
s
′

n+1 = u
′

n+1 = 1.
We can rewrite the above set of inequalities as follows:
d ≤ s1γu1 u1 ≤ v1γt1
s1γv1 ≤ s2γu2 u2γt1 ≤ v2γt2

...
...

sn−1γvn−1 ≤ un unγtn−1 ≤ d

d ≤ vnγtn

vn ≤ sn+1γun+1

sn+1γvn+1 ≤ sn+2γun+2 un+1γtn ≤ vn+1γtn+1

...
...

sn+mγvn+m ≤ d un+mγtn+m−1 ≤ vn+m

By following Sohail and Tart [15] proved that zig zag theorem for po semigroup in
the ordered context and Ashraf et al.[2] proved that zig zag theorem for gamma
semigroup in the unordered context. We next show that all the elements in the
above set of inequalities may be assumed to lie in (S, Γ , ≤S).
We perform this by assuming that ui, vi, si or ti is not in (S, Γ , ≤S) for some
i and this will results collapsing of inequality.
To preform these we took the upper half portion only as follows:
d ≤ s1γu1 u1 ≤ v1 γt1
s1γv1 ≤ s2γu2 u2γt1 ≤ v2γt2
...

... (3)
sn−1γvn−1 ≤ un unγtn−1 ≤ d

We proceed the proof by taking all possibilities.
If u1 = 1, then (from u1 ≤ v1γt1) v1 = t1 = 1, and we can write
d ≤ s2γu2 u2 ≤ v2γt2
s2γv2 ≤ s3γu3 u3γt2 ≤ v3γt3
...

...
sn−1γvn−1 ≤ un unγtn−1 ≤ d
If v1 = 1 then s1 ≤ s2γu2, and we can calculate
d ≤ s2γ(u2γu1) u2γu1 ≤ v2γt2
s2γv2 ≤ s3γu3 u3γt2 ≤ v3γt3
...

...
sn−1γvn−1 ≤ un un γtn−1 ≤ d
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If ui = 1, 2 ≤ i ≤ n− 1, then the set of inequalities
si−2γvi−2 ≤ si−1γui−1 ui−1γti−2 ≤ vi−1γ ti−1

si−1γvi−1 ≤ si γui uiγti−1 ≤ vi γti
siγvi ≤ si+1γui+1 ui+1γti ≤ vi+1γti+1

Collapses to
si−2γvi−2 ≤ si−1 γ ui−1 ui−1 γti−2 ≤ vi−1 γviγti
si−1γvi−1γvi ≤ si+1γui+1 ui+1γti ≤ vi+1γ viti+1

If vi = 1, 2 ≤ i ≤ n− 2, then we obtained the same results as we got for ui

If sn = 1 then d = u1 ∈ U and there is nothing to prove,
If si = 1, 2 ≤ i ≤ n− 1, such that sj∈ (S,Γ ,≤S) for all j ≤ i− 1, then starting
from the top of in equality we can write
d ≤ s1γu1 ≤ s1 γv1γt1 ≤ s2γu2γt1 ≤ · · · ≤ uiγti−1.
On the other hand, we also have
d ≥ unγtn−1 ≥sn−1γvn−1 γtn−1 ≥ sn−1γun−1γtn−2 ≥ · · · ≥ uiγti−1.
Thus d = uiγti−1 and we may shorten the inequalities (3) to
d ≤ s1γu1 u1 ≤ v1γt1
s1γv1 ≤ s2γu2 u2γt1 ≤ v2γt2
...

...
si−1γvi−1 ≤ ui uiγti−1 ≤ d
Similarly,
if ti = 1, 1 ≤ i ≤ n− 1, with ti ∈ (S, Γ , ≤S) for all j ≤ i− 1, then we have
d ≤ s1γu1 ≤ s1γv1γt1 ≤ s2γv2γt1 ≤ · · · ≤ siγuiγti−1 ≤ si γvi
This gives
d = siγvi = si+1γui+1 and
one can shorten (3) to
d ≤ si+1γui+1 ui+1 ≤ vi+1γti+1

si+1γvi+1 ≤ si+2γui+2 ui+2γti+1 ≤ vi+2γti+2

...
...

sn−1γvn−1 ≤ un unγtn−1 ≤ d.
This completes the proof of the direct part.

Conversely, suppose that d ∈ (S, Γ, ≤S), and there exist the system of zigzag
inequality (3)
We need to show that d ∈ po Γ dom(U, S).

Suppose that (T, Γ , ≤T ) is po Γ
′
semigroup and a homomorphism

β, α : (S, Γ , ≤S) −→ (T, Γ
′
, ≤T ) such that

β(a
′
γb) = β(a

′
)γ

′
β(b) and α(a

′
γb) = α(a

′
)γ

′
α(b) is po Γ semigroup homomor-

phism (agreeing on (U, Γ , ≤U )) With uα = uβ.

For all u ∈ (U, Γ , ≤U ),γ ∈ Γ , γ
′ ∈ Γ

′
and a

′
,b ∈ (S, Γ , ≤S).

Now, by using zig zag Theorem 3.1, we have
α(d) ≤ α(s1γu1)

≤ α(s1)γ
′
α(u1)
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≤ α(s1)γ
′
β(v1γt1)

≤ α(s1)γ
′
β(v1)γ

′
β(t1)

≤ α(s1γv1)γ
′
β(t1)

...
≤ α(sn−1γvn−1)γ

′
β(tn−1)

≤ β(un)γ
′
β(tn−1)

≤ β(unγtn−1)
≤ β(d),
thus, α (d) ≤ β (d) (4)
And
conversely, by Appling zigzag on d, we have
β(d) ≤ β(vnγtn)

≤ β(vn)γ
′
β(tn)

≤ α(vn)γ
′
β(tn)

≤ α(sn+1γun+1)γ
′
β(tn)

≤ α(sn+1)γ
′
α(un+1)γ

′
β(tn)

≤ α(sn+1)γ
′
β(un+1γtn)

≤ α(sn+1)γ
′
β(vn+1γtn+1)

≤ α(sn+1)γ
′
β(vn+1)γ

′
β(tn+1)

≤ α(sn+2γun+2)γ
′
β(tn+1)

...
≤ α(sn+mγun+m)γ

′
β(tn+m−1)

≤ α(sn+m)γ
′
β(un+mγtn+m−1)

≤ α(sn+m)γ
′
β(vn+m)

≤ α(sn+mγvn+m)
≤ α(d)
thus, β (d) ≤ α (d) (5)
From (4) and (5) we have α (d) = β (d) ⇒ d ∈ po Γ dom(U, S) by definition of
dominion for po gamma semigroup.
Therefore, d ∈ po Γ dom(U, S), this complete the proof of the Theorem.

□

Theorem 3.6. Let (U, Γ , ≤u) be subpo Γ semigroup of po Γ semigroup (S, Γ ,
≤S). If po Γ semigroups identities are preserved under epimorphism, then subpo
Γ semigroup (U, Γ , ≤U ) is epimorphically embedded in (S, Γ , ≤S).
i.e. po Γ dom(U, S) = (S, Γ , ≤S).

Proof. Suppose that φ : (U, Γ , ≤U )−→ (S, Γ , ≤S) is epimorphism and U
′
=

V
′
is identities that preserved under epimorphism.

Now take for all u
′ ∈ U

′
= v

′ ∈ V such that u
′
= v

′
(6)

Since U
′
and V

′
are preserved under epimorphism then (U, Γ , ≤U ) satisfies U

′

= V
′
and also, (S, Γ , ≤S) satisfies U

′
= V

′
.
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Thus, u
′
, v

′ ∈ (S, Γ , ≤S)
To complete the proof of the theorem, we Claim that the followings :
po Γ dom(U, S) ⊆ (S, Γ , ≤S)
(S, Γ , ≤S) ⊆ po Γ dom(U, S)
To show that po Γ dom(U, S) ⊆ (S,Γ ,≤S)
Ashraf et al.[2] examined that set of all elements of S dominated by U is called
the dominion of U in S and is denoted by dom(U, S). It may easily be seen that
Γ dom(U, S) is a Γ subsemigroup of S containing U .
Suppose that set of all elements of (S, Γ , ≤S) dominated by (U, Γ , ≤u) and it
is denoted by po Γ domS(U).
According to Ashraf et al. [2] and definition (3.3) (dominion of po Γ semigroup),
we have
For all x ∈ po Γ domS(U) ⇒ x ∈ (S, Γ , ≤S)
Thus po Γ dom(U, S) ⊆ (S, Γ , ≤S). (7)
To show that S ⊆ po Γ domS(U) :

Let (T, Γ
′
, ≤T ) be a po Γ

′
-semigroup and β,α : (S, Γ , ≤s) −→ (T, Γ

′
, ≤T )

be po Γ homomorphisms agreed on (U, Γ , ≤u) such that β(a
′
γb) = β(a

′
)γ

′
β(b)

and α(a
′
γb) = α(a

′
)γ

′
α(b) with uα =uβ, for all u ∈ (U, Γ , ≤u) ⊆ (S, Γ , ≤S),

γ ∈ Γ , γ
′ ∈ Γ

′
and a

′
,b ∈ (S, Γ , ≤s).

Now, for all u
′
, v

′ ∈ (S, Γ , ≤S) and by zig zag Theorem 3.1

α(u
′
) ≤ α(s1γu1)

≤ α(s1)γ
′
α(u1)

≤ α(s1)γ
′
β(v1γt1)

≤ α(s1)γ
′
β(v1)γ

′
β(t1)

≤ α(s1γv1)γ
′
β(t1)

...
≤ α(sn−1γvn−1)γ

′
β(tn−1)

≤ α(un−1)γ
′
β(tn−1)

≤ β(un−1γtn−1)

≤ β(u
′
)

α (u
′
) ≤ β(u

′
) (8)

And
conversely, by appling zigzag on (u

′
)

β(u
′
) ≤ β(vnγtn)

≤ β(vn)γ
′
β(tn)

≤ α(vn)γ
′
β(tn)

≤ α(sn+1γun+1)γ
′
β(tn)

≤ α(sn+1)γ
′
α(un+1)γ

′
β(tn)

≤ α(sn+1)γ
′
β(un+1γtn)

≤ α(sn+1)γ
′
β(vn+1γtn+1)

≤ α(sn+1)γ
′
β(vn+1)γ

′
β(tn+1)
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≤ α(sn+2γun+2)γ
′
β(tn+1)

...
≤ α(sn+mγun+m)γ

′
β(tn+m−1)

≤ α(sn+m)γ
′
β(un+mγtn+m−1)

≤ α(sn+m)γ
′
β(vn+m)

≤ α(sn+mγvn+m)

≤ α(u
′
)

Thus, β(u
′
) ≤ α(u

′
) (9)

Thus, from (8) and (9) we have α(u
′
) = β(u

′
), then we get

α(u
′
) = β(u

′
) = α(v

′
) = β(v

′
) ⇒ u

′
, v

′ ∈ po Γdom(U, S), by (6)).
This results (S, Γ , ≤S) ⊆ po Γdom(U, S) (10)
Therefore from the result in (7) and (10), we get
po Γdom(U, S) = (S, Γ , ≤S). This completes the proof of theorem. □

Corollary 3.7. Let (U, Γ , ≤U ) be subpo Γ semigroup of po Γ semigroup(S, Γ ,

≤s). A homomorphism α : (U, Γ , ≤u) −→ (S, Γ , ≤s) such that α(a
′
γb) =

α(a
′
)γ α(b), for all a

′
, b ∈ U,γ ∈ Γ is epimorphism if and only if dom(U, S) = S.

4. Conclusions

In this paper, we proved commutativity of a gamma dominion for a commuta-
tive gamma semigroup by using Isbell zigzag theorem for gamma semigroup. We
also showed that some gamma semigroup identities are preserved under epimor-
phism. Homomorphism between two partially ordered gamma semigroups has
been defined and used to extend epimorphism, dominion and zigzag theorem for
partially ordered semigroups to partially ordered gamma semigroups. Finally,
we proved subpartially ordered gamma semigroup is epimorphically embedded if
partially ordered gamma semigroups identities are preserved under epimorphism.
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